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Preface

In 1953, Grothendieck [G] characterized locally convex Hausdorff spaces which
have the Dunford-Pettis property and used this property to characterize weakly
compact operators u : C(K) → F , where K is a compact Hausdorff space and F
is a locally convex Hausdorff space (briefly, lcHs) which is complete. Among other
results, he also showed that there is a bijective correspondence between the family
of all F -valued weakly compact operators u on C(K) and that of all F -valued
σ-additive Baire measures on K. But he did not develop any theory of integration
to represent these operators.

Later, in 1955, Bartle, Dunford, and Schwartz [BDS] developed a theory of
integration for scalar functions with respect to a σ-additive Banach-space-valued
vector measure m defined on a σ-algebra of sets and used it to give an integral
representation for weakly compact operators u : C(S) → X , where S is a compact
Hausdorff space and X is a Banach space. A modified form of this theory is given
in Section 10 of Chapter IV of [DS1]. In honor of these authors, we call the integral
introduced by them as well as its variants given in Section 2.2 of Chapter 2 and
in Section 4.2 of Chapter 4, the Bartle-Dunford-Schwartz integral or briefly, the
BDS-integral.

About fifteen years later, in [L1,L2] Lewis studied a Pettis type weak integral
of scalar functions with respect to a σ-additive vector measure m having range in
an lcHs X . This type of definition has also been considered by Kluvánek in [K2]. In
honor of these mathematicians we call the integral introduced in [L1,L2] as well as
its variants given in Section 2.1 of Chapter 2 and in Section 4.1 of Chapter 4, the
Kluvánek-Lewis integral or briefly, the (KL)-integral. When the domain of the σ-
additive vector measure m is a σ-algebra Σ and X is a Banach space, Theorem 2.4
of [L1] asserts that the (KL)-integral is the same as the (BDS)-integral. Though
this result is true, its proof in [L1] lacks essential details. See Remark 2.2.6 of
Chapter 2.

Let T be a locally compact Hausdorff space and K(T ) (resp. K(T,R)) be the
vector space of all complex- (resp. real-) valued continuous functions on T with
compact support, endowed with the inductive limit locally convex topology as in
§1, Chapter III of [B]. In 1970, using the results of [G], Thomas [T] developed a
theory of vectorial Radon integration with respect to a weakly compact bounded
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(resp. a prolongable) Radon operator u on K(T,R ) with values in a real Banach
space and more generally, with values in a real quasicomplete lcHs. ( Thomas [T]
calls them bounded weakly compact (resp. prolongable) Radon vector measures.)
However, by making some modifications, it can be shown that his theory is equally
valid for such operators u defined on K(T ) with range contained in a complex
Banach space or in a quasicomplete complex lcHs. See Section 7.1 of Chapter 7.
Functions f integrable with respect to u are called u-integrable and the integral
of f with respect to u is denoted by

∫
T

fdu in [T].

If S is a compact Hausdorff space, X a Banach space and u : C(S) → X is
a weakly compact operator, then by the Bartle-Dunford-Schwartz representation
theorem in [BDS] and in [DU] there exists a unique X-valued Borel regular σ-
additive vector measure mu on the σ-algebra B(S) of the Borel sets in S such
that uf =

∫
S

fdmu for f ∈ C(S). If X is a real Banach space and if u : Cr(S) →
X (where Cr(S) = {f ∈ C(S) : f real-valued}) is a weakly compact operator,
Thomas showed in [T] that a real function f on S is u-integrable if and only if
it is mu-integrable in the sense of Section 10 of Chapter IV of [DS1] and in that
case,

∫
S fdu = (BDS)

∫
S fdmu. Moreover, such f is mu-measurable in the sense

of Section 10 of Chapter IV of [DS1] though it is not necessarily B(S)-measurable.

On the other hand, in [P3, P4] we have shown that there is a bijective cor-
respondence Γ between the dual space K(T )∗ and the family of all δ(C)-regular
complex measures on δ(C) such that Γθ = μθ|δ(C) for θ ∈ K(T )∗, where μθ is the
complex Radon measure determined by θ (in the sense of [P4]) and δ(C) is the
δ-ring generated by the family C of all compact sets in T . As observed in [P13], the
scalar-valued prolongable Radon operators on K(T ) are precisely the continuous
linear functionals on K(T ) (i.e., the elements of K(T )∗).

From the above results of Thomas [T] and of Panchapagesan [P3, P4, and
P13] the following questions arise:

(Q1) Similar to Section 10 of Chapter IV of [DS1], can a theory of integration of
scalar functions be developed with respect to a σ-additive quasicomplete
lcHs-valued vector measure m defined on a σ-algebra or on a σ-ring S
of sets, permitting the integration of scalar functions (with respect to m)
which are not necessarily S-measurable?

(Q2) The same as in (Q1), excepting that the domain of m is a δ-ring P of sets
and the S-measurability of functions is replaced by σ(P)-measurability
(where σ(P) denotes the σ-ring generated by P).

(Q3) The Bartle-Dunford-Schwartz representation theorem has been general-
ized in [P9] for weakly compact operators on C0(T ) and hence for weakly
compact bounded Radon operators u on K(T ) with values in a quasicom-
plete lcHs X asserting that u determines a unique B(T )-regular X-valued
σ-additive vector measure mu on B(T ), the σ-algebra of Borel sets in T .
The question is: Is it possible to give a similar representation theorem for
X-valued prolongable Radon operators u on K(T )?
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(Q4) If (Q3) has an affirmative answer, does the prolongable operator u deter-
mine a σ-additive δ(C)-regular (suitably defined) vector measure mu on
δ(C)? (This question is suggested by the scalar analogue in [P13].)

(Q5) Suppose (Q1) has an affirmative answer and suppose u : K(T ) → X , X a
quasicomplete lcHs, is a weakly compact bounded Radon operator deter-
mining the σ-additive vector measure mu on B(T ). Can it be shown that
a scalar function f is u-integrable in T if and only if it is mu-integrable in
T (in the sense of integration given for (Q1))? If so, is

∫
T

fdu =
∫

T
fdmu?

(Q6) If (Q2), (Q3) and (Q4) are answered in the affirmative and if u : K(T ) →
X , X a quasicomplete lcHs, is a prolongable Radon operator determining
the σ-additive vector measure mu on δ(C), then can it be shown that a
scalar function f with compact support is u-integrable in T if and only if
it is mu-integrable in T ? If so, what is the relation between

∫
T fdu and∫

T
fdmu?

In the literature, integration of scalar functions with respect to a Banach-space-
valued or a sequentially complete lcHs-valued σ-additive vector measure defined
on a σ-algebra Σ of sets has been studied for Σ-measurable scalar functions in
several papers such as [C4], [Del1, Del2, Del4], [FNR], [FMNP], [FN1,FN2], [JO],
[K1, K2, K4], [KK], [L1], [N], [O], [OR1, OR2, OR3, OR4, OR5, OR6], [Ri1, Ri2,
Ri3, Ri4, Ri5, Ri6] and [Shu1, Shu2]. A similar study has been done in [BD1], [L2],
[Del3], and [MN2] for a σ-additive vector measure defined on a δ-ring P . Recently,
the vector measure integration on σ-algebras has been used to study the repre-
sentation of real Banach lattices in [C1,C2, C3, C4]. Also see [CR1, CR2, CR3],
[FMNSS1,FMNSS2], [MP], [OSV], [SP1,SP2,SP3,SP4] and [St]. Some other papers
which can also be referred for various aspects of vector measures defined on rings,
δ-rings and σ-rings are [Br], [BD1], [BD2] and [Del4]. None of the above papers
considers the possibility of integrating non-Σ-measurable or non-σ(P)-measurable
functions and hence the integration theory developed in the literature is not suit-
able for answering the above questions. Though the paper [BD2] treats the in-
tegration of non-σ(P)-measurable functions, its results do not answer the above
questions.

However, adapting some of the concepts and techniques used by Dobrakov in
[Do1, Do2] and by Dobrakov and Panchapagesan in [DP2] (in the study of integra-
tion of vector functions with respect to an operator-valued measure), the present
monograph answers all the questions raised above in the affirmative. Moreover, a
nice theory of Lp-spaces, 1 ≤ p < ∞, is also developed for a σ-additive Banach
space-valued (resp. quasicomplete or sequentially complete lcHs-valued) vector
measure m defined on a δ-ring P of sets and results similar to those known for the
abstract Lebesgue and Bochner Lp-spaces are obtained. Compare with [FMNSS2]
and [SP1].

The monograph consists of seven chapters. Chapter 1 is on Preliminaries and
has two sections. Section 1.1 is devoted to fixing the notation and terminology and
to give some definitions and results from the literature on Banach space-valued
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measures defined on a δ-ring P of subsets of a non-void set T and includes the
theorem on interchange of limit and integral with proof. (See Proposition 1.1.21.)
Moreover, motivated by [DP2], we introduce the concept of m-measurability for
functions f : T → K or [-∞,∞] where K = R or C and this concept of m-
measurability is suitably generalized in Section 4.1 of Chapter 4 when m assumes
values in an lcHs. This concept plays a crucial role in developing the theory of
integration which permits integration of certain non-σ(P)-measurable functions
too. Moreover, when T is a locally compact Hausdorff space and the vector measure
m satisfies certain regularity conditions, it turns out that a scalar function f is m-
measurable if and only if f is Lusin m-measurable with N(f) = {t ∈ T : f(t) �= 0}
suitably restricted. (See Theorems 6.2.5 and 6.2.6 of Chapter 6.) Section 1.2 is
devoted to giving some definitions and results on lcHs which are needed in the
sequel.

In Section 2.1 of Chapter 2 we introduce the concept of (KL) m-integrability
for m-measurable functions and study the properties of the integral. We give an m-
a.e. convergence version of the Lebesgue dominated (resp. bounded) convergence
theorem for m and we briefly refer to it as LDCT (resp. LBCT). This theorem has
been given in [L2] with an incorrect proof (see Remark 2.1.12 below). In Section 2.2
we define the (BDS) m-integral and show that an m-measurable function is (BDS)
m-integrable in T if and only if it is (KL) m-integrable in T and in that case, both
the integrals coincide. Hence we use the terminology of m-integrability (resp. the
symbol

∫
T

fdm) to denote either integrability (resp. either of the integrals). When
P is a σ-algebra, this result is given in Theorem 2.4 of [L1], but, as mentioned
above, its proof lacks essential details (see Remark 2.2.6 below). Proposition 1.1.21
is generalized to the (BDS) m-integral in Theorem 2.2.8.

Chapter 3 consists of Sections 3.1–3.5 and is devoted to the study of the
spaces Lp(m), 1 ≤ p ≤ ∞, for a Banach space-valued σ-additive measure m defined
on a δ-ring of sets. Similar to [Do2], in Section 2.1 we introduce a seminormed
space LpM(m) of m-measurable scalar functions with its seminorm being denoted
by m•

p(·, T ) for 1 ≤ p < ∞ and define the subspaces LpI(m), LpIs(m) and Lp(m)
of LpM(m) and show that all these subspaces are linear and coincide with

Ip(m) = {f : T → K, f m-measurable and |f |p is (KL)m-integrable in T }
for 1 ≤ p < ∞. If Lp(σ(P),m) = {f ∈ Lp(m) : f σ(P)-measurable}, then Sec-
tion 3.2 deals with the completeness of the spaces Lp(m) and Lp(σ(P),m) for
1 ≤ p ≤ ∞ where L∞(m) and L∞(σ(P),m) are suitably defined (see Definition
3.2.10). Sections 3.3 and 3.4 study various versions of LDCT, LBCT and the Vi-
tali convergence theorem for Lp(m), 1 ≤ p < ∞, and Section 3.5 obtains relations
between the spaces Lp(m), 1 ≤ p ≤ ∞, similar to those in the classical case. The
study of Lp(σ(P),m) for 1 ≤ p < ∞ for a σ-additive vector measure m defined
on a σ-algebra with values in a real Banach space has recently been done in [SP1,
SP2, SP4] and in [FMNSS2], for their study of the representation theory of real
Banach lattices. Our results can also be compared with those in the literature for
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p = 1 as noted in Remarks 2.1.6, 2.1.11, 2.1.12, 2.2.6, 3.1.5, 3.2.9, 3.3.5, 3.3.9 and
3.3.15. We would also like to emphasize the fact that the results of this chapter
are much influenced by the techniques adopted by Dobrakov in [Do1, Do2].

Chapter 4 consists of Sections 4.1–4.6. Let X be an lcHs and let m : P → X
be σ-additive, P being a δ-ring of subsets of a set T . Sections 4.1–4.6 generalize
the results of Chapter 3 to such m when X is quasicomplete (resp. sequentially
complete). For such m, the concepts of (KL) m-integrability and (KL) m-integral
are generalized in Section 4.1; Theorem 4.1.8 generalizes (i)–(iv) and (viii) of The-
orem 2.1.5 while Theorems 4.1.9 and 4.1.11 (resp. Theorems 4.1.9′ and 4.1.11′ in
Remark 4.1.15) generalize (v)–(vii) of Theorem 2.1.5 and Theorem 2.1.7 (LDCT)
when X is quasicomplete (resp. sequentially complete with the functions consid-
ered being σ(P)-measurable). In Section 4.2 we generalize (BDS) m-integrability
and (BDS) m-integral given in Section 2.2 to such X-valued m and by Theorems
4.2.2 and 4.2.3 (resp. by Theorem 4.2.2′ in Remark 4.2.12) an m-measurable (resp.
σ(P)-measurable) function f is (KL) m-integrable in T if and only if it is (BDS)
m-integrable in T (with values in X) when X is quasicomplete (resp. sequentially
complete) and in that case, both the integrals coincide. In the light of this result, we
use the terminology of m-integrability (resp. the symbol

∫
T

fdm) to denote either
integrability (resp. either of the integrals). For 1 ≤ p < ∞, we introduce in Section
4.3 a locally convex space LpM(m) (resp. LpM(σ(P),m)) of m-measurable (resp.
σ(P)-measurable) functions and introduce the subspaces LpI(m) and Lp(m) of
LpM(m) (resp. LpI(σ(P),m) and Lp(σ(P),m) of LpM(σ(P),m)) and show that
they are linear and coincide. When X is a Fréchet space, in Section 4.4 we show
that these subspaces are pseudo-metrizable and complete. Section 4.5 is devoted to
generalize the results in Sections 3.3, 3.4 and 3.5 when X is quasicomplete (resp.
sequentially complete). We introduce a subspace LpIs(m) (resp. LpIs(σ(P),m))
of LpM(m) (resp. of LpM(σP),m) and show that it coincides with LpI(m) (resp.
LpI(σ(P),m)). Section 4.6 gives some sufficient conditions for the separability of
Lp(m) and Lp(σ(P),m) for 1 ≤ p < ∞. To compare with some of the results
in the literature for p = 1, see Remarks 4.1.16, 4.4.10, and 4.6.15. The theory of
the m-integral developed in Sections 4.1 and 4.2 for quasicomplete lcHs-valued
σ-additive measures defined on P answers (Q1) and (Q2) in the affirmative.

Chapters 5 and 6 give a vector measure treatment of the results of [T]. Chap-
ter 5 consists of Sections 5.1, 5.2 and 5.3. Let T be a locally compact Hausdorff
space. Section 5.1 gives some generalizations of the Vitali-Carathéodory integra-
bility criterion for m-measurable (resp. σ(R)-measurable) real functions where
R = B(T ) or R = δ(C), m : R → X is σ-additive and R-regular and X is a
quasicomplete (resp. sequentially complete) lcHs. These results play a key role in
the study of the duals of L1(m) and L1(n) in Section 6.5 of Chapter 6, where
m : B(T ) → X is σ-additive and B(T )-regular (resp. n : δ(C) → X is σ-additive
and δ(C)-regular) and X is a Banach space. Let {μn}∞1 be a sequence of Borel-
regular complex measures on T . By proving that, for each open set U in T , there
exists an open Baire set V ⊂ U such that μn(V ) = μn(U) for all n, it is shown
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in Section 5.2 that the boundedness hypothesis in Corollary 1 of [P8] is redun-
dant. Using this result and adapting the proofs of [T] in the set-up of vector
measures, the improved version of Corollary 1 of [P8] is generalized in Theorem
5.2.21 (resp. Theorem 5.2.23) to Banach space-valued (resp. sequentially complete
lcHs-valued) σ-additive regular Borel measures. Section 5.3 deals with the weakly
compact bounded and prolongable Radon operators on K(T ) with values in a qua-
sicomplete lcHs X . In Theorem 5.3.9 of Chapter 5, the Bartle-Dunford-Schwartz
representation theorem is generalized to such an X-valued prolongable Radon op-
erator u on K(T ) and it is shown that u determines a unique X-valued δ(C)-regular
σ-additive measure mu on δ(C). Thus (Q3) and (Q4) are answered in the affir-
mative. Using the results of [P9], 22 characterizations are given for an X-valued
continuous linear map u on K(T ) to be a prolongable Radon operator.

Chapter 6 consists of Sections 6.1–6.5. Let T be a locally compact Hausdorff
space. Let m : B(T ) → X (resp. n : δ(C) → X) be σ-additive and Borel regular
(resp. and δ(C)-regular). Section 6.1 deals with the generalized Lusin’s theorem
and its variants for m and for n with some applications. In Section 6.2 several char-
acterizations of the m-measurability (resp. n-measurability) of a set A in T are
given. The concepts of Lusin m-measurability and Lusin n-measurability for scalar
functions are introduced and they are characterized in terms of m-measurability
and n-measurability, respectively. The proofs of Lemmas 3.10 and 3.14, Proposi-
tions 2.17, 2.20 and 3.7 and Theorems 3.5, 3.13 and 3.20 of [T] are adapted here
in the set-up of vector measures to improve Theorem 2.2.2 (resp. Theorem 4.2.2)
when X is a Banach space (resp. a quasicomplete or complete lcHs) and when
m : δ(C) → X is σ-additive and δ(C)-regular. See Theorems 6.3.4, 6.3.5 and 6.3.8.
Section 6.4 deals with some additional convergence theorems. Section 6.5 is de-
voted to the study of the duals of L1(m) and L1(n) and it is shown that L1(m)
and L1(n) are weakly sequentially complete Banach spaces when X is a Banach
space with c0 �⊂ X .

Chapter 7 consists of Sections 7.1–7.6. In Section 7.1 we briefly indicate how
the results in Section 1 of [T] can be extended to complex functions in K(T ).
Section 7.2 is devoted to integration with respect to a weakly compact bounded
Radon operator, improving the complex versions of Theorems 2.2, 2.7 and 2.7
bis of [T]. In Section 7.3 we improve most of the results such as the complex
versions of Theorems 3.3, 3.4, 3.11, 3.13 and 3.20 of [T]. Section 7.4 studies the
complex Baire versions of Proposition 4.8 and Theorem 4.9 of [T]. In Section
7.5 we introduce the concepts of weakly compact and prolongable Radon vector
measures and generalize the results of [P3,P4] to such Radon vector measures. If
u is a bounded Radon operator with values in a quasicomplete lcHs, we define
Mu = {A ⊂ T : χA ∈ L1(u)} and μu(A) =

∫
A

du for A ∈ Mu. The Radon vector
measure induced by u is denoted by μu and Mu is called the domain of μu. When
u is a weakly compact bounded Radon operator, we show that Mu is a σ-algebra
containing B(T ) and μu is the generalized Lebesgue completion of the representing
measure mu|B(T ) of u (in the sense of 5.2.10). We give several characterizations of
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a weakly compact bounded (resp. a prolongable) Radon operator u and study the
regularity properties of μu in both the cases. Following [Si] we define the outer
measure μ∗

u induced by μu and study its relation with μu when u is a weakly
compact bounded Radon operator. Introducing the concepts of Lebesgue-Radon
completion and localized Lebesgue-Radon completion, we generalize Theorems
4.4 and 4.6 of [P4]. (See Theorems 7.5.24 and 7.5.27.) Thus Theorems 9.13, 9.14
and 9.17 of [P13] are proved here. In Section 7.6, we show that when u is a
weakly compact bounded Radon operator on K(T ) with values in a quasicomplete
lcHs, Lp(u) is the same as Lp(mu) for 1 ≤ p < ∞; f is u-integrable if and only
if f is mu-integrable in T and when f is u-integrable,

∫
fdu =

∫
T

fdmu. (See
Theorem 7.6.13.) When u is a prolongable Radon operator on K(T ) with values
in a quasicomplete lcHs and ω is a relatively compact open set in T , we show that
Lp(u|K(ω)) = Lp(mu|B(ω)) for 1 ≤ p < ∞ and for f ∈ L1(mu) with supportK ∈ C
and with K ⊂ ω,

∫
T fdmu =

∫
fχωdu. (See Theorem 7.6.19.). Thus questions

(Q5) and (Q6) are also answered in the affirmative.



Chapter 1

Preliminaries

1.1 Banach space-valued measures

In this section we fix the notation and terminology with respect to Banach space-
valued measures and state some definitions and results from the literature, often
with proof.

Let T be a nonempty set. A collection R of subsets of T is called a ring of
sets in T if ∅ ∈ R and for A, B in R, A ∪ B and A\B belong to R. Moreover, if
R is a ring of sets in T and if T ∈ R, then R is called an algebra of sets in T . A
ring of sets R in T is called a σ-ring if

⋃∞
1 En ∈ R whenever (En)∞1 ⊂ R and a

σ-ring R of sets in T with T ∈ R is called a σ-algebra of sets in T . A ring of sets
P in T is called a δ-ring if

⋂∞
1 En ∈ P whenever (En)∞1 ⊂ P .

Let C be a nonvoid class of subsets of T . Then the smallest σ-ring of sets
in T which contains C is called the σ-ring generated by C in T and is denoted
by σ(C).If P is a δ-ring of sets in T and if E ∈ σ(P), then A ∩ E ∈ P for
each A ∈ P . A nonvoid class M of subsets of T is called a monotone class in
T if for an increasing sequence (An)∞1 ⊂ M,

⋃∞
1 An ∈ M and for a decreasing

sequence (An)∞1 ⊂ M,
⋂∞

1 An ∈ M. For a sequence (An)∞1 of subsets of T ,
lim supn An is the set

⋂∞
n=1

⋃
k≥n Ak and lim infn An is the set

⋃∞
n=1

⋂
k≥n Ak.

For a sequence (An)∞1 of subsets of T , we say that (An)∞1 converges or limn An

exists if lim infn An = lim supn An. If (An) is increasing, we denote it by An ↗,
and if (An) is decreasing, we denote it by An ↘. If An ↗ (resp. An ↘), then
limn An =

⋃∞
n=1 An (resp. limn An =

⋂∞
n=1 An). For more information see §1 of

[Din 1], where σ-ring is called a tribe and δ-ring is called a semitribe.
K denotes C or R. X and Y are Banach spaces over the same scalar field

K unless otherwise stated and | · | denotes their norm. L(X, Y ) is the Banach
space of all continuous linear mappings u : X → Y with |u| = sup|x|≤1 |ux|.
L(X,K ) = X∗ is the dual of X . If E ⊂ T and f : T → K is bounded on E, then
||f ||E = supt∈E |f(t)|.
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A set function m on a δ-ring P with values in X is said to be an X-valued
additive set function if m(E ∪F ) = m(E) + m(F ) and E, F ∈ P with E ∩F = ∅.
Such m is called an X-valued vector measure on P . Then its variation v(m) is
defined on σ(P) by

v(m)(E) = sup
{∑r

1
|m(Ei)| : (Ei)r

1 ⊂ P , mutually disjoint with ∪r
1 Ei ⊂ E

}
for E ∈ σ(P). The semivariation ||m||||m|| of m is defined on σ(P) by

||m||(E) = sup
{∣∣∣∑r

1
αim(Ei)

∣∣∣ : αi ∈ K, |αi| ≤ 1, (Ei)r
1 ⊂ P , Ei ∩ Ej = ∅, i �= j,

with ∪r
1 Ei ⊂ E

}
for E ∈ σ(P).

Proposition 1.1.1. Let R be a ring of sets in T and let m : R → X be additive.
Then

||m||(E) = sup
|x∗|≤1

v(x∗m)(E) (1.1.1.1)

for E ∈ σ(R).

Proof. Let π be a finite disjoint family (Ei)n
i=1 ⊂ R with ∪r

1Ei ⊂ E and let
(αi)r

1 ⊂ K with |αi| ≤ 1 for i = 1, 2, . . . , r. Then∣∣∣∑r

1
αim(Ei)

∣∣∣ = sup
{∣∣∣x∗∑r

1
(αim(Ei))

∣∣∣ : x∗ ∈ X∗, |x∗| ≤ 1
}

≤ sup
{∣∣∣∑ < nolimitsr

1αix
∗(m(Ei))

∣∣∣ : x∗ ∈ X∗, |x∗| ≤ 1
}

≤ sup
{∑r

1
|x∗m(Ei)| : x∗ ∈ X∗, |x∗| ≤ 1

}
≤ sup{v(x∗m)(E) : x∗ ∈ X∗, |x∗| ≤ 1}

and hence

sup
π

{∣∣∣∑r

1
αim(Ei)

∣∣∣ : |αi| ≤ 1} ≤ sup{v(x∗m)(E) : x∗ ∈ X∗, |x∗| ≤ 1
}

.

(1.1.1.2)
Conversely, let x∗ ∈ X∗ with |x∗| ≤ 1 and let π = {Ei}r

1 ⊂ R with Ei∩Ej = ∅
for i �= j and ∪r

1Ei ⊂ E. Then

r∑
1

|x∗m(Ej)| =
r∑

j=1

e−iθj x∗m(Ej) =
∣∣∣∑r

j=1
e−iθj (x∗m)(Ej)

∣∣∣
=
∣∣∣x∗
(∑r

j=1
e−iθjm(Ej)

)∣∣∣ ≤ ∣∣∣∑r

j=1
e−iθjm(Ej)

∣∣∣
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where x∗m(Ej) = |x∗m(Ej)|eiθj and hence

sup
Ej∈π

{∑
|x∗m(Ej)| : x∗ ∈ X∗, |x∗| ≤ 1

}
≤ sup

Ej∈π

{∣∣∣∑αjm(Ej)
∣∣∣ : |αj | ≤ 1

}
.

Therefore,
sup

|x∗|≤1

v(x∗m)(E) ≤ ||m||(E) (1.1.1.3)

for E ∈ σ(P). Then by (1.1.1.2) and (1.1.1.3) we have

||m||(E) = sup
|x∗|≤1

v(x∗m)(E)

for E ∈ σ(P). �

Definition 1.1.2. Let R be a ring of sets and let m : R → X be σ-additive in the
sense that m(

⋃∞
1 Ei) =

∑∞
1 m(Ei) for each disjoint sequence (Ei)∞1 ⊂ R with⋃∞

1 Ei ∈ R.
Then the results (i)–(v) in the following proposition are well known. See §2

of [Din2].

Proposition 1.1.3. Let R be a ring of sets and let m : R → X be additive. Then:

(i) |m(A)| ≤ v(m)(A), A ∈ R.

(ii) If A ⊂ B, A, B ∈ σ(R), then v(m)(A) ≤ v(m)(B). Thus v(m) is monotone
on σ(R).

(iii) v(m) is additive on σ(R). If m is σ-additive on R, then v(m) is σ-additive
on σ(R).

(iv) If S is a σ-ring and m : S → X is σ-additive, then m is bounded on S in the
sense that supE∈S |m(E)| < ∞.

(v) If m : R → X is additive and if A ∈ R, then

sup{|m(B)| : B ∈ R, B ⊂ A} ≤ v(m)(A) ≤ 4 sup{|m(B)| : B ∈ R, B ⊂ A}.

Let R be a ring of sets. If m : R → X is additive, then v(m)(N) = 0 for
N ∈ σ(R) if and only if ||m||(N) = 0. If ν : R → K is additive on R, then
v(ν)(E) = ||ν||(E), E ∈ σ(R).

Definition 1.1.4. Let R be a ring of sets and let λ : R → [0,∞] be a set function.
Then λ is called a submeasure if λ(∅) = 0 and if λ is monotone and subadditive;
λ is said to be continuous on R if λ(En) → 0 whenever En ↘ ∅ in R.

Proposition 1.1.5. Let Σ be a σ-ring of sets. If γ : Σ → X is σ-additive and if
(En) is a convergent sequence in Σ with its limit E, then limn ||γ||(En) = ||γ||(E).

The proof of Theorem 1.3 of [L1] holds here to prove the above proposition.
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Proposition 1.1.6. Let P be a δ-ring of subsets of T and let m : P → X be σ-
additive. Then ||m|| is a σ-subadditive submeasure on σ(P) and ||m|| is continuous
on P. For E ∈ P,

sup
F⊂E,F∈P

|m(F )| ≤ ||m||(E) ≤ 4 sup
F⊂E,F∈P

|m(F )|. (1.1.6.1)

We define ||m||(T ) = supE∈P |m(E)|. Then ||m||(E) < ∞ for E ∈ P and
||m||(T ) < ∞ whenever P is a σ-ring.

Proof. By Proposition 1.1.1, ||m|| is subadditive on σ(P). Let E ∈ P . Then E∩P =
{E ∩ F : F ∈ P} is a σ-algebra and hence for En ↘ ∅ in P , (En)∞1 ⊂ E1 ∩ P
and hence by Proposition 1.1.5, limn ||m||(En) = 0. Hence ||m|| is continuous on
P . For E ∈ P , (1.1.6.1) holds by Theorem I.1(f) of [Ri5] or by Proposition 4, §1,
caṕıtulo 1 of [Bo] since E ∩ P is an algebra of sets. Moreover, ||m||(E) < ∞ by
Proposition 1.1.3(iv) since E∩P is a σ-algebra in E and m is σ-additive on E∩P .
Again by Proposition 1.1.3(iv), ||m||(T ) < ∞ if P is a σ-ring. �

Proposition 1.1.7. Let Σ be a σ-ring of sets and γi : Σ → X be σ-additive for
i ∈ I. (γi)i∈I is said to be uniformly σ-additive on Σ if for any sequence (En)∞1 of
pairwise disjoint members of Σ, limn |Σ∞

m=nγi(Em)| = 0 uniformly in i ∈ I. Then
the following statements are equivalent:

(i) γi, i ∈ I, are uniformly σ-additive.
(ii) Given En ↘ ∅ in Σ, limn ||γi||(En) = 0 uniformly in i ∈ I.
(iii) Given En ↘ ∅ in Σ, then limn γi(En) = 0 uniformly in i ∈ I.

Proof. (i)⇒(ii) Let En ↘ ∅ in Σ and Fn = En\En+1. Clearly, (Fn)∞1 is a disjoint
sequence in Σ and En =

⋃∞
k=n Fk. Then for x∗ ∈ X∗ with |x∗| ≤ 1, x∗γi and

hence v(x∗γi) is σ-additive on Σ for i ∈ I by Proposition 1.1.3(iii). Then by
(i), v(x∗γi)(En) =

∑∞
k=n v(x∗γi)(Fk) converges to 0 uniformly in i ∈ I and

in x∗ ∈ B(X∗) = {x∗ ∈ X∗ : |x∗| ≤ 1}. Consequently, by Proposition 1.1.1.
limn ||γi||(En) = 0 uniformly in i ∈ I and hence (ii) holds.

Since |γi(En)| ≤ ||γi||(En), (ii)⇒(iii).

(iii)⇒(i) If (Fn) is a disjoint sequence in Σ, let F =
⋃∞

1 Fn and let Ek =
F\⋃k

n=1 Fn. Then (Ek)∞1 ⊂ Σ and Ek ↘ ∅. Hence by (iii), limn γi(En) =
limn(γi(F ) −∑n

k=1 γi(Fk)) = 0 uniformly in i ∈ I. Thus (i) holds. �

Proposition 1.1.8. (VHSN). Let Σ be a σ-ring of sets. Let γn : Σ → X, n ∈ N, be
σ-additive and let limn γn(E)=γ(E) exist in X for each E ∈ Σ. Then γn, n ∈ N,
are uniformly σ-additive on Σ and γ : Σ → X is also σ-additive.

Proof. The result holds for a σ-algebra S by Theorem I.4.8 of [DU] since X-valued
σ-additive measures γn on a σ-algebra are strongly additive in the sense that
limk γn(Ek) = 0 whenever (Ek)∞1 is a disjoint sequence in S. Suppose (γn)∞1 is
not uniformly σ-additive on Σ. Then there exist an ε > 0 and a sequence Ak ↘ ∅ in
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Σ such that |γnk
(Ak)| > ε for a subsequence (nk) of (n). Without loss of generality

we can take nk = k, k ∈ N. Then

|γk(Ak)| > ε (1.1.8.1)

for all k ∈ N. Let A = A1 ∩ Σ. Then A is a σ-algebra in A1. Clearly, γn : A → X
is σ-additive for n ∈ N and limn γn(F ) ∈ X for each F ∈ A. Then by VHSN for
σ-algebras, (γn|A)∞1 is uniformly σ-additive and hence by Proposition 1.1.7, for
the sequence (Ak)∞1 , there exists k0 such that |γn(Ak)| < ε for k ≥ k0 and for
n ∈ N. This contradicts (1.1.8.1) and hence VHSN holds for σ-rings too. �
Remark 1.1.9. The above result is a particular case of Theorem 17, §3 of [Din2].

Definition 1.1.10. Let λ be a submeasure on a σ-ring Σ and let γ : Σ → X
be σ-additive. Then γ is said to be absolutely continuous with respect to λ (in
symbols, γ � λ) (resp. λ-continuous) if λ(E) = 0 implies γ(E) = 0 (resp. if
limλ(E)→0 γ(E) = 0) for E ∈ Σ.

Proposition 1.1.11. (Pettis). Let Σ be a σ-ring of subsets of T . Let λ : Σ → [0,∞]
be a σ-subadditive submeasure and let γ : Σ → X be σ-additive. Then γ � λ if
and only if γ is λ-continuous.

Proof. Clearly the condition is sufficient. Suppose γ � λ and γ is not λ-con-
tinuous. Then there exists an ε > 0 such that, for each n ∈ N, there exists a
set En ∈ Σ with λ(En) < 1

2n for which |γ(En)| ≥ ε. Let E = lim sup En and
An =

⋃∞
k=n Ek. Then λ(E) = λ(

⋂∞
n=1 An) ≤ λ(An) ≤ ∑∞

k=n λ(Ek) < 1
2n−1 for

each n and hence λ(E) = 0. Then by hypothesis, γ(E) = 0. Clearly, An ↘ E and
hence by the continuity of ||γ||, limn ||γ||(An\E) = 0. Thus there exists n0 such
that ||γ||(An\E) < ε for n ≥ n0. λ(E) = 0 implies λ(F ) = 0 for all F ⊂ E, F ∈ Σ
and hence by hypothesis, γ(F ) = 0 for all F ⊂ E, F ∈ Σ. Therefore, ||γ||(E) = 0.
Consequently, ||γ||(An) = ||γ||(An) − ||γ||(E) ≤ ||γ||(An\E) < ε for n ≥ n0. This
is impossible since ||γ||(An) ≥ ||γ||(En) ≥ |γ(En)| ≥ ε for n ∈ N. Hence the
condition is also necessary. �
Proposition 1.1.12. A continuous submeasure λ defined on a σ-ring S is σ-sub-
additive.

Proof. Since λ is monotone, it suffices to show that λ(
⋃∞

1 En) ≤∑∞
n=1 λ(En) for

any disjoint sequence (En)∞1 ⊂ S. For such a sequence (En)∞1 , let E =
⋃∞

1 En

and let Fn =
⋃∞

k=n Ek. Then (Fn)∞1 ⊂ S and Fn ↘ ∅ so that by hypothesis

lim
n

λ(Fn) = 0. (1.1.12.1)

As λ is finitely subadditive, we have λ(E) ≤ ∑n−1
k=1 λ(Ek) + λ(Fn). Taking the

limit as n → ∞, we have

λ(E) ≤
∞∑
1

λ(En) by (1.1.12.1). �
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Proposition 1.1.13. Let Σ be a σ-ring of sets and let F = {γi : Σ → X, i ∈ I} be
a family of uniformly σ-additive vector measures. Then there exists a σ-additive
finite positive measure μ on Σ, called a control measure of the family F , such that

μ(E) ≤ sup
i∈I

||γi||(E) and lim
μ(E)→0

sup
i∈I

||γi||(E) = 0, E ∈ Σ.

Proof. The above result is proved on pp. 13–14 of [DU] for a σ-algebra Σ when
the family F is bounded and the proof clearly holds for all Banach spaces X over
C. Then by Proposition 1.1.12, Theorem I.2.1 of [DU] holds for σ-rings, since for
any σ-additive X-valued measure γ on a σ-ring Σ, γ � ||γ||. If F is not bounded,
as observed by Dobrakov on p. 690 of [Do2], one can replace

1
n(m)

n(m)∑
j=1

v(μm
τj

)(E)

on p. 13 of [DU] by
A

B

where

A =
1

n(m)

n(m)∑
j=1

v(μ(τm
j

))(E) and B = 1 + sup
F∈Σ

v(μm
τj

)(F )

Then the result follows. �

In the proof of the classical Egoroff theorem with respect to a finite positive
measure μ on a σ-ring of sets, only the continuity from above in the sense of [H]
and the σ-subadditivity of μ are used. Thus, in the light of Proposition 1.1.12, we
can adapt the proof of the classical Egoroff theorem to generalize it to the case of
continuous submeasures. Thus we have

Proposition 1.1.14. (Egoroff). Let λ : S → [0,∞] be a continuous submeasure on
the σ-ring S and let f, fn : T → X, n ∈ N, be S-measurable. If fn → fλ − a.e. in
T , then given ε > 0, there exists a set Eε ∈ S such that λ(Eε) < ε and fn → f
uniformly on T \Eε.

Let m : P → X be σ-additive. We denote by ˜σ(P) the generalized Lebesgue-
completion of σ(P) with respect to the semivariation ||m|| in the sense of Def-
inition 11 of [DP2]. That is, ˜σ(P) = {E = F ∪ N : F ∈ σ(P), N ⊂ M ∈
σ(P) with ||m||(M) = 0}. As ||m|| is a σ-subadditive submeasure on σ(P), it can
easily be shown that ˜σ(P) is a σ-ring and that ˜σ(P) contains σ(P). Let E ∈ ˜σ(P)
and define ||m||(E) = ||m||(F ∪ N) = ||m||(F ) where E = F ∪ N with F ∈ σ(P)
and N ⊂ M ∈ σ(P) with ||m||(M) = 0. It can be shown that ||m|| is well defined
on ˜σ(P), extends the semivariation ||m|| and is a σ-subadditive submeasure on
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˜σ(P). Hereafter we shall use the symbol ||m|| to denote ||m|| also. Sets N ∈ ˜σ(P)
with ||m||(N) = 0 are called m-null.

If P is a σ-ring S, then by Proposition 1.1.13 there exists a control measure
μ on S such that ||m||(E) = 0 if and only if μ(E) = 0 for E ∈ S and hence, the
generalized Lebesgue completion of S with respect to ||m|| is the same as the
Lebesgue completion of S with respect to μ.

Notation 1.1.15. For f : T → K or [−∞,∞], N(f) = {t ∈ T : f(t) �= 0}. A
property P is said to be true m-a.e. in T if there exists N ∈ σ(P) with ||m||(N) = 0
such that P holds for all t ∈ T \N .

Definition 1.1.16. A function f : T → K or [−∞,∞] is said to be m-measurable if
f is ˜σ(P)-measurable; that is, if f−1(B)∩N(f) ∈ ˜σ(P) for all Borel subsets B of K
or of [−∞,∞], respectively. The concepts of m-essentially bounded functions and
ess sup of an m-measurable function are given with respect to ||m|| as in the case of
positive measures. As ||m|| is a σ-subadditive submeasure on ˜σ(P), it follows that
there exists N ∈ σ(P) with ||m||(N) = 0 such that ess sup |f | = supt∈T\N |f(t)|
whenever the m-measurable function f is m-essentially bounded on T . (See the
proof of the claim in the proof of Theorem 4.1.9 of Chapter 4 for a more general
situation.)

Notation 1.1.17. Is (resp. Is̃) denotes the family of all P-simple (resp. ˜σ(P)-
simple) scalar functions on T .

Proposition 1.1.18. 1 Let f : T → K or [−∞,∞]. Then f is m-measurable if and
only if there exists a sequence (s̃n) ⊂ Is̃ (resp. (sn) ⊂ Is) such that s̃n(t) → f(t)
and |s̃n(t)| ↗ |f(t)| for t ∈ T (resp. sn(t) → f(t) m-a.e. in T and |sn(t)| ↗ |f(t)|
m-a.e. in T so that there exists M ∈ σ(P) with ||m||(M) = 0 such that fχT\M is
σ(P)-measurable).

Proof. f is m-measurable if and only if it is ˜σ(P)-measurable. Hence it is so if
and only if there exists a sequence (s̃n) ⊂ Is̃ such that |s̃n(t)| ↗ |f(t)| and
s̃n(t) → f(t) for t ∈ T . Since each E ∈ ˜σ(P) is of the form E = F ∪ N, F ∈
σ(P), N ⊂ M ∈ σ(P) with ||m||(M) = 0, it is clear that, for each n, there
exist Mn ∈ σ(P) with ||m||(Mn) = 0 and a σ(P)-simple function ωn such that
s̃n(t) = ωn(t) for t ∈ T \Mn. Let M =

⋃∞
1 Mn. Then M ∈ σ(P), ||m||(M) = 0

and |ωn(t)| ↗ |f(t)| and ωn(t) → f(t) for t ∈ T \M . Consequently, fχT\M is
σ(P)-measurable and hence N(f) ∩ (T \M) ∈ σ(P). Then there exists (En) ⊂ P
such that En ↗ N(f) ∩ (T \M) so that sn = ωnχEn , n ∈ N , belong to Is and
satisfy the desired properties. The proof of the converse is left to the reader. �

1The relationship between m-measurability and σ(P)-measurability is explained in the end of
this section. See Example 1.1.23.
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We refer to Chapter II of [Din1] for the theory of integration of scalar func-
tions with respect to a (σ-additive) scalar measure defined on a δ-ring P of sets.
The reader may also refer to [MN1].

Using Definition 1, §8 of [Din1] and modifying the argument in the proof of
Theorem III.2.20(a) of [DS1], we obtain the following result. See also Theorem 2,
§2 of [Din2].

Proposition 1.1.19. Let P be a δ-ring of subsets of T and let ν be a (σ-additive)
scalar measure on P. If f : T → K is ν-integrable, let γ(E) =

∫
E

fdν, E ∈ σ(P).
Then γ is σ-additive on σ(P) (by Proposition 5, §7 of [Din1]), and

v(γ)(E) =
∫

E

|f |dv(ν), E ∈ σ(P).

Proposition 1.1.20. (Egoroff-Lusin theorem). Let P be a δ-ring of subsets of T and
let λ : σ(P) → [0,∞] be a continuous submeasure. Let f, fn : T → K, n ∈ N, be
σ(P)-measurable. Suppose fn(t) → f(t) for t ∈ T . If F =

⋃∞
n=1 N(fn), then there

exist N ∈ σ(P) ∩ F with λ(N) = 0 and a sequence (Fk)∞1 ⊂ P with Fk ↗ F\N
such that fn → f uniformly in every Fk.

Proof. By hypothesis λ is a continuous submeasure and hence the Egoroff theo-
rem holds by Proposition 1.1.14. Consequently, by applying the Egoroff theorem
successively with ε = 1

n in the nth step, we can construct a decreasing sequence
(Gn)∞1 ⊂ σ(P) such that λ(Gn) < 1

n and fk → f uniformly on Gn−1\Gn, G0 = F .
Let N =

⋂∞
1 Gn. Then N ∈ σ(P) and λ(N) = 0. Moreover, F\N =

⋃∞
1 (F\Gn)

and F\Gn ↗. Clearly, fl → f uniformly on F\Gn =
⋃n

k=1(Gk−1\Gk) for each n.
As F\Gn ∈ σ(P), there exists an increasing sequence (Hn,m)∞m=1 ⊂ P such that⋃∞

m=1 Hn,m = F\Gn. Let Fn =
⋃n

p,m=1 Hp,m. Then Fn ∈ P for all n, Fn ↗ F\N
and fk → f uniformly on each Fn. �

The following result plays a key role in the proof of Theorem 2.2.2 and will
be generalized to the case of σ-additive vector measures in Theorem 2.2.8. For the
case of σ-algebras or σ-rings, it is an immediate consequence of the Vitali-Hahn-
Saks theorem (see the proof of Lemma 2.3 of [L1]). However, in the case of δ-rings
we have to give a different argument as v(ν) need not be finite-valued on σ(P).
We adapt the proof of the first part of Theorem 9 of [DP2] to prove the following

Proposition 1.1.21. (Theorem on the interchange of limit and integral). Let P
be a δ-ring of subsets of T and let ν be a (σ-additive) scalar measure on P.
Let f : T → K and let fn, n ∈ N, be ν-integrable scalar functions on T . Let
γn(E) =

∫
E

fndν, E ∈ σ(P), n ∈ N. If fn(t) → f(t) ν-a.e. in T , then the follow-
ing statements are equivalent:

(i) limn γn(E) = γ(E) exists in K for each E ∈ σ(P).
(ii) γn, n ∈ N, are uniformly σ-additive on σ(P).
(iii) limn γn(E) = γ(E) exists in K uniformly with respect to E ∈ σ(P).
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If any one of the above statements holds, then f is ν-integrable in T and∫
E

fdν = lim
n→∞

∫
E

fndν, E ∈ σ(P), (1.1.21.1)

the limit being uniform with respect to E ∈ σ(P). Consequently, f is ν-integrable
in T and (1.1.21.1) holds if and only if any one of (i), (ii) or (iii) holds.

Proof. (i)⇒(ii) by VHSN and (iii)⇒(i) obviously.

(ii)⇒(iii) By hypothesis there exists M ∈ σ(P) with v(ν)(M) = 0 such that
fn → f pointwise in T \M and fnχT\M , n ∈ N, are σ(P)-measurable (see the
proof of Proposition 1.1.18). Then fnχT\M → fχT\M pointwise in T and hence
fχT\M is σ(P)-measurable. Let F =

⋃∞
1 N(fnχT\M ) =

⋃∞
1 N(fn) ∩ (T \M).

Then F ∈ σ(P). Let ε > 0. By (ii) and by Proposition 1.1.13 there exists a finite
control measure μ on σ(P) such that limμ(E)→0 supn v(γn)(E) = 0 for E ∈ σ(P).
Thus there exists δ > 0 such that v(γn)(E) < ε

3 for all n whenever μ(E) < δ.

By the Egoroff-Lusin theorem there exist N ∈ F ∩ σ(P) with μ(N) = 0 and
a sequence (Fk)∞1 ⊂ P with Fk ↗ F\N such that fn → f uniformly in each Fk.
Since μ(N) = 0, v(γn)(N∩E) = 0 for all n and for all E ∈ σ(P). As μ is continuous
on σ(P) and as F\N\Fk ↘ ∅, there exists k0 such that μ(F\N\Fk0) < δ. Then

v(γn)(F\N\Fk0) <
ε

3
for all n ∈ N. (1.1.21.2)

Let E ∈ σ(P). By Proposition 1.1.19,∫
E∩N

|fk|dv(ν) = v(γk)(E ∩ N) = 0

for all k ∈ N as μ(N) = 0. Moreover,
∫

E∩M |fk|dv(ν) = 0 for all k ∈ N as
v(ν)(M) = 0. Consequently, by Proposition 4, §8 of [Din1], we have∣∣∣∣∫

E

fndν −
∫

E

frdν

∣∣∣∣ ≤ ∫
E

|fn − fr|dv(ν)

≤
∫

E∩Fk0

|fn − fr|dv(ν) +
∫

E∩(F\N\Fk0 )

|fn|dv(ν)

+
∫

E∩(F\N\Fk0)

|fr|dv(ν) (1.1.21.3)

since
∫

E∩N
|fk|dv(ν) = 0 and

∫
E∩M

|fk|dv(ν) = 0 all all k ∈ N.
Since fn → f uniformly in Fk0 and since v(ν)(Fk0 ) < ∞ (as Fk0 ∈ P), we

can choose n0 such that ||fn − fr||Fk0
· v(ν)(Fk0 ) < ε

3 for n, r ≥ n0. Then by
Proposition 1.1.19 and by (1.1.21.2) we have∫

E∩(F\N\Fk0)

|fk|dv(ν) = v(γk)(E ∩ (F\N\Fk0) <
ε

3
(1.1.21.4)

for all k ∈ N.
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Let us recall Corollary 3 of Proposition 8, §8 of [Din1] which essentially says
that for f ∈ L1(ν) and for A ∈ σ(P),∫

A

|f |dv(ν) ≤ ||f ||Av(ν)(A). (∗)

Then by (1.1.21.3) and (1.1.21.4) and by (∗), we have∣∣∣∣∫
E

fndν −
∫

E

frdν

∣∣∣∣ ≤ ∫
E

|fn − fr|dv(ν)

≤ ||fn − fr||Fk0
· v(ν)(Fk0 ) +

2ε

3
< ε

for n, r ≥ n0 and for all E ∈ σ(P). Hence (iii) holds.

If (i), (ii) or (iii) holds, then (ii) holds and hence by the above argument
there exists n0 such that ∫

E

|fn − fr|dv(ν) < ε (1.1.21.5)

for all n, r ≥ n0 and for all E ∈ σ(P). Hence N1(fn − fr) =
∫

T
|fn − fr|dv(ν) < ε

for n, r ≥ n0, where N1(f) =
∫ |f |dv(ν) as on p. 127 of [Din1] and hence by

Proposition 17, §8 of [Din1], f is ν-integrable in T . Moreover, by (1.1.21.5) and
by Fatou’s lemma (Proposition 21, §8 of [Din1]), we have∣∣∣∣∫

E

fdν −
∫

E

fndν

∣∣∣∣ ≤ ∫
E

|f − fn|dv(ν)

=
∫

E

lim inf
r→∞ |fr − fn|dv(ν)

≤ lim inf
r→∞

∫
E

|fr − fn|dv(ν) < ε

for n ≥ n0 and for all E ∈ σ(P). Hence∫
E

fdν = lim
n→∞

∫
E

fndν,

the limit being uniform with respect to E ∈ σ(P). The last part is evident from
the previous parts. �

The reader may compare Proposition 1.1.13 with the result in the following
remark.

Remark 1.1.22. Let R be a ring of sets and m : R → X be finitely additive.
m is said to be strongly bounded if for each disjoint sequence (En)∞1 ⊂ R,
limn m(En) = 0. Theorem 1 of [Br] says that m : R → X is finitely additive and



1.2. lcHs-valued measures 11

strongly bounded if and only if there exists a positive finitely additive bounded
set function ν on R such that

lim
ν(E)→0

m(E) = 0

and
ν(E) ≤ sup{|m(F )| : F ⊂ E, F ∈ R}, E ∈ R.

The relationship between m-measurability (in Definition 1.1.16) and Propo-
sition 1.1.18 plays a crucial role throughout the book. Since ˜σ(P) contains σ(P),
σ(P)-measurability implies m-measurability. But, m-measurability does not imply
σ(P)-measurability as is shown in the following example.

Example 1.1.23. Let T = [0, 1], and λ be the Lebesgue measure on [0, 1], P=
B([0, 1]), the σ-algebra of the Borel sets in [0, 1] and m(·) = λ(·)x0, where x0 is
a nonzero vector in a Banach space X . Since ||m||(E) = sup|x∗|≤1 v(x∗m)(E),
||m|| = λ|x0|. If C is the Cantor ternary set, then ||m||(C) = 0 and C ∈ σ(P).
Consequently, ||m||(E) = 0 for all E ⊂ C and the cardinality of P(C) is 2c > c
=the cardinality of B([0, 1])=the cardinality of B(C). Hence there exist sets E ⊂ C
with E �∈ σ(P). Therefore, such E is not σ(P)-measurable, even though it is m-
measurable.

1.2 lcHs-valued measures

As observed by Kluvánek in [K4], the study of spectral operators motivated the
paper [BDS]. The σ-additivity of a spectral measure E(·) is considered in the
strong operator topology which is a locally convex Hausdorff topology. See [DS2].
By the Orlicz-Pettis theorem (Theorem I.4 of [Ri5]) the study of σ-additive vector
measures m on a σ-algebra Σ with values in a Banach space X is based on the
σ-additivity of complex measures x∗m on Σ for each x∗ ∈ X∗. See Proposition
I.1 of [Ri5]. In fact, m : Σ → X is σ-additive if and only if x∗m is a (σ-additive)
complex measure on Σ for each x∗ ∈ X∗. The proof of this result uses the Orlicz-
Pettis theorem (see Theorem I.4 of [Ri5]) which says that the series

∑∞
1 xn of

elements (xn)∞1 in the Banach space X is unconditionally norm convergent in
X whenever it is weakly subseries convergent. Thus the study of lcHs-valued σ-
additive measures is indispensable in the study of Banach space-valued σ-additive
vector measures. Hence the present section and Chapters 4–7 are devoted to the
study of the integral in lcHs. See [KK],[K1], [K2],[L2], [OR3], [Ri1] and [Ri4]. [Ri5]
has a 28 page Appendix which is just the references on vector- and operator-valued
measures. [LC] treats an important case of σ-additive (for the strong operator
topology) projection-valued measures (with unbounded range) on a δ-ring.

In the rest of this chapter X denotes an lcHs with topology τ and X̃ denotes
its completion with the lcHs topology τ̃ unless otherwise mentioned. Γ is the
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family of continuous seminorms on X so that Γ generates the topology τ on X .
X∗ denotes the topological dual of X .

For q ∈ Γ, let Πq : X → Xq = X/q−1(0) be the canonical quotient map. If
we define |x + q−1(0)|q = q(x), x ∈ X , then | · |q is a well-defined norm on Xq and
the Banach space completion of Xq with respect to | · |q is denoted by X̃q whose
norm is also denoted by | · |q.

In the sequel, m : P → X , P a δ-ring of subsets of T , is σ-additive. For q ∈ Γ,
let mq : P → Xq ⊂ X̃q be defined by mq(A) = Πq ◦ m(A), A ∈ P . Then clearly
mq is σ-additive on P and the semivariation of mq on σ(P) is denoted by both
||mq|| and ||m||q; v(mq) is the variation of mq on σ(P). Note that for defining
||m||q and v(mq) it suffices that m be only additive on P .

Definition 1.2.1. Let q ∈ Γ be fixed. ˜σ(P)q is the generalized Lebesgue completion

of σ(P) with respect to ||m||q so that ˜σ(P)q = {A = Bq ∪ Nq : Bq ∈ σ(P), Nq ⊂
Mq ∈ σ(P) with ||m||q(Mq) = 0}. Then σ(P) ⊂ ˜σ(P)q and ˜σ(P)q is a σ-ring.
We define ||m||q(A) = ||m||q(Bq) if A, Bq are as in the above and clearly ||m||q
is well defined, extends ||m||q to ˜σ(P)q and is a σ-subadditive submeasure on
˜σ(P)q. We shall use the symbol ||m||q to denote ||m||q also. Sets N ∈ ˜σ(P)q with
||m||q(N) = 0 are called mq-null . (See Section 1.1 above.)

By Proposition 1.1.6 we have the following

Proposition 1.2.2. Let q ∈ Γ. Then ||m||q is a continuous submeasure on P. If P
is a σ-ring S, then ||m||q(T ) < ∞.

Definition 1.2.3. Let ˜σ(P) = {A = B ∪ N : B ∈ σ(P), N ⊂ M ∈ σ(P) with
||m||q(M) = 0 for all q ∈ Γ}. Then ˜σ(P) is called the generalized Lebesgue
completion of σ(P) with respect to m. A set N in T is said to be m-null if

N ∈ ⋂q∈Γ
˜σ(P)q and if ||m||q(N) = 0 for all q ∈ Γ.

Clearly, σ(P) ⊂ ˜σ(P) ⊂ ˜σ(P)q for q ∈ Γ and ˜σ(P) is a σ-ring.

Definition 1.2.4. Let q ∈ Γ. A property P is said to be true m-a.e. (resp.mq-a.e.)
in T if there exists an m-null (resp. mq-null) set N ∈ σ(P) such that P holds for
all t ∈ T \N .

Remark 1.2.5. All the definitions and results in the sequel hold good if Γ is replaced
by any subfamily of seminorms which generates the topology τ on X .

Definition 1.2.6. A function f : T → K or [−∞,∞] is said to be m-measurable if,

for each q ∈ Γ, f is mq-measurable (i.e., ˜σ(P)q-measurable). In that case, there
exists Nq ∈ σ(P) with ||m||q(Nq) = 0 such that fχT\Nq

is σ(P)-measurable. (See
Proposition 1.1.18 above.)
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If X is a Banach space, σ(X,X∗) is the weak topology on X and (X,σ(X,X∗))
is an lcHs. If m : P → X is σ-additive, then m : P → (X, σ(X, X∗)) is also σ-
additive. If N ∈ σ(P) with ||m||(N) = 0, i.e., if N is m-null, then

||m||(N) = sup
|x∗|≤1

v(x∗m)(N) = 0 (1.2.6.1)

by Proposition 1.1.1 and hence v(x∗m)(N) = 0 for each x∗ ∈ X∗. Thus N is
weakly m-null.

Conversely, if N is weakly m-null (i.e., v(x∗m)(N) = 0 for each x∗ ∈ X∗)
then by Proposition 1.1.1., N is m-null and hence N is m-null if and only if N is
weakly m-null.

Example 1.2.7. Let X be a non-reflexive Banach space so that X ⊂ X∗∗ and
X �= X∗∗ where we identify X as a subspace of X∗∗ (in the norm topology). Thus
X is a proper closed subspace of X∗∗. If m : P → (X∗, σ(X∗, X∗∗)) is σ-additive
and if qx(x∗) = |x∗(x)| for x ∈ X and x∗ ∈ X∗, then let ||m||qx(N) = 0 for
some N ∈ σ(P) for each x ∈ X . Then by the Hahn-Banach theorem there exists
x∗∗

0 ∈ X∗∗ such that x∗∗
0 (x) = 0 for x ∈ X and x∗∗

0 �= 0. Then ||m||qx∗∗
0

(N) �= 0.
Thus N is not m-null for the topology σ(X∗, X∗∗) even though it is m-null for the
topology σ(X∗, X). Consequently, if f : T → K is m-measurable for the topology
σ(X∗, X), it need not be m-measurable for the topology σ(X∗, X∗∗). Note that
m : P → (X∗, σ(X∗, X)) is also σ-additive.

Thus the above example shows that the concept of a scalar function f being
σ(P)-measurable is algebraic (nothing to do with the topology on X) while that
of being m-measurable is topological.

Definition 1.2.8. Let X be an lcHs and m : P → X be σ-additive. An m-
measurable function f : T → K or [−∞,∞] is said to be m-essentially bounded
in T if there exists an m-null set N ∈ σ(P) such that f is bounded in T \N .
Then we define ess supt∈T |f(t)| = inf{α > 0 : |f(t)| ≤ α for t ∈ T \Nα, Nα ∈
σ(P), Nα m-null}.

Notation 1.2.9. I
˜σ(P)q

denotes the family of all ˜σ(P)q-simple functions on T for
q ∈ Γ. However, as in Notation 1.1.17 above, Is is the family of all P-simple
functions.

The proof of Proposition 1.1.18 above can be adapted to prove the following

Proposition 1.2.10. Let f : T → K or [−∞,∞]. For q ∈ Γ, f is mq-measurable if
and only if there exists a sequence (s(q)

n )∞n=1 ⊂ I
˜σ(P)q

(resp. (s(q)
n )∞1 ⊂ Is) such

that s
(q)
n → f and |s(q)

n | ↗ |f | pointwise in T (resp. s
(q)
n → f and |s(q)

n | ↗ |f |
pointwise in T \Nq where Nq ∈ σ(P) with ||m||q(Nq) = 0 – so that fχT\Nq

is
σ(P)-measurable). The function f is σ(P)-measurable if and only if there exists a
sequence (sn)∞1 ⊂ Is such that sn → f and |sn| ↗ |f | pointwise in T .
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Notation 1.2.11. E denotes the family of equicontinuous subsets of X∗ and for
each E ∈ E , qE(x) = supx∗∈E |x∗(x)|, x ∈ X . ΓE = {qE : E ∈ E}.

By Proposition 7, §4, Chapter 3 of [Ho], we have the following

Proposition 1.2.12. ΓE ⊂ Γ and ΓE generates the topology τ on X.

Proposition 1.2.13. Let η : P → X be additive and let E ∈ E. Then:

(i) For x∗ ∈ E, Ψx∗ : XqE → K given by Ψx∗(x + q−1
E (0)) = x∗(x), x ∈ X, is

well defined, linear and continuous. Thus Ψx∗(ΠqE (x)) = x∗(x) for x∗ ∈ E
and for x ∈ X.

(ii) {Ψx∗ : x∗ ∈ E} is a norm determining subset of the closed unit ball of (XqE )∗.

(iii) ||ΠqE ◦ η||(A) = supx∗∈E v(x∗η)(A), A ∈ σ(P).

(iv) If E = {x∗}, x∗ ∈ X∗, then ||ΠqE ◦ η||(A) = v(x∗η)(A) = ||x∗η||(A), A ∈
σ(P).

Proof. (i) Clearly, Ψx∗ is well defined and linear for x∗ ∈ E. Moreover, for x∗ ∈ E
we have |Ψx∗(x + q−1

E (0))| = |x∗(x)| ≤ qE(x) = |x + q−1
E (0)|qE , x ∈ X and hence

Ψx∗ ∈ (XqE )∗ with
|Ψx∗ | ≤ 1. (1.2.13.1)

(ii) |x + q−1
E (0)|qE = qE(x) = supx∗∈E |x∗(x)| = supx∗∈E |Ψx∗(x + q−1

E (0))|
and hence by (1.2.13.1), (ii) holds.

(iii) Note that the proof of Proposition I.1.11 of [DU] holds for any additive
set function γ on P with values in a normed space Y and for any norm determining
subset of the closed unit ball of Y ∗. Moreover, by replacing π on p. 5 of [DU] by
π = {(Ai)r

1 ⊂ P , Ai ∩ Aj = ∅, ⋃r
1 Ai ⊂ A} for A ∈ σ(P), continuing with the

proof of I.1.11 of [DU] and using (i) and (ii) above we have

||ΠqE ◦ η||(A) = sup
x∗∈E

v(Ψx∗(ΠqE ◦ η))(A) = sup
x∗∈E

v(x∗η)(A), A ∈ σ(P).

(iv) This is immediate from (iii) and from the fact that ||μ||(A) = v(μ)(A),
A ∈ σ(P) for a scalar-valued additive set function μ on P . �

Notation 1.2.14. For q ∈ Γ, Uq denotes the set {x ∈ X : q(x) ≤ 1} and Uo
q is the

polar of Uq which is given by U0
q = {x∗ ∈ X∗ : |x∗(x)| ≤ 1 for all x ∈ Uq}.

Proposition 1.2.15. For q ∈ Γ the following hold:

(i) q(x) = supx∗∈U0
q
|x∗(x)|, x ∈ X.

(ii) If η : P → X is additive, then the following hold:

(a) For x∗ ∈ Uo
q , Ψx∗ : Xq → K given by Ψx∗(x+ q−1(0)) = x∗(x), x ∈ X,

is well defined, linear and continuous. Thus (Ψx∗ ◦Πq)(x) = x∗(x), x ∈
X and x∗ ∈ Uo

q .
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(b) {Ψx∗ : x∗ ∈ Uo
q } is a norm determining subset of the closed unit ball of

(Xq)∗.
(c) ||Πq ◦ η||(A) = supx∗∈Uo

q
v(x∗η)(A), A ∈ σ(P).

Proof. (i) If q(x) = 0, then q(nx) = 0 for n ∈ N so that nx ∈ Uq. Then, for
x∗ ∈ Uo

q , we have |x∗(nx)| = n|x∗(x)| ≤ 1 so that |x∗(x)| ≤ 1
n for all n. Hence

supx∗∈Uo
q
|x∗(x)| = 0 = q(x). Thus (i) holds if q(x) = 0.

If q(x) �= 0, then x
q(x) ∈ Uq and hence supx∗∈Uo

q
|x∗(x)| ≤ q(x). We claim that

supx∗∈Uo
q
|x∗(x)| = q(x). Otherwise, α = supx∗∈Uo

q
|x∗(x)| < q(x). Then q( x

α ) > 1
and hence x

α �∈ Uq. As Uq is τ -closed, it is weakly closed. Moreover, Uq is absolutely
convex. Hence by the bipolar theorem (see Theorem 1, §3, Chapter 3 of [Ho]),
Uq = Uoo

q . Consequently, there exists x∗ ∈ Uo
q such that |x∗( x

α )| > 1 and hence
|x∗(x)| > α, a contradiction. Thus (i) holds if q(x) �= 0. Therefore, (i) holds.

(ii) By Proposition 6, §4, Chapter 3 of [Ho], E = U0
q ∈ E and hence, by (i)

and by Notation 1.2.11, q = qE . Then (ii) holds by Proposition 1.2.12. �
Notation and Convention 1.2.16. The lcHs completion (X̃, τ̃) of the lcHs (X, τ)
is unique up to a topological isomorphism, X is τ̃ dense in X̃ and τ̃ |X = τ . Each
q ∈ Γ has a unique continuous extension q̃ to X̃ and q̃ is thus a τ̃ -continuous
seminorm on X̃. Moreover, {q̃ : q ∈ Γ} generates the topology τ̃ on X̃. By an
abuse of notation, we denote its continuous extension to X̃ also by q itself and by
an abuse of language we also say that Γ generates the topology of X̃. See Theorem
1, §9, Chapter 2 of [Ho] and pp. 134–135 of [Ho].
Notation 1.2.17. Let Γ and ΓE be directed by the partial order q1 ≤ q2 if q1(x) ≤
q2(x) for x ∈ X and qE1 ≤ qE2 if E1 ⊂ E2, for q1, q2 ∈ Γ and E1, E2 ∈ E .
For q1 ≤ q2, Aq1q2 : Xq2 → Xq1 defined by Aq1q2(x + q−1

2 (0)) = x + q−1
1 (0) is

a continuous onto linear mapping. Similarly, AqE1qE2
: XqE2

→ XqE1
is defined

if E1 ⊂ E2 (so that qE1 ≤ qE2) and is a continuous onto linear mapping. Then
Πq1 = Aq1q2Πq2 (resp., ΠqE1

= AqE1qE2
ΠqE2

). Let Y = X̃, the completion of X .
Let Γ̃ = {q̃ : q ∈ Γ} be as in 1.2.16. For q ∈ Γ, Πq̃ : Y → Yq̃ and Πq̃|X = Πq so that
Xq = Πq̃(X) ⊂ X̃q. As X is dense in Y , it follows that Xq ⊂ Πq̃(Y ) = Yq̃ ⊂ X̃q

and hence the completion of Πq̃(Y ) is equal to Ỹq̃ = X̃q for q ∈ Γ. If q1, q2 ∈ Γ
with q1 ≤ q2, then clearly, q̃1 ≤ q̃2 and hence by 5.4, Chapter II of [Scha], Y

is topologically isomorphic to the projective limit lim←− Aq̃1 q̃2Yq̃2 . If ˜Aq̃1 q̃2 is the

continuous extension of Aq̃1 q̃2 to Ỹq̃2 (= X̃q2) with values in Ỹq̃1 , then again by 5.4,
Chapter II of [Scha], Y is topologically isomorphic to lim←−

˜Aq̃1 q̃2 Ỹq̃2 = lim←−
˜Aq̃1 q̃2X̃q2 .

Thus each y ∈ Y is written as y = lim←− xq̃ with xq̃ = Πq̃(y) ∈ Yq̃, q ∈ Γ and is

also written as y = lim←− xq̃, q ∈ Γ with xq̃ ∈ X̃q (without mentioning the partial

order in Γ and the transformations Aq̃1 q̃2 and ˜Aq̃1 q̃2). A similar description holds
in terms of (qE : E ∈ E). For details, see pp. 53–54 of [Scha].



Chapter 2

Basic Properties of the
Bartle-Dunford-Schwartz
Integral

2.1 (KL) m-integrability

In [L1,L2] Lewis studied a Pettis type weak integral of scalar functions with respect
to an lcHs-valued σ-additive vector measure. As noted on p. 27 of [KK], this type
of definition has also been considered by Kluvánek in [K2]. In honor of these
mathematicians, we call the integral introduced in [L1, L2] the Kluvánek-Lewis
integral or briefly, the (KL)-integral. For a Banach space-valued σ-additive vector
measure m defined on a δ-ring P of sets, we define the (KL) m-integrability and
the (KL) m-integral of a scalar function f , study the basic properties of the (KL)
m-integral and show that the Lebesgue dominated convergence theorem (briefly,
LDCT) is valid for the integral. When P is a σ-ring S, the Lebesgue bounded
convergence theorem (briefly, LBCT) is also valid. The reader can note that the
version of LDCT given here is much stronger than the Banach space versions of
Theorem 2.2(2) of [L1] and of Theorem 3.3 of [L2] (whose proof is incorrect – see
Remark 2.2.12 below) and of Theorem II.5.2 of [KK]. The version of LDCT given in
[Ri5] is the same as ours except that the domain of m in [Ri5] is a σ-algebra Σ and
the functions considered there are Σ-measurable. (See Remark 2.1.12.) In Chapter
4 we define (KL) m-integrability in T of m-measurable functions (resp. σ(P)-
measurable functions) when m is a quasicomplete (resp. sequentially complete)
lcHs-valued σ-additive measure on P and the arguments and results of this section
play a key role in generalizing them in Chapter 4.

Definition 2.1.1. Let f : T → K or [−∞,∞].
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(i) Let f be σ(P)-measurable. Then f is said to be Kluvánek-Lewis integrable
with respect to m in T or simply, (KL) m-integrable in T if f is x∗m-
integrable in T for each x∗ ∈ X∗ and if, for each E ∈ σ(P), there exists a
vector xE ∈ X such that x∗(xE) =

∫
E fd(x∗m) for x∗ ∈ X∗. In that case, we

define (KL)
∫

E
fdm = xE for E ∈ σ(P) and (KL)

∫
T

fdm = (KL)
∫

N(f)
fdm.

(See Notation 1.1.15 for N(f).) Note that by the Hahn-Banach theorem these
integrals are well defined and unique.

(ii) 1 If f is m-measurable, then there exists M ∈ σ(P) with ||m||(M) = 0 such
that fχT\M is σ(P)-measurable (by Proposition 1.1.18). If fχT\M is (KL)
m-integrable in T , then we say that f is (KL) m-integrable in T , and in that
case, we define

(KL)
∫

E

fdm = (KL)
∫

E

fχT\Mdm for E ∈ σ(P)

and
(KL)

∫
T

fdm = (KL)
∫

N

fχT\Mdm.

Let f be m-measurable and let it be (KL) m-integrable in T with M as in
(ii) of the above definition. If M1 ∈ σ(P) with ||m||(M1) = 0 is such that fχT\M1

is σ(P)-measurable, then it can easily be shown that fχT\M1 is also (KL) m-
integrable in T and (KL)

∫
E fχT\Mdm = (KL)

∫
E fχT\M1dm for E ∈ σ(P)∪{T }.

Consequently, (KL)
∫

E
fdm is well defined and does not depend on the particular

choice of the m-null set M in (ii) of the above definition.
Notation 2.1.2. I(m) denotes the class of all m-measurable scalar functions on T
which are (KL) m-integrable in T .
Remark 2.1.3. Let f : T → [−∞,∞] be (KL) m-integrable in T . Then E = {t ∈
T : |f(t)| = ∞} ∈ ˜σ(P). We claim that ||m||(E) = 0. In fact, let E = F ∪ N ,
F ∈ σ(P), N ⊂ M ∈ σ(P) with ||m||(M) = 0. Then by Proposition 1.1.1,
||m||(E) = ||m||(F ) = sup|x∗|≤1 v(x∗m)(F ). If f = f̂ m-a.e. in T with f̂ σ(P)-
measurable, then f̂ is (KL) m-integrable in T , and hence f̂ is x∗m-a.e. finite in
T for each x∗ ∈ X∗. Therefore, v(x∗m)(F ) = 0 for each x∗ ∈ X∗. Consequently,
||m||(E) = 0.
Notation 2.1.4. Functions integrable in the sense of [L1, L2] or [KK] (when m
has range in a Banach space), are clearly (KL) m-integrable in T with the same
integrals. Hence we shall also refer to them as (KL) m-integrable functions.

Theorem 2.1.5. Let f : T → K or [−∞,∞] and let s be a P-simple function.
Then the following hold:

(i) If s =
∑r

1 αiχEi is P-simple with (αi)r
1 ⊂ K , (Ei)r

1 ⊂ P and Ei ∩
Ej = ∅ for i �= j, then s is (KL) m-integrable in T and (KL)

∫
E

sdm =

1Part (ii) is really needed and useful in general. See Remark 2.1.14.
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∑r
1 αim(Ei∩E) for E ∈ σ(P). We write

∫
E sdm instead of (KL)

∫
E sdm.

Consequently, ||m||(E) = sup{| ∫
E

sdm| : sP-simple, |s(t)| ≤ χE(t),
t ∈ T }.

(ii) If f is (KL) m-integrable in T , then γ(·) : σ(P) → X given by γ(·) =
(KL)

∫
(·) fdm is σ-additive (in norm).

(iii) If γ(·) is as in (ii), then:
(a) ||γ||(E) = sup|x∗|≤1

∫
E |f |dv(x∗m), E ∈ σ(P).

(b) lim||m||(E)→0 γ(E) = lim||m||(E)→0 ||γ||(E) = 0, E ∈ σ(P).
(iv) I(m) is a vector space over K with respect to pointwise addition and

scalar multiplication. Moreover, for E ∈ σ(P) fixed, the mapping f →
(KL)

∫
E fdm is linear on I(m). Consequently,

∫
E sdm =

∑r
i=1 αim(Ei∩

E) for E ∈ σ(P) and for s =
∑r

1 αiχEi with (Ei)r
1 ⊂ P not necessarily

mutually disjoint.
(v) For a set A in T , let P ∩ A = {B ∩ A : B ∈ P}. If f is an m-measurable

function on T and if f is m-essentially bounded in a set A ∈ P, then f is
(KL) m-integrable in each B ∈ P ∩ A and

|(KL)
∫

B

fdm| ≤ (ess sup
t∈A

|f(t)|) · ||m||(B), B ∈ σ(P) ∩ A = P ∩ A.

Consequently, if P is a σ-ring S and if f is m-essentially bounded in T ,
then f is (KL) m-integrable in T and∣∣∣∣(KL)

∫
A

fdm
∣∣∣∣ ≤ (ess sup

t∈T
|f(t)|) · ||m||(A) ≤ (ess sup

t∈T
|f(t)|) · ||m||(T )

for each A ∈ S. (Note that ||m||(T ) < ∞ by Proposition 1.1.6.)
(vi) If ϕ is an m-essentially bounded m-measurable scalar function on T and

if f ∈ I(m), then ϕ · f is (KL) m-integrable in T . In particular, if f is
(KL) m-integrable in T and if E ∈ σ(P), then χEf is (KL) m-integrable
in T and (KL)

∫
E

fdm = (KL)
∫

T
χEfdm.

(vii) (domination principle). If f is an m-measurable scalar function on T and
g ∈ I(m) with |f(t)| ≤ |g(t)| m-a.e. in T , then f ∈ I(m). Consequently,
an m-measurable function f : T → K or [−∞,∞] is (KL) m-integrable
in T if and only if |f | is (KL) m-integrable in T . Moreover, for an m-
measurable function f : T → K, the following statements are equivalent:
(a) f ∈ I(m); (b) |f | ∈ I(m); (c) f̄ ∈ I(m); (d) Ref ∈ I(m) and Imf ∈
I(m); (e) (Ref)+,
(Imf)+, (Ref)− and (Imf)− belong to I(m). Further, if f1, f2 : T → R

are m-measurable and m-integrable in T , then max(f1, f2) and min(f1, f2)
are m-measurable and belong to I(m).

(viii) If u ∈ L(X, Y ), then um : P → Y is σ-additive, and f is (KL) um-
integrable in T whenever f is (KL) m-integrable in T . In that case,
u((KL)

∫
E fdm) = (KL)

∫
E fd(um) for E ∈ σ(P).
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Proof. In the light of Definition 2.1.1, without loss of generality we shall assume
that all the m-measurable functions considered here are further σ(P)-measurable.

(i) and (iv) are obvious. (ii) is due to the Orlicz-Pettis theorem. (See the first
paragraph of Section 1.2.)

(iii)(a) By (ii) and by Propositions 1.1.1 and 1.1.19,

||γ||(E) = sup
|x∗|≤1

v(x∗γ)(E) = sup
|x∗|≤1

∫
E

|f |dv(x∗m) for E ∈ σ(P).

(iii)(b) If ||m||(E) = 0, E ∈ σ(P), then v(x∗m)(E) = 0 for each x∗ ∈ X∗

and hence by (iii)(a), ||γ||(E) = 0. As ||m|| and ||γ|| are nonnegative, monotone
and σ-subadditive on the σ-ring σ(P) and as ||γ|| is further continuous on σ(P)
(by (ii) and by Proposition 1.1.5), the second equality holds by Propositions 1.1.11
and 1.1.12. As |γ(E)| ≤ ||γ||(E), E ∈ σ(P), the first equality also holds.

(v) Let A ∈ P and let α = ess supt∈A |f(t)|. Then there exists M ∈ σ(P)∩A =
P∩A with ||m||(M) = 0 such that supt∈A\M |f(t)| = α. (See the proof of (4.1.9.1)
for a more general situation.) Let ΣA = P ∩ A. Then ΣA ⊂ P and is a σ-algebra
of subsets of A. Clearly, fχA\M is ΣA-measurable and bounded. Hence there
exists a sequence (sn)∞1 of ΣA-simple functions (so that (sn)∞1 ⊂ Is) such that
sn → fχA\M uniformly in A with |sn| ↗ |f | in A.

Let B ∈ ΣA. Then, given ε > 0, there exists n0 such that ||sn − sr||A ·
||m||(A) < ε for n, r ≥ n0. Then by the last part of (i), we have

|
∫

B

sndm −
∫

B

srdm| ≤ ||sn − sr||B||m||(B) ≤ ||sn − sr||A||m||(A) < ε

for n, r ≥ n0. Hence, for each B ∈ ΣA, there exists a vector xB ∈ X such that
lim
n

∫
B sndm = xB .

On the other hand, by LDCT for scalar measures on the σ-algebra ΣA, we
have

x∗(xB) = lim
n

∫
B

snd(x∗m) =
∫

B

fd(x∗m)

for each x∗ ∈ X∗ and for each B ∈ ΣA. Thus f is (KL) m-integrable in A and

(KL)
∫

B

fdm = xB

for each B ∈ ΣA. Moreover, again by the last part of (i), we have∣∣∣∣(KL)
∫

B

fdm
∣∣∣∣ = |xB| =

∣∣∣∣limn
∫

B

sndm
∣∣∣∣ ≤ α · ||m||(B)

for B ∈ ΣA.
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The last part is immediate from the first part.

(vi) Let ess supt∈T |ϕ(t)| = α and let ν(·) = (KL)
∫
(·) fdm on σ(P). By (ii),

ν is σ-additive on σ(P) and by (iii)(b), the σ(P)-measurable function ϕ is also ν-
essentially bounded. Then by the last part of (v), ϕ is (KL) ν-integrable in T . Let
(KL)

∫
E ϕdν = xE , for E ∈ σ(P). Then x∗(xE) =

∫
E ϕd(x∗ν) =

∫
E ϕfd(x∗m) for

E ∈ σ(P) and x∗ ∈ X∗. (The last equality can be proved for P-simple functions
ϕ and then by applying Proposition 1.1.18 above and Theorem 3 (LDCT), §8 of
[Din1], it can be extended to a general σ(P)-measurable x∗ν-integrable function
ϕ. Also see Theorem 30, §2 of [Din2], which holds for K also.) Hence ϕ · f is (KL)
m-integrable in T .

If E ∈ σ(P) and if f is (KL) m-integrable in T , then by the first part χEf is
(KL) m-integrable in T . If (KL)

∫
E fdm = xE ∈ X , then x∗(xE) =

∫
E fd(x∗m) =∫

T
χEfd(x∗m) for x∗ ∈ X∗ and hence the last part also holds.

(vii) Let h(t) = f(t)
g(t) , t ∈ N(g) and h(t) = 0 otherwise. Then h is σ(P)-

measurable and |h(t)| ≤ 1 m-a.e. in T . Moreover, f = gh m-a.e. in T and conse-
quently, by (vi), f ∈ I(m). If f : T → K or [−∞,∞] is (KL) m-integrable in T ,
then by Remark 2.1.3 there exists an m-null set N ∈ σ(P) such that f is finite
in T \N and g = fχT\N ∈ I(m) and |f | ≤ |g| m-a.e. in T . Hence by the above
case, |f | is (KL) m-integrable in T . Conversely, if |f | is (KL) m-integrable in T ,
then by Definition 2.1.1 and Remark 2.1.3, there exists an m-null set N ∈ σ(P)
such that g = |f |χT\N is a scalar-valued σ(P)-measurable (KL) m-integrable
function. Since |f | ≤ |g| m-a.e. in T , by the above part, f is (KL) m-integrable
in T . The other parts follow from the first, from (iv) and from the fact that
max(f1, f2) = 1

2 (f1 + f2 + |f1 − f2|) and min(f1, f2) = 1
2 (f1 + f2 − |f1 − f2|).

(viii) Clearly, um : P → Y is σ-additive. For y∗ ∈ Y ∗, y∗u ∈ X∗ and hence
the result holds. �

Remark 2.1.6. The proofs of (vi) and (vii) of Theorem 2.1.5 are respectively similar
to those of Lemma II.3.1 and Theorem II.3.1 of [KK] given for a real lcHs-valued
σ-additive measure on a σ-algebra of sets. A lengthy argument using the Banach
space version of Theorem 3.3 (LDCT) of [L2] is given on pp. 145–147 of [MN2]
to prove Theorem 2.1.5(vii) for σ(P)-measurable functions f . But, the result is
not really established there since the proofs of the results of [L2] used in their
argument are incorrect. See Remark 2.1.12 below.

Theorem 2.1.7. (Lebesgue dominated convergence theorem-(LDCT- m-a.e. con-
vergence version)). Let fn, n ∈ N , be m-measurable with values in K or in
[−∞,∞] and let g : T → K be (KL) m-integrable in T . Suppose |fn(t)| ≤ |g(t)| m-
a.e. in T for all n. If f : T → K and if fn(t) → f(t) m-a.e. in T , then
f, fn, n ∈ N , are (KL) m-integrable in T and

(KL)
∫

E

fdm = lim
n

(KL)
∫

E

fndm, E ∈ σ(P)
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where the limit is uniform with respect to E ∈ σ(P). Moreover,

lim
n

sup
|x∗|≤1

∫
T

|fn − f |dv(x∗m) = 0.

Proof. In the light of Definition 2.1.1, without loss of generality we shall assume
that all the m-measurable functions considered here are further σ(P)-measurable.
Let ν(E) = (KL)

∫
E

gdm, E ∈ σ(P). Then by Theorem 2.1.5(ii), ν is σ-additive
on σ(P). By hypothesis and by Theorem 2.1.5(vii), fn, n ∈ N , are (KL) m-
integrable in T . As fn → f m-a.e. in T , clearly f is ˜σ(P)-measurable and hence
is m-measurable. Then in view of Definition 2.1.1 we shall assume that f is also
σ(P)-measurable. Moreover, |f | ≤ |g| m-a.e. in T and hence by Theorem 2.1.5(vii),
f is also (KL) m-integrable in T . By hypothesis and by Remark 2.1.3 there exists
M ∈ σ(P) with ||m||(M) = 0 such that g is finite on T \M and fn(t) → f(t) for
t ∈ T \M . Let F =

⋃∞
n=1 N(fn) ∩ (T \M) =

⋃∞
n=1 N(fnχT\M ). Then F ∈ σ(P)

and fnχT\M → fχT\M pointwise in T . By Proposition 1.1.13, ν has a control
measure μ : σ(P) → [0,∞). Thus, given ε > 0, there exists δ > 0 such that
μ(E) < δ implies ||ν||(E) < ε

3 . Now by the Egoroff-Lusin theorem there exist a
set N ∈ σ(P)∩F with μ(N) = 0 and a sequence (Fk)∞1 ⊂ P with Fk ↗ F\N such
that fn → f uniformly in each Fk. As μ(F\N\Fk) ↘ 0, there exists k0 such that
μ(F\N\Fk) < δ for k ≥ k0. Since μ(N) = 0, ||ν||(N) = 0 and since ||m||(M) = 0,
by Theorem 2.1.5(iii) we have ||ν||(M) = 0. As fn → f uniformly in Fk0 , there
exists n0 such that ||fn − f ||Fk0

· ||m||(Fk0 ) < ε
3 for n ≥ n0. Then, for E ∈ σ(P)

and for |x∗| ≤ 1, by Proposition 4, §8 of [Din1], we have∣∣∣∣x∗(KL)
∫

E

fndm − x∗(KL)
∫

E

fdm
∣∣∣∣ =
∣∣∣∣∫

E

(fn − f)d(x∗m)
∣∣∣∣

≤
∫

E

|fn − f |dv(x∗m)

≤
∫

E∩Fk0

|fn − f |dv(x∗m) +
∫

E∩(T\Fk0 )

|fn − f |dv(x∗m).

Now, by Proposition 8, §8 of [Din1],∫
E∩Fk0

|fn − f |dv(x∗m) ≤ ||fn − f ||Fk0
· v(x∗m)(Fk0) <

ε

3

for n ≥ n0 since v(x∗m)(Fk0 ) ≤ ||m||(Fk0 ) for |x∗| ≤ 1.
By (iii)(a) of Theorem 2.1.5 we have∫

E∩(T\Fk0 )

|fn − f |dv(x∗m)

≤ 2
∫

E∩(F\N\Fk0 )

|g|dv(x∗m) + 2
(∫

E∩N

+
∫

E∩M

|g|dv(x∗m)
)

≤ 2||ν||(F\N\Fk0) + 2||ν||(N) + 2||ν||(M) <
2ε

3
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since μ(F\N\Fk0) < δ and ||ν||(N) = ||ν||(M) = 0. Consequently, we have∣∣∣∣(KL)
∫

E

fndm − (KL)
∫

E

fdm
∣∣∣∣ ≤ sup

|x∗|≤1

∫
E

|fn − f |dv(x∗m) ≤ ε

for n ≥ n0 and for all E ∈ σ(P). �
Corollary 2.1.8. (Lebesgue bounded convergence theorem)-(LBCT-m a.e. conver-
gence version)). Let P be a σ-ring S. Let fn, n ∈ N, be m-measurable with values
in K or in [−∞,∞] and let K be a positive constant such that |fn(t)| ≤ K m-a.e.
in T for all n. If f : T → K and if fn(t) → f(t) m-a.e. in T , then f, fn, n ∈ N,
are (KL) m-integrable in T and

(KL)
∫

E

fdm = lim
n

(KL)
∫

E

fndm

for E ∈ S, the limit being uniform with respect to E ∈ S.

Proof. Since P = S is a σ-ring, by the last part of Theorem 2.1.5(v) constant
functions are (KL) m-integrable in T and hence the result follows from Theorem
2.1.7. �
Corollary 2.1.9. Let f be (KL) m-integrable in T . Then there exists a sequence
(sn) ⊂ Is such that sn(t) → f(t) m-a.e. in T and |sn(t)| ↗ |f(t)| m-a.e. in T .
Then for any such (sn), (KL)

∫
E fdm = limn

∫
E sndm for E ∈ σ(P), and the

limit is uniform with respect to E ∈ σ(P). Consequently, for E ∈ σ(P),

||m||(E) = sup
{∣∣∣∣(KL)

∫
E

hdm
∣∣∣∣ : h ∈ I(m), |h(t)| ≤ 1 m-a.e. in E

}
= sup

{∣∣∣∣(KL)
∫

E

hdm
∣∣∣∣ : h ∈ I(m), |h(t)| ≤ 1 in E

}
.

Proof. The existence of such (sn) is guaranteed by Proposition 1.1.18. The second
result is due to Theorem 2.1.7(LDCT). By the last part of Theorem 2.1.5(i) and
by the fact that Is ⊂ I(m), we have

||m||(E) = sup
{∣∣∣∣∫

E

sdm
∣∣∣∣ : s ∈ Is, |s| ≤ χE

}
≤ sup

{∣∣∣∣(KL)
∫

E

fdm
∣∣∣∣ : f ∈ I(m), |f | ≤ χE

}
≤ sup

{∣∣∣∣(KL)
∫

E

fdm
∣∣∣∣ : f ∈ I(m), |f | ≤ χE m-a.e. in T

}
.

But, by the last part of Theorem 2.1.5(i) and by the second part of the present
corollary, |(KL)

∫
E fdm| ≤ ||m||(E) for f ∈ I(m) with |f | ≤ χE m-a.e. in T .

Hence the last part of the corollary also holds. �
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Corollary 2.1.10. (Simple function approximation). Given f ∈ I(m), there exists
a sequence (sn)∞1 ⊂ Is such that sn → f m-a.e. in T and such that

lim
n

sup
|x∗|≤1

∫
T

|f − sn|dv(x∗m) = 0.

(In other words, in terms of Definition 3.1.1 and Theorem 3.1.3 of Chapter 3,
limn m•

1(f − sn, T ) = 0.)

Proof. This follows from the first part of Corollary 2.1.9 and the last part of
Theorem 2.1.7. �

Remark 2.1.11. The hypothesis of (KL) m-integrability of the dominated functions
in Theorem 2.2(2) of [L1] is redundant due to Theorem II.3.1 of [KK] which holds
for complex lcHs too. If P is a σ-ring, the proof of the said theorem of [L1] can be
adapted here. Theorem 2.1.5(vii) and the proof of the said theorem in [L1] have
been used in [Ri5] to obtain LDCT in the case of σ-algebras. If P is a δ-ring,
||m||(E) can be infinite for some E ∈ σ(P) and hence the argument in the proof
of Theorem 2.2(2) of [L1] cannot be used here.

When m is an operator-valued measure on P as in [Do1], for an m-integrable
vector function f we can find a sequence of X-valued P-simple functions (sn) such
that sn(t) → f(t) m-a.e. in T and |sn(t)| ↗ |f(t)| m-a.e. in T and such that
limn

∫
E

sndm =
∫

E
fdm, E ∈ σ(P), the limit being uniform with respect to

E ∈ σ(P). But, this result cannot be asserted for all sequences (ωn) of X-valued
P-simple functions with ωn → f m-a.e. in T and with |ωn| ↗ |f | m-a.e. in T . See
Remark 9 of [DP2] and [P5]. However, the analogue of Corollary 2.1.9 holds for
m-integrable vector functions f if and only if f ∈ L1(m). See [P5].

Remark 2.1.12. Theorem 3.3 of [L2] gives LDCT (with the hypothesis of (KL) m-
integrability for the dominated σ(P)-measurable functions) for σ-additive vector
measures μ defined on a δ-ring τ of subsets of a set S with values in a sequentially
complete lcHs E. Its proof is based on Lemma 3.4 of [L2] which states as follows.
Lemma 3.4 (of [L2]). If g is μ-integrable, U is a zero neighborhood in E and ε > 0,
there is an A ∈ τ such that

sup
x′∈U0

∫
S\A

|f(t)|V (x′μ, dt) < ε.

Unfortunately, the proof of the said lemma is incorrect as it is impossible to have
An ⊂ An+1, V (x′

nλ, An) > ε and V (x′
nλ, An+1) < ε

2 (in the notation of [L2]).
Therefore, LDCT for the case of δ-rings remains unestablished in [L2].

However, we can provide a correct proof of Lemma 3.4 of [L2] as follows.
Following the notation of [L2], let τ be a δ-ring of subsets of a set S, C(τ) the
σ-algebra of sets locally in τ , E a sequentially complete lcHs, μ : τ → E a σ-
additive vector measure and g a (KL) μ-integrable function (see Notation 2.1.4).
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From Definition 3.1 of [L2], it follows that all (KL) m-integrable functions are
σ(τ)-measurable and hence N(g) ∈ σ(τ). Let E′ be the topological dual of E.

For a neighborhood U of 0 in E, let pUo be the seminorm on E given by
pUo(x) = supx′∈U0 |x′(x)|, where U0 = {x′ ∈ E′ : |x′(x)| ≤ 1 for x ∈ U}. Let

λ(·) =
∫

(·)
gdμ

on C(τ). Then λ is σ-additive on C(τ) with values in E and the semivariation of
λ with respect to the seminorm pUo , denoted by ||λ||pUo , is given by

||λ||pUo (·) = sup
x′∈Uo

∫
(·)

|g(t)|V (x′μ, dt).

Then ||λ||pUo is continuous on C(τ) and vanishes on S\N(g). As N(g) ∈ σ(τ),
there is an increasing sequence (An)∞1 ⊂ τ such that N(g) =

⋃∞
1 An. Then, given

ε > 0, there exists n0 such that ||λ||p0
U

(N(g)\An) < ε for n ≥ n0. Let A = An0 .
Then

sup
x′∈Uo

∫
S\A

|g(t)|V (x′μ, dt) = sup
x′∈Uo

∫
N(g)\A

|g(t)|V (x′μ, dt)

= ||λ||pUo (N(g)\A) < ε.

Hence Lemma 3.4 of [L2] (where |f(t)| should be replaced by |g(t)|) holds
and consequently, Theorem 3.3 of [L2] also holds.

The claim in line 3 from the top on p. 298 of [L2] implies that the (KL) μ-
integrable function g is bounded on A and this is not true in general, even though
A ∈ τ . Hence the proof of Theorem 3.5 of [L2] is also incorrect.

Now we shall prove Theorem 3.5 of [L2]. Let ε > 0. By Lemma 3.4 of [L2]
(which has been proved above) there exists A ∈ τ such that

sup
x′∈Uo

∫
S\A

|g(t)|V (x′μ, dt) = sup
x′∈Uo

∫
N(g)\A

|g(t)|V (x′μ, dt) <
ε

3
.

As g is σ(τ)-measurable, there exists a sequence (sn) of τ -simple functions
such that sn → g and |sn| ↗ |g| pointwise in S. As μ is σ-additive on the σ-algebra
σ(τ) ∩ A, by an argument similar to that on p. 161 of [L1] we can choose n0 such
that

sup
x′∈Uo

∫
A

|g(t) − sn0(t)|V (x′μ, dt) <
ε

3
.

Let f = sn0 . Then

sup
x′∈Uo

∫
S

|f(t) − g(t)|V (x′μ, dt) = sup
x′∈Uo

∫
N(g)

|f(t) − g(t)|V (x′μ, dt)

≤ 2 sup
x′∈U0

∫
N(g)\A

|g(t)|V (x′μ, dt) + sup
x′∈Uo

∫
A

|f(t) − g(t)|V (x′μ, dt) < ε
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and hence Theorem 3.5 of [L2] holds. i.e., If g is μ-integrable, U is a zero neigh-
borhood in E and ε > 0, then there is a τ-simple function f satisfying

sup
x′∈U0

∫
|f(t) − g(t)|V (x′μ, dt) < ε.

Masani and Niemi use the Banach space versions of Theorems 3.3 and 3.5
and Lemma 3.4 of [L2] in Section 4 of [MN2]. Since we have proved them above,
their results in the said section are restored.

Remark 2.1.13. In Chapter 3 we give not only several versions of LDCT (meanp)
and LBCT(meanp) but also those of the Vitali convergence theorems in (meanp)
for 1 ≤ p < ∞. See Theorems 3.3.1, 3.3.2, 3.3.6, 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and
Corollary 3.4.11 of Chapter 3. Further generalizations to quasicomplete ( resp.
sequentially complete) lcHs-valued m are given in Section 4.5 of Chapter 4.

Remark 2.1.14. By Part (ii) of Definition 2.1.1, the m-a.e. limit of a sequence of
m-measurable functions is also m-measurable.

In fact, let fn : T → K be m-measurable for n ∈ N and let f : T → K

be such that fn → f m-a.e. in T . Then by hypothesis, there exist Mn ∈ σ(P)
with ||m||(Mn) = 0 such that fnχT\Mn

is σ(P)-measurable for n ∈ N and a set
M0 ∈ σ(P) with ||m||(M0) = 0 such that fnχT\M0 → fχT\M0 pointwise in T . Let
M =

⋃∞
n=0 Mn. Then M ∈ σ(P), ||m||(M) = 0 and fnχT\M → fχT\M pointwise

in T . Consequently, fχT\M is σ(P)-measurable and hence f is m-measurable.

2.2 (BDS) m-integrability

In this section we give the definition of m-integrability (in the sense of Bartle-
Dunford-Schwartz [BDS] even in the case of m defined on a δ-ring of sets unlike
the original work in [BDS]) and show that the concepts of (KL) m-integrability
and of (BDS) m-integrability and the respective integrals coincide (see Theorem
2.2.2). (This result was first mentioned in Theorem 2.4 of [L1] for the case of
σ-algebras, but its proof lacks essential details. See Remark 2.2.6 below.) Hence
Theorems 2.1.5 and 2.1.7 and Corollaries 2.1.8, 2.1.9 and 2.1.10 remain valid for m-
integrable functions. Following Dobrakov [Do1], we characterize m-integrability in
Theorem 2.2.4 and then give necessary and sufficient conditions in Theorem 2.2.8
for the validity of the interchange of limit and integral. The proof of the latter
result is based on Theorem 2.2.2 and Proposition 1.1.13 and is much simpler
than that of the corresponding result known for the Dobrakov integral of vector
functions as given in [Do1] and [DP2]. Finally we deduce Theorem IV.10.9 of [DS1]
as a simple corollary of Theorem 2.2.8. In Chapter 4 we study the (BDS)-integral
of scalar functions with respect to a σ-additive quasicomplete (resp. sequentially
complete) lcHs-valued measure and generalize the results of this section and those
of Sections 3.2, 3.3, 3.4 and 3.5 of Chapter 3 in Chapter 4.
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Before concluding the chapter we give some examples of σ-additive Banach
space-valued measures defined on a δ-ring of sets. See Examples 2.2.13–2.2.16
below.

Definition 2.2.1. Let m : P → X be σ-additive and let f : T → K or [−∞,∞] be
m-measurable. Then there exists N ∈ σ(P) with ||m||(N) = 0 such that fχT\N is
σ(P)-measurable. If there exists a sequence (sn) ⊂ Is such that snχT\N → fχT\N

pointwise in T and such that limn

∫
E sndm = limn

∫
E\N sn exists in X for each

E ∈ σ(P), then f is said to be integrable in the sense of Bartle-Dunford-Schwartz
with respect to m in T or (BDS) m-integrable in T or simply, m-integrable in T ,
where

∫
E

sdm, s ∈ Is, is the same as that in Theorem 2.1.5(i). In that case, we
define

(BDS)
∫

E

fdm = lim
n

∫
E\N

sndm = lim
n

∫
E

sndm, E ∈ σ(P)

and
(BDS)

∫
T

fdm = (BDS)
∫

N(f)\N

fdm = lim
n

∫
N(f)\N

sndm.

(Note that N(f)\N = N(fχT\N ) ∈ σ(P) and
∫

N(f)\N
sndm is well defined

for all n.)

Theorem 2.2.2. Let f be an m-measurable function on T with values in K or in
[−∞,∞]. Then f is (KL) m-integrable in T if and only if it is m-integrable in T
and in that case, (BDS)

∫
E fdm = (KL)

∫
E fdm for E ∈ σ(P). Thus if f is m-

integrable in T , then (BDS)
∫

E
fdm is well defined for E ∈ σ(P) and hereafter,

we shall denote either of the integrals of f over E ∈ σ(P) by
∫

E
fdm. Moreover,

if P is a σ-algebra, then the concepts of m-measurability and m-integrability and
the value of the (BDS) m-integral coincide with the corresponding ones given in
Section IV.10 of [DS1].

Proof. By the first part of Corollary 2.1.9, (KL) m-integrability of f implies that
f is m-integrable in T and that (KL)

∫
E

fdm = (BDS)
∫

E
fdm for E ∈ σ(P).

Conversely, let f be m-integrable in T . Then by the hypothesis of m-measurability
and of m-integrability of f , there exist an m-null set M ∈ σ(P) such that fχT\M

is σ(P)-measurable and a sequence (sn) ⊂ Is such that snχT\M → fχT\M

pointwise in T and such that limn

∫
E sndm = xE (say) exists in X for each

E ∈ σ(P). Then (BDS)
∫

E
fdm = xE for E ∈ σ(P). On the other hand, x∗(xE) =

limn

∫
E

snd(x∗m) for each E ∈ σ(P) and for each x∗ ∈ X∗. Consequently, by
Proposition 1.1.21 we have

x∗(xE) = lim
n

∫
E

snd(x∗m) =
∫

E

fd(x∗m) = lim
n

∫
E

fχT\Md(x∗m)

for x∗ ∈ X∗ and for E ∈ σ(P). Thus by the second part of Definition 2.1.1, f is
(KL) m-integrable in T and (KL)

∫
E fdm = xE . Hence (BDS)

∫
E fdm = xE =
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(KL)
∫

E fdm, E ∈ σ(P). Since (KL)
∫

E fdm is well defined, (BDS)
∫

E fdm is also
well defined and does not depend on the particular choice of the sequence (sn) in
Definition 2.2.1.

The last part follows from the first and from the paragraph preceding Nota-
tion 1.1.15. �

Remark 2.2.3. In the light of Theorem 2.2.2, Theorems 2.1.5 and 2.1.7 and Corol-
laries 2.1.8, 2.1.9 and 2.1.10 hold for m-integrable functions and moreover, I(m)
is the same as the family of all m-measurable scalar functions on T which are
m-integrable in T . Consequently, Theorem 2.1.7 gives a stronger version of The-
orem IV.10.10 of [DS1] since in Theorem 2.1.7 not only the dominated functions
are not assumed to be m-integrable but also the domain of m is only a δ-ring of
sets. Moreover, the reader can note that the original proof of Theorem IV.10.8(a)
in [DS1] to show that the (BDS) m-integral is well defined is very lengthy, while
ours is immediate through its equivalence with (KL) m-integral.

The following theorem plays a key role in the proof of Theorem 3.2.7 in
Chapter 3, and the latter is used to prove many important results in Chapter 3.
For example, one can mention an analogue of the Riesz-Fischer theorem (Theorem
3.2.8) and the theorem of characterizations of LpI(m), 1 ≤ p < ∞, (Theorem
3.3.6) in Chapter 3, which are needed to obtain several versions of the Vitali
convergence theorem and LDCT for LpI(m) for 1 ≤ p < ∞. See also Remark 2.2.9.

Theorem 2.2.4. Let f be an m-measurable function on T with values in K. Let
(sn)∞1 ⊂ Is be such that sn → f m-a.e. in T and let γn : σ(P) → X be given by
γn(·) =

∫
(·) sndm, n ∈ N. Then the following statements are equivalent:

(i) limn γn(E) = γ(E) exists in X for each E ∈ σ(P).
(ii) γn(·), n ∈ N , are uniformly σ-additive on σ(P).

(iii) limn γn(E) exists in X uniformly with respect to E ∈ σ(P).

If any one of (i), (ii) or (iii) holds, then f is m-integrable in T and
∫

E
fdm =

γ(E) for E ∈ σ(P).

Proof. Since γn is σ-additive on σ(P) for each n ∈ N, (i)⇒(ii) by VHSN and
(iii)⇒(i) obviously.

(ii)⇒(iii) By the hypothesis (ii) and by Proposition 1.1.13 there exists a
control measure μ : σ(P) → [0,∞) for (γn)∞1 . Thus, given ε > 0, there exists
δ > 0 such that supn ||γn||(E) < ε

3 whenever μ(E) < δ. As sn(t) → f(t) m-
a.e. in T , there exists M ∈ σ(P) with ||m||(M) = 0 such that sn(t) → f(t) for
t ∈ T \M . Clearly, by the definition of semivariation, ||γn||(M) = 0 for all n. Let
F =

⋃∞
n=1 N(sn) ∩ (T \M). Then F ∈ σ(P) and snχT\M → fχT\M pointwise

in T . Therefore, by the Egoroff-Lusin theorem, there exist N ∈ σ(P) ∩ F with
μ(N) = 0 and a sequence (Fk) ⊂ P with Fk ↗ F\N such that fn → f uniformly
in each Fk. As F\N\Fk ↘ ∅, there exists k0 such that μ(F\N\Fk) < δ for k ≥ k0.
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Choose n0 such that ||sn − sr||Fk0
· ||m||(Fk0) < ε

3 for n, r ≥ n0. Then by the last
part of Theorem 2.1.5(i), for all E ∈ σ(P), we have∣∣∣∣∣

∫
E∩Fk0

sndm −
∫

E∩Fk0

srdm

∣∣∣∣∣ ≤ ||sn − sr||Fk0
· ||m||(E ∩ Fk0) <

ε

3

for n, r ≥ n0. Moreover, ||γn||(F\N\Fk0) < ε
3 for all n ∈ N as μ(F\N\Fk0) < δ.

As μ(N) = 0, ||γn||(N ∩E) = 0 for all n and for all E ∈ σ(P). As observed above,
||γn||(M ∩ E) = 0 for all n and for all E ∈ σ(P). Consequently,∣∣∣∣∫

E

sndm −
∫

E

srdm
∣∣∣∣ ≤
∣∣∣∣∣
∫

E∩Fk0

(sn − sr)dm

∣∣∣∣∣
+ ||γn||(E ∩ (F\N\Fk0)) + ||γr||(E ∩ (F\N\Fk0)) < ε

for n, r ≥ n0 and for all E ∈ σ(P). Hence (iii) holds.

If any one of (i), (ii) or (iii) holds, then (i) holds and hence by Definition 2.2.1,
f is m-integrable in T and

∫
E fdm = γ(E) = limn

∫
E sndm for E ∈ σ(P). �

Theorem 2.2.5. Let P be a σ-ring S. Then an m-measurable function f is m-
integrable in T if and only if there exists a sequence (fn) of bounded m-measurable
functions on T such that fn(t) → f(t) m-a.e. in T and such that limn

∫
E

fndm
exists in X for each E ∈ S. (Note that by Theorem 2.2.2 and by the last part
of Theorem 2.1.5(v), such fn are m-integrable in T .) In that case,

∫
E fdm =

limn

∫
E

fndm for E ∈ S, the limit being uniform with respect to E ∈ S.

Proof. The condition is necessary by Definition 2.2.1. As S is a σ-ring, by Theorem
2.2.2 and by the last part of Theorem 2.1.5(v), bounded m-measurable functions
are m-integrable in T . In the light of Definition 2.1.1, without loss of generality we
shall assume that all the functions fn and f are further S-measurable. Let E ∈ S
and let limn

∫
E

fndm = xE ∈ X . For x∗ ∈ X∗,

x∗(xE) = x∗
(

lim
n

∫
E

fndm
)

= lim
n

∫
E

fnd(x∗m) =
∫

E

fd(x∗m)

by Theorems 2.2.2 and 2.1.5(viii) and by Proposition 1.1.21. Therefore, f is (KL)
m-integrable in T and hence m-integrable in T . Moreover,

∫
E

fdm = xE =
limn

∫
E fndm for E ∈ σ(P). Let γ(E) =

∫
E fdm. By Theorem 2.1.5(ii),

γn(·) =
∫
(·) fndm, n ∈ N, are σ-additive on σ(P). Moreover, as observed above,

limn γn(E) = γ(E) for E ∈ σ(P). Hence by VHSN γn, n ∈ N, are uniformly
σ-additive on σ(P). Consequently, the proof of (ii)⇒(iii) of Theorem 2.2.4 holds
here verbatim, if we replace sn by fn. Therefore, the last part also holds. �
Remark 2.2.6. When the domain of m is a σ-algebra, the equivalence of the (KL)-
integral and the (BDS)-integral was first obtained in Theorem 2.4 of [L1] and has
been cited by various authors like [C1],[JO],[KK], [Ri5], etc. Theorem 2.4 of [L1]
is as follows:
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Suppose X is a sequentially complete lcHs, μ : S → X is σ-additive where
S is a σ-algebra of subsets of a set S and f is a complex-valued function on S
(S-measurable). Then the following are equivalent:

(1) f is μ-integrable.
(2) There is a sequence (fn) of bounded measurable functions which converge

pointwise to f and for which (
∫

E
fn(t)μ(dt)) is Cauchy uniformly with respect

to E ∈ Σ.
(3) There is a sequence (fn) of simple functions which converge pointwise to f

and for which (
∫

E fn(t)μ(dt)) is Cauchy for each E ∈ Σ.

In the proof of the above theorem the author claims that (2) clearly implies
(3)in [L1]. But we do not see how it is so, since bounded measurable functions
need not be simple functions. However, by using Theorem 2.2(2) (LDCT) of [L1],
we can prove the said theorem as follows. It has been proved on p. 162 of [L1] that
(1) implies (2) and (3) implies (1). Using an argument similar to that in the proof
of (3) implies (1) in [L1], one can show that (2) implies (1). By Theorem 2(2)
(LDCT) of [L1], by Proposition 1.1.18 above and by the fact that simple functions
are (KL) m-integrable (even when m has values in an lcHs) (1) implies (3) and
hence Theorem 2.4 of [L1] holds.
Remark 2.2.7. The proof of Theorem 2.2.4 is similar to that of Theorem 7 of
[DP2], but here we use the control measure of (γn)∞1 and invoke the Egoroff-
Lusin theorem with respect to it.

The next theorem generalizes Theorem 2.2.4 to m-integrable functions and
is also known as the closure theorem. Compare with Remark 4.2.10 of Chapter 4.

Theorem 2.2.8. (Theorem on the interchange of limit and integral). Let m : P →
X be σ-additive. Let fn : T → K be m-measurable and m-integrable in T for
n ∈ N , and let f : T → K. If fn → f m-a.e. in T , then f is m-measurable. Let
γn(·) =

∫
(·) fndm, n ∈ N . Then the following statements are equivalent:

(i) limn γn(E) = γ(E) exists in X for each E ∈ σ(P).
(ii) γn, n ∈ N, are uniformly σ-additive on σ(P).
(iii) limn γn(E) = γ(E) ∈ X exists uniformly with respect to E ∈ σ(P).

If any one of (i), (ii) or (iii) holds, then f is m-integrable in T and∫
E

fdm =
∫

E

lim
n

fndm = lim
n

∫
E

fndm, E ∈ σ(P),

the limit being uniform with respect to E ∈ σ(P). Conversely, if f ∈ I(m) and if∫
E

fdm = lim
n

∫
E

fndm, for E ∈ σ(P),

then (i), (ii) and (iii) hold.
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Proof. Clearly, f is m-measurable. In the light of Definition 2.1.1, without loss of
generality we shall assume that all the functions considered here are further σ(P)-
measurable. (i)⇒(ii) by Theorem 2.2.2, by Theorem 2.1.5(ii) and by VHSN and
(iii)⇒(i) obviously. The proof of (ii)⇒(iii) is almost the same as that of (ii)⇒(iii)
of Theorem 2.2.4, with small modifications as below. Let us use the same notation
as in the proof of Theorem 2.2.4, changing sn to fn. By Theorem 2.2.2 and by the
last part of Corollary 2.1.9, we have the inequality∣∣∣∣∫

E∩Fk0

fndm −
∫

E∩Fk0

frdm
∣∣∣∣ ≤ ||fn − fr||Fk0

· ||m||(Fk0 ).

Moreover, by Theorem 2.2.2 and by Theorem 2.1.5(iii)(a) we have ||γn||(M) =
sup|x∗|≤1

∫
M |fn|dv(x∗m) = 0 for all n ∈ N since v(x∗m)(M) ≤ ||m||(M) = 0 for

|x∗| ≤ 1. Then arguing as in the proof of Theorem 2.2.4 we have (ii)⇒(iii).
If anyone of (i),(ii) or (iii) holds, then by the first part (i) holds and hence

limn

∫
E fndm = γ(E) ∈ X for each E ∈ σ(P). Thus, for x∗ ∈ X∗ and for

E ∈ σ(P), by Proposition 1.1.21, by Theorem 2.2.2 and by Theorem 2.1.5(viii) we
have

x∗γ(E) = x∗
(

lim
n

∫
E

fndm
)

= lim
n

∫
E

fnd(x∗m) =
∫

E

fd(x∗m).

This shows that f is (KL) m-integrable in T and hence m-integrable in T , γ(E) =∫
E fdm, and

lim
n

∫
E

fndm = γ(E) =
∫

E

fdm, E ∈ σ(P).

Then by (iii) the limit is uniform with respect to E ∈ σ(P). Conversely, if f ∈ I(m)
and if limn

∫
E fndm =

∫
E fdm, E ∈ σ(P), then clearly (i) holds and hence by the

first part, (ii) and (iii) also hold. �
Remark 2.2.9. The analogue of Theorem 2.2.8 is not valid for the Bochner integral.
See [P5]. In Section 4.3 of Chapter 4, Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.8 are
generalized to (BDS)-integrals with respect to a quasicomplete lcHs-valued σ-
additive m on P .
Remark 2.2.10. In the proof of the second part of the above theorem, we used the
fact that a function g is (KL) m-integrable in T if and only if it is m-integrable
in T and this has reduced the arguments considerably in comparison with the
proof of the last part of Theorem 15 of [Do1] or of Theorem 9 of [DP2] for the
corresponding result on vector functions.

As an immediate corollary of Theorem 2.2.8, we deduce the following result
which is an improved version of Theorem IV.10.9 of [DS1] and the latter is used
to prove LDCT (Theorem IV.10.10) in [DS1]. When P is a σ-ring, one can deduce
Proposition 1.1.21 ( which is used in the proof of Theorem 2.2.8) as an easy
consequence of the Vitali-Hahn-Sacks theorem (see the proof of Lemma 2.2 of
[L1]) and consequently, our proof of Theorem IV.10.9 of [DS1] given below is
undoubtedly much shorter and more elegant than that of [DS1].
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Corollary 2.2.11. Let Σ be a σ-ring of sets and let μ : Σ → X be σ-additive. Let
fn : T → K, n ∈ N, be μ-measurable and μ-integrable in T and let f : T → K. If
fn → f μ-a.e. in T and if

lim
||μ||(E)→0

∫
E

fndμ = 0, E ∈ Σ

uniformly for n ∈ N, then f is μ-integrable in T and∫
E

fdμ = lim
n

∫
E

fndμ, E ∈ Σ,

the limit being uniform with respect to E ∈ Σ.

Proof. Let γn(·) =
∫
(·) fndμ, n ∈ N. Let ε > 0. Then by hypothesis there exists

δ > 0 such that supn |γn(E)| < ε whenever ||μ||(E) < δ, E ∈ Σ. Let Fk ↘ ∅
in Σ. As μ is σ-additive on Σ and as Σ is a σ-ring, ||μ|| is continuous on Σ by
Proposition 1.1.5 and hence there exists k0 such that ||μ||(Fk) < δ for k ≥ k0 and
consequently, supn |γn(Fk)| < ε for k ≥ k0. Then, by Proposition 1.1.7, γn, n ∈ N ,
are uniformly σ-additive on Σ. Now the result holds by Theorem 2.2.8. �

Now we give some examples of Banach space-valued σ-additive measures on
a δ-ring or on a σ-ring.

Definition 2.2.12. A collection (xα) ⊂ X is said to be summable if the net
(
∑

α∈A xα) formed by sums over finite sets of indices and directed by inclu-
sion, is convergent in X . The collection (xα) is said to be absolutely summable if∑

α |xα| < ∞. (As X is a Banach space, it follows that (xα) is summable in X
whenever it is absolutely summable.) Finally, a sequence (xn)∞1 ⊂ X is said to be
subseries convergent if

∑
k≤n χA(k)xk exists in X for each A ⊂ N . See [D].

Example 2.2.13. For a nonvoid set S, let FS be the δ-ring of all finite subsets of
S. A collection (xα)α∈S ⊂ X defines an X-valued σ-additive measure m on FS if
we define m(∅) = 0 and m(A) =

∑
α∈A xα if A �= ∅. We refer to the measure m

defined in this manner as the measure defined by (xα)α∈S .
Example 2.2.14. Let (xn)∞1 be a summable sequence in X . Let m : P(N) → X
be defined by m(E) =

∑
n∈E xn. Then m is an X-valued σ-additive measure on

P(N).

By Theorem 2.2 of [L2] we have:
Example 2.2.15. Any X-valued σ-additive measure m defined on a δ-ring P of sets
is of finite variation if and only if (m(An))∞1 is absolutely summable to m(

⋃∞
1 An)

for each pairwise disjoint sequence (An)∞1 ⊂ P with
⋃∞

1 An ∈ P .

By Corollary 4.3 of [L2] we have:
Example 2.2.16. If m is an X-valued σ-additive measure defined on a δ-ring P of
subsets of T and if every summable sequence (xn) in X is absolutely summable,
then every m-integrable function in T is v(m)-integrable in T .



Chapter 3

Lp-spaces, 1 ≤ p ≤ ∞

We develop the theory of Lp-spaces (1 ≤ p < ∞) for the Bartle-Dunford-Schwartz
integral with respect to a Banach space-valued σ-additive vector measure m de-
fined on a δ-ring of sets and obtain results analogous to those known for such
spaces in the theory of the abstract Lebesgue and Bochner integrals. For this we
adapt some of the techniques employed by Dobrakov in the study of integration
with respect to operator-valued measures. Though a few of these results are al-
ready there in the literature for p = 1 (sometimes with incorrect proofs as observed
in Chapter 2)), they are treated here differently with simpler proofs.

3.1 The seminorms m•
p(·, T ) on LpM(m), 1 ≤ p < ∞

Dobrakov introduced a seminorm m̂(·, T ) in [Do2] to define and study exhaustively
the L1-spaces associated with an operator-valued measure m which is σ-additive
in the strong operator topology on a δ-ring of sets and studied very briefly the
corresponding Lp-seminorms, 1 < p < ∞, indicating the difficulties in developing
analogous theory for the Lp-spaces. Similar seminorms, for p = 1, were introduced
in [KK], [MN2], [Ri5], etc., for studying the space of (KL) m-integrable functions
when m is a σ-additive Banach space-valued vector measure. In the present section,
we introduce the seminorms m•

p(·, T ), 1 ≤ p < ∞, similar to those in [Do2], define
the spaces LpM(m), Ip(m) and LpI(m) and study their basic properties. As in
[Do1, Do2] we introduce various notions of convergence similar to those used in
the theory of the abstract Lebesgue integral and study their interrelations. We
also study relations between the spaces Lp(m) for 1 ≤ p ≤ ∞, where L∞(m) is
suitably defined.

Hereafter, most often, without mentioning Theorem 2.2.2 of Chapter 2, we shall
directly apply Theorems 2.1.5 and 2.1.7 and Corollaries 2.1.8, 2.1.9, and 2.1.10 of
Chapter 2 to functions m-integrable in T . (See Remark 2.2.3 of Chapter 2.)
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Definition 3.1.1. Let g : T → K or [−∞,∞] be an m-measurable function. Let
1 ≤ p < ∞ and let E ∈ σ(P). Then

m•
p(g, E) = sup

{∣∣∣∣∫
E

sdm
∣∣∣∣ 1p : s ∈ Is, |s(t)| ≤ |g(t)|p m-a.e. in E

}
is called the Lp-gauge of g on E. We define

m•
p(g, T ) = sup

E∈σ(P)

m•
p(g, E).

By Proposition 1.1.18, m•
p(g, E) and m•

p(g, T ) are well defined and belong
to [0,∞].

Lemma 3.1.2. Let g : T → K or [−∞,∞] be m-measurable and let 1 ≤ p < ∞.
Let x∗ ∈ X∗ and let E ∈ σ(P). Then:

(i) (x∗m)•p(g, E) = sup
{
| ∫

E
sd(x∗m)| 1p : s ∈ Is, |s(t)| ≤ |g(t)|p m-a.e. in E

}
.

(ii) (x∗m)•p(g, E) =
(∫

E |g|pdv(x∗m)
) 1

p .

Proof. (i) By Definition 3.1.1,

(x∗m)•p(g, E) = sup

{∣∣∣∣∫
E

sd(x∗m)
∣∣∣∣ 1p : s ∈ Is, |s(t)| ≤ |g(t)|p (x∗m)-a.e. in E

}
.

Let α = sup
{
| ∫E sd(x∗m)| 1p : s ∈ Is, |s(t)| ≤ |g(t)|p m-a.e. in E

}
. Clearly, α ≤

(x∗m)•p(g, E). To prove the reverse inequality, let 0 ≤ c < (x∗m)•p(g, E). Then
there exist s0 ∈ Is and M ∈ σ(P) with v(x∗m)(M) = 0 such that |s0(t)| ≤
|g(t)|p for t ∈ T \M and c < | ∫

E
s0d(x∗m)| 1p . If s = s0χE\M , then s ∈ Is and

|s(t)| ≤ |g(t)|p for t ∈ E and hence |s(t)| ≤ |g(t)|p m-a.e. in E. Moreover, c <

| ∫E sd(x∗m)| 1p . Hence (i) holds.

(ii) Since | ∫E sd(x∗m)| ≤ ∫
E |g|pdv(x∗m) for s ∈ Is with |s(t)| ≤ |g(t)|p

(x∗m)-a.e. in E, we have (x∗m)•p(g, E) ≤ (∫
E
|g|pdv(x∗m)

) 1
p . To prove the reverse

inequality, let 0 ≤ c <
(∫

E |g|pdv(x∗m)
) 1

p . Then by Proposition 1.1.18 of Chapter
1, there exists s =

∑r
1 aiχEi , (Ei)r

1 ⊂ P , Ei ∩ Ej = ∅ for i �= j, with |s(t)| ≤
|g(t)|p (x∗m)-a.e. in E such that c < (

∑r
1 |ak|v(x∗m)(E ∩ Ek))

1
p . Hence there

exist (Ekj)�k
j=1 ⊂ P , pairwise disjoint, such that

⋃�k

j=1 Ekj ⊂ E∩Ek, k = 1, 2, . . . , r
and such that

cp <

r∑
k=1

|ak|
�k∑

j=1

|(x∗m)(Ekj)| =
∫

E

hd(x∗m)

where h =
∑r

k=1

∑�k

j=1 |ak|sgn ((x∗m)(Ekj)) χEkj
. Then h ∈ Is and |h(t)| ≤ |g(t)|p

(x∗m)-a.e. in E. Hence (ii) holds. �
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Theorem 3.1.3. Let g : T → K or [−∞,∞] and let 1 ≤ p < ∞. If g is m-
measurable and E ∈ σ(P), then

m•
p(g, E) = sup

|x∗|≤1

(∫
E

|g|pdv(x∗m)
) 1

p

= sup
|x∗|≤1

(x∗m)•p(g, E)

= sup

{∣∣∣∣∫
E

fdm
∣∣∣∣ 1p : f ∈ I(m) , |f | ≤ |g|p m-a.e. in E

}
.

Consequently, | ∫
E
|f |pdm| 1p ≤ m•

p(f, E) for |f |p ∈ I(m) and for E ∈ σ(P).
Moreover, ∣∣∣∣∫

E

fdm
∣∣∣∣ ≤ m•

1(f, E) (3.1.3.1)

for f ∈ I(m) and for E ∈ σ(P).

Proof. By Definition 3.1.1 and Lemma 3.1.2(i) we have

m•
p(g, E) = sup

{∣∣∣∣∫
E

sdm
∣∣∣∣ 1p : s ∈ Is, |s(t)| ≤ |g(t)|p m-a.e. in E

}

= sup

{(
sup

|x∗|≤1

∣∣∣∣∫
E

sd(x∗m)
∣∣∣∣ 1p
)

: s ∈ Is, |s(t)| ≤ |g(t)|p m-a.e. in E

}
= sup

|x∗|≤1

(x∗m)•p(g, E).

Then by Lemma 3.1.2(ii),

m•
p(g, E) = sup

|x∗|≤1

(∫
E

|g|pdv(x∗m)
) 1

p

. (3.1.3.2)

Since Is ⊂ I(m), by (3.1.3.2) we have

m•
p(g, E) ≤ sup

{∣∣∣∣∫
E

fdm
∣∣∣∣ 1p , f ∈ I(m), |f | ≤ |g|p m-a.e. in E

}

= sup sup
|x∗|≤1

{∣∣∣∣∫
E

fd(x∗m)
∣∣∣∣ 1p , f ∈ I(m), |f | ≤ |g|p m-a.e. in E

}

≤ sup
|x∗|≤1

∫
E

|g|pdv(x∗m) = m•
p(g, E)

and hence the first part holds.

The other parts are immediate from the first. �
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Definition 3.1.4. Let g : T → K or [−∞,∞] be m-measurable. Let E ∈ ˜σ(P)
(see paragraphs preceding Notation 1.1.15 in Section 1.1 of Chapter 1), and let
1 ≤ p < ∞. Then E is of the form E = F ∪ N , F ∈ σ(P), N ⊂ M ∈ σ(P) with
||m||(M) = 0. We define m•

p(g, E) = m•
p(g, F ). We also define

∫
E |g|pdv(x∗m) =∫

F
|g|pdv(x∗m). Then

m•
p(g, E) = sup

|x∗|≤1

(∫
E

|g|pdv(x∗m)
) 1

p

. (3.1.4.1)

To verify that m•
p(g, E) and

∫
E |g|pdv(x∗m) are well defined, let E = F1 ∪

N1 = F2 ∪ N2 with Fi ∈ σ(P), Ni ⊂ Mi ∈ σ(P) and ||m||(Mi) = 0 for i = 1, 2.
Let M = M1 ∪ M2. Then ||m||(M) = 0 and F1 ∪ M = F2 ∪ M . Hence

∫
F1

sdm =∫
F1∪M

sdm =
∫

F2∪M
sdm =

∫
F2

sdm for s ∈ Is and therefore, m•
p(g, E) is well

defined. Moreover,
∫

F1
|g|pdv(x∗m) =

∫
F1∪M

|g|pdv(x∗m) =
∫

F2∪M
|g|pdv(x∗m) =∫

F2
|g|pdv(x∗m) and hence

∫
E
|g|pdv(x∗m) is also well defined. Then (3.1.4.1) holds

by Theorem 3.1.3.
Remark 3.1.5. When P is a σ-algebra S, the gauge in Definition 3.1.1 above is
given in [KK] for p = 1 and that too for (KL) m-integrable S-measurable functions
only. Of course, there m has values in a real lcHs. The analogue of Theorem 3.1.3
for p = 1 is given in Lemma II.2.2 of [KK]. But our proof is more general and
elementary than that of the said lemma in [KK] and is adaptable to the case of
lcHs-valued vector measures defined on P (see Definition 4.3.1 and Theorem 4.3.2
of Chapter 4). A similar result for operator-valued measures is given in Theorem
4′ of [Do2] without proof. Also see [SP1].

Theorem 3.1.6. Let 1 ≤ p < ∞. Let f : T → K or [−∞,∞] be m-measurable
and let |f |p be m-integrable in T . Let γ(·) =

∫
(·) |f |pdm. Then m•

p(f, E) =

(||γ||(E))
1
p , E ∈ σ(P) and consequently, m•

p(f, T ) = (||γ||(T ))
1
p < ∞. Moreover,

m•
p(f, ·) is continuous on σ(P) (in the sense of Definition 1.1.4 of Chapter 1).

Proof. For x∗ ∈ X∗ and for E ∈ σ(P), v(x∗γ)(E) =
∫

E |f |pdv(x∗m) by Theorem
2.1.5(ii) of Chapter 2 and Proposition 1.1.19 of Chapter 1. Therefore, by Theorem
3.1.3 and by (iii)(a) of Theorem 2.1.5 we have(

m•
p(f, E)

)p = sup
|x∗|≤1

v(x∗γ)(E) = ||γ||(E).

Consequently,(
m•

p(f, T )
)p = sup

E∈σ(P)

(
m•

p(f, E)
)p = sup

E∈σ(P)

||γ||(E) = ||γ||(T ) < ∞

as γ is an X-valued σ-additive vector measure on σ(P) by Theorem 2.1.5(ii) of
Chapter 2. The continuity of m•

p(f, ·) = (||γ||(·)) 1
p is due to Proposition 1.1.5 of

Chapter 1. �
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The converse of Theorem 3.1.6 is not true in general; i.e., if f : T → K or
[−∞,∞] is m-measurable with m•

p(f, T ) < ∞ for some p, 1 ≤ p < ∞, then |f |p
need not be m-integrable in T . In fact, we have the following counter-example (see
also p. 31 of [KK]).
Counter-example 3.1.7. Let T = N and S = σ-algebra of all subsets of T .
Let X = c0. Let 1 ≤ p < ∞ and let f(t) = t

1
p , t ∈ T . For E ∈ S, let

m(E) = (an) ∈ c0, where an = 1
n if n ∈ E and an = 0 otherwise. Clearly m

is σ-additive on S. If x∗ ∈ c∗0 = l1, let x∗ = (xn). Then |x∗| =
∑∞

1 |xn| < ∞.
Now

(
m•

p(f, T )
)p = sup|x∗|≤1

∫
T
|f |pdv(x∗m) = sup|x∗|≤1

∑∞
1 nv(x∗m)({n})) =

sup|x∗|≤1

∑∞
1 n 1

n |xn| ≤ 1 < ∞. But |f |p is not m-integrable in T . In fact, on the
contrary we would have

∫
{n} |f |pdm = en for n ∈ T , where en = (δnj)∞j=1 with

δnj = 1 if j = n and = 0 otherwise; and if γ(·) =
∫
(·) |f |pdm, then by Theo-

rem 2.1.5(ii) of Chapter 2, γ would be σ-additive on S with γ(T ) ∈ c0 so that
γ(T ) =

∑∞
1 γ({n}) =

∑∞
1 en = (1, 1, 1, . . . ) �∈ c0. This contradiction shows that

fp = |f |p �∈ I(m).

However, when c0 �⊂ X , we have the following characterization of m-integra-
bility of |f |p.

Theorem 3.1.8. Let c0 �⊂ X and let 1 ≤ p < ∞. Then for an m-measurable
function f on T with values in K or [−∞,∞], |f |p is m-integrable in T if and
only if m•

p(f, T ) < ∞. Moreover, if |f |p is (x∗m)-integrable for each x∗ ∈ X∗,
then |f |p is m-integrable in T and m•

p(f, T ) < ∞.

Proof. In the light of Theorem 3.1.6, it is enough to show that the condition is
sufficient. Let m•

p(f, T ) < ∞. Then sup|x∗|≤1

∫
T
|f |pdv(x∗m) = (m•

p(f, T ))p < ∞
by Theorem 3.1.3. By Proposition 1.1.18 of Chapter 1 there exists a sequence
(sn) ⊂ Is such that 0 ≤ sn ↗ |f |p m-a.e. in T . If un = sn−sn−1, for n ≥ 1, where
s0 = 0, then

∑∞
1 un = |f |p m-a.e. in T . Let E ∈ σ(P). Then, for each x∗ ∈ X∗,

by the Beppo-Levi theorem for positive measures we have
∑∞

1

∫
E |un|dv(x∗m) =∑∞

1

∫
E

undv(x∗m) =
∫

E
|f |pdv(x∗m) < ∞ and consequently, by Proposition 4, §8

of [Din1],
∑∞

1 |x∗(
∫

E undm)| < ∞. As c0 �⊂ X , by the Bessaga-Pelczyński theorem
there exists a vector xE ∈ X such that xE =

∑∞
1

∫
E

undm = limn

∫
E

sndm. Since
this holds for each E ∈ σ(P), by Definition 2.1.1 and by Theorem 2.2.2 of Chapter
2 |f |p is m-integrable in T . �

In the above proof we observe that (x∗m)-integrability of |f |p for each x∗ ∈
X∗ implies that |f |p is m-integrable in T and hence the last part holds by Theorem
3.1.6.

Similar to [Do2] we give the following

Definition 3.1.9. Let 1 ≤ p < ∞. Then we define

LpM(m) = {f : T → K, f m-measurable with m•
p(f, T ) < ∞};

Ip(m) = {f : T → K, f m-measurable and |f |p ∈ I(m)}
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(so that I1(m) = I(m) by Theorem 2.1.5(vii) of Chapter 2 – see Notation 2.1.2
of Chapter 2); and

LpI(m) = {f ∈ Ip(m) : m•
p(f, T ) < ∞}.

The following result is immediate from Theorems 3.1.6 and 3.1.8.

Theorem 3.1.10. Let 1 ≤ p < ∞. Then LpI(m) = Ip(m) ⊂ LpM(m). If c0 �⊂ X,
then LpM(m) = LpI(m) = Ip(m).

As an immediate consequence of Definition 3.1.4 and Theorem 3.1.3 we have
the following theorem, whose easy proof is omitted.

Theorem 3.1.11. Let g : T → K or [−∞,∞] be m-measurable and let E ∈ ˜σ(P).
Let 1 ≤ p < ∞. Then the following assertions hold:

(i) m•
p(g, ·) : ˜σ(P) → [0,∞] is monotone and subadditive and vanishes on ∅.

(ii) m•
p(ag, E) = |a|m•

p(g, E) for a ∈ K, where 0.∞ = 0.

(iii) (inft∈E |g(t)|) · (||m||(E))
1
p ≤ m•

p(g, E) ≤ (supt∈E |g(t)|) · (||m||(E))
1
p .

(iv) If h is m-measurable and if |h| ≤ |g| m-a.e. in E, then m•
p(h, E) ≤ m•

p(g, E).
(v) m•

p(g, E) = m•
p (g, E ∩ N(g)). (See Notation 1.1.15 of Chapter 1.)

(vi) m•
p(g, E) = 0 if and only if ||m|| (E ∩ N(g)) = 0.

Theorem 3.1.12. Let g : T → K or [−∞,∞] be m-measurable, η a positive real
number and E ∈ ˜σ(P). Let 1 ≤ p < ∞. Then:

(i) (The Tschebyscheff inequality).

||m|| ({t ∈ E : |g(t)| ≥ η}) ≤ 1
ηp

(
m•

p(g, E)
)p

.

(ii) If m•
p(g, E) < ∞, then g is finite m-a.e. in E. Consequently, if m•

p(g, T ) <
∞, then g is finite m-a.e. in T .

Proof. (i) Let F = {t ∈ E : |g(t)| ≥ η}. Then F ∈ ˜σ(P) and by (i) and (iii) of
Theorem 3.1.11 we have

η (||m||(F ))
1
p ≤

(
inf
t∈F

|g(t)|
)
· (||m||(F ))

1
p ≤ m•

p(g, F ) ≤ m•
p(g, E)

and hence (i) holds.

(ii) Let F = {t ∈ E : |g(t)| = ∞}. Then F ∈ ˜σ(P) and F ⊂ Fn = {t ∈ E :
|g(t)| ≥ n} ∈ ˜σ(P), n ∈ N. Now by (i), by Theorem 3.1.11(i) and by hypothesis,
we have ||m||(F ) ≤ ||m||(Fn) ≤ ( 1

n )p · (m•
p(g, E)

)p → 0 as n → ∞ and hence
g is finite m-a.e. in E . Since m•

p(g, T ) = m•
p (g, N(g)), the last part of (ii) also

holds. �
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Theorem 3.1.13. Let f, g be m-measurable on T with values in K and let E ∈ ˜σ(P).
Let 1 ≤ p < ∞ and if 1 < p < ∞, let 1

p + 1
q = 1. Then:

(i) m•
p(f + g, E) ≤ m•

p(f, E) + m•
p(g, E).

(ii) m•
p(f + g, T ) ≤ m•

p(f, T ) + m•
p(g, T ).

(iii) Let 1 < p < ∞. Then m•
1(fg, T ) ≤ m•

p(f, T ) · m•
q(g, T ). Consequently, if

f ∈ LpM(m) and g ∈ LqM(m), then fg ∈ L1M(m). (The last part is
improved in Theorem 3.5.1.)

Proof. In the light of Definition 3.1.4, without loss of generality we shall assume
that E ∈ σ(P). Then by Theorem 3.1.3 we have

m•
p(f + g, E) = sup

|x∗|≤1

(∫
E

|f + g|pdv(x∗m)
) 1

p

≤ sup
|x∗|≤1

(∫
E

|f |pdv(x∗m)
) 1

p

+ sup
|x∗|≤1

(∫
E

|g|pdv(x∗m)
) 1

p

= m•
p(f, E) + m•

p(g, E).

Consequently,

m•
p(f + g, T ) = sup

E∈σ(P)

m•
p(f + g, E)

≤ sup
E∈σ(P)

m•
p(f, E) + sup

E∈σ(P)

m•
p(g, E)

= m•
p(f, T ) + m•

p(g, T ).

Hence (i) and (ii) hold.

(iii) By Theorem 3.1.3 and by Hölder’s inequality we have

m•
1(fg, T ) = sup

|x∗|≤1,E∈σ(P)

∫
E

|fg|dv(x∗m)

≤ sup
|x∗|≤1,E∈σ(P)

{(∫
E

|f |pdv(x∗m)
) 1

p

·
(∫

E

|g|qdv(x∗m)
) 1

q

}
≤ m•

p(f, T ) ·m•
q(g, T ).

Consequently, if f ∈ LpM(m) and g ∈ LqM(m), then fg ∈ L1M(m). �
Theorem 3.1.14. If 1 ≤ p < ∞, then (LpM(m),m•

p(·, T )) and (LpI(m), m•
p(·, T ))

are seminormed spaces.

Proof. By Theorems 3.1.11(ii) and 3.1.13(ii), (LpM(m),m•
p(·, T )) is a seminormed

space. Let f, g ∈ LpI(m) and let α be a scalar. Then |f |p ∈ I(m) and |g|p ∈ I(m).
Since |f + g|p ≤ 2p max(|f |p, |g|p) ≤ 2p(|f |p + |g|p), by (iv) and (vii) of Theorem
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2.1.5 of Chapter 2 |f + g|p ∈ I(m) and hence f + g ∈ LpI(m) by Theorem 3.1.10.
Clearly, |αf |p ∈ I(m) and hence LpI(m) is a vector space. Then by Theorem
3.1.10 and by the fact that (LpM(m),mp(·, T )) is a seminormed space, it follows
that (LpI(m),m•

p(·, T )) is also a seminormed space. �
Notation 3.1.15. By LpM(m) and LpI(m), 1 ≤ p < ∞, we mean the seminormed
spaces

(LpM(m),m•
p(·, T )

)
and

(LpI(m),m•
p(·, T )

)
, respectively.

In Chapter 4 we generalize Theorems 3.1.10 and 3.1.14 to lcHs-valued σ-
additive m on P . See Definition 4.3.7 and Theorem 4.3.8 of Chapter 4.

Similar to [Do1, Do2] we give the following concepts of convergence for m-
measurable functions.

Definition 3.1.16. Let f, (fn)n∈N , (fα)α∈(D,≥) be m-measurable scalar functions
on T where (D,≥) is a directed set. Then:

(i) The sequence (fn)∞1 is said to converge in measure to f in T (resp. to be
Cauchy in measure in T ) with respect to m (when there is no ambiguity of
the measure in question we drop m) if, for each η > 0,

lim
n

||m|| ({t ∈ T : |fn(t) − f(t)| ≥ η}) = 0

(resp.
lim

n,r→∞ ||m|| ({t ∈ T : |fn − fr| ≥ η}) = 0).

Similarly we define convergence in measure to f in E and Cauchy in measure
in E for E ∈ σ(P). Similar definitions are given for the net (fα)α∈(D,≥).

(ii) The sequence (fn)∞1 is said to converge to f almost uniformly (resp. to be
Cauchy for almost uniform convergence) in T (with respect to m) if, given ε >
0, there exists a set Eε ∈ σ(P) with ||m||(Eε) < ε such that the sequence (fn)
converges to f uniformly in T \Eε (resp. is Cauchy for uniform convergence
in T \Eε). Similarly we define almost uniform convergence and Cauchy for
almost uniform convergence in E ∈ σ(P).

(iii) Let 1 ≤ p < ∞. If we further assume that f, fn, n ∈ N (resp. fα, α ∈ (D,≥)),
are in LpM(m), then the sequence (resp. the net) is said to converge to f in
(meanp) (with respect to m) if limn→∞ m•

p(fn−f, T ) = 0 (resp. limα m•
p(fα−

f, T ) = 0). It is said to be Cauchy in (meanp) if limn,r→∞ m•
p(fn−fr, T ) = 0

(resp. if limα,β→∞ m•
p(fα − fβ, T ) = 0).

Definition 3.1.17. Two functions f, g ∈ LpM(m) are said to be m-equivalent or
simply, equivalent if f = g m-a.e. in T . In that case, we write f ∼ g.

Theorem 3.1.18. Let 1 ≤ p < ∞. Let f, g, (fn)n∈N and the net (fα)α∈(D,≥) be
m-measurable scalar functions on T . Then:

(i) ‘∼’ is an equivalence relation on LpM(m) and we denote LpM(m)/∼ by
LpM(m).
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(ii) For f, g ∈ LpM(m), f ∼ g if and only if m•
p(f − g, T ) = 0.

(iii) For f ∈ LpM(m), m•
p(f, T ) = 0 if and only if ||m||(N(f)) = 0 and hence

if and only if f = 0 m-a.e. in T .

(iv) If (fn) (resp. (fα)α∈(D,≥)) converges in measure to f and g in T , then
f = g m-a.e. in T . If (fn) (resp. (fα)) converges in measure to f , then
(fn) (resp. (fα)) is Cauchy in measure.

(v) Let (fn)∞1 ⊂ LpM(m) (resp. (fα)α∈(D,≥) ⊂ LpM(m)). If (fn) (resp.
(fα)α∈(D,≥)) converges in (meanp) to f and g, then f = g m-a.e. in T . If
(fn) (resp. (fα)) converges to f in (meanp), then it is Cauchy in (meanp).

(vi) Let (fn)∞1 ⊂ LpM(m) (resp. (fα)α∈(D,≥) ⊂ LpM(m)). If (fn) (resp.
(fα)α∈(D,≥)) converges to f in (meanp), then it converges to f in measure
in T .

(vii) If fn → f in measure in T (resp. if (fn)∞1 ⊂ LpM(m) and if fn converges
to f in (meanp)), then every subsequence of (fn) also converges to f in
measure in T (resp. in (meanp)).

(viii) (Generalized Egoroff’s theorem). Let P be a σ-ring S and let (hn)∞1 be
m-measurable scalar functions on T . Let h : T → K. If hn → h m-a.e.
in T , then h is m-measurable, hn → h in measure in T and also almost
uniformly in T .

Proof. The easy verification of (i)–(iii) (using Theorem 3.1.11) is left to the reader.
Since ||m|| is nonnegative, monotone and σ-subadditive, the classical proof holds
here to prove (iv). For example, see the proof of Theorem 22C of [H].

(v) Since m•
p(·, T ) is subadditive by Theorem 3.1.13(ii), m•

p(f − g, T ) ≤
m•

p(f − fn, T ) + m•
p(fn − g, T ) → 0 as n → ∞ (resp. ≤ m•

p(f − fα, T ) + m•
p(fα −

g, T ) → 0 as α → ∞). Hence the first part holds by (ii). Similarly the second part
is proved.

(vi) is immediate from the hypothesis and the Tschebyscheff inequality (see
Theorem 3.1.12(i)) while (vii) follows from the respective definitions of conver-
gence.

(viii) Clearly, h is m-measurable. By hypothesis and by Proposition 1.1.18 of
Chapter 1, there exists N ∈ σ(P) = S with ||m||(N) = 0 such that hn(t) → h(t)
for t ∈ T \N and such that hnχT\N , n ∈ N, and hχT\N are σ(P)-measurable.
Then, given η > 0, let En = {t ∈ T \N : |hn(t) − h(t)| ≥ η}. Then (En)∞1 ⊂ S.
As hn → h pointwise in T \N , limn En = ∅. Then by the hypothesis that S is a
σ-ring and by Proposition 1.1.5 of Chapter 1, limn ||m||(En) = 0. If En(η) = {t ∈
T : |hn(t) − h(t)| ≥ η}, then En(η) ⊂ En ∪ N and hence limn ||m|| (En(η)) = 0.
Therefore, hn → h in measure in T . Since ||m|| is continuous and σ-subadditive
on S, the proof of Theorem 1 in §21 of [Be] can be adapted here to show that
hn → h almost uniformly in T . Hence (viii) holds. �
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As ||m|| is nonnegative, monotone and σ-subadditive on σ(P), the following
theorem can be proved by an argument similar to the numerical case (for example,
see [H, pp. 92–94 ]). The proof is left to the reader.

Theorem 3.1.19. Let (fn)∞1 be a sequence of m-measurable scalar functions on
T . If it is Cauchy in measure in T , then there exists a subsequence (fnk

)∞k=1 of
(fn)∞1 such that (fnk

)∞k=1 is almost uniformly Cauchy in T , thus there exists an m-
measurable scalar function f on T such that limk fnk

(t) = f(t) almost uniformly
in T , and hence fn → f in measure in T and fnk

→ f m-a.e. in T .

3.2 Completeness of LpM(m) and LpI(m), 1 ≤ p < ∞,
and of L∞(m)

We first give a generalized Fatou’s lemma in Theorem 3.2.1 and then use it to show
that the seminormed space LpM(m) is complete for 1 ≤ p < ∞ (Theorem 3.2.3).
Then, similar to the spaces given in Dobrakov [Do2] (for p = 1), we introduce the
spaces LpIs(m) and Lp(m) for 1 ≤ p < ∞ and show that Lp(m) is complete.
By proving that LpI(m) = Lp(m), we deduce that LpI(m) is complete for 1 ≤
p < ∞. When p = 1 we also give an alternative proof for the completeness of
L1(m); this proof is based on inequality (3.1.3.1) and is similar to the proof of the
corresponding part in Theorem 7 of [Do2]. The proof of Theorem 3.2.3 is analogous
to that of the Riesz-Fischer theorem given in [Ru1] and can be adapted to give an
alternative simpler proof of Theorem 7 of [Do2]. Finally we define (L∞(m), || · ||∞)
and show that it is also a complete seminormed space.

Theorem 3.2.1. Let f, fn, n ∈ N , be m-measurable on T with values in K or in
[−∞,∞]. Let 1 ≤ p < ∞. Then:

(i) (The Fatou property of m•
p(·, E)). If |fn| ↗ |f | m-a.e. in E ∈ ˜σ(P), then

m•
p(f, E) = supn m•

p(fn, E) = limn m•
p(fn, E).

(ii) (Generalized Fatou’s lemma). m•
p(lim inf

n
|fn|, E) ≤ lim inf

n
m•

p(fn, E) for E ∈
˜σ(P).

Proof. In the light of Definition 3.1.4, without loss of generality we shall assume
that E ∈ σ(P).

(i) By hypothesis and by Proposition 1.1.18 of Chapter 1, there exists M ∈
σ(P) with ||m||(M) = 0 such that |fn(t)|χE\M (t) ↗ |f(t)|χE\M (t) for t ∈ T and
fnχE\M , n ∈ N, and fχE\M are σ(P)-measurable. Now, by Theorem 3.1.3 and
by MCT for positive measures we have

m•
p(f, E) = m•

p(f, E\M) = sup
|x∗|≤1

(∫
E\M

|f |pdv(x∗m)

) 1
p
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= sup
|x∗|≤1

sup
n

(∫
E\M

|fn|pdv(x∗m)

) 1
p

= sup
n

sup
|x∗|≤1

(∫
E\M

|fn|pdv(x∗m)

) 1
p

= sup
n

m•
p(fn, E\M) = sup

n
m•

p(fn, E) = lim
n

m•
p(fn, E)

as m•
p(fn, E) ↗.

(ii) Let gn = infk≥n |fk|. Then gn ↗ and lim inf
n

|fn| = lim
n

gn = sup
n

gn.

Therefore, by (i) we have

m•
p(lim inf

n
|fn|, E) = m•

p(lim
n

gn, E) = lim
n

m•
p(gn, E) ≤ lim inf

n
m•

p(fn, E)

as gn = |gn| ≤ |fn|, n ∈ N. �

Remark 3.2.2. When p = 1, the generalized Fatou’s lemma for operator-valued
measures is stated without proof in Lemma 1 on p. 614 of [Do4].

Theorem 3.2.3. Let 1 ≤ p < ∞. Then:

(i) LpM(m) is a complete seminormed space.

(ii) If c0 �⊂ X, then LpI(m) is a complete seminormed space. (This result holds
even if X is arbitrary. See Theorem 3.2.8.)

Proof. (i) Let (fn)∞1 be Cauchy in (meanp) in LpM(m). Then we can choose
a subsequence (fnk

) of (fn) such that m•
p(fnk+1 − fnk

, T ) < 1
2k , k ∈ N. Let

hk = fnk
, k ∈ N. Let

gk =
k∑

i=1

|hi+1 − hi| and g =
∞∑

i=1

|hi+1 − hi|.

Then by Theorem 3.1.13(ii), m•
p(gk, T ) ≤∑∞

i=1 m•
p(hi+1−hi, T ) < 1 for k ∈ N and

gk ↗ g in T . Hence by the Fatou property we have m•
p(g, T ) = supk m•

p(gk, T ) ≤ 1.
Then by Theorem 3.1.12(ii), g is finite m-a.e. in T . By this fact and by Definition
2.1.1 of Chapter 2, we can choose N ∈ σ(P) with ||m||(N) = 0 such that g is
finite in T \N and such that hiχT\N , i ∈ N, are σ(P)-measurable. Then the series∑∞

i=1(hi+1 − hi) is absolutely convergent in T \N . Let h0 = 0. Define

f(t) =
{ ∑∞

k=0 (hk+1(t) − hk(t)) = limk hk(t), for t ∈ T \N
0, for t ∈ N.

Then f is finite in T , is σ(P)-measurable and is m-a.e. pointwise limit of (hk)∞1 in
T . Let ε > 0. By hypothesis there exists n0 such that m•

p(fn−fr, T ) < ε for n, r ≥
n0 and hence m•

p(hk −h�, T ) < ε for nk, n� ≥ n0. Let F = (
⋃∞

k=1 N(hk))∩ (T \N).
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Then F ∈ σ(P) and N(f) ⊂ F . Now by the generalized Fatou’s lemma we have

m•
p(f − hk, T ) = m•

p(|f − hk|, T ) = m•
p(|f − hk|, T \N)

= m•
p

(
lim

�
|h� − hk|, T \N

)
= m•

p

(
lim inf
�→∞

|h� − hk|, T
)

≤ lim inf
�→∞

m•
p(h� − hk, T ) < ε

for nk ≥ n0. Then by the triangle inequality, f ∈ LpM(m) and moreover,
limk m•

p(f −hk, T ) = 0. Consequently, m•
p(f−fn, T ) ≤ m•

p(f−fnk
, T )+m•

p(fnk
−

fn, T ) → 0 as nk, n → ∞ and hence limn m•
p(fn − f, T ) = 0. Thus (i) holds.

(ii) As c0 �⊂ X , by Theorem 3.1.10 we have LpI(m) = LpM(m) and hence
the result holds by (i). �

The following corollary is immediate from the last part of the proof of The-
orem 3.2.3(i).

Corollary 3.2.4. Let 1 ≤ p < ∞. If (fn)∞1 ⊂ LpM(m) is Cauchy in (meanp)
and if there exist a scalar function f on T and a subsequence (fnk

) of (fn) such
that fnk

(t) → f(t) m-a.e. in T , then f is m-measurable, f ∈ LpM(m) and
m•

p(fn − f, T ) → 0 as n → ∞.

Similar to the spaces in Dobrakov [Do2], we define two more spaces as below.

Definition 3.2.5. Let 1 ≤ p < ∞. Then we define LpIs(m) = the closure of Is in
LpM(m) with respect to m•

p(·, T ); and

Lp(m) = {f ∈ LpM(m) : m•
p(f, ·) is continuous on σ(P)}.

If we consider equivalence classes of functions, then we shall write Lp instead of Lp.

Clearly, LpIs(m) is a linear subspace of LpM(m). If f, g ∈ Lp(m), then by
Theorem 3.1.13(i), m•

p(f + g, ·) ≤ m•
p(f, ·) + m•

p(g, ·) and hence f + g ∈ Lp(m).
Obviously, αf ∈ Lp(m) for f ∈ Lp(m) and for any scalar α. Hence Lp(m) is also
a linear subspace of LpM(m).
Notation 3.2.6. By LpIs(m) and Lp(m) we mean the seminormed spaces(LpIs(m),m•

p(·, T )
)

and
(Lp(m),m•

p(·, T )
)
,

respectively.

Theorem 3.2.7. Let 1 ≤ p < ∞. If f : T → K is m-measurable and m•
p(f, ·)

is continuous on σ(P), then f ∈ LpM(m) and hence f ∈ Lp(m). Moreover,
LpI(m) = Lp(m).

Proof. Let m•
p(f, ·) be continuous on σ(P). By Proposition 1.1.18 of Chapter 1

there exists a sequence (sn) ⊂ Is such that 0 ≤ sn(t) ↗ |f(t)|p m-a.e. in T .
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Let γn(·) =
∫
(·) sndm, n ∈ N. Then ||γn||(·) = sup|x∗|≤1

(∫
(·) sndv(x∗m)

)
≤

sup|x∗|≤1

(∫
(·) |f |pdv(x∗m)

)
=
(
m•

p(f, ·))p by Theorem 2.1.5(iii)(a) of Chapter 2
and by Theorem 3.1.3 above and hence ||γn||, n ∈ N, are uniformly continuous on
σ(P). Then, by Proposition 1.1.7 of Chapter 1, γn, n ∈ N, are uniformly σ-additive
on σ(P). Consequently, by Theorem 2.2.4 of Chapter 2, |f |p is m-integrable in
T . Then by Theorem 3.1.6, m•

p(f, T ) < ∞ and hence f ∈ LpM(m). Then by
hypothesis and by Definition 3.2.5, f ∈ Lp(m). Moreover, as |f |p ∈ I(m), by
Theorem 3.1.10 f ∈ LpI(m). This also proves that Lp(m) ⊂ LpI(m).

Conversely, let f ∈ LpI(m)(= Ip(m)). Then |f |p is m-integrable in T and
hence by Theorem 3.1.6, not only f ∈ LpM(m) but also m•

p(f, ·) is continuous on
σ(P). Hence f ∈ Lp(m). Thus LpI(m) = Lp(m). �

Theorem 3.2.8. (Analogue of the Riesz-Fischer theorem) Let 1 ≤ p < ∞.
Then Lp(m) is closed in LpM(m) and hence LpI(m) (= Lp(m)) is a complete
seminormed space. If Lp(σ(P),m) = {f ∈ Lp(m) : f σ(P)-measurable}, then
Lp(σ(P),m) is closed in Lp(m) and hence is a complete seminormed space. Con-
sequently, Lp(m) and Lp(σ(P),m) are Banach spaces and are treated as function
spaces in which two functions which are equal m-a.e. in T are identified.

Proof. Let (fn)∞1 ⊂ Lp(m) and let limn m•
p(fn−f, T ) = 0 for some f ∈ LpM(m).

Let ε > 0. Then there exists n0 such that m•
p(fn − f, T ) < ε

2 for n ≥ n0. Let
(Ek)∞1 ↘ ∅ in σ(P). As fn0 ∈ Lp(m), by Definition 3.2.5 m•

p(fn0 , ·) is contin-
uous on σ(P) and hence there exists k0 such that m•

p(fn0 , Ek) < ε
2 for k ≥ k0.

Consequently,

m•
p(f, Ek) ≤ m•

p(f − fn0 , Ek) + m•
p(fn0 , Ek) ≤ m•

p(f − fn0 , T ) + m•
p(fn0 , Ek) < ε

for k ≥ k0. Hence f ∈ Lp(m) and thus Lp(m) is closed in LpM(m). Now by
Theorems 3.2.3(i) and 3.2.7, LpI(m) is a complete seminormed space.

Clearly, Lp(σ(P),m) is a seminormed space. Now, let (fn)∞1 ⊂ Lp(σ(P),m)
be Cauchy in (meanp). As Lp(σ(P),m) ⊂ Lp(m) and as Lp(m) is complete, there
exists f ∈ Lp(m) such that m•

p(fn − f, T ) → 0 as n → ∞. As f is m-measurable,
there exists N ∈ σ(P) with ||m||(N) = 0 such that fχT\N is σ(P)-measurable
and clearly fχT\N ∈ Lp(σ(P),m) and limn(m)•p(fn − fχT\N , T ) = 0. Hence
Lp(σ(P),m) is closed in Lp(m) and thus is a complete seminormed space. Then
the last part is immediate from the previous parts. �

For p = 1, we give below an alternative proof similar to that in the proof of
Theorem 7 of [Do2].

By Theorem 3.1.10, L1I(m) = I(m) ⊂ L1M(m). Let (fn)∞1 ⊂ I(m) and let
f ∈ L1M(m) be such that limn m•

1(fn − f, T ) = 0. We shall show that f ∈ I(m).
By the proof of Theorem 3.2.3(i) there exist a subsequence (fnk

)∞k=1 of (fn)∞1
and a function g ∈ L1M(m) such that fnk

→ g m-a.e. in T as k → ∞ and
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limk m•
1(fnk

−g, T ) = 0. Then, by Theorem 3.1.18(v), f = g m-a.e. in T . Moreover,
by inequality (3.1.3.1),∣∣∣∣∫

E

fnk
dm −

∫
E

fn�
dm
∣∣∣∣ ≤ m•

1(fnk
− fn�

, T ) → 0 as k, � → ∞

for E ∈ σ(P). Thus (
∫

E fnk
dm) is Cauchy and hence converges to a vector xE

(say) in X for each E ∈ σ(P). Consequently, by Theorem 2.2.8 of Chapter 2, f is
m-integrable in T and hence f ∈ I(m). Thus L1I(m) is closed in L1M(m) and
hence L1I(m) is complete by Theorems 3.2.3(i).
Remark 3.2.9. When P is a σ-algebra Σ and X is a real Banach space, the com-
pleteness of L1(σ(P),m) follows from Theorems IV.7.1 and IV.4.1 of [KK], where
the proof is indirect and complicated. A somewhat direct proof of the complete-
ness of L1(σ(P),m) when P is a σ-algebra Σ and when m has values in a com-
plex Fréchet space is given in [FNR]. Under the σ-algebra hypothesis for a Ba-
nach space-valued σ-additive m, [Ri5] gives a nice proof of the completeness of
L1(σ(P),m) where the Rybakov theorem plays a vital role. In our case we cannot
use his argument as the Rybakov theorem is not available for σ-additive vector
measures defined on δ-rings. The completeness of L1(σ(P),m) is treated in The-
orem 4.7 of [MN2] for the δ-ring case, and his proof is based on Lemma 3.4 and
Theorem 3.5 of [L2]. As noted in Remark 2.1.12 of Chapter 2, the proofs of these
results as given in [L2] are incorrect. However, we have provided a correct proof
of these results in the said remark and hence Theorem 4.7 of [MN2] is restored.
The proof of the first part of Theorem 3.2.3 for p = 1 is similar to that of Lemma
3.13(a) of [MN2]. Now let m : P → X be σ-additive where X is an lcHs. When X
is a metrizable lcHs, Theorem 3.2.3(i) is generalized in Theorem 4.4.2(i) of Chap-
ter 4 ; the first part of Definition 3.2.5 is generalized in Definition 4.5.4 of Chapter
4 for a quasicomplete (resp. sequentially complete) lcHs-valued m on P and for
such m, Theorem 3.3.6 is generalized in Theorem 4.5.5 (resp. in Theorem 4.5.6) of
Chapter 4. When m has values in a Fréchet space, Theorem 3.2.8 is generalized in
Theorem 4.4.8 of Chapter 4. (Also see Remark 4.4.10 of Chapter 4.) Also see [SP1].

Definition 3.2.10. Let m : P → X be σ-additive. We define L∞(m) = {f :
T → K, f m-essentially bounded in T } (see Definition 1.1.16 of Chapter 1) and
||f ||∞ = ess supt∈T |f(t)| for f ∈ L∞(m). We define L∞(σ(P),m) = {f ∈
L∞(m) : f σ(P)-measurable} with the seminorm || · ||∞.

Theorem 3.2.11. Let m : P → X be σ-additive. Then (L∞(m), || · ||∞) or simply,
L∞(m) is a complete seminormed space. Consequently, L∞(m) = L∞(m)/ ∼ is
a Banach space. (Also see Theorem 4.5.11.)

Proof. Since ||m|| is a σ-subadditive submeasure on σ(P), the last part of the
proof of Theorem 3.11 of [Ru1] holds here and hence the theorem. �
Remark 3.2.12. Relations between the spaces Lp(m), 1 ≤ p ≤ ∞, are studied in
Section 3.5 below.
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3.3 Characterizations of LpI(m) , 1 ≤ p < ∞
Let 1 ≤ p < ∞. If (fn)∞1 ⊂ Lp(m), f0 : T → K and if fn → f0 m-a.e. in T ,
then Theorem 3.3.1 gives a characterization for (fn) to converge to f0 in (meanp).
Theorem 3.3.2 gives the analogue of an improved version of the Vitali convergence
theorem in Halmos ([H], Theorem 26C) for Lp(m). From Theorems 3.3.1 and
3.3.2 are deduced a.e. convergence (meanp)-versions as well as convergence in
measure (meanp)-versions of LDCT and LBCT for Lp(m). Using the present a.e.
convergence (meanp)-version of LDCT it is shown that an m-measurable scalar
function f on T belongs to LpI(m) if and only if f belongs to LpIs(m) (see
Definition 3.2.5). In other words, by this result and by Theorems 3.1.10 and 3.2.7
it follows that Ip(m) = LpI(m) = LpIs(m) = Lp(m) for p ∈ [1,∞) and this
is the main result of this section. As in the cases of the abstract Lebesgue and
Bochner integrals (see [DS1],[H]), it is also shown that the class of m-integrable
functions f can be defined in terms of convergence in measure to f of a sequence
(sn) ⊂ Is which is Cauchy in (mean). This result does not hold for the general
Dobrakov integral. See Remark 3.3.15.

To obtain the analogue of an improved version of the Vitali convergence
theorem in Halmos ([H], Theorem 26C) for Lp(m) we prove the following

Theorem 3.3.1. Let 1 ≤ p < ∞. Let (fn)∞1 ⊂ Lp(m) and let f0 : T → K. Suppose
(fn)∞1 converges to f0 m-a.e. in T . Then m•

p(fn−f0, T ) → 0 as n → ∞ if and only
if m•

p(fn, ·), n ∈ N, are uniformly continuous on σ(P). In that case, f0 ∈ Lp(m).
Moreover, in such case, for p = 1,∫

E

f0dm = lim
n

∫
E

fndm, E ∈ σ(P)

the limit being uniform with respect to E ∈ σ(P).

Proof. Clearly f0 is m-measurable. If m•
p(fn − f0, T ) → 0, then, given ε > 0, there

exists n0 such that m•
p(fn−f�, T ) < ε

2 for n, � ≥ n0. Let Ek ↘ ∅ in σ(P). Then by
Definition 3.2.5, there exists k0 such that m•

p(fn, Ek) < ε
2 for n = 1, 2, . . . , n0 and

for k ≥ k0. Consequently, m•
p(fn, Ek) ≤ m•

p(fn−fn0, Ek)+m•
p(fn0 , Ek) ≤ m•

p(fn−
fn0 , T ) + m•

p(fn0 , Ek) < ε for n ≥ n0 and for k ≥ k0. Hence m•
p(fn, ·), n ∈ N , are

uniformly continuous on σ(P).

Conversely, let m•
p(fn, ·), n ∈ N be uniformly continuous on σ(P). Let

Ek ↘ ∅ in σ(P) and let ε > 0. By hypothesis there exists k0 such that
m•

p(fn, Ek) < ε for all n ∈ N and for k ≥ k0. Consequently, by the gener-
alized Fatou’s lemma (Theorem 3.2.1(ii)), m•

p(f0, Ek) = m•
p(lim inf

n
|fn|, Ek) ≤

lim inf
n→∞ m•

p(fn, Ek) < ε for k ≥ k0. Hence m•
p(f0, ·) is continuous on σ(P) and

consequently, by Theorem 3.2.7, f0 ∈ Lp(m).

By Theorems 3.1.10 and 3.2.7, |fn|p, n ∈ N, and |f0|p are m-integrable in T .
Now, let γn(·) =

∫
(·) |fn|pdm for n ∈ N ∪ {0}. By Theorem 3.1.6, (||γn||(·))

1
p =
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m•
p(fn, ·), n ∈ N ∪ {0}. Then by hypothesis and by the fact that f0 ∈ Lp(m),

||γn||, n ∈ N ∪ {0}, are uniformly continuous on σ(P). Therefore, by Proposition
1.1.7 of Chapter 1, γn, n ∈ N ∪ {0}, are uniformly σ-additive on σ(P). Then
by Proposition 1.1.13 of Chapter 1 there exists a σ-additive control measure μ :
σ(P) → [0,∞) such that ||γn||, n ∈ N ∪ {0}, are uniformly μ-continuous. Thus,
given ε > 0, there exists δ > 0 such that ||γn||(E) < ( ε

3 )p, for n ∈ N ∪ {0},
whenever μ(E) < δ. By hypothesis and by Proposition 1.1.18 of Chapter I, there
exists M ∈ σ(P) with ||m||(M) = 0 such that fn(t) → f0(t) for t ∈ T \M and such
that fnχT\M , n ∈ N, and f0χT\M are σ(P)-measurable. Let F = (

⋃∞
n=1 N(fn))∩

(T \M). Clearly, F ∈ σ(P). Then by the Egoroff-Lusin theorem there exist a set
N ∈ σ(P) ∩ F with μ(N) = 0 and a sequence (Fk) ⊂ P with Fk ↗ F\N such
that fn → f0 uniformly in each Fk. As F\N\Fk ↘ ∅, there exists k0 such that
μ(F\N\Fk0) < δ. Then ||γn||(F\N\Fk0) < ( ε

3 )p for n ∈ N ∪ {0}. Choose n0

such that ||fn − f ||Fk0
· (||m||(Fk0 ))

1
p < ε

3 for n ≥ n0. Note that ||γn||(M ∪
N) = 0 for n ∈ N ∪ {0} . Then by (i) and (iii) of Theorem 3.1.11, by (i) of
Theorem 3.1.13 and by Theorem 3.1.6 we have m•

p(fn−f0, T ) ≤ m•
p(fn−f0, Fk0)+

m•
p(fn−f0, F\N\Fk0)+m•

p(fn, N)+m•
p(f0, N)+m•

p(f0, M)+m•
p(fn, M) ≤ ||fn−

f0||Fk0
·(||m||(Fk0))

1
p +(||γn||(F\N\Fk0))

1
p +(||γ0||(F\N\Fk0))

1
p +(||γn||(N))

1
p +

(||γ0||(N))
1
p + (||γn||(M))

1
p + (||γ0||(M))

1
p < ε for n ≥ n0. Hence limn m•

p(fn −
f0, T ) = 0. The last part is immediate from inequality (3.1.3.1) since L1(m) =
L1I(m) = I1(m) = I(m) by Theorem 2.1.5(vii) of Chapter 2 and by Theorems
3.2.7 and 3.1.10. �

Theorem 3.3.2. (Analogue of an improved version of the Vitali convergence theo-
rem in Halmos ([H], Theorem 26C) for Lp(m)) Let 1 ≤ p < ∞ and let f0 : T → K

be m-measurable. A sequence (fn)∞1 ⊂ Lp(m) converges to f0 in (meanp) if and
only if (fn) converges to f0 in measure in T , f0 ∈ LpM(m) and m•

p(fn, ·), n ∈ N,
are uniformly continuous on σ(P). In that case, f0 ∈ Lp(m). Moreover, in such
case, for p = 1, the result in the last part of Theorem 3.3.1 holds here verbatim.

Proof. Let limn m•
p(fn−f0, T ) = 0. Then by the triangle inequality f0 ∈ LpM(m)

and then by Theorem 3.1.18(vi), fn → f0 in measure in T . Moreover, by the ne-
cessity part of Theorem 3.3.1, m•

p(fn, ·), n ∈ N, are uniformly continuous on σ(P).

Conversely, let fn → f0 in measure in T , f0 ∈ LpM(m) and m•
p(fn, ·), n ∈ N,

be uniformly continuous on σ(P). If possible, let m•
p(fn − f0, T ) �→ 0 as n →

∞. Then there would exist an ε > 0 and a subsequence (gn) of (fn) such that
m•

p(gn − f0, T ) > ε for n ∈ N. On the other hand, by Theorem 3.1.18(iv), by
the first part of Theorem 3.1.18(vii) and by Theorem 3.1.19, there would exist a
subsequence (gnk

) of (gn) such that gnk
→ f0 m-a.e. in T . Then, as m•

p(gnk
, ·), k ∈

N , are uniformly continuous on σ(P), by Theorem 3.3.1 there would exist k0

such that m•
p(gnk

− f0, T ) < ε for all k ≥ k0. This is a contradiction and hence
limn m•

p(fn − f0, T ) = 0. �
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Remark 3.3.3. In the light of Theorem 3.3.2, Theorem 26C of [H] can be improved
as below.

Let Σ be a σ-ring of subsets of T and let μ : Σ → [0,∞] be a positive measure.
Let P = {E ∈ Σ : μ(E) < ∞}. Then P is a δ-ring. If f is Σ-measurable and inte-
grable with respect to μ, then

∫
T fdμ =

∫
T fχN(f)dμ, N(f) is of σ-finite measure

and fχN(f) is σ(P)-measurable and integrable with respect to μ|P . Consequently,
by Theorem 3.3.2, a sequence (fn) of Σ-measurable scalar functions on T which
are integrable with respect to μ converges in the mean to the integrable function f
if and only if (fn) converges in measure to f in T and (νn(·))∞1 are equicontinuous
from above at 0 (in the sense of p. 108 of Halmos [H]), where νn(·) =

∫
(·) |fn|dμ.

(Note that in our terminology, νn(·) is the same as μ•
1(fn, ·) and equicontinuity of

(νn)∞1 from above at 0 is the same as uniform continuity of (μ•
1(fn, ·))∞1 on σ(P).)

Clearly, this is an improved version of Theorem 26C of Halmos [H].

The following versions of LDCT and LBCT are immediate from Theorems
3.3.1 and 3.3.2.

Theorem 3.3.4. (a.e. convergence and convergence in measure versions of LDCT
and LBCT for Lp(m)) Let 1 ≤ p < ∞. Let fn, n ∈ N , be m-measurable scalar
functions on T and let g ∈ Lp(m) such that |fn(t)| ≤ |g(t)| m-a.e. in T (resp. let
P be a σ-ring S and let M be a finite constant such that |fn(t)| ≤ M m-a.e. in
T ) for all n. If fn(t) → f(t) m-a.e. in T where f is a scalar function on T or if
f is an m-measurable scalar function on T with f ∈ LpM(m) and if fn → f in
measure in T , then f , fn, n ∈ N , belong to Lp(m) and limn m•

p(fn − f, T ) = 0.
When p = 1,

lim
n

∫
E

fndm =
∫

E

fdm, E ∈ σ(P) (resp. E ∈ S)

where the limit is uniform with respect to E ∈ σ(P) (resp. E ∈ S).

Proof. As g ∈ Lp(m), m•
p(g, ·) is continuous on σ(P). By hypothesis and by

Theorem 3.1.11(i), m•
p(fn, ·) ≤ m•

p(g, ·) for all n and hence m•
p(fn, ·), n ∈ N , are

uniformly continuous on σ(P). If fn → f m-a.e. in T (resp. if fn → f in measure
in T with f ∈ LpM(m)), then LDCT holds by Theorem 3.3.1 (resp. by Theorem
3.3.2).

Now let P be a σ-ring S and let |fn(t)| ≤ M m-a.e. in T for n ∈ N. As
Lp(m) = Ip(m) by Theorems 3.1.10 and 3.2.7, and as S is a σ-ring, by the last
part of Theorem 2.1.5(v) of Chapter 2 the constant function M ∈ Lp(m) and
hence the present versions of LBCT follow from the corresponding versions of
LDCT obtained above. �
Remark 3.3.5. For K = R and P a σ-algebra, the case of m-a.e. convergence of
Theorem 3.3.4 is Proposition 2.1 of [FMNSS2].

Using Theorem 3.3.4 we prove the following main theorem of the present
section.
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Theorem 3.3.6. (Characterizations of LpI(m)) Let 1 ≤ p < ∞ and let f : T → K

be m-measurable. Then the following statements are equivalent:

(i) f ∈ Ip(m).
(ii) m•

p(f, ·) is continuous on σ(P) (so that f ∈ Lp(m) by Theorem 3.2.7).
(iii) (Simple Function Approximation). There exists a sequence (sn) ⊂ Is such

that sn → f m-a.e. in T and limn m•
p(sn − f, T ) = 0.

Consequently,
LpI(m) = Ip(m) = LpIs(m) = Lp(m).

If c0 �⊂ X, then

LpM(m) = LpI(m) = Ip(m) = LpIs(m) = Lp(m).

Proof. (i)⇔(ii) by Theorems 3.1.10 and 3.2.7.

(ii)⇒(iii) By Proposition 1.1.18 of Chapter 1 there exists (sn) ⊂ Is such that
sn → f m-a.e. in T and |sn| ↗ |f | m-a.e. in T . As f ∈ Lp(m) by hypothesis and
by Theorem 3.2.7, Theorem 3.3.4 implies limn m•

p(f − sn, T ) = 0. (For p = 1, one
can use (i) and Theorem 2.1.7 of Chapter 2.)

(iii)⇒(ii) Let ε > 0 and let Ek ↘ ∅ in σ(P). By hypothesis, there exists
n0 such that m•

p(sn − f, T ) < ε
2 for n ≥ n0. By Theorem 3.1.6, m•

p(sn0 , ·) is
continuous on σ(P) and hence there exists k0 such that m•

p(sn0 , Ek) < ε
2 for

k ≥ k0. Consequently, m•
p(f, Ek) ≤ m•

p(f − sn0 , Ek) + m•
p(sn0 , Ek) ≤ m•

p(f −
sn0 , T ) + m•

p(sn0 , Ek) < ε for k ≥ k0. Hence m•
p(f, ·) is continuous on σ(P).

Thus (i)⇔(ii)⇔(iii). �

Since Is ⊂ Ip(m) = LpI(m) by Theorem 3.1.10, LpIs(m) ⊂ closure of
LpI(m) inLpM(m) = closure ofLp(m) in LpM(m) (by Theorem 3.2.7) . But by
Theorem 3.2.8, Lp(m) is closed in LpM(m) and hence LpIs(m) ⊂ Lp(m). On
the other hand, Is(m) is dense in Lp(m) by (iii) and hence LpIs(m) ⊃ Lp(m).
Therefore, LpIs(m) = Lp(m). Consequently, by Theorems 3.1.10 and 3.2.7 we
have

LpI(m) = Ip(m) = LpIs(m) = Lp(m).

If c0 �⊂ X , use the second part of Theorem 3.1.10 along with the previous part.
Notation 3.3.7. In the light of Theorem 3.3.6, we shall hereafter use the symbol
Lp(m) not only to denote the space given in the second part of Definition 3.2.5 but
also any one of the spaces LpIs(m), LpI(m) or Ip(m). The quotient Lp(m)/∼
is denoted by Lp(m), and is treated as a function space in which two functions
which are equal m-a.e. in T are identified.

The following theorem is immediate from Theorem 3.3.6.

Theorem 3.3.8. Is is dense in Lp(m) for 1 ≤ p < ∞.
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Remark 3.3.9. For K = R and P a σ-algebra, Theorems 3.2.8 and 3.3.8 occur as
Proposition 4 of [SP1].
Remark 3.3.10. For p = 1, Theorem 3.3.8 subsumes Theorem 4.5 of [MN2], which
is assumed valid by Theorem 3.5 in [L2]. But the proof of the said theorem in [L2]
is incorrect as observed in Remark 2.1.12 of Chapter 2 , where a correct proof for
the said theorem of [L2] (with the vector measure having values in a sequentially
complete lcHs) is also given.
Remark 3.3.11. Let X be an lcHs and let m : P → X be σ-additive. Definition
3.2.5 is generalized to such m in Definition 4.5.4 of Chapter 4 where Theorems
3.3.1, 3.3.2, 3.3.4 and 3.3.6 are generalized in Theorems 4.5.1, 4.5.2, 4.5.3 and
4.5.5, respectively, when X is quasicomplete (resp. sequentially complete and the
functions considered are σ(P)-measurable).
Convention 3.3.12. Let m : P → X be σ-additive. If f ∈ L∞(m), then there
exists M ∈ σ(P) such that ||m||(M) = 0 and such that ||f ||∞ = supt∈T\M |f(t)|.
If we define g(t) = f(t) for t ∈ T \M and g(t) = 0 for t ∈ M , then f = g m-
a.e. in T and ||f ||∞ = supt∈T |g(t)|. Thus, for the equivalence class f̃ determined
by f ∈ L∞(m), there exists a bounded m-measurable function gf̃ ∈ f̃ such that
supt∈T |gf̃ (t)| = ||f ||∞ and hence we make the convention to define L∞(m) = {gf̃ :
only one representative from f̃ for f ∈ L∞(m)}. Thus, for f ∈ L∞(m), ||f ||∞ =
supt∈T |f(t)|. Similarly, the spaces Lp(m), 1 ≤ p < ∞, are treated as function
spaces (see the last part of Notation 3.3.7).

Theorem 3.3.13. Let m : P → X be σ-additive. Let Lr
p(m) = {f ∈ Lp(m), f real-

valued} for 1 ≤ p ≤ ∞. Then Lr
p(m) and Lr

p(σ(P),m), 1 ≤ p ≤ ∞, are Banach
lattices under the partial order f ≤ g defined by f(t) ≤ g(t) m-a.e. in T .

Proof. Under the given partial order, clearly Lr
∞(m) is a vector lattice. If |f | ≤

|g|, f, g ∈ Lr
∞(m), then ||f ||∞ = supt∈T |f(t)| ≤ supt∈T |g(t)| = ||g||∞ (see Con-

vention 3.3.12). Then by Theorem 3.2.11, Lr∞(m) is a Banach lattice.

Let 1 ≤ p < ∞. Then Lr
p(m) is a lattice by the facts that Lr

p(m) is a vector
space and that max(f, g) = 1

2 (f + g + |f − g|) and min(f, g) = 1
2 (f + g − |f − g|)

belong to Lr
p(m) whenever f, g ∈ Lr

p(m) (see Theorem 2.1.5(vii) of Chapter 2).
Clearly, f ≤ g implies f + h ≤ g + h and αf ≤ αg for f, g, h ∈ Lr

p(m) and α ≥ 0.
Hence Lr

p(m) is a vector lattice. Consequently, by Theorems 3.1.11(iv) and 3.2.8,
Lr

p(m) is a Banach lattice.

Similarly, the results for Lr
p(σ(P),m) are proved for 1 ≤ p ≤ ∞. �

Using the convergence in measure of a sequence of simple scalar (resp. vector)
functions which are Cauchy in mean, the abstract Lebesgue integral (resp. the
Bochner integral) is defined in [H] (resp. in [DS1]). The following theorem asserts
that an analogous result holds for m-integrable functions.

Theorem 3.3.14. Let f : T → K be m-measurable and let 1 ≤ p < ∞. Then a
scalar function f ∈ Lp(m) if and only if there exists a sequence (sn) ⊂ Is (resp.
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(fn) ⊂ Lp(m)) such that sn → f (resp. fn → f) in measure in T and (sn)
(resp. (fn)) is Cauchy in (meanp). In that case, limn m•

p(sn − f, T ) = 0 (resp.
limn m•

p(fn − f, T ) = 0). When p = 1, f ∈ L1(m), and∫
E

fdm = lim
n

∫
E

sndm (resp. lim
n

∫
E

fndm), E ∈ σ(P)

the limit being uniform with respect to E ∈ σ(P).

Proof. Let f ∈ Lp(m). Then by Theorem 3.3.6 there exists a sequence (sn) ⊂
Is ⊂ Lp(m) such that sn → f m-a.e. in T and m•

p(sn − f, T ) → 0 as n → ∞.
Then by Theorem 3.1.18(vi), (sn) converges to f in measure in T . Clearly, (sn) is
Cauchy in (meanp).

Conversely, let (sn)∞1 ⊂ Is (resp. (fn)∞1 ⊂ Lp(m)) satisfy the hypothesis.
Let un = sn for all n or un = fn for all n, as the case may be. By hypothesis,
un → f in measure in T and (un) is Cauchy in (meanp). Then by Theorem 3.1.19
there exist a subsequence (unk

)∞k=1 of (un)∞1 and an m-measurable scalar function
g on T such that unk

→ g m-a.e. in T and unk
→ g in measure in T . Then by (vii)

and (iv) of Theorem 3.1.18, f = g m-a.e. in T . Consequently, by Corollary 3.2.4,
f ∈ LpM(m) and m•

p(un − f, T ) → 0 as n → ∞. As Lp(m) is closed in LpM(m)
by Theorem 3.2.8, f ∈ Lp(m).

Now let p = 1. Given ε > 0, there exists n0 such that m•
1(un − f, T ) < ε for

n ≥ n0. Then, by inequality (3.1.3.1) we have∣∣∣∣∫
E

undm −
∫

E

fdm
∣∣∣∣ ≤ m•

1(un − f, T ) < ε

for n ≥ n0 and for all E ∈ σ(P). Hence the last part also holds. �

Remark 3.3.15. The above theorem (for p = 1) fails for the Dobrakov integral of
vector functions. See p. 530 of [Do1].

Following [Del3] we give some examples of σ-additive Banach space-valued
vector measures defined on a δ-ring.

Example 3.3.16. (See Example 2.1 of [Del3]). Let P be the δ-ring of Borel subsets
of R having finite Lebesgue measure which is denoted by λ. Let 1 ≤ p < ∞ and
let X = Lp(R ) with respect to λ. Let m : P → X be given by m(A) = χA ∈ X
for A ∈ P . Clearly, m is a σ-additive vector measure. m is not bounded since

|m(A)|p =
(∫

(χA)pdλ

) 1
p

= (λ(A))
1
p

for A ∈ P . Let s =
∑r

1 αiχEi ∈ Is.
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By Definition 3.1.1,

m•
1(s, R ) = sup

{∥∥∥∥∫
R

s′dm
∥∥∥∥

p

: s′ ∈ Is, |s′| ≤ |s|λ − a.e.

}

=
(∫

R

∣∣∣∑r

i=1
αim(Ei)

∣∣∣p dλ

) 1
p

=
(∫

R

∣∣∣∑r

i=1
αiχEi

∣∣∣p dλ

) 1
p

= ||s||p.

Since Is is dense in L1(m) by Theorem 3.3.8 and since Is is also dense in L1(R ),
we conclude that L1(m) = Lp(R ). Since X = Lp(R ) does not contain a copy of
c0, by Theorem 3.1.10 and Notation 3.3.7 we have L1(m) = L1M(m) and hence
L1M(m) = L1(m) = Lp(R ).
Example 3.3.17. (see Example 2.2 of [Del3]). Let Γ be a non-void abstract set and
let P be the δ-ring FΓ of all finite subsets of Γ (see Example 2.2.13 of Chapter
2). Given 1 ≤ p < ∞, let Xp = �p(Γ) and let m : P → Xp be defined by
m(A) =

∑
γ∈A eγ , where eγ is the characteristic function of the point γ ∈ Γ.

Clearly, m is σ-additive on P . The only m-null set is the empty set.
Claim. L1(m) = Xp = �p(Γ).

In fact, for s ∈ Is, ∫
Γ

sdm =
∑

s(γ)eγ = s ∈ Xp. (3.3.17.1)

Each x∗ ∈ X∗
p is identified with some (xγ)γ∈Γ ∈ �q(Γ), where 1

p + 1
q = 1. So

x∗m(A) =
∑

γ∈A xγ and |x∗m|(A) =
∑

γ∈A |xγ | for A ∈ P . As Xp does not
contain a copy of c0, by Theorem 3.1.10 and by Notation 3.3.7 we have L1M(m) =
L1(m). Given s ∈ Is, for each x∗ = (xγ)γ∈Γ ∈ X∗

p = Xq, we have∫
Γ

|s|d|x∗m| =
∑
γ∈Γ

|s(γ)||xγ | ≤ ||s||p||x∗||q

and so
m•

1(s, Γ) ≤ ||s||p. (3.3.17.2)

On the other hand, by (3.1.3.1) and (3.3.17.1) we have∣∣∣∣∫
Γ

sdm
∣∣∣∣ = ||s||p ≤ m•

1(s, Γ). (3.3.17.3)

Hence by (3.3.17.2) and (3.3.17.3) we have

||s||p = m•
1(s, Γ).

Since Is is dense in Xp and since Is is dense in L1(m) by Theorem 3.3.8, we
conclude that L1(m) = Xp = �p(Γ).
Example 3.3.18. (see Example 2.2 of [Del3]). In Example 3.3.17, let p = ∞ and
let X∞ = c0(Γ). Let P = FΓ and let m(A) =

∑
γ∈A eγ . Then m is σ-additive on

P and the only m-null set is the empty set. Let x∗ = (xγ)γ∈γ ∈ c0(Γ)∗ = �1(γ) so
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that x∗ has countable support. If f is a σ(P)-measurable scalar function, then∫
Γ

|f |d|x∗m| =
∑

|f(γ)||xγ | ≤ ||f ||∞||x∗||1
and hence

sup
|x∗|≤1

{∫
γ

|f |d|x∗m|
}

= m•
1(f, Γ) ≤ ||f ||∞.

On the other hand,

|f(γ)| =
∫

γ

|f |d|eγm| ≤ m•
1(f, Γ)

for each γ ∈ Γ and hence

||f ||∞ = sup
γ∈Γ

|f(γ)| ≤ m•
1(f, Γ) .

Therefore, ||f ||∞ = m•
1(f, Γ). Hence �∞(Γ) = L1M(m).

Since Is is dense in c0(Γ) and since Is is dense in L1(m) by Theorem 3.3.8,
we conclude that c0(Γ) = L1(m). Hence L1(m) is a proper closed subspace of
L1M(m).
Remark 3.3.19. For further examples of σ-additive Banach space-valued vector
measures defined on δ-rings which arise from the Hilbert transform on the real
line and the Volterra convolution operators, see Section 4 of [Del3].
Remark 3.3.20. See Chapter V of [KK] for examples of Banach space-valued σ-
additive vector measures defined on σ-algebras.

3.4 Other convergence theorems for Lp(m), 1 ≤ p < ∞
In this section we give two versions of the Vitali convergence theorem analogous to
Theorems III.3.6 and III.6.15 of [DS1]. We also give LDCT for nets analogous to
Theorem III.3.7 of [DS1]. Finally we include some results of Dobrakov [Do3,Do4]
specialized to vector measures.
Notation 3.4.1. For f ∈ LpM(m), 1 ≤ p < ∞, m•

p(f, T\A) = m•
p (f, N(f)\A)

for A ∈ σ(P). (See Notation 1.1.15.)
For p = 1, the following lemma is essentially the Banach space version of

Lemma 3.4 of [L2] whose proof is corrected in Remark 2.1.12 of Chapter 2.

Lemma 3.4.2. Let 1≤p<∞. If f ∈Lp(m), then, for each ε>0, there exists Aε∈P
such that sup|x∗|≤1

∫
T\Aε

|f |pdv(x∗m) < ε or equivalently, m•
p(f, T\Aε) < ε

1
p .

Proof. Let f̂ be a σ(P)-measurable function such that f̂ = f m-a.e. in T . Then
f̂ ∈ Lp(m) and

∫
E
|f̂ |pdm =

∫
E
|f |pdm for E ∈ σ(P). Let γ : σ(P) → X be

given by γ(·) =
∫
(·) |f̂ |pdm. As N(f̂) ∈ σ(P), there exists an increasing sequence

(En) ⊂ P such that N(f̂) =
⋃∞

1 En. By Theorem 2.1.5(ii) of Chapter 2, γ is
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an X-valued σ-additive vector measure on σ(P), and hence by Proposition 1.1.5
of Chapter 1, ||γ||(N(f̂)\En) ↘ 0 as n → ∞. Thus, there exists n0 such that
||γ||(N(f̂)\En) < ε for n ≥ n0. Let Aε = En0 . Then by Definition 3.1.4, Notation
3.4.1 and Theorem 3.1.3, we have

m•
p(f, T\Aε) = m•

p (f, N(f)\Aε)

= sup
|x∗|≤1

(∫
N(f)\Aε

|f |pdv(x∗m)

) 1
p

= sup
|x∗|≤1

(∫
T\Aε

|f |pdv(x∗m)

) 1
p

= sup
|x∗|≤1

(∫
N(f̂)\Aε

|f̂ |pdv(x∗m)

) 1
p

=
(
||γ||(N(f̂)\Aε)

) 1
p

< ε
1
p

and hence
sup

|x∗|≤1

∫
T\Aε

|f |pdv(x∗m) < ε. �

Definition 3.4.3. A set function λ : σ(P) → [0,∞] is said to be m-continuous on
σ(P) if, given ε > 0, there exists δ > 0 such that λ(E) < ε whenever ||m||(E) <
δ, E ∈ σ(P).

Lemma 3.4.4. Let 1 ≤ p < ∞. For f ∈ Lp(m), m•
p(f, ·) is m-continuous on σ(P).

Proof. By Theorem 3.3.6 there exists a sequence (sn) ⊂ Is such that sn → f
m-a.e. in T and such that m•

p(f − sn, T ) → 0 as n → ∞. Thus, given ε > 0, there
exists n0 such that m•

p(f − sn0 , T ) < ε
2 . Let s = sn0 =

∑r
1 aiχEi with (Ei)r

1 ⊂ P ,
and let M = ||s||T . Let Aε =

⋃r
1 Ei. Let E ∈ σ(P) with ||m||(E) < ( ε

2(M+1) )p.

Then by Theorem 3.1.11(iii) we have m•
p(s, E) ≤ ||s||E ·(||m||(E))

1
p ≤ Mε

2(M+1) < ε
2 .

Consequently, by Theorems 3.1.11(i) and 3.1.13(ii) we have

m•
p(f, E) ≤ m•

p(f − s, E) + m•
p(s, E) ≤ m•

p(f − sn0 , T ) + m•
p(s, E) < ε.

Hence m•
p(f, ·) is m-continuous on σ(P). �

The following theorem is an analogue of Theorem III.3.6 of [DS1] for Lp(m).

Theorem 3.4.5. (Analogue of the convergence in measure version of the Vitali
convergence theorem of [DS1] for Lp(m)) Let 1 ≤ p < ∞. Let (fn)∞1 ⊂ Lp(m)
and let f : T → K be m-measurable. Then f ∈ Lp(m) and limn m•

p(fn − f, T ) = 0
if and only if the following conditions hold:

(i) fn → f in measure in each E ∈ P.
(ii) m•

p(fn, ·), n ∈ N, are uniformly m-continuous on σ(P), in the sense that,
given ε > 0, there exists δ > 0 such that m•

p(fn, E) < ε for all n ∈ N

whenever E ∈ σ(P) with ||m||(E) < δ.
(iii) For each ε > 0, there exists Aε ∈ P such that m•

p(fn, T \Aε) < ε for all
n ∈ N. (See Notation 3.4.1.)
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In such case, when p = 1,
∫

E fdm = limn

∫
E fndm for E ∈ σ(P) and the limit is

uniform with respect to E ∈ σ(P).

Proof. Let f ∈ Lp(m) and let limn m•
p(fn−f, T ) = 0. Then by Theorem 3.1.18(vi),

fn → f in measure in T and hence (i) holds. Let ε > 0 and let f0 = f . By
hypothesis there exists n0 such that m•

p(fn − f0, T ) < ε
2 for n ≥ n0. By Lemma

3.4.4 there exists δ > 0 such that m•
p(fi, E) < ε

2 for i = 0, 1, 2, . . . , n0, whenever
E ∈ σ(P) with ||m||(E) < δ. Consequently, for such E we also have

m•
p(fn, E) ≤ m•

p(fn − f0, E) + m•
p(f0, E) ≤ m•

p(fn − f0, T ) + m•
p(f0, E) < ε

for n ≥ n0. Hence (ii) holds. By Lemma 3.4.2 there exists Aε ∈ P such that
m•

p(fn, T \Aε) < ε
2 for n = 0, 1, 2, . . . , n0. For n ≥ n0, m•

p(fn, T \Aε) ≤ m•
p(fn −

f0, T \Aε) + m•
p(f0, T \Aε) ≤ m•

p(fn − f0, T ) + m•
p(f0, T \Aε) < ε, by Definition

3.1.4 and Theorems 3.1.13(i) and 3.1.11(i). Hence (iii) holds.
Conversely, let (i), (ii) and (iii) hold and let ε > 0. By (iii) there exists

Aε ∈ P such that m•
p(fn, T \Aε) < ε

6 for n ∈ N. By (ii) there exists δ > 0
such that m•

p(fn, E) < ε
6 for n ∈ N whenever E ∈ σ(P) with ||m||(E) < δ. Let

δ0 = ε

3(||m||(Aε)+1)
1
p

. Let En,r = {t ∈ Aε : |fn(t) − fr(t)| > δ0}. By (i), fn → f

in measure in Aε and hence by Theorem 3.1.18(iv), (fn) is Cauchy in measure
in Aε. Then there exists n0 such that ||m||(En,r) < δ for n, r ≥ n0. Therefore,
m•

p(fk, En,r) < ε
6 for k ∈ N and for n, r ≥ n0. Since ||fn − fr||Aε\En,r

≤ δ0, by
Theorem 3.1.11(iii) we have

m•
p(fn − fr, Aε\En,r) ≤ δ0(||m||(Aε\En,r))

1
p < ε/3

for all n, r ∈ N. Then by Definition 3.1.4 and by Theorem 3.1.13(i) we have

m•
p(fn−fr, T ) ≤ m•

p(fn−fr, T \Aε)+m•
p(fn−fr, Aε\En,r)+m•

p(fn−fr, En,r) < ε

for n, r ≥ n0 and hence limn,r m•
p(fn − fr, T ) = 0. Therefore, (fn) is Cauchy

in (meanp) and consequently, by Theorem 3.2.8 there exists g ∈ Lp(m) such
that limn m•

p(fn − g, T ) = 0. Then by (vi) and (iv) of Theorem 3.1.18, f = g
m-a.e. in each E ∈ P . As N(f) ∈ σ(P), there exists (En)∞1 ⊂ P such that
N(f) =

⋃∞
1 En. For each n, {t ∈ En : f(t) �= g(t)} ∈ σ(P) and is m-null. Hence

N(f − g) =
⋃∞

1 {t ∈ En : f(t)− g(t) �= 0} is m-null and f = g m-a.e. in T . Hence
f ∈ Lp(m) and limn m•

p(fn − f, T ) = 0.
The last part is due to the first, Theorem 3.1.11(i) and inequality (3.1.3.1). �

The following theorem is an analogue of Theorem III.6.15 of [DS1] for Lp(m).

Theorem 3.4.6. (Analogue of the a.e. convergence version of the Vitali conver-
gence theorem of [DS1] for Lp(m)) Let 1 ≤ p < ∞. Let (fn) ⊂ Lp(m) and let f :
T → K. Suppose fn → f m-a.e. in T . Then f ∈ Lp(m) and limn m•

p(fn−f, T ) = 0
if and only if the following conditions are satisfied:

(a) m•
p(fn, ·), n ∈ N , are uniformly m-continuous on σ(P).

(b) For each ε > 0, there exists Aε ∈ P such that m•
p(fn, T \Aε) < ε for all n.
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In such case, for p = 1,
∫

E fdm = limn

∫
E fndm for E ∈ σ(P) and the limit is

uniform with respect to E ∈ σ(P).

Proof. Let f ∈ Lp(m) and let limn m•
p(fn − f, T ) = 0. Then (a) and (b) hold by

Theorem 3.4.5.

Conversely, let (a) and (b) hold. By hypothesis, f is m-measurable. Let ε > 0.
By (b) there exists A ∈ P such that

m•
p(fn, T \A) <

ε

3
(3.4.6.1)

for all n. Let Σ = σ(P)∩A. Then Σ is a σ-algebra of subsets of A and by hypothesis
fn → f m-a.e. in A. Therefore, by Theorem 3.1.18(viii), fn → f in measure in A.
Moreover, (a) implies that m•

p(fn, ·), n ∈ N, are uniformly m|Σ-continuous on Σ.
Hence conditions (i) and (ii) of Theorem 3.4.5 are satisfied with P and σ(P) being
replaced by Σ. Further, as ||m||(A) < ∞, condition (iii) of the said theorem also
holds with Aε = A. Hence by Theorem 3.4.5, there exists n0 such that m•

p(fn −
f, A) < ε

3 for n ≥ n0. By (3.4.6.1) and by the generalized Fatou’s lemma (Theorem

3.2.1(ii)), m•
p(f, T\A) = m•

p(lim inf
n

fn, T \A) ≤ lim inf
n

m•
p(fn, T \A) <

ε

3
. Conse-

quently, by (3.4.6.1) we have m•
p(fn − f, T ) ≤ m•

p(fn − f, A) + m•
p(fn, T \A) +

m•
p(f, T\A) < ε for n ≥ n0 and hence limn m•

p(fn−f, T ) = 0. Then by the triangle
inequality, f ∈ LpM(m). As Lp(m) is closed in LpM(m) by Theorem 3.2.8, it
follows that f ∈ Lp(m). The last part is due to the first part, Theorem 3.1.11(i)
and inequality (3.1.3.1). �
Theorem 3.4.7. LDCT and LBCT as given in Theorem 3.3.4 are deducible from
Theorems 3.4.5 and 3.4.6.

Proof. For the dominating function g in LDCT, Lemmas 3.4.2 and 3.4.4 hold and
hence (ii) and (iii) of Theorem 3.4.5 (resp. (a) and (b) of Theorem 3.4.6) hold.
Thus, if fn → f in measure in T (resp. m-a.e. in T ), then LDCT holds by Theorem
3.4.5 (resp. by Theorem 3.4.6). If P is a σ-ring, then constant functions belong
to Lp(m) by the last part of Theorem 2.1.5(v) of Chapter 2 and hence both the
versions of LBCT follow from the corresponding versions of LDCT. �

Now we define a translation invariant pseudo metric ρ (similar to that in Sec-
tion 2, Chapter III of [DS1]) in the set of all m-measurable scalar functions. Then
the following lemma says that fn → f in measure in T if and only if ρ(fn, f) → 0.
Using this lemma, we obtain an analogue of Theorem III.3.7 of [DS1] in Theorem
3.4.10.

Definition 3.4.8. Let M(˜σ(P)) be the set of all ˜σ(P)-measurable (i.e., m-measur-
able) scalar functions on T . For f ∈ M(˜σ(P)) and c > 0, c real, let {t ∈ T :
|f(t)| > c} = T (|f | > c). Let ϕ be a continuous strictly increasing real func-
tion on [0,∞) such that ϕ(0) = 0, ϕ(x + y) ≤ ϕ(x) + ϕ(y) if 0 ≤ x ≤ y
and ϕ(∞) = limx→∞ ϕ(x) exists as a real number. (For example, ϕ given by
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ϕ(x) = x
1+x satisfies these conditions.) For f, g ∈ M(˜σ(P)), we define ρ(f, g) =

infc>0{c + ϕ (||m|| (T (|f − g| > c)))}.

It is easy to verify that ρ is a translation invariant pseudo metric on M(˜σ(P)).
(See p. 102 of [DS1].)

Lemma 3.4.9. Let (fα)α∈(D,≥) be a net of m-measurable scalar functions on T and
let f : T → K be m-measurable. Then fα → f in measure in T if and only if
ρ(fα, f) → 0 as α → ∞.

Proof. Let fα → f in measure in T . Let ε > 0. By the continuity of ϕ in t = 0,
there exists δ > 0 such that 0 ≤ ϕ(t) < ε if 0 ≤ t < δ. As fα → f in measure in
T (see Definition 3.1.16(i)), there exists α0 such that ||m||(T (|fα − f | > ε)) < δ
for α ≥ α0 so that ϕ (||m||(T |fα − f | > ε)) < ε for α ≥ α0. Thus ρ(fα, f) ≤
ε + ϕ (||m|| (T (|fα − f | > ε))) < 2ε for α ≥ α0. This shows that limα ρ(fα, f) = 0.

Conversely, let limα ρ(fα, f) = 0. Let ε > 0 and let ϕ (||m|| (T (|fα − f | > ε)))
> δ > 0. Then, for 0 < η ≤ ε, T (|fα − f | > η) ⊃ T (|fα − f | > ε) and hence
ϕ (||m|| (T (|fα − f | > η))) > δ and thus η + ϕ(||m||(T (|fα − f | > η))) > δ for
0 < η ≤ ε. If η > ε, then η + ϕ(||m||(T (|fα − f | > η))) ≥ η > ε. Thus ρ(fα, f) ≥
min{ε, δ}. If (fα) does not converge to f in measure in T , then there would exist
ε > 0, δ > 0 such that for each α ∈ (D,≥) there would exist βα ∈ (D,≥) with
βα ≥ α such that ϕ(||m||(T (|fβα − f | > ε))) > δ. Then by the above argument
we would have ρ(fβα , f) ≥ min{ε, δ} for each βα. This is a contradiction since
by hypothesis there exists an α0 ∈ (D,≥) such that ρ(fα, f) < min{ε, δ} for all
α ≥ α0. Hence the lemma holds. �
Theorem 3.4.10. (LDCT for net-convergence in measure version for Lp(m)) Let
1 ≤ p < ∞. Let (fα)α∈(D,≥) be a net of m-measurable scalar functions on T
and let f : T → K be m-measurable. Let g ∈ Lp(m). If |fα(t)| ≤ |g(t)| m-a.e.
in T for each α, then fα → f in measure in T if and only if f ∈ Lp(m) and
limα∈(D,≥) m•

p(fα − f, T ) = 0. Under the above hypothesis, if p = 1 and if fα → f
in measure in T , then f ∈ L1(m) and∫

E

fdm = lim
α

∫
E

fαdm, E ∈ σ(P)

the limit being uniform with respect to E ∈ σ(P).

Proof. First let us consider the case of a sequence (fn) satisfying |fn(t)| ≤ |g(t)|
m-a.e. in T , with g ∈ Lp(m). If fn → f in measure in T , then by Theorem
3.3.4 or by Theorem 3.4.7, f ∈ Lp(m) and limn m•

p(fn − f, T ) = 0. Conversely,
if limn m•

p(fn − f, T ) = 0, then by Theorem 3.1.18(vi), fn → f in measure in T .
Hence the first part of the theorem holds for sequences.

Now let us pass on to the case of nets. Let (fα)α∈(D,≥) satisfy the hypothesis
of domination and let fα → f in measure in T . Then m•

p(fα, T ) ≤ m•
p(g, T )

for all α and hence (fα)α∈(D,≥) ⊂ Lp(m) by Theorem 2.1.5(vii) of Chapter 2. If
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m•
p(fα − f, T ) �→ 0, then there would exist an ε > 0 such that for each α ∈ (D,≥)

there would exist βα ≥ α in (D,≥) such that m•
p(fβα − f, T ) > ε. As fα → f in

measure in T , (fβα) also converges to f in measure in T . Then by Lemma 3.4.9,
for each n ∈ N, there exists fβαn

with ρ(fβαn
, f) < 1

n and hence ρ(fβαn
, f) → 0

as n → ∞. Therefore, again by Lemma 3.4.9, fβαn
→ f in measure in T and

consequently, by the previous case of sequences m•
p(fβαn

− f, T ) → 0, which is a
contradiction. Hence

lim
α

m•
p(fα − f, T ) = 0. (3.4.10.1)

As (fα) ⊂ Lp(m), by (3.4.10.1) and by the triangle inequality we have f ∈
LpM(m). As Lp(m) is closed in LpM(m) by Theorem 3.2.8, it follows from
(3.4.10.1) that f ∈ Lp(m). Thus the necessity part of the theorem holds.

Conversely, if f ∈ Lp(m) and if m•
p(fα − f, T ) → 0 as α → ∞, then by

Theorem 3.1.18(vi) fα → f in measure in T as α → ∞.

Let p = 1. Then f ∈ L1(m) and given ε > 0, there exists α0 such that
m•

1(fα − f, T ) < ε for α ≥ α0. Then, by inequality (3.1.3.1) and by Theorem
3.1.11(i), we have | ∫E fdm− ∫E fαdm| ≤ m•

1(f − fα, E) ≤ m•
1(f − fα, T ) < ε for

all α ≥ α0 and for all E ∈ σ(P). Hence the last part also holds. �
Corollary 3.4.11. (LBCT for net-convergence in measure version for Lp(m)) Let
1 ≤ p < ∞. Let P be a σ-ring S and let 0 < M < ∞. Let (fα)α∈(D,≥) be a
net of m-measurable functions on T with values in K and let f : T → K be m-
measurable. If |fα(t)| ≤ M m-a.e. in T for each α , then fα → f in measure in T
if and only if f ∈ Lp(m) and limα m•

p(fα − f, T ) = 0. Under the above hypothesis,
if p = 1 and if fα → f in measure in T , then f ∈ L1(m) and∫

E

fdm = lim
α

∫
E

fαdm, E ∈ S,

the limit being uniform with respect to E ∈ S.

Proof. As P is a σ-ring S, by the last part of Theorem 2.1.5(v) of Chapter 2,
constant functions are in Ip(m) =Lp(m) (by Theorems 3.1.10 and 3.3.6) and
hence the result is immediate from Theorem 3.4.10. �
Remark 3.4.12. Theorems III.3.6 and III.3.7 of [DS1] hold for any complex-valued
or extended real-valued finitely additive set function μ defined on a σ-algebra
of sets Σ, even though the spaces Lp(μ), 1 ≤ p < ∞, are not complete. But,
our proofs of the analogues of these theorems for m are based on the facts that
Lp(m) is complete and that m is σ-additive. When X is an lcHs and m : P → X
is σ-additive, Theorems 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and Corollary 3.4.11 are
generalized in Theorem 4.6.12 of Chapter 4 for quasicomplete X (resp. sequential
complete X for σ(P)-measurable scalar functions).

If c0 �⊂ X , then the hypothesis that P is a σ-ring in LBCT can be weakened
as follows.
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Theorem 3.4.13. (LBCT) Let m : P → X be σ-additive and let ||m||(T ) < ∞. If
c0 �⊂ X, then the versions of LBCT in Theorem 3.3.4 and Corollary 3.4.11 hold.

Proof. By hypothesis and by Theorem 2.2.2 of Chapter 2 and by Theorems
3.1.11(iii) and 3.1.8, constant functions are m-integrable in T and hence the results
hold. (See the proofs of Theorem 3.3.4 and Corollary 3.4.11). �

The following result is an analogue of Theorem 1 of [Do4] for Lp(m), 1 ≤
p < ∞.

Theorem 3.4.14. (Extended Vitali convergence theorem) Let 1 ≤ p < ∞ and let
(fn)∞1 ⊂ Lp(m). Suppose fn → f m-a.e. in T where f is a scalar function on T ,
or suppose there exists an m-measurable scalar function f on T such that fn → f
in measure in T . Then the following statements are equivalent:

(i) m•
p(fn − f, T ) → 0 as n → ∞.

(ii) f ∈ Lp(m) and m•
p(fn, E) → m•

p(f, E) as n → ∞, for each E ∈ σ(P).
(iii) m•

p(fn, ·), n ∈ N, are uniformly continuous on σ(P).

If any one of the above statements holds for p = 1, then

lim
n

∫
E

fndm =
∫

E

fdm, E ∈ σ(P),

the limit being uniform with respect to E ∈ σ(P).

Proof. (i)⇒(ii) Let limn m•
p(fn − f, T ) = 0. Then by Theorem 3.1.13(ii), f ∈

LpM(m) and consequently, by Theorem 3.2.8, f ∈ Lp(m). Moreover, by Theorems
3.1.13(i) and 3.1.11(i) we have

|m•
p(fn, E) − m•

p(f, E)| ≤ m•
p(fn − f, E) ≤ m•

p(fn − f, T ) → 0 as n → ∞

for each E ∈ σ(P).

(ii)⇒(iii) Let Ek ↘ ∅ in σ(P) and let ε > 0. As f ∈ Lp(m), by Definition 3.2.5
there exists k0 such that m•

p(f, Ek) < ε
2 for k ≥ k0. By hypothesis, there exists

n0 such that |m•
p(fn, Ek0) − m•

p(f, Ek0)| < ε
2 for n ≥ n0. Then m•

p(fn, Ek0) ≤
|m•

p(fn, Ek0) − m•
p(f, Ek0)| + m•

p(f, Ek0) < ε for n ≥ n0. As fn ∈ Lp(m) for
n = 1, 2, . . . , n0, there exists k1 > k0 such that m•

p(fn, Ek) < ε for n = 1, 2, . . . , n0

and for k ≥ k1. Then by Theorem 3.1.11(i), (iii) holds.

(iii)⇒(i) by Theorem 3.3.1 if fn → f m-a.e in T and by Theorem 3.3.2 if
fn → f in measure in T .

The last part is immediate from (i), inequality (3.1.3.1) and Theorem 3.1.11(i).
�

The following result is an analogue of Theorem 2 of [Do4] for Lp(m), 1 ≤
p < ∞.
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Theorem 3.4.15. (Monotone convergence theorem for Lp(m)) Let c0 �⊂ X and
let 1 ≤ p < ∞. Let fn, n ∈ N, be m-measurable scalar functions on T and let
f : T → K. Suppose fn → f m-a.e. in T and |fn| ↗ |f | m-a.e. in T . Then the
following statements are equivalent:

(i) supn m•
p(fn, T ) < ∞.

(ii) f ∈ Lp(m).

If (i) or (ii) holds, then f, fn, n ∈ N, belong to Lp(m) and limn m•
p(fn−f, T ) = 0.

In such case, for p = 1,

lim
n

∫
E

fndm =
∫

E

fdm, E ∈ σ(P),

the limit being uniform with respect to E ∈ σ(P).

Proof. By hypothesis and by Theorem 3.2.1(i),

sup
n

m•
p(fn, T ) = m•

p(f, T ). (3.4.15.1)

Then (i)⇒(ii) by (3.4.15.1) and by Theorem 3.1.8; (ii)⇒(i) by Theorems 3.1.8
and by (3.4.15.1). If (i) or (ii) holds, then (ii) holds and hence the last part holds
by Theorem 3.3.4. �

The hypothesis that c0 �⊂ X in the above theorem cannot be omitted as
shown in the following counter-example.
Counter-example 3.4.16. Let T, S, X, m and f be as in Counter-example 3.1.7.
Let fn = fχ{t≤n} for n ∈ N. Then fn(t) = |fn(t)| ↗ |f(t)| = f(t) for t ∈ T .
As shown in the discussion of the said counter-example, m•

p(f, T ) < ∞ and by
Theorem 3.2.1(i), supn m•

p(fn, T ) = m•
p(f, T ). But, by Counter-example 3.1.7,

f �∈ Lp(m) = Ip(m) for 1 ≤ p < ∞.

The following result is an analogue of Theorem 6 of [Do3] for Lp(m), 1 ≤
p < ∞.

Theorem 3.4.17. Let 1 ≤ p < ∞. Suppose mn : P → X is σ-additive for n ∈
N. Let (fk)∞k=1 be mn-measurable scalar functions for n ∈ N, let f0 be a scalar
function on T and let limk fk(t) = f0(t) for t ∈ T \M , where M ∈ σ(P) with
supn ||mn||(M) = 0. Suppose supn ||mn||(E) < ∞ for each E ∈ P. Then:

(i) If (mn)•p(fk, ·), k, n ∈ N, are uniformly continuous on σ(P), then

lim
k→∞

sup
n

(mn)•p(fk − f0, T ) = 0. (3.4.17.1)

Moreover, if p = 1, then

lim
k

∫
E

fkdmn =
∫

E

f0dmn, E ∈ σ(P),

the limit being uniform with respect to n ∈ N and E ∈ σ(P).
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(ii) (Extended LDCT for Lp(m)). Let g ∈ ⋂∞
n=1 Lp(mn) be such that m•

n(g, ·),
n ∈ N, are uniformly continuous on σ(P). If, for each n ∈ N, |fk(t)| ≤ |g(t)|
mn-a.e. in T for all k ∈ N, then the conclusions of (i) hold.

Proof. (i) In the light of Definition 2.2.1 of Chapter 2, without loss of generality we
shall assume that the functions (fk)∞1 are σ(P)-measurable. Then by hypothesis
and by Theorems 3.2.7 and 3.3.1, (fk)∞k=0 ⊂ Lp(mn) and limk(mn)•p(fk−f0, T ) = 0
for each n ∈ N. Let γn,k(·) =

∫
(·) |fk|pdmn for k ∈ N ∪ {0}. Then by Theorem

3.1.6 and by hypothesis,

||γn,k||(·) = ((mn)•p(fk, ·))p, k ∈ N ∪ {0} (3.4.17.2)

are uniformly continuous on σ(P) for each n ∈ N and hence, in particular, by
Proposition 1.1.7 of Chapter 1, (γn,k)∞k=0 are uniformly σ-additive on σ(P) for
each n ∈ N. Then, for each n ∈ N, by Proposition 1.1.13 of Chapter 1 there exists a
control measure μn : σ(P) → [0,∞) for (γn,k)∞k=0. Let Kn = supE∈σ(P) μn(E). Let

μ(E) =
∞∑

n=1

1
2n

(
μn(E)
1 + Kn

)
for E ∈ σ(P).

Then μ : σ(P) → [0,∞) is σ-additive, and μ(N0) = 0 implies

sup
n∈N, k∈N ∪{0}

||γn,k||(N0) = 0

so that, by (3.4.17.2),
(mn)•p(fk, N0) = 0 (3.4.17.3)

for all n ∈ N and for all k ∈ N ∪ {0}.
Let F =

⋃∞
k=1 N(fk) ∩ (T \M). Then F ∈ σ(P). By hypothesis, fkχT\M →

f0χT\M pointwise in T . Then by the Egoroff-Lusin theorem (see Proposition 1.1.20
of Chapter 1) there exist N ∈ σ(P)∩F with μ(N) = 0 and a sequence (F�)∞1 ⊂ P
with Fl ↗ F\N such that fk → f0 uniformly in each F�.

Let ε > 0. Since F\N\F� ↘ ∅ and since by hypothesis (mn)•p(fk, ·), k ∈
N ∪ {0}, n ∈ N, are uniformly continuous on σ(P), there exists �0 such that
supn∈N, k∈N ∪{0}(mn)•p(fk, F\N\F�) < ε

3 for � ≥ �0. By hypothesis, there exists a
finite constant K such that supn ||mn||(F�0) ≤ K. As fk → f0 uniformly in F�0 ,
there exists k0 such that ||fk − f0||F�0

·K 1
p < ε

3 for all k ≥ k0. Then, by Theorems
3.1.11 and 3.1.13 and by (3.4.17.3), we have

(mn)•p(fk−f0,T )=(mn)•p(fk−f0,F )=(mn)•p(fk−f0,F\N)

≤(mn)•p(fk−f0,F�0)+(mn)•p(fk−f0,F\N\F�0)

< ||fk−f0||F�0
·(||mn||(F�0))

1
p +(mn)•p(fk,F\N\F�0)+(mn)•p(f0,F\N\F�0)<ε

for k ≥ k0 and for all n ∈ N . Hence (3.4.17.1) holds. The last part of (i) is due to
(3.4.17.1) and inequality (3.1.3.1).

(ii) is immediate from (i). �
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3.5 Relations between the spaces Lp(m)

In this section we obtain results analogous to those in Section 5, §12 of [Din1] for
the spaces Lp(m). The following theorem plays a key role in this section.

Theorem 3.5.1. (Hölder’s inequality) Let m → X be σ-additive. Let 1 < p < ∞
and let 1

p + 1
q = 1. If f ∈ Lp(m) and g ∈ Lq(m), then fg ∈ L1(m) and

m•
1(fg, T ) ≤ m•

p(f, T ) · m•
q(g, T ). (3.5.1.1)

Proof. By Proposition 1.1.18 of Chapter 1 there exist (sn)∞1 , (ωn)∞1 ⊂ Is such
that sn → f and |sn| ↗ |f | m-a.e. in T and ωn → g and |ωn| ↗ |g| m-a.e.
in T . Then by hypothesis and by LDCT (Theorem 3.3.4), limn m•

p(f − sn, T ) =
0 and limn m•

q(g − ωn, T ) = 0. Hence, given ε > 0, there exists n0 such that
m•

p(sn − sr, T ) · m•
q(g, T ) < ε

2 and m•
q(ωn − ωr, T ) · mp(f, T ) < ε

2 for n, r ≥ n0.
Let E ∈ σ(P). Then by Theorems 3.1.3 and 3.1.13(iii) we have∣∣∣∣∫

E

snωndm −
∫

E

srωrdm
∣∣∣∣

≤ sup
|x∗|≤1

∫
E

|sn(ωn − ωr)|dv(x∗m) + sup
|x∗|≤1

∫
E

|ωr(sn − sr)|dv(x∗m)

≤ m•
1(sn(ωn − ωr), T ) + m•

1(ωr(sn − sr), T )
≤ m•

p(sn, T ) · m•
q(ωn − ωr, T ) + m•

q(ωr, T ) ·m•
p(sn − sr, T )

≤ m•
p(f, T ) · m•

q(ωn − ωr, T ) + m•
q(g, T ) ·m•

p(sn − sr, T )

< ε

for n, r ≥ n0 and for all E ∈ σ(P). Thus there exists xE ∈ X such that
limn

∫
E

snωndm = xE for E ∈ σ(P). Since (snωn)∞1 ⊂ Is and since snωn → fg
m-a.e. in T such that limn

∫
E

snωndm = xE ∈ X for E ∈ σ(P), by Definition 2.1.1
of Chapter 2, fg ∈ L1(m). Inequality (3.5.1.1) holds by Theorem 3.1.13(iii). �
Theorem 3.5.2. Let m : P → X be σ-additive. Then:

(i) If 1 ≤ r < p < s ≤ ∞, then Lr(m)
⋂Ls(m) ⊂ Lp(m).

(ii) If f : T → K is m-measurable, then the set If = {p : 1 ≤ p ≤ ∞, f ∈ Lp(m)}
is either void or an interval, where singletons are considered as intervals.

(iii) For f in (ii) with If �= ∅, the function p → log m•
p(f, T ) is convex on If and

the function p → m•
p(f, T ) is continuous on Int If .

Proof. The proof of Proposition 21, §12 of [Din1] holds here in virtue of Theorems
2.1.5(vi) and 2.2.2 of Chapter 2 and of Theorems 3.1.3 and 3.5.1. Details are left
to the reader. �
Theorem 3.5.3. Let m : P → X be σ-additive and let A ∈ ˜σ(P) such that χA is m-
integrable in T (so that by Theorem 3.1.6, m•

1(A, T ) = ||m||(A) < ∞). Then the set
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If (A) = {p : 1 ≤ p ≤ ∞, fχA ∈ Lp(m)} is either void or an interval containing
1 (If (A) = {1} is permitted) and the function p → m•

p(fχA, T ) · (||m||(A))−
1
p is

increasing in If (A), where m•
∞(fχA, T ) = ||fχA||∞.

Proof. By (vi) and (vii) (Domination principle) of Theorem 2.1.5 and by Theorem
2.2.2 of Chapter 2 and by Theorems 3.1.3 and 3.5.1, the proof of Proposition 22,
§12 of [Din1] holds here verbatim and the details are left to the reader. �
Corollary 3.5.4. Let m : S → X be σ-additive, where S is a σ-ring of subsets of
T . Then:

(i) If 1 ≤ r < s ≤ ∞, then Ls(m) ⊂ Lr(m) and the topology of Ls(m) is finer
than that of Lr(m).

(ii) If f : T → K is m-measurable, then the set If = {p : 1 ≤ p ≤ ∞, f ∈ Lp(m)}
is either void or an interval containing 1 (If = {1} is permitted).

(iii) If If �= ∅, then the function p → m•
p(f, T ) · (||m||(N(f))−

1
p is an increasing

function on If .

Proof. By the hypothesis on S and by the last part of Theorem 2.1.5(v)of Chapter
2, L∞(m) ⊂ Lp(m) for 1 ≤ p ≤ ∞. Let s > r and let f ∈ Ls(m). If E = {t ∈
T : |f(t)| > 1} and F = {t ∈ N(f) : |f(t) ≤ 1}, then E and F belong to ˜σ(P),
|fχE|r ≤ |fχE|s ≤ |f |s ∈ L1(m) and |fχF |r ≤ χF ∈ L1(m). Hence by Theorems
2.2.2 and 2.1.5(vii) (Domination principle) of Chapter 2, fχE and fχF belong to
Lr(m) and hence f ∈ Lr(m). Therefore, the first part of (i) holds. The second
part of (i) holds by Theorem 3.5.3, as ||m||(N(f)) ≤ ||m||(T ) < ∞.

(ii) is due to Theorem 3.5.2(ii) and (i) of the present corollary.

(iii) is immediate if we take A = N(f) in Theorem 3.5.3 since by the hypoth-
esis on S, ||m||(T ) < ∞. �
Remark 3.5.5. Theorems 3.5.2 and 3.5.3 and Corollary 3.5.4 are generalized to an
lcHs-valued m in Theorem 4.5.13 of Chapter 4.



Chapter 4

Integration With Respect to
lcHs-valued Measures

4.1 (KL) m-integrability (m lcHs-valued)

Let X be an lcHs and let m : P → X be σ-additive. The concepts of m-measurable
functions and (KL) m-integrable functions given in Chapters 1 and 2 are suitably
generalized here to lcHs-valued σ-additive measures. Theorem 4.1.4 below plays
a key role in the subsequent theory of (KL) m-integrability. While (i)–(iv) and
(viii) of Theorem 2.1.5 of Chapter 2 are generalized in Theorem 4.1.8 to an ar-
bitrary lcHs-valued σ-additive measure m on P , the remaining parts of Theorem
2.1.5, Theorem 2.1.7 and Corollaries 2.1.8, 2.1.9 and 2.1.10 of Chapter 2 are gen-
eralized in Theorems 4.1.9 and 4.1.11 and in Corollaries 4.1.12, 4.1.13 and 4.1.14,
respectively, when X is quasicomplete. Finally, the above mentioned results are
also generalized to σ(P)-measurable functions in Remark 4.1.15 when X is se-
quentially complete.

Let X be an lcHs and let m : P → X be σ-additive. If x∗ ∈ X∗, then qx∗

given by qx∗(x) = |x∗(x)|, x ∈ X , belongs to Γ and by Proposition 1.2.13(iv),
||mqx∗ ||(A) = v(x∗m)(A) for A ∈ σ(P). Using this observation, we give the fol-
lowing

Definition 4.1.1. Let X be an lcHs and m : P → X be σ-additive. Let f : T → K

or [−∞,∞] be m-measurable. Then, for each x∗ ∈ X∗, by Definition 1.2.6 there
exists Nx∗ ∈ σ(P) with v(x∗m)(Nx∗) = 0 such that fχT\Nx∗ is σ(P)-measurable.
We say that f is x∗m-integrable if fχT\Nx∗ is x∗m-integrable and in that case,
we define ∫

A

fd(x∗m) =
∫

A

fχT\Nx∗d(x∗m)
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for A ∈ σ(P) and ∫
T

fd(x∗m) =
∫

N(f)\Nx∗
fd(x∗m).

(Note that N(f)\Nx∗ = N(fχT\Nx∗ ) ∈ σ(P).)

It is easy to check that the above integrals are well defined and do not depend
on the set Nx∗ .

The following definition generalizes the second part of Definition 2.1.1 of
Chapter 2 to lcHs-valued σ-additive m on P .

Definition 4.1.2. Let X be an lcHs and m : P → X be σ-additive. Let f : T → K

or [−∞,∞] be m-measurable. Then f is said to be (KL) m-integrable in T if it is
x∗m-integrable for each x∗ ∈ X∗ and if, for each A ∈ σ(P) ∪ {T }, there exists a
vector xA ∈ X such that

x∗(xA) =
∫

A

fd(x∗m)

for each x∗ ∈ X∗. In that case, we define

(KL)
∫

A

fdm = xA, A ∈ σ(P) ∪ {T }. (4.1.2.1)

By the Hahn-Banach theorem the integral in (4.1.2.1) is well defined for each
A ∈ σ(P) ∪ {T }. Also note that the above definition includes the definition of
(KL) m-integrability given in [L2] when f is σ(P)-measurable.

In the sequel, X is an lcHs and m : P → X is σ-additive.

Proposition 4.1.3. If f : T → [−∞,∞] is (KL) m-integrable in T , then f is finite
m-a.e. in T .

Proof. Let A = {t ∈ T : |f(t)| = ∞}. As f is m-measurable, for each q ∈ Γ,
there exist Bq, Nq, Mq such that A = Bq ∪ Nq, Nq ⊂ Mq, Bq, Mq ∈ σ(P) and
||m||q(Mq) = 0. Then by Proposition 1.2.15(ii)(c),

||m||q(A) = ||m||q(Bq) = sup
x∗∈Uo

q

v(x∗m)(Bq). (4.1.3.1)

On the other hand, for each x∗ ∈ X∗, by Definition 4.1.1 there exists Nx∗ ∈
σ(P) with v(x∗m)(Nx∗) = 0 such that fχT\Nx∗ is σ(P)-measurable and x∗m-
integrable. Then fχT\Nx∗ and hence f are (x∗m)-a.e. finite in T . Consequently,
by (4.1.3.1) we have ||m||q(A) = 0 for all q ∈ Γ and hence A is m-null. �

The second part of the following theorem and Remark 4.1.5 below play a key
role in the sequel.

Theorem 4.1.4. Let f : T → K or [−∞,∞] be m-measurable and let X be an lcHs.
Let m : P → X be σ-additive. Then:
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(i) If f is (KL) m-integrable in T , then f is (KL) mq-integrable in T with values
in Xq (in the sense that the integrals of f assume values in Xq) for each q ∈ Γ
(resp. (KL) mqE -integrable in T with values in XqE for each E ∈ E).

(ii) If f is (KL) mq-integrable in T with values in X̃q (i.e., the integrals of f

assume values in X̃q) for each q ∈ Γ (resp. if f is (KL) mqE -integrable in T

with values in X̃qE for each E ∈ E), then f is (KL) m-integrable in T with
values in X̃ and

(KL)
∫

A

fdm = lim←− (KL)
∫

A

fdmq(resp. = lim←− (KL)
∫

A

fdmqE )

for A ∈ σ(P) ∪ {T }.

Proof. (i) Suppose f is (KL) m-integrable in T . Let A ∈ σ(P) ∪ {T }. Then, for
each x∗ ∈ X∗, f is x∗m-integrable and there exists xA ∈ X such that x∗(xA) =∫

A fd(x∗m). Let q ∈ Γ and let y∗ ∈ (Xq)∗. Then y∗Πq ∈ X∗ and hence f is
y∗Πqm-integrable and (y∗Πq)(xA) =

∫
A

fd(y∗Πqm) =
∫

A
fd(y∗mq). Hence f is

(KL) mq-integrable in T with values in Xq. Since qE ∈ Γ for E ∈ E , f is (KL)
mqE -integrable in T with values in XqE for E ∈ E .

(ii) Suppose

f is (KL)mq-integrable in T with values in X̃q for each q ∈ Γ. (4.1.4.1)

Let A ∈ σ(P) ∪ {T } and let q ∈ Γ. Then there exists y
(q)
A ∈ X̃q such that

y∗(y(q)
A ) =

∫
A

fd(y∗mq) (4.1.4.2)

for y∗ ∈ (Xq)∗ so that

y
(q)
A = (KL)

∫
A

fdmq. (4.1.4.3)

By the proof of Theorem 5.4, Chapter II of [Scha], there exists xA ∈ X̃ such that

xA = lim←− y
(q)
A . (4.1.4.4)

(See Notation 1 2.17.)

Let x∗ ∈ X∗ be arbitrary. Then qx∗ given by qx∗(x) = |x∗(x)|, x ∈ X ,
belongs to Γ and clearly, q̃x∗(x) = |x∗(x)| for x ∈ X̃ . (See Notation 1.2.16.)
In the representation of the dual of X̃ given in §22, 6.(6) of [KÖ], take u =

(uq)q∈Γ ∈ X̃∗ where uqx∗ = Ψx∗ ∈ (Xq̃x∗ )∗ = ˜(Xqx∗ )∗ as in Proposition 1.2.13(i)
and uq = 0 for q ∈ Γ\{qx∗}. Then, taking E = {u} ∈ E , by (4.1.4.2) and (4.1.4.4)
and by Proposition 1.2.13(i) we have u(xA) = u(lim←−y

(q)
A ) = Ψx∗(Πqx∗ (xA)) =
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Ψx∗(y(qx∗ )
A ) =

∫
A

fd(Ψx∗Πqx∗ ◦ m) =
∫

A

fd(um). Hence f is (KL) m-integrable

in T with (KL)
∫

A
fdm = xA ∈ X̃ so that by (4.1.4.3) and (4.1.4.4) we have

(KL)
∫

A fdm = xA = lim←−y
(q)
A = lim←− (KL)

∫
A

fdmq for A ∈ σ(P) ∪ {T }.

If condition (4.1.4.1) holds for {qE : E ∈ E}, then it holds all q ∈ Γ by
Proposition 1.2.15(i) since q = qUo

q
and Uo

q ∈ E by Proposition 6, §4, Chapter 3 of
[Ho]. Hence f is (KL) m-integrable in T with values in X̃ and other results also
hold. �
Remark 4.1.5. By Theorems 4.2.2 and 4.2.3 below, (ii) of the above theorem can
be strengthened as follows:

If X is a quasicomplete lcHs and if f is (KL) mq-integrable (resp. (KL) mqE -

integrable) in T with values in X̃q (resp. X̃qE ) for each q ∈ Γ (resp. E ∈ E), then f

is (KL) m-integrable in T with values in X and (KL)
∫

A
fdm = lim←− (KL)

∫
A

fdmq

(resp. = lim←− (KL)

∫
A

fdmqE ) belongs to X for A ∈ σ(P) ∪ {T }.
Notation 4.1.6. Let X be an lcHs and let m : P → X be σ-additive. Then I(m)
denotes the class of all m-measurable scalar functions f on T which are (KL)
m-integrable in T with (KL)

∫
A

fdm ∈ X for all A ∈ σ(P) ∪ {T }.

The following lemma is needed to generalize Theorem 2.1.5(viii) of Chapter
2 to lcHs.

Lemma 4.1.7. Let X, Y be lcHs over the same scalar field K and let L(X, Y ) be
the vector space of all continuous linear mappings from X into Y . If m : P → X
is σ-additive and u ∈ L(X, Y ), then um : P → Y is σ-additive. If f : T → K or
[−∞,∞] is m-measurable, then f is also um-measurable.

Proof. As u is linear and continuous, um is σ-additive. Let F be the family of
equicontinuous subsets of Y ∗. Let F ∈ F . Then, given ε > 0, there exists a
neighborhood W of 0 in Y such that supy∗∈F |y∗(y)| < ε for y ∈ W . As u is
continuous and linear, there exists a neighborhood U of 0 in X such that u(U) ⊂
W . Then supy∗∈F |y∗(ux)| < ε for x ∈ U . Let u∗ be the adjoint of u. Then
supy∗∈F |(u∗y∗)(x)| = supy∗∈F |(y∗u)(x)| < ε for x ∈ U and hence u∗F ∈ E . As f
is m-measurable, there exists Nu∗F ∈ σ(P) with ||m||qu∗F

(Nu∗F ) = 0 such that
fχT\Nu∗F

is σ(P)-measurable. Then by Proposition 1.2.13(iii) we have

||um||qF (Nu∗F ) = ||ΠqF ◦ um||(Nu∗F ) = sup
y∗∈F

v(y∗um)(Nu∗F )

= sup
y∗∈F

v(u∗y∗m)(Nu∗F ) = sup
x∗∈u∗F

v(x∗m)(Nu∗F ) = ||m||qu∗F
(Nu∗F ) = 0

and hence f is (um)qF -measurable. Then, in the light of Remark 1.2.5 of Chapter
1, f is um-measurable. �
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We generalize below (i)–(iv) and (viii) of Theorem 2.1.5 of Chapter 2 to a
quasicomplete lcHs-valued σ-additive m.

Theorem 4.1.8. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
Then:

(i) A P-simple function s =
∑r

1 αiχAi with (αi) ⊂ K, (Ai)r
1 ⊂ P and Ai∩Aj = ∅

for i �= j, is (KL) m-integrable in T and (KL)
∫

A sdm =
∑r

1 αim(Ai ∩ A)
for A ∈ σ(P). We write

∫
A

sdm instead of (KL)
∫

A
sdm. Consequently,

||m||q(A) = sup{q(
∫

A
sdm) = | ∫

A
sdmq|q : sP-simple, |s(t)| ≤ χA(t), t ∈ T }

for q ∈ Γ.
(ii) If f :T →K or [−∞,∞] is (KL) m-integrable in T , then γ(·)=(KL)

∫
(·)fdm

is σ-additive (in τ) on σ(P).
(iii) If γ is as in (ii), q ∈ Γ and E ∈ E, then:

(a) ||γ||q(A) = supx∗∈Uo
q

∫
A |f |dv(x∗m), A ∈ σ(P).

(b) ||γ||qE (A) = supx∗∈E

∫
A |f |dv(x∗m), A ∈ σ(P).

(c) lim||m||q(A)→0 γq(A) = lim||m||q(A)→0 ||γ||q(A) = 0, A ∈ σ(P).
(iv) I(m) is a vector space over K with respect to pointwise addition and scalar

multiplication. For A ∈ σ(P) fixed, the mapping f → (KL)
∫

A
fdm is linear

on I(m) with values in X by Remark 4.1.5. Consequently, if s in (i) is with
(Ai) not necessarily mutually disjoint, then also

∫
A

sdm =
∑r

1 αim(A ∩
Ai), A ∈ σ(P).

(v) Let Y, L(X, Y ), u and f be as in Lemma 4.1.7. If f is m-measurable and
(KL) m-integrable in T , then f is um-measurable and (KL) um-integrable in
T and u((KL)

∫
A

fdm) = (KL)
∫

A
fdum, A ∈ σ(P) ∪ {T }.

(vi) (i), (ii), (iii) and (v) hold for an arbitrary lcHs X.

Proof. (i) and (iv) are obvious and (ii) is due to the Orlicz-Pettis theorem (for
example, see [McA]).

(iii)(a) (resp.(b)) By (ii) γ is σ-additive on σ(P) and hence by Proposition
1.1.19 and by Theorem 2.1.5(iii) of Chapter 2, by Proposition 1.2.15(ii)(c) (resp.
by Proposition 1.2.13(iii)) and by the fact that γq = Πq ◦γ (resp. γqE

= ΠqE ◦γ)
the result holds.

(iii)(c) If ||m||q(A) = 0, A ∈ σ(P), then by Proposition 1.2.15(ii)(c),
v(x∗m)(A) = 0 for x∗ ∈ Uo

q and hence by (a), ||γ||q(A) = 0. As ||m||q is a σ-
subadditive submeasure on σ(P) and as γq = Πq ◦ γ : σ(P) → X̃q is σ-additive,
the second equality holds by Proposition 1.1.11. As |γ(E)|q ≤ ||γ||q(E), E ∈ σ(P),
the first equality also holds.

(v) By Lemma 4.1.7, um is σ-additive on σ(P) and f is um-measurable.
Let A ∈ σ(P) ∪ {T } and let (KL)

∫
A

fdm = xA ∈ X . For y∗ ∈ Y ∗, u∗y∗ ∈ X∗

and hence f is u∗y∗m-integrable and y∗(uxA) = u∗y∗(xA) =
∫

A fd(u∗y∗m) =∫
A fd(y∗um). Hence the result holds. �
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The following theorem generalizes (v)–(vii) of Theorem 2.1.5 of Chapter 2 to
quasicomplete lcHs-valued σ-additive vector measures.

Theorem 4.1.9. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
Then:

(i) Let f : T → K or [−∞,∞] be m-measurable.
(a) If f is m-essentially bounded in A ∈ P, then f is (KL) m-integrable in

A with values in X̃ (in fact, with values in X by Remark 4.1.5) and, for
each q ∈ Γ,

q((KL)
∫

B

fdm) = |(KL)
∫

B

fdmq|q ≤ (ess sup
t∈A

|f(t)|) · ||m||q(B)

for B ∈ A ∩ P (= σ(P) ∩ A).
(b) If f is m-essentially bounded in T and if P is a σ-ring S, then f is (KL)

m-integrable in T with values in X̃ (in fact, in X by Remark 4.1.5) and,
for each q ∈ Γ,

q((KL)
∫

A

fdm) = |(KL)
∫

A

fdmq|q ≤ (ess sup
t∈T

|f(t)|) · ||m||q(A)

≤ (ess sup
t∈T

|f(t)|) · ||m||q(T )

for A ∈ S ∪ {T }.
(ii) If ϕ is an m-essentially bounded m-measurable scalar function on T and if

f ∈ I(m), then ϕf ∈ I(m). Consequently, for f ∈ I(m) and for A ∈
σ(P) ∪ {T }, fχA ∈ I(m) and (KL)

∫
A

fdm = (KL)
∫

T
fχAdm.

(iii) (Domination principle). If f is an m-measurable scalar function on T and
if g ∈ I(m) with |f | ≤ |g| m-a.e. in T , then f ∈ I(m). Consequently, an
m-measurable function f : T → K or [−∞,∞] is (KL) m-integrable in T
(with values in X) if and only if |f | is so. Moreover, for an m-measurable
scalar function f on T the following statements are equivalent:
(a) f ∈ I(m); (b) |f | ∈ I(m); (c) f̄ ∈ I(m);
(d) Re f ∈ I(m) and Im f ∈ I(m);
(e) (Re f)+, (Im f)+, (Re f)− and (Im f)− belong to I(m).

Moreover, if f1, f2 : T → R belong to I(m), then max(f1, f2) and min(f1, f2)
belong to I(m).

Proof. (i)(a) Let A ∈ P and let α = ess supt∈A |f(t)|.
Claim. There is an m-null set M ∈ σ(P) such that

α = sup
t∈A\M

|f(t)|. (4.1.9.1)
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In fact, for each n ∈ N, there exists Mn ∈ σ(P) with |f(t)| ≤ α + 1
n for

t ∈ A\Mn and ||mi||(Mn) = 0 i ∈ Γ. Then by Propositions 1.1.5 and 1.1.12,
||mi||(

⋃∞
1 Mn) = 0 for for each i ∈ Γ. Moreover, |f(t)| ≤ α for t ∈ A\⋃∞

1 Mn).
Then it follows that α = supt∈A\⋃∞

1 An
|f(t)|. Hence (4.1.9.1) holds.

Thus by (4.1.9.1) there exists an m-null set M ∈ σ(P) such that α =
supt∈A\M |f(t)|. Then fχA\M is a bounded m-measurable function on T . Let
q ∈ Γ. Then there exists Nq ∈ σ(P) with ||m||q(Nq) = 0 such that fχA\M\Nq

is σ(P)-measurable. Let ΣA = A ∩ P . Then ΣA is a σ-algebra of subsets of A,
ΣA ⊂ P and fχA\M\Nq

is a bounded ΣA-measurable function. Therefore, there
exists a sequence (s(q)

n )∞1 of ΣA-simple functions such that s
(q)
n → fχA\M\Nq

uni-

formly in A with |s(q)
n | ↗ |fχA\M\Nq

|. Moreover, mq is σ-additive on ΣA with
values in Xq ⊂ X̃q, and hence by Proposition 1.1.6 of Chapter 1 , ||m||q(A) < ∞.
Then by an argument similar to that in the proof of Theorem 2.1.5(v) of Chapter
2, for each B ∈ ΣA, f is (KL) mq-integrable in B and there exists x

(q)
B ∈ X̃q such

that (KL)
∫

B
fdmq = x

(q)
B = limn

∫
B

s
(q)
n dmq and∣∣∣∣(KL)

∫
B

fdmq

∣∣∣∣
q

=
∣∣∣∣limn

∫
B

s(q)
n dmq

∣∣∣∣
q

≤ α||m||q(B). (4.1.9.2)

As q is arbitrary in Γ, by Theorem 4.1.4(ii), f is (KL) m-integrable in A with values
in X̃ (and hence with values in X by Remark 4.1.5). Thus, if (KL)

∫
B

fdm = zB ∈
X for B ∈ ΣA, then Πq(zB) = (KL)

∫
B fdmq for q ∈ Γ and for B ∈ ΣA. Moreover,

by (4.1.9.2) we have

q

(
(KL)

∫
B

fdm
)

= q(zB) = |Πq(zB)|q

=
∣∣∣∣(KL)

∫
B

fdmq

∣∣∣∣
q

≤
(

ess sup
t∈A

|f(t)|
)
· ||m||q(B)

for B ∈ ΣA. Hence (i)(a) holds.

(i)(b) This is immediate from (i)(a) as ||m||q(T ) < ∞ by the hypothesis that
P is a σ-ring and by Proposition 1.1.6 of Chapter 1 and as fχT\M\Nq

is bounded
and σ(P)-measurable.

(ii) Let ν(·) = (KL)
∫
(·) fdm on σ(P). By Theorem 4.1.8(ii), ν is σ-additive

on σ(P) and by Theorem 4.1.8(iii)(c), for q ∈ Γ, an mq-null set in σ(P) is also
νq-null. Hence, the m-essentially bounded m-measurable function ϕ is also ν-
measurable and ν-essentially bounded. Therefore, by (i)(b), ϕ is (KL) ν-integrable
in T with values in X . For A ∈ σ(P) ∪ {T }, let (KL)

∫
A

ϕdν = xA ∈ X . Then, for
each x∗ ∈ X∗, by Definition 4.1.1 there exists Nx∗ ∈ σ(P) with v(x∗ν)(Nx∗) =
0 such that ϕχT\Nx∗ is σ(P)-measurable and x∗(xA) =

∫
A

ϕχT\Nx∗ d(x∗ν). As
f is (KL) m-integrable in T , there exists Mx∗ ∈ σ(P) with v(x∗m)(Mx∗) = 0
such that fχT\Mx∗ is σ(P)-measurable and x∗m-integrable. Then by Theorem
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4.1.8(iii)(b) and by Proposition 1.2.13(iv), 0 = v(x∗ν)(Nx∗) = ||x∗ν||(Nx∗) =
||Πqx∗ ν||(Nx∗) = ||ν||qx∗ (Nx∗) =

∫
Nx∗ |f |dv(x∗m) since E = {x∗} ∈ E . Hence

either f = 0 x∗m-a.e. in Nx∗ or Nx∗ is x∗m-null. In either case, ϕχT\Nx∗ fχT\Mx∗
is σ(P)-measurable and is equal to ϕf x∗m-a.e in T . Then

x∗(xA) =
∫

A

ϕχT\Nx∗ d(x∗ν) =
∫

A

ϕχT\Nx∗ fχT\Mx∗ d(x∗m)

for A ∈ σ(P) ∪ {T } and for x∗ ∈ X∗, since the last equality holds for P-
simple functions ϕ and then by Proposition 1.1.18 of Chapter 1 and by Theo-
rem 3 (LDCT), §8 of [Din1], it holds for general σ(P)-measurable x∗ν-integrable
ϕχT\Nx∗ . Then by Definition 2.1.1(ii) of Chapter 2, x∗(xA) =

∫
A ϕfd(x∗m), as

ϕχT\Nx∗fχT\Mx∗ = ϕf (x∗m)-a.e. in T . Hence ϕf ∈ I(m). The second part fol-
lows from the first part by an argument similar to that in the proof of the second
part of Theorem 2.1.5(vi) of Chapter 2.

(iii) Let h(t) = f(t)
g(t) for t ∈ N(g) and h(t) = 0 otherwise. Then h is clearly

m-measurable, |h(t)| ≤ 1 m-a.e. in T and f = gh m-a.e. in T . Then by (ii), f
is (KL) m-integrable in T with values in X . If f : T → K or [−∞,∞] is (KL)
m-integrable in T , then by Proposition 4.1.3 there exists an m-null set N ∈ σ(P)
such that f is finite in T \N and hence g = fχT\N ∈ I(m) and by the above part,
|g| is (KL) m-integrable in T . Then |f | is also (KL) m integrable in T as |f | = |g|
m-a.e. in T . Conversely, if |f | is (KL) m-integrable in T with values in X , then
by Theorem 4.1.4(i), |f | is (KL) mq-integrable in T with values in Xq for each
q ∈ Γ and hence by Theorem 2.1.5(vii) of Chapter 2 , f is (KL) mq-integrable
in T with values in X̃q for each q ∈ Γ. Consequently, by Theorem 4.1.4(ii) and
by Remark 4.1.5, f is (KL) m-integrable in T with values in X . The other parts
follow from the first, and from the facts that max(f1, f2) = 1

2 (f1 + f2 + |f1 − f2|)
and min(f1, f2) = 1

2 (f1 + f2 − |f1 − f2|) and that I(m) is a vector space. �
Remark 4.1.10. The proofs of (ii) and (iii) of the above theorem are respectively
similar to those of Lemma II.3.1 and Theorem II.3.1 of [KK]. See Remark 2.1.11
of Chapter 2.

Theorem 4.1.11. (Generalization of Theorem 2.1.7 of Chapter 2 – (LDCT a.e.
version)) Let X be a quasicomplete lcHs and m : P → X be σ-additive. For each
q ∈ Γ, let f

(q)
n , n ∈ N, be mq-measurable on T with values in K or in [−∞,∞]

and let g(q) : T → K be mq-measurable and (KL) mq-integrable in T with values
in X̃q for each q ∈ Γ. Suppose |f (q)

n (t)| ≤ |g(q)(t)| mq-a.e. in T for each q ∈ Γ
and for each n ∈ N and let f : T → K. If f

(q)
n → f mq-a.e. in T , then f is

mq-measurable, f, f
(q)
n , n ∈ N, are (KL) mq-integrable in T with values in X̃q

and consequently, f is (KL) m-integrable in T with values in X. Moreover, for
each q ∈ Γ,

lim
n

∣∣∣∣(KL)
∫

A

fdmq − (KL)
∫

A

f (q)
n dmq

∣∣∣∣
q

= 0 for A ∈ σ(P) ∪ {T } (4.1.11.1)
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the limit being uniform with respect to A ∈ σ(P) (for a fixed q ∈ Γ) and

lim
n

sup
x∗∈Uo

q

∫
T

|f (q)
n −f |dv(Ψx∗mq) = lim

n
sup

x∗∈Uo
q

∫
T

|f (q)
n −f |dv(x∗m) = 0 (4.1.11.2)

where Ψx∗ is as in Proposition 1.2.15(ii)(a).

Proof. Let q ∈ Γ be given. By hypothesis there exists an mq-null set N (q) ∈
σ(P) such that f

(q)
n → f pointwise in T \N (q). As g(q) is (KL) mq-integrable

in T , by Remark 2.1.3 of Chapter 2 there exists an mq-null set M(q) ∈ σ(P)
such that M(q) ⊃ {t ∈ T : |g(q)(t)| = ∞} so that g(q) is finite in T \M(q).
Let M (q) = M(q) ∪ N (q). Then M (q) ∈ σ(P) and is mq-null. As f

(q)
n , n ∈ N,

are mq-measurable for each n, by Proposition 1.1.18 of Chapter 1 there exists
M

(q)
n ∈ σ(P) with ||m||q(M (q)

n ) = 0 such that fnχ
T\M

(q)
n

is σ(P)-measurable. Let

Mq = M (q)
⋃

(
⋃∞

n=1 M
(q)
n ). Then Mq ∈ σ(P) and ||m||q(Mq) = 0 as ||m||q is σ-

subadditive on σ(P). As f
(q)
n χT\Mq

→ fχT\Mq
pointwise in T and as f

(q)
n χT\Mq

,
n ∈ N, are σ(P)-measurable, it follows that fχT\Mq

is σ(P)-measurable so that
f is mq-measurable for each q ∈ Γ and hence, f is m-measurable. Considering
mq : P → X̃q, the hypothesis of domination and Theorem 2.1.5(vii) of Chapter 2
imply that f, f

(q)
n , n ∈ N, are (KL) mq-integrable in T with values in X̃q. Since

q is arbitrary in Γ, by Theorem 4.1.4(ii) and by Remark 4.1.5 we conclude that f
is (KL) m-integrable in T with values in X .

Let q ∈ Γ. Let νq(·) = (KL)
∫
(·) g(q)dmq. Then by Theorem 2.1.5(ii) of Chap-

ter 2, νq is σ-additive on σ(P) (νq assumes values in the Banach space X̃q). Then
by Proposition 1.1.13 of Chapter 1 there exists a control measure μq : σ(P) →
[0,∞) for νq so that, given ε > 0, there exists δ(q) > 0 such that ||νq||(A) < ε

3

whenever A ∈ σ(P) with μq(A) < δ(q). Let Fq =
⋃∞

n=1(N(f (q)
n )∩(T \Mq)). Clearly,

Fq ∈ σ(P). Let A ∈ σ(P) ∪ {T }. Then, arguing as in the proof of Theorem
2.1.7 of Chapter 2 with Fq, F

(q)
k , Mq, Nq, ||νq||, μq, A, f

(q)
n and ||m||q replacing

F, Fk, M, N, ||ν||, μ, , E, fn and ||m||, respectively, and taking Ψx∗ as in Propo-
sition 1.2.15(ii)(a) and taking n0 such that ||f (q)

n − f ||
F

(q)
k0

· ||m||q(F (q)
k0

) < ε
3 for

n ≥ n0, we have for x∗ ∈ Uo
q , n ≥ n0 and for A ∈ σ(P) or A = T ,∫

A∩(T\F
(q)
k0

)

|f (q)
n − f |dv(Ψx∗mq)

≤ 2||νq||(Fq\Nq\F (q)
k0

) + 2||νq||(Nq) + 2||νq||(Mq) <
2ε

3

since
∫

B |f (q)
n − f |dv(Ψx∗mq) ≤ 2

∫
B |g(q)|dv(Ψx∗mq) = 2

∫
B |g(q)|dv(x∗m) ≤

2||νq||(B) for B ∈ σ(P) by Proposition 1.2.15(ii) and Theorem 4.1.8(iii)(a).
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Moreover, ∫
A∩F

(q)
k0

|f (q)
n − f |dv(Ψx∗mq) <

ε

3

since v(Ψx∗mq)(F (q)
k0

) = v(x∗m)(F (q)
k0

) ≤ ||m||q(F (q)
k0

) by Proposition 1.2.15(ii)(c)

and since ||f (q)
n − f ||

F
(q)
k0

· ||m||q(F (q)
k0

) < ε
3 for n ≥ n0. Consequently, by the above

inequalities and by the fact that f is (KL) m-integrable in T with values in X we
have Πq((KL)

∫
A

fdm) = (KL)
∫

A
fdmq and by Proposition 1.2.15 we also have∣∣∣∣(KL)

∫
A

f (q)
n dmq − (KL)

∫
A

fdmq

∣∣∣∣
q

=
∣∣∣∣(KL)

∫
A

(f (q)
n − f)dmq

∣∣∣∣
q

≤ sup
x∗∈Uo

q

∫
A

|f (q)
n − f |dv(Ψx∗mq) ≤ ε (4.1.11.3)

for n ≥ n0 and for all A ∈ σ(P) ∪ {T }. Then (4.1.11.3) implies (4.1.11.2) and
hence (4.1.11.1) where the limit in (4.1.11.1) is uniform with respect to A ∈ σ(P)
(for a fixed q ∈ Γ). �

Corollary 4.1.12. (Generalization of Corollary 2.1.8 of Chapter 2-(LBCT a.e.-
version)) Let X be a quasicomplete lcHs and m : S → X be σ-additive, where S
is a σ-ring. Suppose f, f

(q)
n : T → K or [−∞,∞] for n ∈ N and let 0 < K(q) < ∞

for q ∈ Γ. If f
(q)
n , n ∈ N, are mq-measurable, f

(q)
n → f mq-a.e. in T and if

|f (q)
n | ≤ K(q) mq-a.e. for all n, then f, f

(q)
n , n ∈ N, are (KL) mq-integrable in T

with values in X̃q and consequently, f is (KL) m-integrable in T with values in
X. Then, for each q ∈ Γ,

lim
n

∣∣∣∣(KL)
∫

A

fdmq − (KL)
∫

A

f (q)
n dmq

∣∣∣∣
q

= 0

for A ∈ S ∪ {T }, the limit being uniform with respect to A ∈ S (for a fixed q ∈ Γ).
Moreover, for each q ∈ Γ,

lim
n

sup
x∗∈U0

q

∫
T

|f (q)
n − f |dv(Ψx∗mq) = 0

where Ψx∗ is as in Proposition 1.2.15(ii)(a).

Proof. The corollary is immediate from the above theorem and the second part of
Theorem 2.1.5(v) of Chapter 2 as S is a σ-ring. �

The following theorem plays a key role in Section 4.3.
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Theorem 4.1.13. (Generalization of Corollary 2.1.9 of Chapter 2) Let X be a
quasicomplete lcHs and m : P → X be σ-additive. If f is an m-measurable (KL)
mq-integrable scalar function on T with values in X̃q for each q ∈ Γ, then f is
(KL) m-integrable in T with values in X̃. (In fact, (KL)

∫
A

fdm ∈ X by Remark
4.1.5.) Moreover, for each q ∈ Γ, there exist a set Nq ∈ σ(P) with ||m||q(Nq) = 0
and a sequence (s(q)

n )∞n=1 ⊂ Is such that s
(q)
n → f and |s(q)

n | ↗ |f | pointwise in
T \Nq. Then for any such sequence (s(q)

n ), by 1.2.16,

lim
n

q

(∫
A

s(q)
n dm − (KL)

∫
A

fdm
)

= lim
n

∣∣∣∣∫
A

s(q)
n dmq − (KL)

∫
A

fdmq

∣∣∣∣
q

= 0

for A ∈ σ(P) ∪ {T }, the limit being uniform with respect to A ∈ σ(P) (for a fixed
q ∈ Γ).

Consequently, for A ∈ σ(P) and q ∈ Γ,

||m||q(A) = sup

{∣∣∣∣(KL)
∫

A

hdmq

∣∣∣∣
q

: h ∈ I(mq), |h| ≤ χA mq-a.e. in T

}
.

Proof. Let q ∈ Γ. By hypothesis, f is (KL) mq-integrable in T with values in X̃q.
Then by Corollary 2.1.9 of Chapter 2 for mq, there exists (s(q)

n ) ⊂ Is such that
s
(q)
n → f and |s(q)

n | ↗ |f |mq-a.e. in T so that by the same corollary we have

lim
n

∣∣∣∣(KL)
∫

A

fdmq −
∫

A

s(q)
n dmq

∣∣∣∣
q

= 0, A ∈ σ(P) ∪ {T }, (4.1.13.1)

the limit being uniform with respect to A ∈ σ(P). Thus∣∣∣∣(KL)
∫

A

fdmq

∣∣∣∣
q

= lim
n

∣∣∣∣∫
A

s(q)
n dmq

∣∣∣∣
q

for A ∈ σ(P) ∪ {T }. (4.1.13.2)

Since f is (KL) mq-integrable in T for each q ∈ Γ, by Theorem 4.1.4(ii) f is (KL)
m-integrable in T with values in X̃ and by (4.1.13.1) we have

lim
n

q

(
(KL)

∫
A

fdm −
∫

A

s(q)
n dm

)
= 0

where we use Notation 1.2.16 and where the limit is uniform with respect to
A ∈ σ(P) for a fixed q ∈ Γ.
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Consequently, by Theorem 4.1.8(i), by (4.1.13.2) and by Proposition 1.2.15(ii)
we have

||m||q(A) = sup

{∣∣∣∣∫
A

sdmq

∣∣∣∣
q

: s ∈ Is, |s| ≤ χA

}

= sup

{∣∣∣∣∫
A

sdmq

∣∣∣∣
q

: s ∈ Is, |s| ≤ χA mq-a.e. in T

}

≤ sup

{
(KL)

∣∣∣∣∫
A

hdmq

∣∣∣∣
q

: h ∈ I(mq), |h| ≤ χA mq-a.e. in T

}

= sup

{
sup

x∗∈Uo
q

∣∣∣∣∫
A

hd(Ψx∗mq)
∣∣∣∣ : h ∈ I(mq), |h| ≤ χA mq-a.e. in T

}
≤ sup

x∗∈Uo
q

v(Ψx∗mq)(A) = sup
x∗∈Uo

q

v(x∗m)(A)

= ||m||q(A)

for A ∈ σ(P) and for q ∈ Γ. �
Corollary 4.1.14. (Simple function approximation) Let X be a quasicomplete lcHs
and m : P → X be σ-additive. If f : T → K is m-measurable and (KL) mq-
integrable in T with values in X̃q for each q ∈ Γ, then f is (KL) m-integrable in T

with values in X̃ (by Remark 4.1.5 with values in X). Moreover, for each q ∈ Γ,
there exists (s(q)

n )∞n=1 ⊂ Is such that s
(q)
n → f mq-a.e. in T with |s(q)

n | ↗ |f |
mq-a.e. in T and such that

lim
n

sup
x∗∈Uo

q

∫
T

|f−s(q)
n |dv(Ψx∗mq) = lim

n
sup

x∗∈Uo
q

∫
T

|f − s(q)
n |dv(x∗m) = 0.

Proof. This follows from Theorems 4.1.9 and 4.1.11. �

In the following remark we include the analogues of Theorems 4.1.9, 4.1.11
and 4.1.13 and those of Corollaries 4.1.12 and 4.1.14 when m takes values in a se-
quentially complete lcHs and when the functions considered are σ(P)-measurable.
Remark 4.1.15. ((KL)-integrability with respect to a sequentially complete lcHs-
valued m) Let X be an lcHs, m : P → X be σ-additive and I(σ(P),m) be the
collection of all (KL) m-integrable σ(P)-measurable scalar functions with values
in X .

Theorem 4.1.9′. This is the same as Theorem 4.1.9 excepting that X is a se-
quentially complete lcHs and all the functions considered are σ(P)-measurable or
belong to I(σ(P),m).

(Proof. Let A ∈ P and let α = ess supt∈A |f(t)| < ∞. Then there exists an m-
null set M ∈ σ(P) ∩ A such that supt∈A\M |f(t)| = α. Let ΣA = P ∩ A. Then
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ΣA is a σ-algebra of subsets of A. As fχA\M is σ(P)-measurable, it is also ΣA-
measurable and is moreover bounded. Hence there exists a sequence (sn)∞1 of ΣA-
simple functions such that sn → fχA\M uniformly in A and |sn| ↗ |fχA\M | in T .
Let q ∈ Γ. Arguing as in the proof of Theorem 2.1.5(v) of Chapter 2, replacing |·| by
q and ||m|| by ||m||q, we can show that q(

∫
B

sndm−∫
B

srdm) → 0 as n, r → ∞ for
each B ∈ ΣA. Hence (

∫
B sndm) is Cauchy in X and as X is sequentially complete,

there exists xB ∈ X such that limn

∫
B

sndm = xB and consequently, by LDCT
for scalar measures

x∗(xB) = lim
n

∫
B

snd(x∗m) =
∫

B

fd(x∗m).

Hence f is (KL) m-integrable in A, (KL)
∫

B
fdm = xB and |(KL)

∫
B

fdm|q =
| limn

∫
B sndm|q ≤ α||m||q(B) for B ∈ σ(P)∩A and for q ∈ Γ. Hence (i)(a) of The-

orem 4.1.9′ holds. Theorem 4.1.9′(i)(b) is immediate from Theorem 4.1.9′(i)(a).
The proof of Theorem4.1.9′(ii) is similar to that of Theorem 4.1.9(ii). If |f | is (KL)
m-integrable in T with values in X , then by the last part of Proposition 1.2.10
there exists a sequence (sn)∞1 ⊂ Is such that sn → f and |sn| ↗ |f | pointwise in
T . Then, given q ∈ Γ, by Theorem 4.1.4(i), |f | is (KL) mq-integrable in T with val-
ues in Xq ⊂ X̃q and hence by Theorem 2.1.7 of Chapter 2 for mq, (

∫
A

sndmq)∞1 is
Cauchy in X̃q (in fact, Cauchy in Xq) for each q ∈ Γ and for each A ∈ σ(P). Thus
(
∫

A sndm)∞1 is Cauchy in X and as X is sequentially complete, limn

∫
A sndm ∈ X

for each A ∈ σ(P). Thus f ∈ (I(σ(P),m). The other parts are proved as in the
proof of Theorem 4.1.9(iii).) �

Theorem 4.1.11′. This is the same as Theorem 4.1.11 not only with the changes as
in Theorem 4.1.9′ but also with g(q) = g for all q ∈ Γ, g ∈ I(σ(P),m), f

(q)
n = fn

for all q ∈ Γ and for all n, fn being σ(P)-measurable and |fn| ≤ |g| m-a.e. in T
for all n and fn → f m-a.e. in T with f σ(P)-measurable.

(Proof. By Theorem 4.1.9′, (fn)∞1 and f are (KL) m-integrable in T . By hypothesis
and by Proposition 4.1.3, there exists an m-null set M in σ(P) such that (fn)∞1
and f are finite on T \M and fn(t) → f(t) for t ∈ T \M . Then F =

⋃∞
1 (N(fn) ∩

(T \M)) ∈ σ(P). Let q ∈ Γ and let ν(·) = (KL)
∫
(·) gdm ∈ X . By Theorem

4.1.8(ii), ν is σ-additive on σ(P) and νq = Πq ◦ ν is σ-additive with values in Xq

and hence with values in the Banach space X̃q. Then arguing as in the proof of
Theorem 4.1.11, there exists a control measure μq on σ(P) for νq so that given
ε > 0 there exists δ > 0 such that ||ν||q(A) < ε

3 if μq(A) < δ. Moreover, by
the Egoroff-Lusin theorem, there exist N ∈ σ(P) ∩ F with μq(N) = 0 and a
sequence (F (q)

k )∞1 ⊂ P with F
(q)
k ↗ F\N such that fn → f uniformly in each

F
(q)
k . Then there exists k0 such that μq(F\N\Fk) < δ for k ≥ k0. Choose n0

such that ||fn − fr||Fk0
· ||m||q(Fk0 ) < ε

3 for n, r ≥ n0. Then arguing as in the
proof of Theorem 4.1.11 one can show that q

(
(KL)

∫
A

frdm − (KL)
∫

A
fndm

)
=

|(KL)
∫

A
(fn − fr)dmq|q ≤ supx∗∈U0

q

∫
A
|fn − fr|dv(Ψx∗mq) = supx∗∈U0

q

∫
A
|fn −
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fr|dv(x∗m) < ε (4.1.15.1) for n, r ≥ n0 and for A ∈ σ(P). Since q is arbitrary
in Γ, it follows that ((KL)

∫
A

fndm)∞1 is Cauchy in X for each A ∈ σ(P) and
hence by the hypothesis that X is sequentially complete, there exists xA ∈ X
such that limn (KL)

∫
A fndm = xA for A ∈ σ(P) ∪ {T }. Then, for x∗ ∈ X∗, we

have x∗(xA) = limn

∫
A

fnd(x∗m) =
∫

A
fd(x∗m) by LDCT for scalar measures and

hence f is (KL) m-integrable in T with values in X . Then xA = (KL)
∫

A fdm =
limn (KL)

∫
A

fndm and q
(
(KL)

∫
A

fdm− (KL)
∫

A
fndm

) ≤ supx∗∈U0
q
| ∫

A
|fn −

f |dv(Ψx∗ ◦ mq) = supx∗∈U0
q

limr→∞
∫

A
|fr − fn|dv(Ψx∗ ◦ mq) < ε for n ≥ n0 and

for A ∈ σ(P) ∪ {T } by (4.1.15.1). Hence Theorem 4.1.11′ holds. �

(Note that Theorem 4.1.11′ is essentially the version of LDCT given in The-
orem 3.3 of [L2], which remains unestablished as observed in Remark 2.1.12 of
Chapter 2 .))

Corollary 4.1.12′. This is the corresponding version of Corollary 4.1.12 (LBCT)
deduced from Theorem 4.1.11′. If f is σ(P)-measurable, then by Proposition 1.2.10
there exists a sequence (sn) ⊂ Is such that sn → f and |sn| ↗ |f | pointwise in
T . Thus, if Theorem 4.1.13′ and Corollary 4.1.14′ are the analogues of Theorem
4.1.13 and Corollary 4.1.14, respectively, with X sequentially complete, f σ(P)-
measurable and (s(q)

n )∞n=1 being replaced by (sn)∞1 for all q ∈ Γ, then they hold
by Theorem 4.1.11′.

Remark 4.1.16. LDCT for (KL) m-integrals with respect to a σ-additive vector
measure defined on a δ-ring τ with values in a sequentially complete lcHs is given in
[L2] under the hypothesis that the dominated sequence converges pointwise, but,
as observed in Remark 2.1.12 of Chapter 2, its proof is incorrect and is corrected in
the said Remark. For the case of σ-additive vector measures defined on σ-algebras
with values in a sequentially complete lcHs, Theorems 4.1.8, 4.1.9′ and 4.1.11′

are obtained in [KK] (for real lcHs) and [OR4] (for complex lcHs) by different
methods. Theorem 3.5 of [L2], whose incorrect proof is corrected in Remark 2.1.12
of Chapter 2, is easily deducible from Corollary 4.1.14′.

4.2 (BDS) m-integrability (m lcHs-valued)

Let X be a quasicomplete lcHs and m : P → X be σ-additive. For an m-
measurable function f we define (BDS) m-integrability and the (BDS) m-integral
of f with values in X̃ and show that f is (BDS) m-integrable in T if and only if
it is (KL) m-integrable in T and that (BDS)

∫
A fdm = (KL)

∫
A fdm ∈ X, A ∈

σ(P) ∪ {T } (Theorems 4.2.2 and 4.2.3). Also we generalize Theorems 2.2.4, 2.2.5
and 2.2.8 and Corollary 2.2.11 of Chapter 2. We define (BDS) m-integrability for
σ(P)-measurable functions in Remark 4.2.12 when m assumes values in a sequen-
tially complete lcHs and Theorem 4.2.2′ in Remark 4.2.12 gives an analogue of
Theorem 4.2.2 for such m.
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Definition 4.2.1. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
An m-measurable function f : T → K or [−∞,∞] is said to be m-integrable in
T in the sense of Bartle-Dunford-Schwartz or (BDS) m-integrable in T , if f is
mq-integrable in T with values in X̃q (considering mq : P → X ⊂ X̃q) for each
q ∈ Γ (see Definition 2.2.1 and Theorem 2.2.2 of Chapter 2). In that case, using
Notation 1.2.17, we define

(BDS)
∫

A

fdm = lim←−

∫
A

fdmq, A ∈ σ(P)

and
(BDS)

∫
T

fdm = lim←−

∫
T

fdmq = lim←−

∫
N(f)\Nq

fdmq

with values in X̃, where Nq ∈ σ(P) with ||m||q(Nq) = 0 such that fχT\Nq
is σ(P)-

measurable. (In the light of Theorem 4.2.3 below, these integrals indeed assume
values in X as X is quasicomplete.)

Theorem 4.2.2. Let X be a quasicomplete lcHs and m : P → X be σ-additive. Let
f : T → K or [−∞,∞] be m-measurable. Then:

(i) If f is (KL) m-integrable in T with values in X, then f is (BDS) m-integrable
in T and (BDS)

∫
A

fdm = (KL)
∫

A
fdm ∈ X for A ∈ σ(P) ∪ {T }.

(ii) If f is (BDS) m-integrable in T , then f is (KL) m-integrable in T and (KL)∫
A

fdm = (BDS)
∫

A
fdm ∈ X̃ for A ∈ σ(P) ∪ {T }.

(Moreover, as X is quasicomplete, by Theorem 4.2.3 below (BDS)
∫

A
fdm ∈ X

for A ∈ σ(P) ∪ {T } whenever f is (BDS) m-integrable in T .) Hereafter we shall
denote either of the integrals of f over A ∈ σ(P) ∪ {T } by

∫
A

fdm and say that
f is m-integrable in T .

Proof. (i) As f is (KL) m-integrable in T with values in X , then, for A ∈ σ(P) ∪
{T }, there exists xA ∈ X such that x∗(xA) =

∫
A

fd(x∗m) for x∗ ∈ X∗ so that
(KL)

∫
A

fdm = xA. Then by Theorem 4.1.4(i), for each q ∈ Γ, we have

Πq(xA) = Πq((KL)
∫

A

fdm) = (KL)
∫

A

fd(Πq ◦ m) (by Theorem 4.1.8(v))

= (KL)
∫

A

fdmq = (BDS)
∫

A

fdmq

by Theorem 2.2.2 of Chapter 2 (with X in Theorem 2.2.2 of Chapter 2 being
replaced by X̃q and m by mq). Then by Definition 4.2.1, f is (BDS) m-integrable
in T and

(BDS)
∫

A

fdm = lim←− (BDS)
∫

A

fdmq = lim←−(KL)
∫

A

fdmq

= lim←−Πq(xA) = xA = (KL)
∫

A

fdm

belongs to X for A ∈ σ(P) ∪ {T }.
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Conversely, let f be (BDS) m-integrable in T . Then, for each q ∈ Γ, by
Definition 4.2.1 and by Definition 2.2.1 of Chapter 2 there exist (s(q)

n )∞n=1 ⊂ Is

and an mq-null set Nq ∈ σ(P) such that s
(q)
n → f pointwise in T \Nq and such

that limn

∫
A s

(q)
n dmq = x

(q)
A (say) exists in X̃q for each A ∈ σ(P) ∪ {T }. Then by

Theorem 2.2.2 of Chapter 2 with respect to mq and X̃q, f is (KL) mq-integrable
in T and (KL)

∫
A fdmq = (BDS)

∫
A fdmq = x

(q)
A ∈ X̃q for A ∈ σ(P) ∪ {T }.

Consequently, by Theorem 4.1.4(ii) and by Definition 4.2.1,

(KL)
∫

A

fdm = lim←− x
(q)
A = lim←−(KL)

∫
A

fdmq

= lim←−(BDS)
∫

A

fdmq = (BDS)
∫

A

fdm ∈ X̃

for A ∈ σ(P) ∪ {T }. �
Theorem 4.2.3. Let X be a quasicomplete lcHs and m : σ(P) → X be σ-additive. If
f : T → K or [−∞,∞] is m-measurable and m-integrable in T , then

∫
A

fdm ∈ X
for A ∈ σ(P) ∪ {T }.

Proof. Let A ∈ σ(P) ∪ {T }. Let Φ = {s ∈ Is : |s| ≤ |f | in T } and let GA =
{∫

A
sdm : s ∈ Φ}. Let x∗ ∈ X∗. Then by Theorem 4.2.2(ii), f is (KL) m-integrable

in T and hence f is x∗m-integrable in T and therefore,

sup
s∈Φ

∣∣∣∣∫
A

sd(x∗m)
∣∣∣∣ ≤ ∫

A

|f |dv(x∗m) = Mx∗(say) < ∞.

Thus GA is weakly bounded. Then by Theorem 3.18 of [Ru2], GA is τ -bounded
in X .

Let q ∈ Γ. Taking ω
(q)
n = s

(q)
n χT\Nq

in Proposition 1.2.10, we have (ω(q)
n )∞n=1⊂

Is, |ω(q)
n | ≤ |f | in T for n ∈ N, ω

(q)
n → f and |ω(q)

n | ↗ |f | pointwise in T \Nq. Then
by Theorems 4.1.13 and 4.2.2(ii) and by Notation and Convention 1.2.16 we have

lim
n

q

(∫
A

ω(q)
n dm − (KL)

∫
A

fdm
)

= lim
n

q

(∫
A

ω(q)
n dm −

∫
A

fdm
)

= 0.

Hence, given ε > 0, for each q ∈ Γ there exists sq ∈ Φ such that q(
∫

A sqdm−∫
A

fdm) < ε and therefore,
∫

A
fdm belongs to the τ̃ -closure of GA (in X̃). Con-

sequently, there exists a net (xα) ⊂ GA such that xα → ∫
A fdm in τ̃ . Therefore,

(xα) is τ̃ -Cauchy.

On the other hand, as GA ⊂ X is τ -bounded and as X is quasicomplete, the
τ -closure of GA is τ -complete. Since τ̃ |X = τ , it follows that (xα) is also τ -Cauchy.
Moreover, as the τ -closure of GA is τ -complete, there exists x0 in the τ -closure of
GA (so that x0 ∈ X) such that xα → x0 in τ and hence in τ̃ . Since τ̃ is Hausdorff,
we conclude that

∫
A fdm = x0 ∈ X . �
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Remark 4.2.4. The proof of Theorem 1.35 of [T] is modified in Section 7.1 of Chap-
ter 7 to prove the result for complex functions. See Theorem 7.1.24 of Chapter 7.

Remark 4.2.5. In Definition 4.2.1 one can take X to be an arbitrary lcHs and in
that case, the definitions of the (BDS) integrals with respect to m hold with values
of the integrals in X̃. For the validity of Theorem 4.2.3 we need the hypothesis
that X be quasicomplete. It is not known if Theorem 4.2.3 still holds if X is only
sequentially complete, and not quasicomplete. For an example of such an lcHs, see
pp. 295–296, §23 of [KÖ]. Consequently, it is not known whether

∫
fdm belongs

to X if X is only sequentially complete in Theorems 4.2.4, 4.2.7, 4.2.8, and 4.2.9
and Corollary 4.2.11 below. Thus we are not able to answer the question raised
by the referee in this regard.

Remark 4.2.6. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
Then, in the light of Theorems 4.2.2 and 4.2.3, I(m) in Notation 4.1.6 is the same
as the class of all m-measurable scalar functions on T which are m-integrable in T
with values in X . Then Theorems 4.2.7,4.2.8, and 4.2.9 and Corollary 4.2.11 hold
for functions f ∈ I(m).

We now generalize Theorems 2.2.4, 2.2.5 and 2.2.8 of Chapter 2 to quasicom-
plete lcHs-valued m in Theorems 4.2.7, 4.2.8 and 4.2.9, respectively.

Theorem 4.2.7. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
Let f : T → K or [−∞,∞] be m-measurable. For each q ∈ Γ, let (s(q)

n )∞n=1 ⊂ Is

be such that s
(q)
n → f mq-a.e. in T and let γ

(q)
n : σ(P) → Xq ⊂ X̃q be given by

γ
(q)
n (·) =

∫
(·) s

(q)
n dmq, n ∈ N. Then:

(a) The following statements are equivalent:

(i) limn γ
(q)
n (A) = γ(q)(A) exists in X̃q for each A ∈ σ(P).

(ii) γ
(q)
n , n ∈ N, are uniformly σ-additive on σ(P).

(iii) limn γ
(q)
n (A) exists in X̃q uniformly with respect to A ∈ σ(P) (for a

fixed q ∈ Γ).

(b) If any one of (i), (ii) or (iii) in (a) holds for some q ∈ Γ, then f is mq

integrable in T with values in X̃q and
∫

A
fdmq = γ(q)(A) for A ∈ σ(P)∪{T }.

Thus, if (i), (ii) or (iii) in (a) holds for each q ∈ Γ, then f is m-integrable in
T with values in X and ∫

A

fdm = lim←− γ(q)(A)

for each A ∈ σ(P) ∪ {T }.

Proof. (a) and the first part of (b) hold by Theorem 2.2.4 of Chapter 2 applied
to mq, q ∈ Γ. The last part of (b) holds by Definition 4.2.1 and by Theorem
4.2.3. �
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Theorem 4.2.8. Let X, m and f be as in Theorem 4.2.7 and let P be a σ-ring S.
Then f is m-integrable in T if and only if, for each q ∈ Γ, there exists a sequence
(f (q)

n )∞n=1 of bounded mq-measurable functions on T such that f
(q)
n → f mq-a.e. in

T and such that limn

∫
A

f
(q)
n dmq exists in X̃q for each A ∈ σ(P). In that case, f

is mq-integrable in T for each q ∈ Γ and
∫

A fdmq = limn

∫
A f

(q)
n dmq, A ∈ σ(P)

and the limit is uniform with respect to A ∈ σ(P) (for a fixed q ∈ Γ). Moreover,∫
A

fdm = lim←−

∫
A

fdmq ∈ X (4.2.8.1)

for A ∈ σ(P) and ∫
T

fdm = lim←−

∫
N(f)\Nq

fdmq ∈ X (4.2.8.2)

where Nq is as in Definition 4.2.1.

Proof. The condition is necessary by Definitions 2.2.1 of Chapter 2 and by Defi-
nition 4.2.1. Let q ∈ Γ. As S is a σ-ring, by Theorem 2.2.2 of Chapter 2 and by
the last part of Theorem 2.1.5(v) of Chapter 2, bounded mq-measurable functions
on T are mq-integrable in T with values in X̃q. Let limn

∫
A f

(q)
n dmq = x

(q)
A ∈ X̃q

and let xA = lim←− x
(q)
A for A ∈ σ(P) and let limn

∫
N(f)\Nq

f
(q)
n dmq = x

(q)
T and

let xT = lim←−x
(q)
T , where Nq ∈ σ(P) with ||m||q(Nq) = 0 such that fχT\Nq

is

σ(P)-measurable. Let A ∈ σ(P) ∪ {T }. Then xA ∈ X̃ . By Theorem 2.2.5 of
Chapter 2, f is mq-integrable in T with values in X̃q and x

(q)
A =

∫
A

fdmq =
limn

∫
A f

(q)
n dmq, A ∈ σ(P) ∪ {T } and the limit is uniform with respect to A ∈

σ(P) ∪ {T } (for a fixed q ∈ Γ). Consequently, xA = lim←−

∫
A

fdmq and hence by

Definition 4.2.1, f is m-integrable in T and
∫

A fdm = xA ∈ X̃ for A ∈ σ(P)∪{T }.
But by Theorem 4.2.3,

∫
A

fdm ∈ X for A ∈ σ(P) ∪ {T } and hence (4.2.8.1) and
(4.2.8.2) hold. �

Theorem 4.2.9. (Closure theorem) Let X and m, be as in Theorem 4.2.7 and let
f : T → K. For each q ∈ Γ, let (f (q)

n )∞n=1 ⊂ I(mq). (Note that mq : P →
Xq ⊂ X̃q). If f

(q)
n → f mq-a.e. in T for each q ∈ Γ, then f is m-measurable.

Let γ
(q)
n (A) =

∫
A

f
(q)
n dmq for A ∈ σ(P). Then, for each q ∈ Γ, the following

statements are equivalent:

(i) limn γ
(q)
n (A) = γ(q)(A) exists in X̃q for each A ∈ σ(P).

(ii) γ
(q)
n , n ∈ N, (q fixed), are uniformly σ-additive on σ(P).

(iii) limn γ
(q)
n (A) = γ(A) ∈ X̃q exists uniformly with respect to A ∈ σ(P) (for a

fixed q ∈ Γ).
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If any one of (i), (ii) or (iii) holds for each q ∈ Γ, then f is mq-integrable in T

with values in X̃q for each q ∈ Γ and∫
A

fdmq = lim
n

∫
A

f (q)
n dmq for A ∈ σ(P), (4.2.9.1)

the limit being uniform with respect to A ∈ σ(P) (for a fixed q ∈ Γ). Moreover, f
is m-integrable in T with values in X and∫

A

fdm = lim←−

∫
A

fdmq for A ∈ σ(P) ∪ {T }. (4.2.9.2)

Proof. Clearly, f is mq-measurable for each q ∈ Γ and hence f is m-measurable.
By hypothesis and by Theorem 2.2.8 of Chapter 2, (i)⇔(ii)⇔(iii) for q ∈ Γ and
if any one of (i),(ii) or (iii) holds for each q ∈ Γ, then by the last part of the
said theorem, f is mq-integrable in T with values in X̃q and (4.2.9.1) (with the
limit being uniform with respect to A ∈ σ(P)) holds for q ∈ Γ. Consequently, by
Definition 4.2.1 and by Theorem 4.2.3, f is m-integrable in T with values in X
and (4.2.9.2) holds. �

Remark 4.2.10. If we replace the simple functions in Definition 2.2.1 of Chapter 2
by functions mq-integrable in T , then Theorem 4.2.9 above says that the process
described in Definition 4.2.1 yields functions which are already in I(m) and no
new functions are rendered m-integrable in T . Hence Theorem 4.2.9 is called the
closure theorem (compare Theorem 9 of [DP2]).

The following result generalizes Corollary 2.2.11 of Chapter 2 to quasicom-
plete lcHs-valued vector measures.

Corollary 4.2.11. Let X be a quasicomplete lcHs, P be a σ-ring S and m : S → X

be σ-additive. If X, f
(q)
n , n ∈ N, q and f are as in Theorem 4.2.9 and if f

(q)
n → f

mq-a.e. in T for each q ∈ Γ and if, for each q ∈ Γ,

lim
||m||q(A)→0

∫
A

f (q)
n dmq = 0, A ∈ S

uniformly for n ∈ N, then f is mq-integrable in T with values in X̃q and∫
A

fdmq = lim
n

∫
A

f (q)
n dmq, A ∈ S, (4.2.11.1)

the limit being uniform with respect to A ∈ S (for a fixed q ∈ Γ). Consequently, f
is m-integrable in T with values in X and∫

A

fdm = lim←−

∫
A

fdmq, A ∈ S ∪ {T }. (4.2.11.2)
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Proof. Let γ
(q)
n (·) =

∫
(·) f

(q)
n dmq, n ∈ N. Then by hypothesis and by Corollary

2.2.11 of Chapter 2, f is mq-integrable in T and (4.2.11.1) holds (with the limit
being uniform with respect to A ∈ S). Then by Definition 4.2.1 and by Theorem
4.2.3, f is m-integrable in T with values in X and (4.2.11.2) holds. �

Remark 4.2.12. (m-integrability of σ(P)-measurable functions with respect to a
sequentially complete lcHs-valued m).

Definition 4.2.1′. Let X be a sequentially complete lcHs and let m : P → X be σ-
additive. A σ(P)-measurable function f : T → K or [−∞,∞] is said to be (BDS)
m-integrable in T if there exists a sequence (sn) ⊂ Is such that sn(t) → f(t)
pointwise in T and such that limn

∫
A

sndm exists in X for each A ∈ σ(P). In that
case, we define (BDS)

∫
A

fdm = limn

∫
A

sndm, A ∈ σ(P) and (BDS)
∫

T
fdm =

limn

∫
N(f) sndm.

Theorem 4.2.2′. If X is a sequentially complete lcHs and m : P → X is σ-additive,
then a σ(P)-measurable function f : T → K or [−∞,∞] is (BDS) m-integrable in
T (with values in X) if and only if it is (KL) m-integrable in T (with values in X)
and in that case, (BDS)

∫
A fdm = (KL)

∫
A fdm ∈ X for A ∈ σ(P) ∪ {T }. This

shows that
∫

A
fdm is well defined for A ∈ σ(P) ∪ {T }.

Proof. If f is (BDS) m-integrable in T , then by hypothesis and by Proposi-
tion 1.1.21 of Chapter 1, it follows that f is (KL) m-integrable in T and that
(BDS)

∫
A

fdm = (KL)
∫

A
fdm for A ∈ σ(P) ∪ {T }. Conversely, if f is (KL) m-

integrable in T , take (sn) ⊂ Is as in the last part of Proposition 1.2.10. Then given
ε > 0 and q ∈ Γ, by Theorem 4.1.11′ in Remark 4.1.15, q(

∫
A

sndm − ∫
A

srdm) ≤
q(
∫

A sndm − (KL)
∫

A fdm) + q((KL)
∫

A fdm − ∫A srdm) < ε for n, r sufficiently
large. Thus (

∫
A sndm)∞1 is Cauchy in X and as X is sequentially complete,

there exists xA ∈ X such that xA = limn

∫
A

sndm so that f is (BDS) m-
integrable in T and (BDS)

∫
A fdm = xA. Then by LDCT for scalar measures,

x∗(xA) =
∫

A
fd(x∗m) for x∗ ∈ X∗ so that f is (KL) m-integrable in T and

(KL)
∫

A
fdm = xA = (BDS)

∫
A

fdm. Hence Theorem 4.2.2′ holds. �

Consequently, when X is a sequentially complete lcHs, I(σ(P),m) in Re-
mark 4.1.15 is the same as the family of all σ(P)-measurable (BDS) m-integrable
scalar functions on T with values in X and, for f ∈ I(σ(P),m), (KL)

∫
A fdm =

(BDS)
∫

A
fdm for A ∈ σ(P)∪{T }. Hence, hereafter, when X is sequentially com-

plete, we shall denote either of the integrals by
∫

A
fdm for f ∈ I(σ(P),m) and

for A ∈ σ(P)∪{T }. Then in that case, Remark 4.2.6′ is the same as Remark 4.2.6
in which I(m) is replaced by I(σ(P),m) and X is sequentially complete, reference
to Theorems 4.1.9, 4.1.11 and 4.1.13 is changed to Theorems 4.1.9′, 4.1.11′ and
4.1.13′ in Remark 4.1.15,respectively (in which no reference is made to Theorem
4.1.4 and reference to Theorem 4.1.8 remains unchanged) and reference to Corol-
laries 4.1.12 and 4.1.14 is changed to Corollaries 4.1.12′ and 4.1.14′ in Remark
4.1.15, respectively.



4.2. The locally convex spaces . . . 85

Remark 4.2.13. If m : P → X is σ-additive and X is quasicomplete, by Theorem
4.1.4(ii), an m-measurable function which is (KL) mq-integrable in T for each
q ∈ Γ, is (KL) m-integrable in T with values in X̃, but in the light of Theorems 4.2.2
and 4.2.3, f is also (BDS) m-integrable in T and (KL)

∫
A

fdm = (BDS)
∫

A
fdm ∈

X for A ∈ σ(P)∪{T }. Hence the concept of (BDS) m-integrability of m-measur-
able functions is needed here to show that (KL)

∫
A fdm belongs to X for A ∈

σ(P) ∪ {T } whenever X is quasicomplete.

Remark 4.2.14. If X is quasicomplete and m : P → X is σ-additive, then the
definitions of m-integrability and the m-integral for a σ(P)-measurable function f
as given in Definitions 4.2.1 and 4.2.1′ coincide. In fact, if X is quasicomplete, it is
also sequentially complete. If f is σ(P)-measurable, there exists (sn)∞1 ⊂ Is such
that sn → f and |sn| ↗ |f | pointwise in T . Then for each q ∈ Γ, by LDCT for mq

(Theorem 2.1.7 of Chapter 2) q(
∫

A
sndm−∫

A
srdm) = | ∫

A
sndmq−

∫
A

srdmq|q →
0 as n → ∞ and hence (

∫
A sndm)∞1 is Cauchy in X . Since X is also sequentially

complete, there exists xA ∈ X such that
∫

A sndm → xA and hence by Definition
4.2.1′,

∫
A

fdm = xA for A ∈ σ(P) ∪ {T }. On the other hand,∫
A

fdmq = Πq

(∫
A

fdm
)

= Πq(xA) ∈ Xq

and
xA = lim←−Πq(xA) = lim←−

∫
A

fdmq =
∫

A

fdm

in the sense of Definition 4.2.1 for A ∈ σ(P) ∪ {T }. Hence the remark holds.

4.3 The locally convex spaces LpM(m), LpM(σ(P),m),
LpI(m) and LpI(σ(P),m), 1 ≤ p < ∞

We generalize the results in Section 3.1 of Chapter 3 to an lcHs-valued σ-additive
vector measure on P and this section plays a key role in the study of the Lp-spaces
when X is quasicomplete (resp. sequentially complete).

Let X be an lcHs and m : P → X be σ-additive. Then mq = Πq ◦ m : P →
Xq ⊂ X̃q is σ-additive for q ∈ Γ.

Definition 4.3.1. Let X be an lcHs and m : P → X be σ-additive. Let g : T → K

or [−∞,∞] be m-measurable, 1 ≤ p < ∞ and A ∈ σ(P). For q ∈ Γ, we define

(mq)•p(g, A) = sup

{∣∣∣∣∫
A

sdmq

∣∣∣∣ 1p
q

: s ∈ Is, |s| ≤ |g|p mq-a.e. in A

}

and
(mq)•p(g, T ) = sup

A∈σ(P)

(mq)•p(g, A).
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By Definition 3.1.4 of Chapter 3, for A ∈ ˜σ(P)q with A = Bq ∪ Nq, Bq ∈ σ(P),
Nq ⊂ Mq ∈ σ(P) with ||m||q(Mq) = 0, we define

(mq)•p(g, A) = (mq)•p(g, Bq)

and it can be shown to be well defined by an argument as in the paragraph
preceding Remark 3.1.5 of Chapter 3.

Theorem 4.3.2. Let g, p and q be as in Definition 4.3.1. For A ∈ σ(P),

(mq)•p(g, A) = sup
x∗∈Uo

q

(∫
A

|g|pdv(x∗m)
) 1

p

= sup
x∗∈Uo

q

(Ψx∗mq)•p(g, A)

= sup

{∣∣∣∣ (KL)
∫

A

fdmq

∣∣∣∣ 1p
q

: f ∈ I(σ(P),mq), |f | ≤ |g|p mq-a.e. in A

}

= sup

{∣∣∣∣ (KL)
∫

A

fdmq

∣∣∣∣ 1p
q

: f ∈ I(mq), |f | ≤ |g|p mq -a.e. in A

}

where I(mq) is as in Notation 2.1.2 of Chapter 2 (with values of the integrals in
X̃q), I(σ(P),mq) is as in Remark 4.1.15 for mq (with values in X̃q) and Ψx∗ is
as in Proposition 1.2.15. Consequently, for A ∈ σ(P),∣∣∣∣ (KL)

∫
A

|f |pdmq

∣∣∣∣ 1p
q

≤ (mq)•p(f, A)

if f is an mq-measurable scalar function with |f |p ∈ I(mq). Moreover, for A ∈
σ(P), ∣∣∣∣ (KL)

∫
A

fdmq

∣∣∣∣
q

≤ (mq)•1(f, A) (4.3.2.1)

if f ∈ I(mq).

Proof. By Proposition 1.2.15(ii)(b), {Ψx∗ : x∗ ∈ Uo
q } is a norm determining subset

of the closed unit ball of (Xq)∗ and for x∗ ∈ Uo
q , x∗(Πq ◦ m) = Ψx∗mq = x∗m by

(ii)(a) of the said proposition. Then by Lemma 3.1.2(ii) of Chapter 3 for mq we
have

(Ψx∗mq)•p(g, A) =
(∫

A

|g|pdv(Ψx∗mq)
) 1

p

=
(∫

A

|g|pdv(x∗m)
) 1

p

(4.3.2.2)

for x∗ ∈ U0
q . Arguing as in the proof of Theorem 3.1.3 of Chapter 3, using Lemma

3.1.2(i) of Chapter 3 for mq, and using Proposition 1.2.15(ii)(b), by (4.3.2.2) we
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have

(mq)•p(g, A) = sup

{(
sup

x∗∈Uo
q

∣∣∣∣∫
A

sd(Ψx∗mq)
∣∣∣∣ 1p
q

)
: s ∈ Is, |s| ≤ |g|p mq-a.e.in A

}

= sup
x∗∈Uo

q

(Ψx∗mq)•p(g, A) = sup
x∗∈Uo

q

(∫
A

|g|pdv(x∗m)
) 1

p

for A ∈ σ(P).

Let q ∈ Γ. Note that Is ⊂ I(σ(P),mq) ⊂ I(mq). Given f ∈ I(mq), by
Proposition 1.1.18 of Chapter 1 there exists a sequence (s(q)

n ) ⊂ Is such that s
(q)
n →

f mq-a.e. in T and |s(q)
n | ↗ |f | mq-a.e. in T and hence by Corollary 2.1.9 of Chap-

ter 2 applied to mq : P → X̃q we have | (KL)
∫

A
fdmq|q = limn | ∫

A
s
(q)
n dmq|q.

This proves the other equalities in the first part. The second part is evident from
the first. �

Remark 4.3.3. The above proof is more general and elementary than that of
Lemma II.2.2 of [KK]. Also compare Remark 3.1.5 of Chapter 3.

The following theorem generalizes Theorem 3.1.6 of Chapter 3 to lcHs-valued
σ-additive vector measures on P .

Theorem 4.3.4. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
Let f : T → K or [−∞,∞] be m-measurable and let |f |p be (KL) m-integrable
in T (with values in X). Let γ(·) = (KL)

∫
(·) |f |pdm. Then γ : σ(P) → X is

σ-additive. For q ∈ Γ, (mq)•p(f, A) = (||γ||q(A))
1
p for A ∈ σ(P). Consequently,

(mq)•p(f, T ) = (||γ||q(T ))
1
p < ∞ and (mq)•p(f, ·) is continuous on σ(P) for each

q ∈ Γ.

Proof. By (ii) of Theorem 4.1.8, γ is σ-additive on σ(P) and hence, γq = Πq ◦
γ : σ(P) → Xq ⊂ X̃q is σ-additive. Then by Theorems 4.1.8(iii)(a) and 4.3.2,
(mq)•p(f, A) = (||γ||q(A))

1
p , A ∈ σ(P). By Proposition 1.1.5 of Chapter 1 for mq

other results hold. �

Theorem 4.3.5. Let X be a quasicomplete lcHs, m : P → X be σ-additive, 1 ≤
p < ∞ and f : T → K or [−∞,∞]. Then:

(i) If f is m-measurable and c0 �⊂ X̃q for each q ∈ Γ, then |f |p is m-integrable in
T with values in X if and only if (mq)•p(f, T ) < ∞ for each q ∈ Γ. Moreover,
if |f |p is (x∗m)-integrable for each x∗ ∈ X∗, then |f |p is m-integrable in T
with values in X and hence (mq)•p(f, T ) < ∞ for each q ∈ Γ.

(ii) If f is σ(P)-measurable and c0 �⊂ X, then |f |p is m-integrable in T (and hence
(KL) m-integrable in T ) with values in X if and only if (mq)•p(f, T ) < ∞ for
each q ∈ Γ. Moreover, if |f |p is is (x∗m)-integrable for each x∗ ∈ X∗, then
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|f |p is m-integrable in T with values in X and hence (mq)•p(f, T ) < ∞ for
each q ∈ Γ.

Proof. (i) The condition is necessary by Theorems 4.3.4 and 4.2.2 (note that this
part holds for any quasicomplete lcHs). Conversely, let (mq)•p(f, T ) < ∞ for each
q ∈ Γ and let c0 �⊂ X̃q for each q ∈ Γ. For x∗ ∈ X∗, let qx∗(x) = |x∗(x)|, x ∈ X .
Then by Theorem 4.3.2 and by hypothesis,(∫

A

|f |pdv(x∗m)
) 1

p

≤ (mqx∗ )•p(f, T ) < ∞ (4.3.5.1)

for each A ∈ σ(P).

Let q ∈ Γ. Then by Proposition 1.2.9 there exists a sequence (s(q)
n ) ⊂ Is

such that 0 ≤ s
(q)
n ↗ |f |p mq-a.e. in T . If u

(q)
n = s

(q)
n − s

(q)
n−1 for n ≥ 1,

where s
(q)
0 = 0, then as in the proof of Theorem 3.1.8 of Chapter 3 we have∑∞

1

∫
A
|u(q)

n |dv(y∗mq) =
∫

A
|f |pdv(y∗Πqm) < ∞ by (4.3.5.1) for y∗ ∈ (Xq)∗,

since y∗Πq ∈ X∗. As c0 �⊂ X̃q by hypothesis, arguing as in the proof of Theo-
rem 3.1.8 of Chapter 3 we observe that there exists a vector xA ∈ X̃q such that
xA = limn

∫
A

s
(q)
n dmq and this holds for each A ∈ σ(P). Then by Definition 2.2.1

of Chapter 2, |f |p is mq-integrable in T with values in X̃q. Since q is arbitrary in Γ
and since X is quasicomplete by hypothesis, by Definition 4.2.1 and by Theorem
4.2.3, |f |p is m-integrable in T with values in X .

Now let |f |p be (x∗m)-integrable for each x∗ ∈ X∗. Let q ∈ Γ and let y∗ ∈ X∗
q .

Then y∗Πq ∈ X∗ and hence by hypothesis, |f |p is (y∗Πqm)-integrable; i.e., |f |p is
y∗mq-integrable. As c0 �⊂ X̃q, by the last part of Theorem 3.1.8 of Chapter 3, |f |p
is mq-integrable in T with values in X̃q. As q is arbitrary in Γ, by Definition 4.2.1
and by Theorem 4.2.3, |f |p is m-integrable in T with values in X and moreover,
(mq)•p(f, T ) < ∞ for each q ∈ Γ by Theorems 3.3.2 and 4.3.4.

(ii) The condition is necessary by Theorems 4.3.4 and 4.2.2 (this part holds
for any quasicomplete lcHs X). Conversely, let f be σ(P)-measurable, let c0 �⊂ X
and let (mq)•p(f, T ) < ∞ for each q ∈ Γ. Then particularly (4.3.5.1) holds for
x∗ ∈ X∗. Now by the last part of Proposition 1.2.9 there exists (sn)∞1 ⊂ Is such
that 0 ≤ sn ↗ |f |p pointwise in T . Then arguing as in the proof of Theorem 3.1.8
of Chapter 3 and using (4.3.5.1), we have

∑∞
1 |x∗(

∫
A

undm)| < ∞ for A ∈ σ(P)
and for each x∗ ∈ X∗, where un = sn − sn−1 for n ≥ 1 and s0 = 0. Then, as
c0 �⊂ X , by Theorem 4 of [Tu] there exists a vector xA ∈ X such that xA =∑∞

1

∫
A

undm = limn

∫
A

sndm for A ∈ σ(P) and hence by Definition 4.2.1′ in
Remark 4.2.12 and by Remark 4.2.14, |f |p is m-integrable in T with values in
X . Then by Theorem 4.2.2′ in the said remark, |f |p is also (KL) m-integrable
in T with values in X . When |f |p is (x∗m)-integrable for each x∗ ∈ X∗, then∫

T |f |pdv(x∗m) < ∞ so that (4.3.5.1) holds for x∗ ∈ X∗ and hence the above
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argument holds to prove that |f |p is m-integrable in T with values in X and hence
by Theorem 4.3.4, (mq)•p(f, T ) < ∞ for each q ∈ Γ. �

Remark 4.3.6. Let X be a sequentially complete lcHs. By Theorem 4.3.4,
(mq)•p(f, T ) < ∞ if f is σ(P)-measurable, and |f |p is (KL) m-integrable in T
with values in X . Conversely, if f is σ(P)-measurable and if c0 �⊂ X and if
(mq)•p(f, T ) < ∞ for each q ∈ Γ, then the proof of Theorem 4.3.5(ii) holds here
verbatim as Theorem 4 of [Tu] holds for weakly sequentially complete lcHs. Thus
this result generalizes Theorem 1, Chapter II.5 of [KK] to δ-rings and Theorem
5.1 of [L2] to sequentially complete lcHs. Moreover, the question of the referee
about the validity of Theorem 4.3.5(ii) for sequentially complete lcHs is answered
in the affirmative.

Definition 4.3.7. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞. We
define LpM(m) = {f : T → K, f m-measurable with (mq)•p(f, T ) < ∞ for each
q ∈ Γ}; Ip(m) = {f : T → K, f m-measurable and |f |p(KL) m-integrable in T
with values in X} and LpI(m) = LpM(m)

⋂Ip(m). Let M(σ(P)) = {f : T →
K, f σ(P)-measurable}. Then we define:

LpM(σ(P),m) = LpM(m)
⋂

M(σ(P));

Ip(σ(P),m) = Ip(m)
⋂

M(σ(P));

LpI(σ(P),m) = LpI(m)
⋂

M(σ(P)).

Theorem 3.1.10 of Chapter 3 is generalized to lcHs-valued m as follows.

Theorem 4.3.8. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
Then:

(i) LpI(m) = Ip(m) ⊂ LpM(m) and LpI(σ(P),m) = Ip(σ(P),m) ⊂
LpM(σ(P),m).

(ii) If X is quasicomplete, then I1(m) = I(m) (see Notation 4.1.6).
(iii) If X is sequentially complete, then I1(σ(P),m) = I(σ(P),m). (See Remark

4.1.15.)

(iv) If X is quasicomplete and c0 �⊂ X̃q for each q ∈ Γ, then LpI(m) = Ip(m) =
LpM(m).

(v) If X is a quasicomplete lcHs and if c0 �⊂ X, then LpI(σ(P),m) =
Ip(σ(P),m) = LpM(σ(P),m).

Proof. (i) holds by Theorem 4.3.4. (ii) (resp. (iii)) is due to Theorem 4.1.9(iii)
(resp. due to Theorem 4.2.9′ in Remark 4.1.15. (iv) is due to (i) and Theorem
4.3.5(i) while (v) is due to (i) and Theorem 4.3.5(ii). �

If X is an lcHs and m : P → X is σ-additive, then by Definition 4.3.1 and
by Theorem 4.3.2, it is clear that Theorems 3.1.11–3.1.13 of Chapter 3 hold for
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m-measurable functions on T and hence for σ(P)-measurable functions on T with
values in K or in [−∞,∞] for each q ∈ Γ, if we replace m•

p(g, ·) by (mq)•p(g, ·),
||m|| by ||m||q, m•

p(ag, ·) by (mq)•p(ag, ·) and m•
p(f +g, ·) by (mq)•p(f +g, ·). Hence,

when these results are used, we simply make references analogous to those for
Theorem 3.1.11 of Chapter 3 for mq, etc.

(i)–(iv) of the following theorem generalize Theorem 3.1.14 of Chapter 3 to an
lcHs-valued m on P with Notation 3.1.15 of Chapter 3 being suitably interpreted
here.

Theorem 4.3.9. Let X be an lcHs, m : P → X be σ-additive, 1 ≤ p < ∞ and
ξ
(p)
Γ = {(mq)•p(·, T ) : q ∈ Γ}. Then:

(i) LpM(m) (resp. LpM(σ(P),m)) is a vector space over K.

(ii) ξ
(p)
Γ is a family of seminorms on LpM(m). If τ

(p)
m is the locally convex topol-

ogy generated by the family ξ
(p)
Γ on LpM(m), then by LpM(m) we mean the

locally convex space (LpM(m), τ (p)
m ).

(iii) If X is quasicomplete, then LpI(m) is a linear subspace of LpM(m). In that
case, by LpI(m) we mean the locally convex space (LpI(m), τ (p)

m |LpI(m)).

(iv) If X is sequentially complete, then LpI(σ(P),m) is a linear subspace of
LpM(σ(P),m). In that case, by LpI(σ(P),m) we mean the locally convex
space (LpI(σ(P),m), τ (p)

m |LpI(σ(P),m)).

(v) For f, g ∈ LpM(m), we write f ∼ g if f = g m-a.e. in T (see Definition
1.2.4). Then ‘∼’ is an equivalence relation and we denote LpM(m)/ ∼ by
LpM(m); when X is quasicomplete, LpI(m)/ ∼ by LpI(m) and when X
is sequentially complete, LpI(σ(P),m)/ ∼ by LpI(σ(P),m). Then f ∼ g
if and only if (mq)•p(f − g, T ) = 0 for all q ∈ Γ. If F = LpM(m) and
if NF = {f ∈ F : f ∼ 0}, then NF is a closed linear subspace of F . If
X is quasicomplete and F = LpI(m), then NF = {f ∈ F : f ∼ 0} is a
closed linear subspace of LpI(m). If X is sequentially complete and F =
LpM(σ(P),m) (or =LpI(σ(P ,m)), then NF = {f ∈ F : f ∼ 0} is a closed
linear subspace of F . Consequently, LpM(m), LpI(m), LpM(σ(P ),m) and
LpI(σ(P),m) are lcHs.

Proof. By Theorems 3.1.11(ii) and 3.1.13(ii) of Chapter 3 for mq, q ∈ Γ and by
Definition 4.3.7, (i) and (ii) hold. Arguing as in the proof of Theorem 3.1.14 of
Chapter 3, using Theorems 4.1.8(iv) and 4.1.9(iii) (resp. and 4.1.9′(iii) in Remark
4.1.15) for mq, q ∈ Γ in place of (iv) and (vii) of Theorem 2.1.5 of Chapter 2 and
invoking Theorem 4.3.8(i), one can show that (iii) (resp. (iv)) holds.

(v) Clearly, ‘∼’ is an equivalence relation. By Definition 1.2.4, f ∼ g if
and only if there exists M ∈ σ(P) with ||m||q(M) = 0 for all q ∈ Γ such that
f(t) − g(t) = 0 for t ∈ T \M . Let f ∼ g with M as above and let q ∈ Γ. Then by
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Theorem 4.3.2,

((mq)•p(f − g, T ))p = sup
x∗∈Uo

q

∫
T

|f − g|pdv(x∗m) = sup
x∗∈Uo

q

∫
M

|f − g|pdv(x∗m) = 0

since by Theorem 1.2.15(ii)(c), v(x∗m)(M) ≤ ||m||q(M) = 0 for x∗ ∈ Uo
q . Hence

(mq)•p(f − g, T ) = 0 for all q ∈ Γ. Conversely, if (mq)•p(f − g, T ) = 0 for all q ∈ Γ,
let A = {t ∈ T : f(t) − g(t) �= 0}. For q ∈ Γ, A is of the form A = Bq ∪ Nq,
where Bq ∈ σ(P), Nq ⊂ Mq ∈ σ(P) with ||m||q(Mq) = 0 if f, g are m-measurable
and A = Bq ∈ σ(P) if f, g are σ(P)-measurable. Then by hypothesis and by
Theorem 4.3.2, ((mq)•p(f − g, Bq))p = supx∗∈Uo

q

∫
Bq

|f − g|pdv(x∗m) = 0 and
hence v(x∗m)(Bq) = 0 for x∗ ∈ U0

q . Then by Proposition 1.2.15(ii)(c) we have
||m||q(A) = ||m||q(Bq) = 0 (in both cases). Since q ∈ Γ is arbitrary, it follows that
A is m-null. Using this characterization, it is easy to check that NF is a closed
linear subspace of F and hence the last part of (v) holds. �
Definition 4.3.10. Definition 3.1.16 of Chapter 3 is suitably modified for m-measur-
able (resp. σ(P)-measurable) scalar functions on T to define (i) convergence in
measure (resp. Cauchy in measure) in T or in A ∈ σ(P) with respect to mq for q ∈
Γ; (ii) almost uniform convergence (resp. Cauchy for almost uniform convergence)
in T or in A ∈ σ(P) with respect to mq for q ∈ Γ; and (iii) convergence to f in
(meanp) with respect to mq for q ∈ Γ and for 1 ≤ p < ∞.

Then for functions in LpM(m) (resp. for m-measurable scalar functions on
T ) (iv)–(viii) of Theorem 3.1.18 (resp. Theorem 3.1.19) of Chapter 3 hold (resp.
holds) with m being replaced by mq, q ∈ Γ. Hence when these results are used, we
simply make references analogous to those for (vii) of Theorem 3.1.18 of Chapter
3 for mq, etc.
Remark 4.3.11. If the topology τ of X is generated by another family Γ1 of semi-
norms on X , then it is easy to show that the topology τ

(p)
m in Theorem 4.3.9(ii) is

the same as the locally convex topology generated by ξ
(p)
Γ1

on the space LpM(m)
for 1 ≤ p < ∞.

4.4 Completeness of LpM(m),LpI(m), LpM(σ(P),m)

and LpI(σ(P),m), for suitable X

If X is a metrizable lcHs and m : P → X is σ-additive, then we show that LpM(m)
and LpM(σ(P),m) are complete pseudo-metrizable locally convex spaces so that
LpM(m) and LpM(σ(P),m) are Fréchet spaces for 1 ≤ p < ∞. Similar to
the case of Banach space-valued measures in Chapter 3, we introduce the lo-
cally convex spaces Lp(m) (resp. Lp(σ(P),m)) for 1 ≤ p < ∞, when X is
quasicomplete (resp. sequentially complete) and show that (i) Lp(m) = LpI(m)
(resp. (i′) Lp(σ(P),m) = LpI(σ(P),m)) and (ii) Lp(m) is closed in LpM(m)
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(resp. (ii′) Lp(σ(P),m) is closed in LpM(σ(P),m)). Consequently, Lp(m) (resp.
Lp(σ(P),m)) is a Fréchet space for 1 ≤ p < ∞ whenever X is a Fréchet space.
See Remark 4.4.10 for the existing literature on the completeness of L1I(σ(P),m)
and Remark 4.4.15 for comments on the recent developments.

The following theorem is obtained by adapting the proof of Theorem 3.2.1
of Chapter 3 with the use of Theorem 4.3.2 in place of Theorem 3.1.3 of Chapter
3. Details are left to the reader.

Theorem 4.4.1. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞. Let
f, fn, n ∈ N, be m-measurable on T with values in K or in [−∞,∞] and let q ∈ Γ.
Then:

(i) (The Fatou property of (mq)•p(·, A)). If |fn| ↗ |f | mq-a.e. in A ∈ ˜σ(P)q,
then

(mq)•p(f, A) = sup
n

(mq)•p(fn, A) = lim
n

(mq)•p(fn, A).

(ii) (Generalizad Fatou’s lemma). For A ∈ ˜σ(P)q,

(mq)•p(lim inf
n→∞ |fn|, A) ≤ lim inf

n→∞ (mq)•p(fn, A).

Theorem 4.4.2. Let X be a metrizable lcHs with its topology generated by the
seminorms (qn)∞1 , m : P → X be σ-additive and 1 ≤ p < ∞. Then:

(i) LpM(m) (resp. LpM(σ(P),m)) is a complete pseudo-metrizable locally con-
vex space so that LpM(m) (resp. LpM(σ(P),m)) is a Fréchet space.

(ii) Let X be a Fréchet space. If c0 �⊂ X̃q for each q ∈ Γ (resp. if c0 �⊂ X), then
LpI(m) (resp. LpI(σ(P),m)) is a complete pseudo-metrizable locally convex
space so that LpI(m) (resp. LpI(σ(P),m)) is a Fréchet space.

Proof. (i) By Theorem 4.3.9 and Remark 4.3.11, LpM(m) (resp. LpM(σ(P),m))
is pseudo-metrizable with respect to τ

(p)
m which is generated by ((mqn)•p(·, T ))∞n=1.

Suppose (fr)∞1 ⊂ LpM(m) (resp. (fr)∞1 ⊂ LpM(σ(P),m)) is Cauchy in τ
(p)
m .

Proceeding as in the proof of Theorem 3.2.3(i) of Chapter 3, we can choose a
subsequence (f1,r)∞r=1 of (fr)∞1 such that (mq1)•(f1,k+1 − f1,k, T ) < 1

2k , k ∈ N.
Let

g1,k =
k∑

r=1

|f1,r+1 − f1,r| and g1 =
∞∑

r=1

|f1,r+1 − f1,r|.

Then g1,k, k ∈ N and g1 are m-measurable (resp. σ(P)-measurable) and g1,k ↗ g1.
Moreover, by Theorem 3.1.13(ii) of Chapter 3 for mq1 , (mq1)•p(g1,k, T ) < 1 for all
k ∈ N so that by Theorem 4.4.1(i), (mq1)•p(g1, T ) = supk(mq1)•p(g1,k, T ) ≤ 1.
Then by Theorem 3.1.12(ii) of Chapter 3 for mq1 , g1 is finite mq1 -a.e. in T and
hence there exists N1 ∈ σ(P) with ||m||q1(N1) = 0 such that g1 is finite in T \N1.
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Arguing similarly with (f1,r)∞r=1 and mq2 , there exist a subsequence (f2,r)∞r=1 of
(f1,r)∞r=1 and a set N2 ∈ σ(P) with ||m||q2(N2) = 0 such that

g2 =
∞∑

r=1

|f2,r+1 − f2,r|

is m-measurable (resp. σ(P)-measurable), (mq2)•p(g2, T ) ≤ 1 and g2 is finite in
T \N2. Proceeding successively, in the (k + 1)th-step we shall have a subsequence
(fk+1,r)∞r=1 of (fk,r)∞r=1 and a set Nk+1 ∈ σ(P) with ||m||qk+1(Nk+1) = 0 such
that

gk+1 =
∞∑

r=1

|fk+1,r+1 − fk+1,r|

is m-measurable (resp. σ(P)-measurable), (mqk+1)•p(gk+1, T ) ≤ 1 and gk+1 is fi-
nite in T \Nk+1. Then the diagonal sequence (fk,k)∞k=1 is a subsequence of each
subsequence (fk,r)∞r=1 starting with the term fk,k; and if

g =
∞∑

k=1

|fk+1,k+1 − fk,k|,

then g is m-measurable (resp. σ(P)-measurable). Moreover, (mqn )•p(g, T ) < ∞
for all n since, for a fixed n, (mqn)•p(gn, T ) ≤ 1 and (mqn)•p(fi,i, T ) < ∞ for
i = 1, 2, . . . , n.

Let N =
⋂∞

1 Nn. Then N ∈ σ(P) and ||m||qn(N) = 0 for all n. Given
t ∈ T \N , there exists n0 such that t ∈ T \Nn0 so that gn0(t) is finite. As each
fr is finite-valued in T and as all but a finite number of terms of (fk,k)∞1 belong
to (fn0,r)∞r=1, it follows that g(t) is finite. Hence g is finite in T \N . By Remark
1.2.5 of Chapter 1 and by the hypothesis that (qn)∞1 generate the topology of X ,
it follows that N is m-null and hence g is finite m-a.e. in T .

Then the series ∞∑
k=1

(fk+1,k+1 − fk,k)

is absolutely convergent in T \N . As (fk,k)∞1 is a subsequence of (fr)∞1 , let fnk
=

fk,k. Let hk = fnk
for k ≥ 1 and h0 = 0. Define

f(t) =
{ ∑∞

k=0(hk+1(t) − hk(t)) = limk hk(t), for t ∈ T \N ,
0 otherwise.

Then f is K-valued in T , is m-measurable (resp. σ(P)-measurable) and is the
m-a.e. pointwise limit of (hk)∞1 . Let ε > 0 and let n0 be given. By hypothesis,
there exists r0 such that (mqn0

)•p(fr −f�, T ) < ε for r, � ≥ r0 so that (mqn0
)•p(hk −

h�, T ) < ε for nk, n� ≥ r0. Let F =
⋃∞

1 N(hk)\N . Then F ∈ ˜σ(P)qno
(resp. F ∈

σ(P)) and N(f) ⊂ F . Then, arguing as in the proof of Theorem 3.2.3(i) of Chapter
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3 with mqn0
in place of m, we have (mqn0

)•p(f−hk, T ) < ε for nk ≥ r0. Then by the
triangle inequality, (mqn0

)•p(f, T ) < ∞. As n0 is arbitrary in N, we conclude that
f ∈ LpM(m) (resp. f ∈ LpM(σ(P),m)). Moreover, limk(mqn0

)•p(f − hk, T ) = 0.
Consequently,

(mqn0
)•p(f − fr, T ) ≤ (mqn0

)•p(fr − fnk
, T ) + (mqn0

)•p(f − hk, T ) → 0

as nk, r → ∞ and hence limr(mqn0
)•p(fr − f, T ) = 0. As n0 is arbitrary in N, it

follows that fr → f in τ
(p)
m . Hence LpM(m) (resp. LpM(σ(P),m)) is complete.

Consequently, by the last part of Theorem 4.3.9(v) and by Theorem 5.7 of Chapter
2 and Lemma 11.3 of Chapter 3 of [KN], LpM(m) (resp. LpM(σ(P),m)) is a
Fréchet space.

(ii) is immediate from (i) and from (iv) (resp. (v)) of Theorem 4.3.8. �

The following corollary is immediate from the proof of the last part of The-
orem 4.4.2(i) and it holds even if X is not metrizable.

Corollary 4.4.3. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
If (fn)∞1 ⊂ LpM(m) (resp. LpM(σ(P),m)) is Cauchy in (mq)•p(·, T ) for each
q ∈ Γ, and if there exist a scalar function f on T , a subsequence (fnk

) of (fn) and
an m-null set N ∈ σ(P) such that fnk

→ f in T \N (resp. and such that f(t) = 0
for t ∈ N), then f is m-measurable (resp. σ(P)-measurable), f ∈ LpM(m) (resp.
f ∈ LpM(σ(P),m)) and limn(mq)•p(fn − f, T ) = 0 for each q ∈ Γ.

Similar to the second part of Definition 3.2.5 of Chapter 3 we give the fol-
lowing

Definition 4.4.4. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
Let Lp(m) = {f ∈ LpM(m) : (mq)•p(f, ·) is continuous on σ(P) for each q ∈ Γ}
(resp. Lp(σ(P),m) = Lp(m)

⋂M(σ(P)) (see Definition 4.3.7) be provided with
the relative topology induced by τ

(p)
m . If ′ ∼′ is given as in Theorem 4.3.9(v), then

Lp(m)/ ∼ is denoted by Lp(m) and Lp(σ(P),m)/ ∼ by Lp(σ(P),m).
Since (mq)•p(f, ·) is subadditive and positively homogeneous, Lp(m) (resp.

Lp(σ(P),m)) is a linear subspace of LpM(m) (resp. of LpM(σ(P),m)) so
that Lp(m) (resp. Lp(σ(P),m)) is a locally convex space and Lp(m) (resp.
Lp(σ(P),m)) is an lcHs when X is quasicomplete (resp. sequentially complete).
(See Theorem 4.3.9(v).)

The following result generalizes Theorem 3.2.7 of Chapter 3 to quasicomplete
lcHs-valued m.

Theorem 4.4.5. Let X be a quasicomplete lcHs, m : P → X be σ-additive and
1 ≤ p < ∞. Let f be an m-measurable scalar function on T such that (mq)•p(f, ·)
is continuous on σ(P) for each q ∈ Γ. Then f ∈ LpM(m), and hence f ∈ Lp(m).
Moreover, LpI(m) = Lp(m).
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Proof. Let (mq)•p(f, ·) be continuous on σ(P) for each q ∈ Γ. Then by Theorem
3.2.7 of Chapter 3 for mq, (mq)•p(f, T ) < ∞ and |f |p is mq-integrable in T with
values in X̃q for each q ∈ Γ (where mq has values in Xq ⊂ X̃q). Then, in particular,
f ∈ LpM(m) and moreover, by Theorems 2.2.2 of Chapter 2 and by Theorems
4.1.4(ii), 4.2.2 and 4.2.3, |f |p is (KL) m-integrable in T with values in X so that
f ∈ Ip(m). Consequently, by Theorem 4.3.8(i), f ∈ LpI(m). This also proves that
Lp(m) ⊂ LpI(m).

Conversely, let f ∈ LpI(m) (= Ip(m) by Theorem 4.3.8(i)). Then, by Theo-
rem 4.2.2 and Remark 4.2.6, |f |p is (KL) m-integrable in T with values in X and
hence by Theorem 4.3.4, f ∈ LpM(m) and (mq)•p(f, ·) is continuous on σ(P) for
each q ∈ Γ. Hence f ∈ Lp(m). Therefore, LpI(m) = Lp(m). �

The following theorem is an analogue of Theorem 2.2.8 of Chapter 2 for
sequentially complete lcHs and plays a key role in the study of Lp-spaces of a
sequentially complete lcHs-valued m (see Theorem 4.4.7 below). Also one can
compare with Theorem 4.2.7.

Theorem 4.4.6. Let X be a sequentially complete lcHs and m : P → X be σ-
additive. Let (fn)∞1 ⊂ I(σ(P),m) (see Remark 4.1.15) and let f be a σ(P)-
measurable scalar function on T . If fn → f m-a.e. in T and if

γn(·) = (KL)
∫

(·)
fndm, n ∈ N,

then the following are equivalent:

(i) limn Πq ◦ γn(A) exists in X̃q for each A ∈ σ(P) and for each q ∈ Γ.
(ii) Πq ◦ γn, n ∈ N, are uniformly σ-additive on σ(P) for each q fixed in Γ.

If any one of (i) or (ii) holds, then limn γn(A) = γ(A) (say) exists in X for
A ∈ σ(P), limn Πq ◦ γn(A) = Πq ◦ γ(A) ∈ Xq, γ : σ(P) → X is σ-additive, f is
m-integrable in T with values in X and

γ(A) =
∫

A

fdm = (KL)
∫

A

fdm = lim
n

(KL)
∫

A

fndm, A ∈ σ(P).

Proof. Suppose (i) holds. Then by Theorem 4.1.8(ii), γn, n ∈ N, are σ-additive
on σ(P) and hence Πq ◦ γn, n ∈ N, are σ-additive on σ(P) for each q ∈ Γ. Then,
as limn Πq ◦ γn(A) ∈ X̃q, by VHSN (Proposition 1.1.8 of Chapter 1 applied to
(Πq ◦ γn)∞n=1 as Πq ◦ γn are X̃q-valued for each q ∈ Γ), (i) implies (ii).

Conversely, let (ii) hold. Then by Theorem 2.2.8 of Chapter 2 for mq,

lim
n

∫
A

fndmq = lim
n

Πq ◦ γn(A) = x̃A,q ∈ X̃q

exists uniformly with respect to A ∈ σ(P) (for a fixed q ∈ Γ). Therefore, given
ε > 0, there exists n0(q) ∈ N such that |Πq ◦ γn(A) − Πq ◦ γr(A)|q = q(γn(A) −
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γr(A)) < ε for n, r ≥ n0(q) and for all A ∈ σ(P). Since q is arbitrary in Γ, it
follows that (γn(A))∞n=1 is τ -Cauchy in X (in fact, uniformly τ -Cauchy in X)) for
each A ∈ σ(P). Consequently, as X is sequentially complete, there exists xA ∈ X
such that γn(A) → xA in τ . Then Πq(xA) = limn Πq ◦ γn(A) = x̃A,q and hence
x̃A,q = Πq(xA) ∈ Xq. Thus, particularly, (i) holds.

Let (i) or (ii) hold. Then (ii) holds and as shown above limn γn(A) = xA ∈ X
exists in τ for each A ∈ σ(P). Hence γ(A) = xA.

Now, for x∗ ∈ X∗ and for A ∈ σ(P), we have

x∗(xA) = x∗γ(A) = lim
n

x∗γn(A) = lim
n

x∗((KL)
∫

A

fndm)

= lim
n

∫
A

fnd(x∗m) (by Theorem 4.1.8(v))

= lim
n

∫
A

fd(x∗m) (by Proposition 1.1.21 of Chapter 1)

and hence f is (KL) m-integrable in T with (KL)
∫

A fdm = xA ∈ X so that f is
m-integrable in T (i.e., (BDS)-integrable) with values in X by Theorem 4.2.2′ in
Remark 4.2.12 and γ(A) = (KL)

∫
A

fdm =
∫

A
fdm ∈ X for A ∈ σ(P). Then by

Theorem 4.1.8(ii), γ : σ(P) → X is σ-additive. �

For a sequentially complete lcHs-valued m, (i) (resp. (ii)) in the following
theorem is an analogue of Theorem 4.4.5 (resp. of Theorem 4.1.4 combined with
Remark 4.1.5) for σ(P)-measurable scalar functions. The following theorem plays
a key role in Section 4.5 for generalizing the results in Sections 3.3, 3.4 and 3.5 of
Chapter 3 to σ-additive vector measures with values in such spaces.

Theorem 4.4.7. Let X be a sequentially complete lcHs, m : P → X be σ-additive
and 1 ≤ p < ∞. Let f be a σ(P)-measurable scalar function on T . Then:

(i) If (mq)•p(f, ·) is continuous on σ(P) for each q ∈ Γ, then f ∈ Lp(σ(P),m) as
well as |f |p is m-integrable in T with values in X. Moreover, LpI(σ(P),m) =
Lp(σ(P),m).

(ii) f ∈ Lp(σ(P),m) if and only if |f |p is mq-integrable in T with values in X̃q

for each q ∈ Γ.

Proof. (i) Let (mq)•p(f, ·) be continuous on σ(P) for each q ∈ Γ. Then by Theorem
3.2.7 of Chapter 3, (mq)•p(f, T ) < ∞ for each q ∈ Γ and hence f ∈ LpM(σ(P),mq)
for each q ∈ Γ. Then by hypothesis and by Definition 4.4.4, f ∈ Lp(σ(P),m).
As |f |p is σ(P)-measurable, by the last part of Proposition 1.2.10 there exists a
sequence (sn)∞1 ⊂ Is such that 0 ≤ sn ↗ |f |p pointwise in T . Let q ∈ Γ. Then by
hypothesis and by Theorem 3.2.5 of Chapter 3 for mq, |f |p is (KL) mq-integrable in
T with values in X̃q. Therefore, by Theorem 2.1.7 of Chapter 2 for mq, (γ(q)

n (A))∞1
is Cauchy in Xq where γ

(q)
n (A) =

∫
A sndmq for A ∈ σ(P). Let γn(A) =

∫
A sndm
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for A ∈ σ(P). Since Πq(γn(A)) = γ
(q)
n (A) and since (γ(q)

n (A))∞1 is convergent in
X̃q for each q ∈ Γ, (i) of Theorem 4.4.6 holds and hence by Theorem 4.4.6 |f |p
is (KL)m-integrable in T with values in X . Therefore, f ∈ Ip(σ(P),m). Then
by Theorem 4.3.8(i), f ∈ LpI(σ(P),m). This also proves that Lp(σ(P),m) ⊂
LpI(σ(P),m).

Conversely, if f ∈ LpI(σ(P),m) (= Ip(σ(P),m) by Theorem 4.3.8(i)), then
|f |p is (KL) m-integrable in T with values in X and hence f ∈ Lp(σ(P),m) by
Theorem 4.3.4 and Definition 4.4.4. Therefore, LpI(σ(P),m) = Lp(σ(P),m).

(ii) If f ∈ Lp(σ(P),m), then by (i), f ∈ LpI(σ(P),m) and hence by Defi-
nition 4.3.7, |f |p is (KL) m-integrable in T with values in X . Then by Theorem
4.1.8(v), |f |p is (KL) mq-integrable in T with values in X̃q for each q ∈ Γ since
mq = Πq ◦m has range in Xq ⊂ X̃q. Then the condition is necessary by Theorem
2.2.2 of Chapter 2. Conversely, if |f |p is mq-integrable in T with values in X̃q for
each q ∈ Γ, then by Theorem 3.3.6 of Chapter 3, (mq)•p(f, ·) is continuous on σ(P)
for each q ∈ Γ and hence by (i), f ∈ Lp(σ(P),m). Thus (ii) holds. �

Theorem 4.4.8. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
Then:

(i) Lp(m) is closed in LpM(m). Consequently, when X is quasicomplete,
LpI(m) is closed in LpM(m).

(ii) If X is a Fréchet space, then LpI(m) is a complete pseudo-metrizable locally
convex space. Consequently, LpI(m) is a Fréchet space.

(iii) Lp(σ(P),m) is closed in LpM(σ(P),m). Consequently, if X is sequentially
complete, then LpI(σ(P),m) is closed in LpM(σ(P),m).

(iv) If X is a Fréchet space, then LpI(σ(P),m) is a complete pseudo-metrizable
locally convex space. Consequently, LpI(σ(P),m) is a Fréchet space.

Proof. (i) (resp. (iii)) Let f be an element in the closure of Lp(m) in LpM(m)
(resp. in the closure of Lp(σ(P),m) in LpM(σ(P),m)). Let q ∈ Γ. Then, for
each n ∈ N, there exists f

(q)
n ∈ Lp(m) (resp. f

(q)
n ∈ Lp(σ(P),m)) such that

(mq)•p(f −f
(q)
n , T ) < 1

n . Given ε > 0, choose n0 such that 2
n0

< ε. Then (mq)•p(f −
f

(q)
n , T ) < ε

2 for n ≥ n0. Let (Ek)∞1 ⊂ σ(P) such that Ek ↘ ∅. Since f
(q)
n0 ∈ Lp(m)

(resp. ∈ Lp(σ(P),m)), there exists k0 such that (mq)•p(f (q)
n0 , Ek) < ε

2 for k ≥ k0.
Then

(mq)•p(f, Ek) ≤ (mq)•p(f − f (q)
n0

, Ek)

+ (mq)•p(f (q)
n0

, Ek) ≤ (mq)•p(f − f (q)
n0

, T ) + (mq)•p(f (q)
n0

, Ek) < ε

for k ≥ k0. Hence (mq)•p(f, ·) is continuous on σ(P). As q ∈ Γ is arbitrary, we
conclude that f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)) and hence the first part of (i)
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(resp. of (iii)) holds. The last part of (i) (resp. of (iii)) holds by the first part and
by Theorem 4.4.5 (resp. and by Theorem 4.4.7(i)).

(ii) (resp. (iv)) The first part is immediate from (i) (resp. from (iii)) and from
the first part of Theorem 4.4.2(i). Then LpI(m) (resp. LpI(σ(P),m)) is a Fréchet
space by Theorem 5.7, Chapter 2 and Lemma 11.3, Chapter 3 of [KN] and by the
fact that LpI(m) (resp. LpI(σ(P),m)) is an LcHs by Theorem 4.3.9(v). �

Remark 4.4.9. One can directly prove that Lp(m) (resp. Lp(σ(P),m)) is a com-
plete pseudo-metrizable space for 1 ≤ p < ∞ whenever X is a Fréchet space. In
fact, let (fr)∞1 ⊂ Lp(m) (resp. ⊂ Lp(σ(P),m)) be Cauchy in (mqn)•p(·, T ) for each
n ∈ N, where qn, n ∈ N, generate the topology of X . Arguing as in the proof of
Theorem 4.4.2(i), we obtain a subsequence (fnk

)∞k=1 of (fr)∞1 and an m-measurable
(resp. σ(P)-measurable) scalar function f on T such that fnk

→ f m-a.e. in T
and such that limk(mqn)•p(fnk

−f, T ) = 0, for each n ∈ N. Then, given n ∈ N and
ε > 0, there exists k0 such that (mqn)•p(fnk

− f, T ) < ε
2 for k ≥ k0. Let E� ↘ ∅

in σ(P). Then there exists an �0 such that (mqn)•p(fnk0
, E�) < ε

2 for � ≥ �0, since
fnk0

∈ Lp(m). Then (mqn)•p(f, E�) ≤ (mqn)•p(f − fnk0
, T ) + (mqn)•p(fnk0

, E�) < ε
for � ≥ �0 and hence (mqn)•p(f, ·) is continuous on σ(P). Since n is arbitrary in
N, f ∈ Lp(m) (resp. Lp(σ(P),m)) by Theorem 4.4.5 (resp. by Theorem 4.4.7) .
Moreover, by an argument similar to that in the last part of the proof of Theorem
4.4.2(i), limr(mqn)•p(fr − f, T ) = 0. Hence Lp(m) (resp. Lp(σ(P),m)) is complete
and consequently, Lp(m) (resp. Lp(σ(P),m)) is a Fréchet space. Then by Theo-
rem 4.4.5 (resp. by Theorem 4.4.7(i)), LpI(m) (resp. LpI(σ(P),m)) is complete
and consequently, LpI(m) (resp. LpI(σ(P),m)) is a Fréchet space.
Remark 4.4.10. When p = 1 and when the domain of m is a σ-algebra, the second
part of Theorem 4.4.8(iv) is obtained in Theorem 4.1, Chapter IV of [KK] for a
real Fréchet space X , using the concept of closed vector measures. Later, when
X is a complex Fréchet space admitting a continuous norm, a simple direct proof
(without using closed measures) is given for the said result in [Ri4]. Recently, for
an arbitrary complex Fréchet space X , a direct proof of the above result is given in
[FNR] and the proof in [FNR] uses the complex version of Theorem 4.1, Chapter II
of [KK] and the diagonal sequence argument. As the reader can observe, our proof
is also direct and moreover, is much stronger than the proofs in the literature, since
not only the domain of the vector measure m is assumed to be just a δ-ring but
also p is arbitrary in [1,∞). As for the problem of completeness of Lp-spaces for
vector measures defined on δ-rings, the reader may note that the concept of closed
vector measures is not useful. In [SP1] the completeness is proved by arguments
very special to real functions and real Banach spaces when the vector measure is
defined on a σ-algebra and hence cannot be used here.

Let us generalize Definition 2.2.12 and Examples 2.2.13.–2.2.16 of the case
of lcHs as follows.

Definition 4.4.11. In Definition 2.2.12, let X be an lcHs. Then a collection
(xα)α∈A ⊂ X is said to be summable in X if the net (

∑
α∈A xα) formed by
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sums over finite sets of indices and directed by inclusion, is convergent in X . The
collection (xα)α∈A is said to be absolutely summable in X if it is summable in X
and if for each seminorm q ∈ Γ, the family {q(xα) : α ∈ A} is summable in R.
Finally, a sequence (xi)∞1 ⊂ X is said to be subseries convergent if

∑
k≤n χA(k)xk

exists in X for each A ⊂ N.

Example 4.4.12. Let X be an lcHs and let (xn)∞1 be a summable sequence in X .
Let m : P(N) → X be defined by m(E) =

∑
n∈E xn. Then m is an X-valued

σ-additive measure on P(N).

By Theorem 2.2 of [L2] we have

Example 4.4.13. Let X be an lcHs. Any X-valued σ-additive measure m defined
on a δ-ring P of sets is of finite variation if and only if (m(An)∞1 ) is absolutely
summable to m(

⋃∞
1 An) for each pairwise disjoint sequence (An)∞1 ⊂ P with⋃∞

1 Ai ∈ P (i.e., if and only if q(
⋃∞

1 An) =
∑∞

1 q(An) for each q ∈ Γ).

By Corollary 4.3 of [L2] we have
Example 4.4.14. Let X be an lcHs. If m is an X-valued σ-additive measure defined
on a δ-ring P of subsets of T , and if every summable sequence (xn) in X is
absolutely summable, then every m-integrable function in T is vq(m)-integrable
in T for each q ∈ Γ.

Remark 4.4.15. Let us recall that a real Fréchet lattice E is an AL-space if its
topology can be defined by a family of lattice seminorms q that are additive in the
positive cone, that is, such that

q(x + y) = q(x) + q(y), for all x, y ∈ E+.

A real Fréchet lattice E is an AM -space if its topology can be defined by a family
of lattice seminorms q such that

q(sup{x, y}) = sup{q(x), q(y)} for all x, y ∈ E+.

In [FN2] the authors characterize when L1(m) is an AL-space and when it
is an AM -space, whenever m : Σ → X is σ-additive on a σ-algebra Σ and X is a
real Fréchet space. For Banach spaces, such a study was carried out by Curbera
in [C2]. Later in [OR6], Okada and Ricker obtained the following results:

(i) Let X be a complex Fréchet space. Then X is nuclear if and only if L1(m, Σ)
is a Fréchet AL-lattice for each X-valued σ-additive vector measure m defined
on a σ-algebra Σ.

(ii) Let X be a complex Fréchet Montel space and m be an X-valued σ-additive
vector measure defined on a σ-algebra Σ of subsets of a non-void set Ω. Then
the following statements are equivalent:

(a) The Fréchet lattice L1(m, Σ) is isomorphic (orderwise and topologically)
to a Banach AL-lattice.
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(b) There exists r ∈ N such that the Fréchet lattice L1(m, Σ) is isomorphic
to the Banach lattice L1(|mr|, Σ) where |mk| is as on p. 306 of [OR6].

(c) The Fréchet space L1(m, Σ) is normable.
(d) The integration operator Im : L1(m, Σ) → X is compact, where

Im(f) =
∫
Ω fdm.

(iii) In [OR5], necessary and sufficient conditions are given for the integration
map Im : L1(m, Σ) → X to be compact, where Σ is a σ-algebra of subsets of
a non-void set Ω and m is a σ-additive complex Fréchet space-valued measure
on Σ.

In [FMNP] the following interesting results are obtained.

Let X be a complex Fréchet space, Σ a σ-algebra of subsets of a non-void set
Ω, f : Ω → X be measurable in the sense of p. 224 of [FMNP] and μ a probability
measure on Σ. Then the following hold:

(i) If X is weakly sequentially complete, then Lp(μ, X) is also weakly sequen-
tially complete for 1 ≤ p < ∞.

(ii) If X is reflexive, then L1(μ, X) does not contain a copy of c0.
(iii) Let X be a real Fréchet space and m : Σ → X be σ-additive. Then:

(a) If X does not contain a copy of c0, then L1(m, Σ) is weakly sequentially
complete.

(b) If X is weakly sequentially complete, then L1(m, Σ) is weakly sequen-
tially complete.

(c) If X does not contain any copy of c0, then L1(m, Σ) also does not
contain any copy of c0.

(iv) For a real Fréchet lattice X , the following conditions are equivalent:
(a) X is weakly sequentially complete.
(b) X does not contain a copy of c0.
(c) X does not contain any lattice copy of c0.

(v) For a real Fréchet lattice X , the following conditions are equivalent:
(α) X does not contain any copy of c0.
(β) L1(m, Σ) does not contain any copy of c0 where m : Σ → X is σ-

additive.
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4.5 Characterizations of Lp-spaces, convergence
theorems and relations between Lp-spaces

In this section, using Theorem 4.4.5 (resp. Theorem 4.4.7) we generalize the results
in Sections 3.3, 3.4 and 3.5 of Chapter 3 to a quasicomplete (resp. sequentially
complete) lcHs-valued σ-additive vector measure m on P . Similar to that in Defi-
nition 3.2.5 of Chapter 3, we introduce the space LpIs(m) (resp. LpIs(σ(P),m))
and show that

Lp(m) = LpI(m) = LpIs(m)

(resp.
Lp(σ(P),m) = LpI(σ(P),m) = LpIs(σ(P),m))

for 1 ≤ p < ∞.

Theorem 4.5.1. (Generalizations of Theorem 3.3.1 of Chapter 3) Let X be a qua-
sicomplete (resp. sequentially complete) lcHs, m : P → X be σ-additive and 1 ≤
p < ∞. Let f : T → K (resp. and be σ(P)-measurable) and let (f (q)

n )∞1 ⊂ Lp(mq)
(resp. ⊂ Lp(σ(P),mq)) for q ∈ Γ. Suppose f

(q)
n → f mq-a.e. in T for q ∈ Γ. Then

(mq)•p(f (q)
n − f, T ) → 0 as n → ∞ for q ∈ Γ if and only if (mq)•p(f (q)

n , ·), n ∈ N,
are uniformly continuous on σ(P) for each q ∈ Γ. In that case, f ∈ Lp(mq) (resp.
f ∈ Lp(σ(P),mq)) for each q ∈ Γ and hence f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)).
Moreover, in that case, for p = 1,

lim
n

∣∣∣∣∣q(
∫

A

fdm) −
∣∣∣∣∫

A

f (q)
n dmq

∣∣∣∣
q

∣∣∣∣∣ ≤ lim
n

∣∣∣∣∫
A

fdmq −
∫

A

f (q)
n dmq

∣∣∣∣
q

= 0 (4.5.1.1)

for A ∈ σ(P) ∪ {T } and for q ∈ Γ. Moreover, for a fixed q ∈ Γ, the limit in
(4.5.1.1) is uniform with respect to A ∈ σ(P).

Proof. The convergence hypothesis implies that f is mq-measurable for each q ∈ Γ
and hence f is m-measurable (resp. by hypothesis, f is σ(P)-measurable). As
mq = Πq ◦ m : P → X̃q is σ-additive, the first part is immediate from Theorem
3.3.1 of Chapter 3. Moreover, in that case, by the said theorem, f ∈ Lp(mq) (resp.
f ∈ Lp(σ(P),mq)) for each q and hence, by Theorem 3.3.5 of Chapter 3, |f |p is mq-
integrable in T with values in X̃q for each q ∈ Γ. Then by Definition 4.2.1 and by
Theorem 4.2.3, |f |p is m-integrable in T with values in X and hence f ∈ Ip(m) =
Lp(m) by Theorem 4.2.2, by (i) and (ii) of Theorem 4.3.8 and by Theorem 4.4.5
when X is quasicomplete and by Theorem 4.4.7(ii), f ∈ Lp(σ(P),m) when X is
sequentially complete.

Now let p = 1. Given q ∈ Γ and ε > 0, by hypothesis there exists n0 such
that (mq)•1(f − f

(q)
n , T ) < ε for n ≥ n0 and by the first part, f ∈ L1(m) (resp. f ∈

L1(σ(P),m)). Then by Definition 4.4.4 and by Theorems 4.4.5 and 4.1.9(iii), f is
(KL) m-integrable in T and then by Theorems 4.2.2 and 4.2.3, f is m-integrable in
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T with values in X (resp. and then by Theorem 4.4.7 and by Theorem 4.1.9′(iii) in
Remark 4.1.15, f is (KL) m-integrable in T with values in X and hence by Theorem
4.2.2′ in Remark 4.2.12 f is m-integrable in T with values in X). Moreover, by
Theorem 4.1.8(v) and by Theorem 2.2.2 of Chapter 2, f is (KL) mq-integrable in
T for each q ∈ Γ and by (4.3.2.1) we have∣∣∣∣∣q(

∫
A

fdm) −
∣∣∣∣∫

A

f (q)
n dmq

∣∣∣∣
q

∣∣∣∣∣
≤
∣∣∣∣(KL)

∫
A

fdmq − (KL)
∫

A

f (q)
n dmq

∣∣∣∣
q

=
∣∣∣∣(KL)

∫
A

(f − f (q)
n )dmq

∣∣∣∣
q

≤ (mq)•1(f − f (q)
n , T ) < ε (4.5.1.2)

for n ≥ n0 and for all A ∈ σ(P) ∪ {T }. Then (4.5.1.2) implies (4.5.1.1) and that
the limit in (4.5.1.1) is uniform with respect to A ∈ σ(P) for a fixed q ∈ Γ. �
Theorem 4.5.2. (Generalizations of Theorem 3.3.2 of Chapter 3) Let X be a qua-
sicomplete (resp. sequentially complete) lcHs, m : P → X be σ-additive and
1 ≤ p < ∞. Let f : T → K be m-measurable (resp. σ(P)-measurable) and let
(f (q)

n )∞1 ⊂ Lp(mq) (resp. ⊂ Lp(σ(P),mq)) for q ∈ Γ. Then the sequence (f (q)
n )∞1

converges to f in (meanp) with respect to mq for q ∈ Γ if and only if (f (q)
n ) con-

verges to f in measure in T with respect to mq for q ∈ Γ, f ∈ LpM(m) and
(mq)•p(f (q)

n , ·), n ∈ N, are uniformly continuous on σ(P) for each q ∈ Γ. In that
case, f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)). In such case, for p = 1, results similar
to those in the last part of Theorem 4.5.1 hold.

Proof. The first part is immediate from Theorem 3.3.2 of Chapter 3. Then by
the said theorem, f ∈ Lp(mq) (resp. f ∈ Lp(σ(P),mq)) for each q ∈ Γ. Then
as shown in the proof of Theorem 4.5.1, we conclude that f ∈ Lp(m) (resp.
f ∈ Lp(σ(P),m)) and the results asserted for p = 1 hold. �

The a.e. convergence version in the following theorem generalizes Theorem
4.1.11 and Corollary 4.1.12 when X is quasicomplete (resp. Theorem 4.1.11′ and
Corollary 4.1.12′ in Remark 4.1.15 when X is sequentially complete) for general
p ∈ [1,∞).

Theorem 4.5.3. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞.
Then:

(i) (LDCT and LBCT for Lp(m), X quasicomplete). Let X be quasicomplete
and let f

(q)
n , n ∈ N, be mq-measurable scalar functions on T for q ∈ Γ. Let

g(q) ∈ Lp(mq) for q ∈ Γ and let |f (q)
n | ≤ |g(q)| mq-a.e. in T for n ∈ N and

for q ∈ Γ (resp. let P be a σ-ring S and let K(q) be a finite constant such that
|f (q)

n | ≤ K(q) mq-a.e. in T for n ∈ N and for q ∈ Γ). If f
(q)
n → f mq-a.e.
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in T where f is a scalar function on T or if f is an m-measurable scalar
function on T and if f

(q)
n → f in measure in T with respect to mq for q ∈ Γ,

then f, f
(q)
n , n ∈ N, belong to Lp(mq) and limn(mq)•p(f (q)

n − f, T ) = 0 for
q ∈ Γ. Consequently, f ∈ Lp(m). When p = 1, f is m-integrable in T with
values in X and

lim
n

∣∣∣∣∣q(
∫

A

fdm) −
∣∣∣∣∫

A

f (q)
n dmq

∣∣∣∣
q

∣∣∣∣∣ ≤ lim
n

∣∣∣∣∫
A

fdmq −
∫

A

f (q)
n dmq

∣∣∣∣
q

= 0

(4.5.3.1)
for A ∈ σ(P)∪ {T } (resp. for A ∈ S ∪ {T }) for q ∈ Γ and, for a fixed q ∈ Γ,
the limit in (4.5.3.1) is uniform with respect to A ∈ σ(P) (resp. A ∈ S).

(ii) (LDCT and LBCT for Lp(σ(P),m), X sequentially complete). Let X be
sequentially complete and for each q ∈ Γ, let (f (q)

n )∞1 , g(q) and f be σ(P)-
measurable scalar functions (resp. let P be a σ-ring S and K(q) be finite
constants) satisfying the other hypothesis in (i). Then f, f

(q)
n , n ∈ N, belong to

Lp(σ(P),mq) and limn(mq)•p(f (q)
n −f, T ) = 0 for q ∈ Γ and f ∈ Lp(σ(P),m).

Then, for p = 1, the remaining assertions in (i) hold here verbatim.

Proof. By hypothesis, (i) is immediate from Theorems 4.5.1 and 4.5.2, in the
light of Theorems 3.1.11(iv) of Chapter 3 (for mq) and of Theorems 4.1.9(i)(b),
4.1.9(iii), 4.4.5 and 4.2.2 and of Remark 4.2.6. By hypothesis, (ii) follows from
Theorems 4.5.1 and 4.5.2 in view of Theorem 3.1.11(iv) of Chapter 3 (for mq) and
of Theorems 4.1.9′(i)(b) and 4.1.9′(iii) in Remark 4.1.15 and of Theorems 4.4.7(i)
and 4.1.12′ (in Remark 4.2.12). �

The following is motivated by the first part of Definition 3.2.5 in Chapter 3.

Definition 4.5.4. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let m : P → X be σ-additive. For 1 ≤ p < ∞, let LpIs(m)= closure of Is in
the locally convex space (LpM(m), τ (p)

m ) (resp. LpIs(σ(P),m)= closure of Is in
the locally convex space (LpM(σ(P),m), τ (p)

m )). Let LpIs(m) = LpIs(m)/ ∼ and
LpIs(σ(P),m) = LpIs(σ(P),m)/ ∼. By LpIs(m) we mean the locally convex
space (LpIs(m), τ (p)

m |LpIs(m)) and LpIs(m) is the lcHs with the corresponding
quotient topology.

The following result generalizes Theorem 3.3.6 of Chapter 3 to a quasicom-
plete (resp. to a sequentially complete) lcHs-valued σ-additive vector measure.

Theorem 4.5.5. (Characterizations of LpI(m)) (resp. LpI(σ(P),m)) Let X be a
quasicomplete (resp. sequentially complete) lcHs, m : P → X be σ-additive and
1 ≤ p < ∞. Let f : T → K be m-measurable (resp. σ(P)-measurable). Then the
following statements are equivalent:

(i) f ∈ Ip(m) (resp. (i′) f ∈ Ip(σ(P),m)).
(ii) (mq)•p(f, ·) is continuous on σ(P) for each q ∈ Γ.
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(iii) (Simple function approximation). For each q ∈ Γ, there exists a sequence
(s(q)

n )∞1 ⊂ Is such that s
(q)
n → f mq-a.e. in T and such that limn(mq)•p(s(q)

n −
f, T ) = 0 (resp. (iii′) there exists a sequence (sn)∞1 ⊂ Is such that sn → f
pointwise in T , and such that limn(mq)•p(sn − f, T ) = 0 for each q ∈ Γ).

Consequently,
LpI(m) = Ip(m) = LpIs(m) = Lp(m) (4.5.5.1)

(resp.

LpI(σ(P),m) = Ip(σ(P),m) = LpIs(σ(P),m) = Lp(σ(P),m). (4.5.5.1′))

If c0 �⊂ X̃q for each q ∈ Γ, then

LpM(m) = LpI(m) = Ip(m) = LpIs(m) = Lp(m) (4.5.5.2)

(resp. if c0 �⊂ X, then

LpM(σ(P),m) = LpI(σ(P),m) = Ip(σ(P),m)
= LpIs(σ(P),m) = Lp(σ(P),m). (4.5.5.2’))

Proof. (i)⇔(ii) by Theorems 4.3.8(i) and 4.4.5 (resp. (i′)⇔(ii) by Theorems 4.3.8(i)
and 4.4.7(i)).

(ii)⇒(iii) by Proposition 1.2.9 and by Theorems 4.4.7 and 4.5.3(i) (resp.
(ii)⇒(iii′) by the last part of Proposition 1.2.10 and by Theorems 4.4.7 and
4.5.3(ii)).

(iii)⇒(ii) (resp. (iii′)⇒(ii)) Let ε > 0 and q ∈ Γ. Let Ak ↘ ∅ in σ(P). Arguing
as in the proof of (iii)⇒(ii) of Theorem 3.3.6 Chapter 3 with mq in place of m,
we can show that there exists k0(q) such that (mq)•p(f, Ak) < ε for k ≥ k0(q) and
hence (ii) holds.

Thus (i)⇔(ii)⇔(iii) (resp. (i′)⇔(ii)⇔(iii′)).

Since Is ⊂ Ip(m) = LpI(m) by Theorem 4.5.7(i), LpIs(m) ⊂ closure of
LpI(m) in LpM(m)= closure of Lp(m) in LpM(m) =Lp(m) by Theorems 4.4.5
and 4.4.8(i). On the other hand, Is(m) is dense in Ip(m) = LpI(m) = Lp(m)
by (iii), by Theorem 4.3.8(i) and by Theorem 4.4.5 and hence Lp(m) ⊂ LpIs(m).
Therefore, LpIs(m) = Lp(m). Consequently, (4.5.5.1) holds by Theorems 4.3.8(i)
and 4.4.5. A similar argument invoking (iii′) and Theorems 4.3.8(i), 4.4.7(i) and
4.4.8(iii) proves (4.5.5.1′). (4.5.5.2) (resp. (4.5.5.2′)) holds by (4.5.5.1) and by
Theorem 4.3.8(iv) (resp. by (4.5.5.1′) and by Theorem 4.3.8(v)). �

The following result which generalizes Theorem 3.3.8 of Chapter 3 is imme-
diate from Theorem 4.5.5 and from the last part of Proposition 1.2.10.

Theorem 4.5.6. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P → X be σ-additive and 1 ≤ p < ∞. Then Is is dense in Lp(m) (resp. Is is
dense in Lp(σ(P),m) and moreover, given f ∈ Lp(σ(P),m) there exists a sequence
(sn)∞1 ⊂ Is such that sn → f in τ

(p)
m with |sn| ↗ |f | pointwise in T ).
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Similar to Definition 3.2.10 of Chapter 3 we can introduce L∞(m) and
L∞(σ(P),m) for an lcHs-valued σ-additive vector measure m on P .

Definition 4.5.7. Let X be a quasicomplete lcHs and m : P → X be σ-additive.
Then we define

L∞(m) = {f : T → K, f m-essentially bounded m-measurable function}
and

||f ||∞ = ess sup
t∈T

|f(t)| for f ∈ L∞(m).

Then L∞(m) = L∞(m)/ ∼. In the above, if X is sequentially complete, then
we define L∞(σ(P),m) = {f ∈ M(σ(P) : fm-essentially bounded}, ||f ||∞ =
ess supt∈T |f(t)| for f ∈ L∞(σ(P),m). Then L∞(σ(P),m) = L∞(σ(P),m)/ ∼.
As in Convention 3.3.12 of Chapter 3 , the members of L∞(m) and L∞(σ(P),m)
are treated as functions in which two functions which are equal m-a.e. in T are
identified.

In the light of (3.1.3.1) and the σ-subadditivity of ||m||q on σ(P) for q ∈ Γ,
the proof of Theorem 3.3.13 of Chapter 3 holds here to obtain

Theorem 4.5.8. Let X be a quasicomplete (resp. sequentially complete) lcHs and
m : P → X be σ-additive. Then L∞(m, || · ||∞) (resp. (L∞(σ(P),m), || · ||∞)) is
a complete seminormed space so that L∞(m) (resp. L∞(σ(P),m)) is a Banach
space.

Notation 4.5.9. In the light of Theorem 4.5.5 we shall hereafter use the symbol
Lp(m) (resp. Lp(σ(P),m)) to denote not only the space given in Definition 4.4.4
but also any one of the spaces LpIs(m), LpI(m) or Ip(m) (resp. LpIs(σ(P),m),
LpI(σ(P),m) or Ip(σ(P),m)). The quotient Lp(m)/ ∼ is denoted by Lp(m),
(resp. Lp(σ(P),m)/ ∼) is denoted by Lp(σ(P),m)) and as in Convention 2.3.10,
the members of the latter are treated as functions in which two functions which
are equal m-a.e. in T are identified.

The following result generalizes Theorem 3.3.13 of Chapter 3 and is proved
by an argument similar to that in the proof of the said theorem, in which one
has to use (iv) and (vi) of Theorem 3.1.18 and Theorem 3.1.19 of Chapter 3 with
respect to mq, Remark 4.2.6, Theorems 4.1.4, 4.5.5 and 4.4.8(i), Corollary 4.4.3
and inequality (4.3.2.1). Details are left to the reader.

Theorem 4.5.10. Let X be a quasicomplete lcHs, m : P → X be σ-additive and
1 ≤ p < ∞. An m-measurable scalar function f on T belongs to Lp(m) if and only
if, for each q ∈ Γ, there exists a sequence (s(q)

n )∞1 ⊂ Is (resp. (f (q)
n )∞1 ⊂ Lp(m))

such that s
(q)
n → f (resp. f

(q)
n → f) in measure in T with respect to mq and (s(q)

n )
(resp. (f (q)

n )) is Cauchy in (meanp) with respect to mq. In that case, for p = 1,
f ∈ L1(m) and

lim
n

∣∣∣∣∫
A

(f − s(q)
n )dmq

∣∣∣∣
q

= 0 (resp. lim
n

∣∣∣∣∫
A

(f − f (q)
n )dmq

∣∣∣∣
q

= 0)
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for A ∈ σ(P)∪{T } and for q ∈ Γ, the limit being uniform with respect to A ∈ σ(P)
for a fixed q ∈ Γ.

The result (iii) in the following theorem generalizes Theorem 3.2.11 of Chap-
ter 3 to Fréchet space-valued σ-additive vector measures on P .

Theorem 4.5.11. Let X be a Fréchet space with its topology generated by the semi-
norms (qn)∞1 and let m : P → X be σ-additive. For 1 ≤ p < ∞, let Lr

p(m) = {f ∈
Lp(m) : f real-valued} (resp. Lr

p(σ(P),m) = {f ∈ Lp(σ(P),m) : f real-valued}).

Let |f |(p)
m =

∑∞
1

1
2n

(mqn )•p(f,T )

1+(mqn )•p(f,T ) for

f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)) (4.5.11.1). Then:

(i) | · |(p)
m is a complete quasinorm on Lp(m) (resp. on Lp(σ(P),m)) in the sense

of Definition 2, Section 2, Chapter I of [Y] and generates the quotient topology
induced by τ

(p)
m on Lp(m) so that (Lp(m), | · |(p)

m ) (resp. (Lp(σ(P),m), | · |(p)
m ))

is the Fréchet space Lp(m) (resp. Lp(σ(P),m)).

(ii) (Lr
p(m), | · |(p)

m ) (resp. (Lr
p(σ(P),m), | · |(p)

m )) is a Fréchet lattice (i.e., an F -
lattice in the sense of the definition in Section 3, Chapter XII and Definition
1 in Section 9, Chapter I of [Y]) under the partial order f ≤ g if and only if
f(t) ≤ g(t) m-a.e. in T for f, g ∈ Lr

p(m) (resp. for f, g ∈ Lr
p(σ(P),m)).

(iii) Lr
∞(m) (resp. Lr

∞(σ(P),m)) is a Banach lattice.

Proof. We shall prove the results for Lp(m) and Lr
p(m) only. In the light of Theo-

rem 4.4.8(iv) and Theorem 4.1.9′(iii) in Remark 4.1.15, the proof of the other case
is similar.

(i) Lp(m) is a Fréchet space by Theorem 4.4.8(ii) and by Notation 4.5.9.
Consequently, Lr

p(m) is a Fréchet space over R. Arguing as in the proof of the first
part of Proposition 2, §6, Chapter 2 of [Ho] and using the fact that (mqn)•p(·, T ),

n ∈ N, are seminorms, one can show that | · |(p)
m given in (4.5.11.1) is a quasinorm

on Lp(m). Let the sequence fr → f in Lp(m). Given ε > 0, choose k0 > 1 such
that 1

2k0 < ε
2 . By hypothesis, there exists r0 such that (mqn)•p(fr − f, T ) < ε

2 for
r ≥ r0 and for n = 1, 2, . . . , k0. Then

|fr − f |(p)
m =

∞∑
n=1

1
2n

(mqn)•p(fr − f, T )
1 + (mqn)•p(fr − f, T )

<

k0∑
n=1

1
2n

(mqn)•p(fr − f, T )
1 + (mqn)•p(fr − f, T )

+
ε

2

<

k0∑
n=1

1
2n

· ε

2
+

ε

2

< ε
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for r ≥ r0. Hence limr |fr −f |(p)
m = 0. Conversely, let |fr −f |(p)

m → 0. Let n ∈ N be
given and let 1

2 > ε > 0. Then there exists r0 such that |fr−f |(p)
m < ε

2n+1 for r ≥ r0.
Then (mqn)•p(fr − f, T ) < ε

2 (1 + (mqn)•p(fr − f, T )) so that (mqn)•p(fr − f, T ) < ε
for r ≥ r0. Hence (mqn)•p(fr − f, T ) → 0 as r → 0. Since n is arbitrary, it follows
that fr → f in the topology of Lp(m) (see Remark 4.3.11). Hence the topology of
Lp(m) is generated by | · |(p)

m .

If (fr)∞1 is Cauchy in | · |(p)
m , then replacing fr − f by fr − fk in the above

argument (in the converse part), it follows that (fr) is Cauchy in (mqn )•p(·, T ) for
each n and hence by Theorem 4.4.8(ii), there exists f ∈ Lp(m) such that fr → f

in Lp(m) and hence in | · |(p)
m . This completes the proof of (i). (The compatibility of

the topology generated by | · |(p)
m with that of Lp(m) follows from Remarks 1.38(c)

of [Ru2], but not the completeness of | · |(p)
m .)

(ii) If |f | ≤ |g| in Lr
p(m), then by Theorem 4.3.2 (mqn)•p(f, T ) ≤ (mqn)•p(g, T )

for each n and consequently, |f |(p)
m ≤ |g|(p)

m . As Lr
p(m) is a vector space and as

Lr
1(m) is a lattice by Theorem 4.1.9′(iii), it follows that Lr

p(m) is a lattice. Clearly,
f ≤ g implies f + h ≤ g + h and αf ≤ αg for f, g, h ∈ Lr

p(m) and α ≥ 0. Hence
Lr

p(m) is a vector lattice. Consequently, by (i), Lr
p(m) is a Fréchet lattice with

respect to | · |(p)
m .

(iii) In the light of Theorem 4.5.8, the result is obvious. �

The following theorem generalizes Theorems 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and
Corollary 3.4.11 of Chapter 3 to a quasicomplete (resp. to a sequentially complete)
lcHs-valued vector measure.

Theorem 4.5.12. Let X be an lcHs, m : P → X be σ-additive and 1 ≤ p < ∞. Let
X be quasicomplete (resp. sequentially complete). Then:

(i) (Generalizations of Theorem 3.4.5 of Chapter 3). Let (f (q)
n )∞n=1 ⊂ Lp(mq)

(resp. ⊂ Lp(σ(P),mq)) for q ∈ Γ and let f : T → K be m-measurable
(resp. σ(P)-measurable). Then f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)) and
limn(mq)•p(f (q)

n − f, T ) = 0 for q ∈ Γ if and only if the following conditions
hold:
(a) f

(q)
n → f in measure in each E ∈ P with respect to mq for q ∈ Γ.

(b) (mq)•p(f (q)
n , ·), n ∈ N, are uniformly mq-continuous on σ(P) for q ∈ Γ.

(c) For each ε > 0 and q ∈ Γ, there exists A
(q)
ε ∈ P such that

(mq)•p(f (q)
n , T \A(q)

ε ) < ε for all n ∈ N.

(See Notation 3.4.1 of Chapter 3.)

In such case, for p = 1,
∫

A fdmq = limn

∫
A f

(q)
n dmq, A ∈ σ(P) and the limit

is uniform with respect to A ∈ σ(P) for a fixed q ∈ Γ.
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(ii) (Generalizations of Theorem 3.4.6 of Chapter 3). Let (f (q)
n )∞n=1 ⊂ Lp(mq)

(resp. ⊂ Lp(σ(P),mq)) for q ∈ Γ and let f : T → K (resp. and be σ(P)-
measurable). Suppose f

(q)
n → f mq-a.e. in T for q ∈ Γ. Then f ∈ Lp(m)

(resp. f ∈ Lp(σ(P),m)) and limn(mq)•p(f (q)
n − f, T ) = 0 for q ∈ Γ if and

only if the following conditions are satisfied:

(a) (mq)•p(f (q)
n , ·), n ∈ N, are uniformly mq-continuous on σ(P) for q ∈ Γ.

(b) For each ε > 0 and q ∈ Γ, there exists A
(q)
ε ∈ P such that

(mq)•p(f (q)
n , T \A(q)

ε ) < ε for all n.

In such case, for p = 1,
∫

A fdmq = limn

∫
A f

(q)
n dmq for A ∈ σ(P) and the

limit is uniform with respect to A ∈ σ(P) for a fixed q ∈ Γ.

(iii) LDCT and LBCT as given in (i) and (ii) of Theorem 4.5.3 are deducible from
(i) and (ii) above.

(iv) (Generalizations of Theorem 3.4.10 of Chapter 3). For each q ∈ Γ, let
(f (q)

α )α∈(D(q),≥q), be a net of mq-measurable (resp. σ(P)-measurable) scalar
functions on T and let f : T → K be m-measurable (resp. σ(P)-measurable).
Let g(q) ∈ Lp(mq) (resp. ∈ Lp(σ(P),mq)) and let |f (q)

α | ≤ |g(q)| mq-a.e. in
T for each α ∈ (D(q),≥q) and for q ∈ Γ. Then f

(q)
α → f in measure in T

with respect to mq, q ∈ Γ, if and only if f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m))
and limα∈(D(q),≥q)(mq)•p(f (q)

α − f, T ) = 0 for q ∈ Γ. In such case, for p = 1,∫
A fdmq = limα

∫
A f

(q)
α dmq for A ∈ σ(P) where the limit is uniform with

respect to A ∈ σ(P) for a fixed q ∈ Γ.

(v) (Generalizations of Corollary 3.4.11 of Chapter 3). Let P be a σ-ring S and
let 0 < Kq < ∞ for each q ∈ Γ. If (f (q)

α ) is a net as in (iv), if |f (q)
α | ≤ Kq

mq-a.e. in T for each α ∈ (D(q),≥q) and for q ∈ Γ and if f : T → K is
m-measurable (resp. σ(P)-measurable), then f

(q)
α → f in measure in T with

respect to mq for q ∈ Γ if and only if f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)) and
limα(mq)•p(f (q)

α − f, T ) = 0 for q ∈ Γ. In such case, for p = 1,
∫

A
fdmq =

limα

∫
A

f
(q)
α dmq for A ∈ σ(P) where the limit is uniform with respect to

A ∈ σ(P) for a fixed q ∈ Γ.

Proof. By (i) of the following theorem and by the theorems in Chapter 3 which
they generalize, the results hold. �

The following theorem generalizes the results in Section 3.5 of Chapter 3
to a quasicomplete (resp. sequentially complete) lcHs-valued σ-additive vector
measure.

Theorem 4.5.13. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P → X be σ-additive and 1 ≤ p < ∞. Then the following statements hold:
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(i) Lp(m) =
⋂

q∈Γ Lp(mq) (resp. (i′) Lp(σ(P),m) =
⋂

q∈Γ Lp(σ(P),mq)).

(ii) If 1 ≤ r < p < s ≤ ∞, then Lr(m)
⋂Ls(m) ⊂ Lp(m).

(resp. (ii′) Lr(σ(P),m)
⋂Ls(σ(P),m) ⊂ Lp(σ(P),m)).

(iii) If f : T → K is m-measurable (resp. (iii′) is σ(P)-measurable), then If =
{p : 1 ≤ p < ∞, f ∈ Lp(m)} (resp. If (σ(P)) = {f : 1 ≤ p < ∞, f ∈
Lp(σ(P),m)}) is either void or an interval, where singletons are considered
as intervals.

(iv) Let A ∈ ˜σ(P) (see Definition 3.1.3) (resp. (iv′) A ∈ σ(P)) such that χA is
m-integrable in T . Then the set If (A) = {p : 1 ≤ p < ∞, fχA ∈ Lp(m)}
(resp. If (σ(P), A) = {p : 1 ≤ p < ∞, fχA ∈ Lp(σ(P),m)}) is either void
or an interval containing 1, If (A) = {1} (resp. If (σ(P), A)) = {1}) being
permitted.

(v) Let P be a σ-ring S. Then:

(a) If 1 ≤ r < s < ∞, then Ls(m) ⊂ Lr(m) (resp. (a′) Ls(σ(P),m) ⊂
Lr(σ(P),m)) and the topology of Ls(m) (resp. of Ls(σ(P),m)) is finer
than that of Lr(m) (resp. of Lr(σ(P),m)).

(b) If f : T → K is m-measurable (resp. (b′) σ(P)-measurable), then the set
If (resp. If (σ(P)) is either void or an interval containing 1, (If = {1}
(resp. If (σ(P))={1}) being permitted).

Proof. (i) holds by Remark 4.2.6 and by (i) and (ii) of Theorem 4.2.2 (resp. (i′)
holds by Theorem 4.4.7(ii)). (ii) and (iii) hold by (i) and by Theorem 3.5.2 of
Chapter 3. (ii′) and (iii′) hold by (i′), by Theorem 3.5.2 of Chapter 3 and by the
fact that Lp(σ(P),m) = Lp(m)

⋂M(P). (iv) is due to (i) and Theorem 3.5.3 of
Chapter 3. (iv′) is due to (i′), Theorem 3.5.3 of Chapter 3 and the definition of
Lp(σ(P),m). (v)(a) (resp. (v)(a′)) is due to Corollary 3.5.4 of Chapter 3 and the
fact that (mq)•r(f, T ) ≤ (mq)•s(f, T ) · (||m||q(N(f))

1
r − 1

s for each q ∈ Γ and for
f ∈ Ls(m) (resp. and for f ∈ Ls(σ(P),m)) by Theorem 3.5.3 of Chapter 3. (v)(b)
(resp. (v)(b′)) follows from (v)(a) and (iii) (resp. (v)(a′) and (iii′)). �

4.6 Separability of Lp(m) and Lp(σ(P),m), 1 ≤ p < ∞,

m lcHs-valued

In this section we give some sufficient conditions for the separability of Lp(m)
(resp. of Lp(σ(P),m)) for 1 ≤ p < ∞, when m : P → X is σ-additive and X
is quasicomplete (resp. sequentially complete). For such p and for a σ-ring S, we
also include a generalization of Propositions 2 and 3(ii) of [Ri3] to Lp(m) and to
Lp(σ(S),m)=Lp(S,m).

Definition 4.6.1. Let X be a quasicomplete (resp. sequentially complete) lcHs,
m : P → X be σ-additive and 1 ≤ p < ∞. We identify P with the subset
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F = {χA : A ∈ P} of Lp(m) (resp. of Lp(σ(P),m)) and endow P with the
relative topology τ

(p)
m |P . Then we write (P , τ

(p)
m ).

For A, B ∈ P , we define ρ(m)(p)
q (A, B) = (mq)•p(χA − χB, T ) for q ∈ Γ. By

Theorem 4.3.2 and Proposition 1.2.15(ii)(c) we have

ρ(m)(p)
q (A, B) = sup

x∗∈Uo
q

(
∫

T

χAΔBdv(x∗m))
1
p

= sup
x∗∈Uo

q

(v(x∗m)(AΔB))
1
p = (||m||q(AΔB))

1
p

for A, B ∈ P . Moreover, by Theorem 3.1.13(ii) of Chapter 3 for mq, ρ(m)(p)
q is a

pseudo-metric on P . Thus, the topology τ
(p)
m |P is generated by the pseudo-metrics

{ρ(m)(p)
q , q ∈ Γ}.

Theorem 4.6.2. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P → X be σ-additive and 1 ≤ p < ∞. Then:

(i) For 1 ≤ r < ∞, τ
(r)
m |P = τ

(p)
m |P .

(ii) If (P , τ
(p)
m ) is separable, then Lp(m) and Lp(m) (resp. Lp(σ(P),m) and

Lp(σ(P),m)) are separable. Consequently, for 1 ≤ r < ∞, τ
(r)
m |P is sep-

arable whenever (P , τ
(p)
m ) is separable and in that case, Lr(m) and Lr(m)

(resp. Lr(σ(P),m) and Lr(σ(P),m)) are also separable for each r ∈ [1,∞).
(iii) If X is further metrizable, then Lp(m) (resp. Lp(σ(P),m)) is separable if

and only if (P , τ
(p)
m ) is separable.

Proof. (i) Let 1 ≤ r < ∞ and let q ∈ Γ. Since ρ(m)(r)
q (A, B) = (||m||q(AΔB))

1
r ,

it follows that ρ(m)(r)
q (A, Bα) → 0 if and only if ρ(m)(p)

q (A, Bα) → 0 for A ∈ P
and for a net (Bα) ⊂ P . Hence (i) holds.

(ii) Let (P , τ
(p)
m ) be separable. Then by hypothesis there exists a count-

able subset D of P such that D is τ
(p)
m -dense in P . Let W = {∑r

j=1 αjχFj :
αj = aj + ibj, aj , bj real rational, (Fj)r

1 ⊂ D, r ∈ N}. Then W is countable. Let
s =

∑k
j=1 βjχAj ∈ Is, βj �= 0 for all j. Then c =

∑k
j=1 |βj | > 0. Let U be

a τ
(p)
m -neighborhood of 0 in Lp(m) (resp. in Lp(σ(P),m)). Then there exist an

ε ∈ (0, 1) and q1, q2, . . . , qn in Γ such that {f ∈ Lp(m)(resp.f ∈ Lp(σ(P),m)) :
(mqi)

•
p(f, T ) < ε, i = 1, 2, . . . , n} ⊂ U . Let M = 1+sup1≤i≤n,1≤j≤k(||m||qi(Aj))

1
p .

Since D is τ
(p)
m -dense in P , there exist (Fj)k

1 ⊂ D such that

(mqi)
•
p(χFj − χAj , T ) = (||m||qi(AjΔFj))

1
p <

ε

3c
(4.6.2.1)

for i = 1, 2, . . . , n and j = 1, 2, . . . , k. Choose αj = aj + ibj, aj , bj real rational
for j = 1, 2, . . . , k such that

∑k
j=1 |βj − αj | < εc

3M . Let ω =
∑k

j=1 αjχFj . Then
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ω ∈ W . Now by Theorem 3.1.13(i) of Chapter 3 for mq and by (4.6.2.1) we have

(||m||qi(Fj))
1
p ≤ (||m||qi(Fj\Aj))

1
p + (||m||qi(Fj ∩ Aj))

1
p

≤ (||m||qi(FjΔAj))
1
p + (||m||qi(Aj))

1
p

<
ε

3c
+ (||m||qi(Aj))

1
p (4.6.2.2)

for j = 1, 2, . . . , k and i = 1, 2, . . . , n.

Again by Theorem 3.1.13(i) of Chapter 3 for mq and by (4.6.2.1) and (4.6.2.2)
we have

(mqi)
•
p(s − ω, T ) ≤

k∑
j=1

(mqi)
•
p(βjχAj − αjχFj , T )

≤
k∑

j=1

|βj − αj |(mqi)
•
p(χFj , T ) +

k∑
j=1

|βj |(mqi)
•
p(χAj − χFj , T )

=
k∑

j=1

|βj − αj |(||m||qi(Fj))
1
p +

k∑
j=1

|βj |
( ε

3c

)

<
k∑

j=1

(
|βj − αj | ε

3c

)
+

k∑
j=1

|βj − αj |(||mqi ||(Aj))
1
p +

ε

3

<
εc

3c
+

ε

3M
M +

ε

3
= ε

for i = 1, 2, . . . , n since M > 1 and 0 < ε < 1 and hence ω ∈ s + U . This shows
that W is τ

(p)
m -dense in Is. Since Is is τ

(p)
m -dense in Lp(m) (resp. in Lp(σ(P),m))

by Theorem 3.3.8, it follows that W is dense in Lp(m) (resp. in Lp(σ(P),m)) and
hence Lp(m) (resp. Lp(σ(P),m)) is separable. Then Lp(m) (resp. Lp(σ(P),m) is
separable by Problem H, Chapter 4 of [Ke].

(iii) If X is metrizable, then Lp(m) (resp. Lp(σ(P),m)) is pseudo-metrizable
by Theorem 4.4.2(i) and hence, if Lp(m) (resp. Lp(σ(P),m)) is separable, then by
Theorem 11, Chapter 4 of [Ke], (P , τ

(p)
m ) is separable. The converse holds by (ii).

�

The following theorem gives a sufficient condition for the separability of
(P , τ

(p)
m ).

Theorem 4.6.3. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let S be a σ-ring of subsets of T . Suppose m : P → X (resp. n : S → X) is
σ-additive. If there exists a countable family R such that (i) P is the δ-ring (resp.
(ii) S is the σ-ring) generated by R, then (P , τ

(p)
m ) (resp. (S, τ

(p)
n )) is separable for

1 ≤ p < ∞.
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Proof. In the light of Theorem 5C of [H], without loss of generality we shall assume
that R is a countable subring of P (resp. of S). Let 1 ≤ p < ∞, p fixed.

(i) Let A ∈ P and let U be a τ
(p)
m |P -neighborhood of A in P . Then there

exist an ε > 0 and q1, q2, . . . , qk in Γ such that {B ∈ P : ρ(m)(p)
qj (A, B) < ε, j =

1, 2, . . . , k} ⊂ U . By hypothesis and by a corollary to Proposition 10, §1 of [Din1],
there exists F ∈ R such that A ⊂ F . Then F ∩ P is a σ-algebra of subsets
of F and hence by Proposition 1.1.13 of Chapter 1 there exist control measures
μ

(j)
F : F ∩ P → [0,∞) for mqj : F ∩ P → X̃qj , j = 1, 2, . . . , k. Hence there exists

δ > 0 such that μ
(j)
F (B) < δ implies ||m||qj (B) < εp for j = 1, 2, . . . , k. Since F ∩P

is the σ-ring generated by the ring F ∩ R (⊂ R) (to prove this use Theorem 5E
of [H]), by ex.13.8 of [H] there exists B ∈ F ∩ R such that

∑k−1
j=1 μ

(j)
F (AΔB) < δ

and μ
(k)
F (AΔB) < δ so that μ

(j)
F (AΔB) < δ for j = 1, 2, . . . , k. Consequently,

ρ(m)(p)
qj (A, B) = (mqj )•p(χA − χB, T ) = (||m||qj (AΔB))

1
p < ε for j = 1, 2, . . . , k

and hence B ∈ U . This shows that the countable subring R is τ
(p)
m -dense in P and

hence (P , τ
(p)
m ) is separable for p ∈ [1,∞).

(ii) Let A ∈ S and let U be a τ
(p)
n -neighborhood of A in S. Then there

exist an ε > 0 and q1, q2, . . . , qk in Γ such that {B ∈ S : ρ(n)(p)
qj (A, B) < ε, j =

1, 2, . . . , k} ⊂ U . Then by Proposition 1.1.13 of Chapter 1 there exist control
measures μj : S → [0,∞) for nqj : S → X̃qj , j = 1, 2, . . . , k. Now using the
hypothesis that S is the σ-ring generated by the countable subring R and arguing
as in the proof of (i) we conclude that (S, τ

(p)
n ) is separable for p ∈ [1,∞). �

Definition 4.6.4. Let T be a locally compact Hausdorff space. Let U , C and C0 be
respectively the families of all open sets, all compact sets and all compact Gδ sets
in T . For a family F of subsets of T , let σ(F) be the σ-ring generated by F . Then
B(T ) (resp. Bc(T ), B0(T )) denotes σ(U) (resp. σ(C), σ(C0)). The members of B(T )
(resp. Bc(T ), B0(T )) are called Borel (resp. σ-Borel, Baire) sets in T .

Theorem 4.6.5. Let T be a locally compact Hausdorff space with a countable base
of open sets and let X be a quasicomplete (resp. sequentially complete) lcHs. Let
m : S → X be σ-additive, where S = B(T ) orBc(T ) orB0(T ). Then Lp(m) and
Lp(m)

(resp. Lp(σ(S),m) = Lp(S,m) and Lp(σ(S),m) = Lp(S,m))

are separable for 1 ≤ p < ∞.

Proof. By hypothesis, B(T ) is a countably generated σ-ring; by hypothesis and
by Corollary to Proposition 2 (resp. and by Corollary to Proposition 16) in §14
of [Din1], Bc(T ) (resp. B0(T )) is a countably generated σ-ring. Hence the results
hold by Theorems 4.6.3(ii) and 4.6.2(ii). �
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To obtain some useful sufficient conditions for the separability of Lp(m) and
Lp(m) (resp. Lp(σ(P),m) and Lp(σ(P),m)) for P = δ(C) or δ(C0) (i.e., the δ-
rings generated by C and C0, respectively) in a locally compact Hausdorff space T
we give the following

Theorem 4.6.6. Let X be a Fréchet space, m : P → X be σ-additive and 1 ≤ p <
∞. Suppose that m admits a σ-additive X-valued extension m̃ on σ(P) and that
σ(P) is countably generated. Then Lp(m), Lp(σ(P),m), Lp(m) and Lp(σ(P),m)
are separable.

Proof. By hypothesis and by Theorems 4.6.3 and 4.6.2(ii), Lp(m̃) and Lp(m̃) are
separable. If f ∈ Lp(m), then f is m-measurable and hence is m̃-measurable. As
m̃|P = m,

∫
A sdm̃ =

∫
A sdm for A ∈ σ(P) and for s ∈ Is. Then by Definition

4.2.1, by Theorem 4.2.3 and by the fact |f |p is m-integrable in T (see Notation
4.5.9), |f |p is m̃-integrable in T with values in X so that f ∈ Lp(m̃) and clearly,∫

A
|f |pdm̃ =

∫
A
|f |pdm. Moreover, by Theorem 4.3.2 we have

(m̃q)•p(f, T ) = sup
A∈σ(P),x∗∈Uo

q

(
∫

A

|f |pdv(x∗m̃))
1
p

= sup
A∈σ(P),x∗∈Uo

q

(
∫

A

|f |pdv(x∗m))
1
p = (mq)•p(f, T )

for q ∈ Γ. Hence Lp(m) is a subspace of Lp(m̃) with τ
(p)
m̃ |Lp(m) = τ

(p)
m . As X is

metrizable, Lp(m̃) is pseudo-metrizable by Theorem 4.4.2(i) and consequently, by
Theorem 11, Chapter 4, of [Ke], Lp(m) and Lp(σ(P),m) are separable and then
by Problem H, Chapter 4 of [Ke], Lp(m) and Lp(σ(P),m) are separable. �

Let us recall the following definition from [P9].

Definition 4.6.7. Let X be an lcHs and let T be a locally compact Hausdorff space.
Suppose R is a ring of sets in T such that R ⊃ δ(C) or δ(C0). An X-valued σ-
additive vector measure m on R is said to be R-regular if, given ε > 0, A ∈ R
and q ∈ Γ, there exist an open set U ∈ R and a compact K ∈ R such that
K ⊂ A ⊂ U and such that ||m||q(B) < ε for each B ∈ R with B ⊂ U\K. (In the
light of Proposition 1.1.6 of Chapter 1, this is equivalent to the R-regularity given
in Definition 5 of [P9].)

Theorem 4.6.8. Let T be a locally compact Hausdorff space and let X be a Fréchet
space. Let m : δ(C0) → X be σ-additive. If the range of m is relatively weakly com-
pact, then m has a unique σ-additive X-valued B0(T )-regular (resp. Bc(T )-regular)
extension m0 on B0(T ) (resp. mc on Bc(T )). Let m′

c = mc|δ(C). If T has a count-
able base of open sets, then Lp(m), Lp(σ(C0),m), Lp(m) and Lp(σ(C0),m) (resp.
Lp(m′

c), Lp(σ(C),m′
c), Lp(m′

c) and Lp(σ(C),m′
c)) are separable for 1 ≤ p < ∞.

Proof. By the hypothesis on the range of m and by the Theorem on Extension of
[K3] or by Corollary 2 of [P7] (where a self-contained short proof of the said the-
orem of [K3] is given), m admits an X-valued σ-additive extension m0 on B0(T ),
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which is unique by the Hahn-Banach theorem. Then by Theorem 10 of [P9] or by
Theorem 1 of [DP1] (where a simple proof of the said theorem of [P9] is given),
m0 is B0(T )-regular and has a unique X-valued Bc(T )-regular σ-additive exten-
sion mc on Bc(T ). Then the conclusions follow from Theorem 4.6.6 since Bc(T )
(resp. B0(T )) is countably generated by the hypothesis on T and by Corollary to
Proposition 2 (resp. and by Corollary to Proposition 16) of §14 of [Din1]. �

Following [Ri3] we give the following

Definition 4.6.9. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let m : P → X be σ-additive. Let m(P) = {m(A) : A ∈ P}. For A, B ∈ P , we
write A ∼ B if χA = χB m-a.e. in T . Then we write P(m) = m(P)/ ∼. (Note
that ‘∼’ is an equivalence relation.)

Remark 4.6.10. If A, B ∈ P and A ∼ B, then ||m||q(AΔB) = 0 for each q ∈ Γ
and hence ρ(m)(p)

q (A, B) = 0 for 1 ≤ p < ∞. Consequently, P(m) ⊂ Lp(m) for
all p ∈ [1,∞) and by Theorem 4.6.2(i), τ

(p)
m |P(m) = τ

(r)
m |P(m) for all p, r ∈ [1,∞).

(Here by an abuse of notation we also denote by τ
(p)
m the quotient topology induced

on Lp(m).)

Notation 4.6.11. In the light of Remark 4.6.10, when we write P(m), we consider
it as a subset of some Lr(m), 1 ≤ r < ∞, with the relative topology from Lr(m).

Theorem 4.6.12. Let X and m be as in Definition 4.6.9. Then:

(i) If for some p ∈ [1,∞), (P(m), τ (p)
m ) is separable, then Lr(m) (resp.

Lr(σ(P),m)) is separable for all r ∈ [1,∞). In that case, in the light of
Notation 4.6.11 we simply say that P(m) is separable.

(ii) If X is further metrizable, then (P(m), τ (r)
m ) is separable for all r ∈ [1,∞)

whenever Lp(m) (resp. Lp(σ(P),m)) is separable for some p ∈ [1,∞).

Proof. (i) By hypothesis there exists a countable τ
(p)
m -dense set D in P(m). Then

by Remark 4.6.10, D is also τ
(r)
m -dense in P(m) for any r ∈ [1,∞). Now taking

W as in the proof of Theorem 4.6.2(ii) and using the fact that Is/ ∼ is dense in
Lr(m) (resp. in Lr(σ(P),m)) by Theorem 4.5.6, we conclude that W is dense in
Lr(m) (resp. Lr(σ(P),m)) and hence (i) holds.

(ii) If X is further metrizable, then by Theorem 4.4.2(i) Lp(m) (resp.
Lp(σ(P),m)) is metrizable. If Lp(m) (resp. Lp(σ(P),m)) is separable, then by
Theorem 11, Chapter 4 of [Ke], P(m) is separable for the relative topology from
Lp(m) (resp. from Lp(σ(P),m)). Then by (i), Lr(m) (resp. Lr(σ(P),m)) is sep-
arable for all r ∈ [1,∞). �

To give a characterization of the separability of S(n) similar to Propositions
2 and 3(ii) of [Ri3] when S is a σ-ring of sets and n : S → X is σ-additive, we give
the following concept. See also ([KK], pp. 32–33).
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Definition 4.6.13. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let S be a σ-ring of subsets of T . Let m : P → X (resp. n : S → X) be σ-additive.
If there exists a countably generated δ-ring P0 ⊂ P (resp. σ-ring S0 ⊂ S) such
that P0(m) = P(m) (resp. S0(n) = S(n))(see Definition 4.6.9), then P (resp. S)
is said to be m-essentially (resp. n-essentially) countably generated.

Theorem 4.6.14. Let X ba a quasicomplete (resp. sequentially complete) lcHs and
let S be a σ-ring of subsets of T . Let m : P → X (resp. n : S → X) be σ-additive.
Then:

(i) If P is m-essentially (resp. S is n-essentially) countably generated, then
P(m) (resp. S(n)) is separable (see Notation 4.6.11) and hence, for 1 ≤
p < ∞, Lp(m), Lp(m), Lp(σ(P),m) and Lp(σ(P),m) are separable; (resp.
Lp(n), Lp(n), Lp(σ(S),n) (= Lp(S,n)) and Lp(σ(S),n) (= Lp(S,n)) are
separable).

(ii) If S(n) is separable and if the range n(S) is metrizable for the relative topol-
ogy from X, then S is n-essentially countably generated. (Consequently, by
(i), Lp(n), Lp(n) Lp(σ(S),n) (= Lp(S,n)) and Lp(σ(S),n) (= Lp(S,n)) are
separable for all p ∈ [1,∞)).

Proof. (i) We shall prove for the case of P(m). The proof for S(n) is similar. Let
P0 be a countably generated δ-ring such that P0(m) = P(m). Then by Theorem
4.6.3, for all p ∈ [1,∞), P0 is separable for the topology τ

(p)
m . Let 1 ≤ p < ∞, p

fixed. Then in the light of Theorem 5C of [H], there exists a τ
(p)
m -dense countable

subring R0 of P0. Let IR0 be the set of all R0-simple functions and let W =
{∑r

1 αjχFj : αj = aj + ibj, aj , bj real rational, Fj ∈ R0, j = 1, 2, . . . , r, r ∈ N}.
Then W is countable and by an argument similar to that in the proof of Theorem
4.6.2(ii), W is τ

(p)
m -dense in IR0 . Let f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)) and let

V be a neighborhood of f in Lp(m) (resp. in Lp(σ(P),m)). Then there exist an
ε > 0 and q1, q2, . . . , qn in Γ such that V ⊃ {g ∈ Lp(m) (resp. g ∈ Lp(σ(P),m)) :
(mqi)

•
p(f − g, T ) < ε, i = 1, 2, . . . , n}. By Theorem 4.5.6, there exists s ∈ Is such

that (mqi)•p(f − s, T ) < ε
2 for i = 1, 2, . . . , n and as P0(m) = P(m), there exists

s′ ∈ IR0 such that s = s′ m-a.e. in T . Moreover, as W is dense in IR0 , there
exists ω ∈ W such that (mqi)•p(s′ − ω, T ) < ε

2 for i = 1, 2, . . . , n. Then it follows
that ω ∈ V and hence Lp(m) (resp. Lp(σ(P),m)) is separable. Then by Problem
H, Chapter 4 of [Ke], Lp(m) (resp. Lp(σ(P),m)) is separable. Hence (i) holds.

(ii) Let Ω = n(S). By hypothesis, Ω and hence Ω − Ω is metrizable for
the relative topology from X . Hence there exists a sequence (Vn)∞1 of τ -closed
absolutely convex τ -neighborhoods of 0 in X such that

(i) Vn+1 + Vn+1 ⊂ Vn for n ≥ 1; and
(ii) Vn

⋂
(Ω − Ω), n ∈ N, form a neighborhood base of 0 in (Ω − Ω, τ |(Ω − Ω)).

Let τ1 be the locally convex topology on X for which (Vn)∞1 is a neighborhood base
of 0 in X . To show that τ1|Ω−Ω = τ |Ω−Ω, we argue as in the proof of Theorem 2.1
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of [S]. Let x ∈ Ω and let V be a τ -neighborhood of 0 in X . Then there exists n such
that Vn∩(Ω−Ω) ⊂ V ∩(Ω−Ω) as V ∩(Ω−Ω) is a neighborhood of 0 in τ |Ω−Ω. Let
y ∈ (x + Vn)∩Ω so that there exist vn ∈ Vn and ω ∈ Ω such that y = x + vn = ω.
Then y−x = vn = ω−x and hence y−x ∈ Vn∩(Ω−Ω) ⊂ V ∩(Ω−Ω). Therefore,
(x + Vn) ∩ Ω ⊂ (x + V ) ∩ Ω. Thus τ |Ω ≤ τ1|Ω. Clearly, τ1|Ω ≤ τ |Ω and hence
τ1|Ω = τ |Ω. If qn is the Minkowski functional of Vn, then (qn|Ω)∞1 generate the
topology τ1|Ω and hence τ

(p)
n |n(S) is generated by (ρ(n)(p)

qk |n(S))∞k=1 for p ∈ [1,∞).

By hypothesis, S(n) = n(S)/ ∼ is separable in the topology induced by
τ

(p)
n |S(n)=τ0 (say) (by an abuse of notation (see Remark 4.6.10)). Hence there

exists a countable τ0-dense family F ⊂ S(n). Let S0 = σ(F). Then, obviously,
S0(n) ⊂ S(n). Now let x ∈ S(n). Then there exists A ∈ S such that n(A) = x.
As τ0 is pseudo-metrizable and as F is τ0-dense in S(n), there exists a sequence
(Fn)∞1 ⊂ F such that limn(nqk

)•p(χA − χFn , T ) = 0 for each k ∈ N. Then by
Theorems 3.1.18(vi) and 3.1.19 of Chapter 3 for nqk

, there exists a subsequence
(Fn,1)∞n=1 of (Fn)∞1 such that χFn,1 → χA nq1 -a.e. in T . As (nq2)•p(χA−χFn,1 , T ) →
0, by the said theorems there exists a subsequence (Fn,2)∞n=1 of (Fn,1)∞n=1 such
that χFn,2 → χA nq2 -a.e. in T . Continuing this process indefinitely, we note that
the diagonal sequence (χFn,n)∞n=1 is some subsequence (χFnk

)∞k=1 of (χFn)∞1 and
χFnk

→ χA n-a.e. in T . Let N ∈ S with ||m||q(N) = 0 for all q ∈ Γ such
that χFnk

(t) → χA(t) for t ∈ T \N . Then, for each t ∈ A\N , χFnk
(t) → 1 and

hence lim infk Fnk
⊃ A\N . Similarly, for each t ∈ T \(A\N), χFnk

(t) → 0 so
that lim infk(T \Fnk

) ⊃ T \(A\N) or equivalently, lim supk Fnk
⊂ A\N . Hence

χA\N = limk Fnk
and hence A\N ∈ S0. As N is n-null, it follows that x = n(A)

and A ∼ (A\N) ∈ S0. Therefore, x ∈ S0(n) and hence S(n) = S0(n). Thus S is
n-essentially countably generated. �
Remark 4.6.15. The above theorem for n and for p = 1 subsumes Propositions 2
and 3(ii) of [Ri3] given for a σ-additive vector measure n defined on a σ-algebra
Σ of subsets of T with values in a sequentially complete lcHs. There the proof is
based on the facts that n is a closed vector measure as shown in [Ri1] and that the
σ-algebra generated by an algebra of sets is the same as its sequential closure. But
our proof is different and dispenses with the concept of closed vector measures.



Chapter 5

Applications to Integration in
Locally Compact Hausdorff
Spaces – Part I

5.1 Generalizations of the Vitali-Carathéodory
Integrability Criterion Theorem

The results of the present section are needed in Section 6.5 of Chapter 6 to describe
the duals of L1(m) and L1(n), where m : B(T ) → X is σ-additive and B(T )-
regular and n : δ(C) → X is σ-additive and δ(C)-regular and X is a Banach
space.

In the sequel, T denotes a locally compact Hausdorff space and U , C, and C0

are as in Definition 4.6.4 of Chapter 4; i.e., U is the family of open sets in T , C that
of compact sets in T and C0 that of compact Gδ sets in T . Then B(T ) = σ(U),
the σ-algebra of the Borel sets in T ; Bc(T )= σ(C), the σ-ring of the σ-Borel sets
in T and B0(T ) = σ(C0), the σ-ring of the Baire sets in T . δ(C) and δ(C0) are the
δ-rings generated by C and C0, respectively.

As in Chapters 1–4, X denotes a Banach space or an lcHs over K (= R or
C ) with Γ, the family of continuous seminorms on X , unless otherwise stated
and it will be explicitly specified whether X is a Banach space or an lcHs. Let
R = B(T ) or δ(C); a σ-additive set function m : R → X is said to be R-regular if
it satisfies the conditions in Definition 4.6.7 of Chapter 4. Recall the definition of
Lp(σ(P),m) given in Theorem 3.2.8 of Chapter 3.

Lemma 5.1.1. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
B(T ) → X be σ-additive and Borel regular and f : T → [0,∞) (resp. and be
B(T )-measurable). Then f ∈ L1(m) (resp. f ∈ L1(B(T ),m)) if and only if, given
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ε > 0 and q ∈ Γ, there exist functions u(q) and v(q) on T such that u(q) ≤ f ≤
v(q) mq-a.e. in T , u(q) is upper semicontinuous in T with compact support and
with u(q)(T ) ⊂ [0,∞), v(q) is lower semicontinuous and mq-integrable in T , and
(mq)•1(v(q) − u(q), T ) < ε.

Proof. In the light of Theorem 4.5.13(i) of Chapter 4 which states that L1(m) =⋂
q∈Γ L1(mq) (resp. L1(B(T ),m) =

⋂
q∈Γ L1(B(T ),mq)), it suffices to prove the

result for Banach spaces. So we shall assume X to be a Banach space. Suppose the
conditions are satisfied for each ε > 0. If f is not B(T )-measurable, we first show
that it is m-measurable. By hypothesis, for each n, there exist such functions
un and vn with 0 ≤ un ≤ f ≤ vn m-a.e. in T and with m•

1(vn − un, T ) < 1
n .

Since vn is m-integrable in T and since un is Borel measurable, by the domination
principle (see Theorem 2.1.5(vii) and Remark 2.3.3 of Chapter 2) un is also m-
integrable in T . Let gn = max1≤i≤n ui and hn = min1≤i≤n vi. Then by Theorems
3.3 and 3.5, §3, Chapter III of [MB], gn is upper semicontinuous and hn is lower
semicontinuous for each n. Moreover, gn ↗ and hn ↘ and by hypothesis and by
Theorem 2.1.5(vii) and Remark 2.2.3 of Chapter 2, gn and hn are m-integrable in
T for each n. Let g = supn gn and h = infn hn. Then 0 ≤ g ≤ f ≤ h m-a.e. in
T and g and h are B(T )-measurable. Moreover, 0 ≤ hn − gn ≤ v1 ∈ L1(m) and
hn − gn → h− g pointwise in T . Hence by LDCT (see Theorem 2.1.7 and Remark
2.2.3 of Chapter 2), h− g ∈ L1(m) and m•

1((h− g)− (hn− gn), T ) → 0. Moreover,
as 0 ≤ hn − gn ≤ vn − un, by Theorem 3.1.11(i) of Chapter 3, m•

1(hn − gn, T ) ≤
m•

1(vn −un, T ) < 1
n for n ∈ N. Consequently, by Theorem 3.1.13(ii) of Chapter 3,

m•
1(h−g, T ) ≤ m•

1((h−g)− (hn −gn), T )+m•
1(hn−gn, T ) → 0 as n → ∞. Hence

by Theorem 3.1.18(ii) of Chapter 3, h = g m-a.e. in T . Then f = g = h m-a.e. in
T and hence f is m-measurable. Moreover, as m•

1(vn−f, T ) ≤ m•
1(vn−un, T ) < 1

n
and as L1(m) is closed in L1M(m) by Theorem 3.2.8 of Chapter 3, we conclude
that f is m-integrable in T . If f is B(T )-measurable, then by the above argument
limn m•

1(vn − f, T ) = 0 and hence by the second part of Theorem 3.2.8 of Chapter
3, f ∈ L1(B(T ),m).

To prove the converse, let us assume that f is not identically zero, f ≥ 0 and
f ∈ L1(m) (resp. f ∈ L1(B(T ),m)). By Definition 2.1.1 of Chapter 2, there exists
a B(T )-measurable function f̂ : T → [0,∞) such that f = f̂ m-a.e. in T or f̂ = f
if f is B(T )-measurable. Arguing as in the first paragraph on p. 51 of [Ru1], we
have

f̂(t) =
∞∑

i=1

ciχEi(t), t ∈ T

where ci > 0 and Ei ∈ B(T ) for all i. Let

fn =
n∑

i=1

ciχEi , n ∈ N.

Then 0 ≤ fn ↗ f̂ and hence by LDCT (see Theorem 2.1.7 and Remark 2.2.3 of
Chapter 2) limn m•

1(f̂ − fn, T ) = 0. Thus, given ε > 0, there exists n0 such that
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m•
1(f̂ − fn0 , T ) < ε

2 . That is,

m•
1

( ∞∑
n0+1

ciχEi , T

)
<

ε

2
. (5.1.1.1)

By the Borel regularity of m there exist compact sets (Ki)∞1 and open sets (Vi)∞1
such that Ki ⊂ Ei ⊂ Vi and such that

ci||m||(Vi\Ki) <
ε

2i+1
(5.1.1.2)

for i ∈ N. Let v =
∑∞

i=1 ciχVi and u =
∑n0

i=1 ciχKi . Then by Theorems 3.3, 3.4
and 3.5 and Example 2 of §3, Chapter III of [MB], v is lower semicontinuous and
u is upper semicontinuous in T , u(T ) ⊂ [0,∞), supp u is compact and u ≤ f̂ ≤ v
in T . If vn =

∑n
i=1 ciχVi , then (vn)∞1 ⊂ L1(m) as vn are B(T )-simple functions.

For A ∈ B(T ), by Theorem 3.1.3 of Chapter 3 we have

m•
1(χA, T ) = sup

|x∗|≤1

∫
T

χAdv(x∗m) = sup
|x∗|≤1

v(x∗m)(A) = ||m||(A). (5.1.1.3)

Now, by (5.1.1.1), (5.1.1.2) and (5.1.1.3) and by Theorem 3.1.13(ii) of Chap-
ter 3 we have m•

1(v − vn, T ) ≤ m•
1(
∑∞

n+1 ciχEi , T ) + m•
1(
∑∞

n+1 ciχVi\Ei
, T ) <

ε
2 +

∑∞
n+1 ci||m||(Vi\Ei) < ε for n ≥ n0. Hence limn m•

1(v − vn, T ) = 0 and
consequently, by Theorem 3.2.8 of Chapter 3, v is m-integrable in T .

Finally, by Theorems 3.1.11 and 3.1.13(ii) of Chapter 3 and by (5.1.1.3) we
have

m•
1(v − u, T ) ≤ m•

1

(
n0∑
1

ciχVi\Ki
, T

)
+ m•

1

( ∞∑
n0+1

ciχVi , T

)

≤
n0∑
1

ci||m||(Vi\Ki) + m•
1

( ∞∑
n0+1

ciχEi , T

)
+ m•

1

( ∞∑
n0+1

ciχVi\Ki
, T

)

≤
∞∑
1

ci||m||(Vi\Ki) + m•
1

( ∞∑
n0+1

ciχEi , T

)
< ε.

Hence the lemma holds. �
Theorem 5.1.2. (Generalization of the Vitali-Carathéodory integrability criterion
theorem for Borel regular m). Let X be a quasicomplete (resp. sequentially com-
plete) lcHs, m : B(T ) → X be σ-additive and Borel regular and f : T → R (resp.
and be B(T )-measurable). Then f ∈ L1(m) (resp. f ∈ L1(B(T ),m)) if and only
if, given ε > 0 and q ∈ Γ, there exist functions u(q) and v(q) on T such that
u(q) ≤ f ≤ v(q) mq-a.e. in T , u(q) is upper semicontinuous, bounded above and
mq-integrable in T , v(q) is lower semicontinuous, bounded below and mq-integrable
in T and (mq)•1(v(q) − u(q), T ) < ε.
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Proof. In the light of Theorem 4.5.13(i) of Chapter 4, it suffices to prove the
result for a Banach space X and hence let X be a Banach space. Suppose the
conditions hold for each ε > 0. If f is not B(T )-measurable, we first show that f is
m-measurable. For each n, there exist such functions un and vn with un ≤ f ≤ vn

m-a.e. in T and m•
1(vn−un, T ) < 1

n . Let gn = max1≤i≤n ui and hn = min1≤i≤n vi,
g = supn gn and h = infn hn. Then by Theorems 3.3 and 3.5, §3, Chapter III
of [MB], (gn)∞1 are upper semicontinuous and (hn)∞1 are lower semicontinuous.
Moreover, gn ↗ g and hn ↘ h. Hence g and h are B(T )-measurable and g ≤ f ≤ h
m-a.e. in T . Now, 0 ≤ hn−gn ≤ vn−un and by hypothesis, hn−gn and vn−un are
well defined on T . By hypothesis, vn and un are m-integrable in T and hence by
Theorem 3.1.12(ii) of Chapter 3, vn and un are finite m-a.e. in T . Hence vn − un

is m-integrable in T . Consequently, by Theorem 2.2.5(vii) and Remark 2.2.3 of
Chapter 2, hn − gn is m-integrable in T for n ∈ N and as 0 ≤ hn − gn ≤ v1 − u1,
hn−gn → h−g in T and v1−u1 is m-integrable in T , by LDCT (see Theorem 2.1.7
and Remark 2.2.3 of Chapter 2), limn m•

1((hn − gn) − (h − g), T ) = 0. Moreover,
m•

1(hn − gn, T ) ≤ m•
1(vn − un, T ) < 1

n → 0 as n → ∞. Hence m•
1(h − g, T ) = 0

so that by Theorem 3.1.18(ii) of Chapter 3, h = g m-a.e. in T . Consequently,
f = h = g m-a.e. in T and hence f is m-measurable.

As m•
1(vn − f, T ) ≤ m•

1(vn − un, T ) < 1
n → 0 as n → ∞, by Theorem 3.2.8

of Chapter 3 the function f ∈ L1(m) (resp. f ∈ L1(B(T ),m)).

Conversely, let f ∈ L1(m) (resp. f ∈ L1(B(T ),m)). By Theorem 2.1.5(vii)
and Remark 2.2.3 of Chapter 2, f+, f− ∈ L1(m) (resp. f+, f− ∈ L1(B(T ),m)).
Using Lemma 5.1.1 above and Theorem 2.1.5(vii) and Remark 2.2.3 of Chapter 2
and arguing as in the general case in the proof of Theorem 2.24 of [Ru1], one can
prove the converse. Details are left to the reader. �
Theorem 5.1.3. (Generalization of the Vitali-Carathéodory integrability criterion
theorem for δ(C)-regular n). Let X be a quasicomplete (resp. sequentially complete)
lcHs, n : δ(C) → X be σ-additive and δ(C)-regular and f : T → R (resp. and be
Bc(T )-measurable). Then f ∈ L1(n) (resp. f ∈ L1(Bc(T ),n)) if and only if, given
q ∈ Γ and ε > 0, there exist functions u(q) and v(q) on T such that u(q) ≤ f ≤
v(q) nq-a.e. in T , v(q) is lower semicontinuous, bounded below and nq-integrable
in T , u(q) is upper semicontinuous, bounded above and nq-integrable in T and
(nq)•1(v(q) − u(q), T ) < ε.

Proof. First we observe that a Borel measurable function h with N(h) = {t ∈
T : h(t) �= 0} σ-bounded (i.e., contained in a countable union of compact sets) is
necessarily Bc(T )-measurable and hence nq-integrable upper semicontinuous and
lower semicontinuous functions are Bc(T )-measurable. Using this observation and
an argument quite similar to the proof of the sufficiency part of Theorem 5.1.2 in
which B(T ) is replaced by Bc(T ) and m by n, one can show that the conditions
are sufficient.

As seen in the proof of Lemma 5.1.1, we prove the result assuming X to
be a Banach space and f ∈ L1(n)(resp. f ∈ L1(Bc(T ),n)), f ≥ 0 and f not
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identically zero. Then there exists an n-null set N ∈ Bc(T ) such that f̂ = fχT\N

is Bc(T )-measurable and N = ∅ when f is Bc(T )-measurable. Let s0 = 0 and

sn(t) =
{

i−1
2n if i−1

2n ≤ f̂(t) < i
2n , i = 1, 2, . . . , 2nn,

n if f̂(t) ≥ n.

Then sn ↗ f̂ in T and f̂(t) =
∑∞

n=1(sn − sn−1)(t). As N(f̂) ∈ Bc(T ), there exists
(An)∞1 ⊂ δ(C) with An ↗ N(f̂). Then

∑k
n=1(sn(t)χAn(t) − sn−1(t)χAn−1(t)) =

sk(t)χAk
(t) and hence f̂(t) = limk sk(t) = limk sk(t)χAk

(t). Moreover, it is easy
to check that

∑∞
1 (snχAn − sn−1χAn−1) is of the form

∑∞
1 ckχEk

with ck > 0 for
each k and (Ek)∞1 ⊂ δ(C) since A ∩ B ∈ δ(C) for A ∈ δ(C) and B ∈ Bc(T ). Thus

f̂(t) =
∞∑

k=1

ckχEk
, ck > 0 for each k and (Ek)∞1 ⊂ δ(C).

As n is δ(C)-regular, given ε > 0, there exist an open set Vn ∈ δ(C) and a compact
Kn such that Kn ⊂ En ⊂ Vn and such that ||n||(Vn\Kn) < ε

2n+1 for n ∈ N.
Then arguing as in the proof of the converse part of Lemma 5.1.1, one can show
the existence of u and v as in the said lemma with u and v Bc(T )-measurable.
Then arguing as in the proof of the necessity part of Theorem 5.1.2 the theorem
is proved for real-valued f . �
Remark 5.1.4. Arguing as in the proof of Lemma 5.1.1 and Theorem 5.1.2, a
result generalizing the corollary of Theorem 3, no. 4, §4, Chapter IV of [B] can be
obtained for f ∈ L1(m) where m is as in Theorem 5.1.2. Similarly, an analogous
result is true for f ∈ L1(n) where n : δ(C) → X is σ-additive and δ(C)-regular.

5.2 The Baire version of the Dieudonné-Grothendieck
theorem and its vector-valued generalizations

We show that the boundedness hypothesis in Corollary 1 of [P8] is redundant and
thereby we obtain the Baire version of the Dieudonné-Grothendieck theorem in
Theorem 5.2.6 below. Also see Remark 5.2.7 below. Then using the ideas in the
proofs of Proposition 2.11 and Theorem 2.12 of [T], we generalize Theorem 5.2.6
to σ-additive Borel regular vector measures. (See Theorems 5.2.21 and 5.2.23.)
Notation 5.2.1. Cc(T ) = {f : T → K, f continuous with compact support};
C0(T ) = {f : T → K, f continuous and vanishes at infinity in T }, both the spaces
being provided with norm || · ||T . M(T ) denotes the dual of (C0(T ), || · ||T ) and
each member of M(T ) is considered as a σ-additive Borel regular scalar measure
on B(T ). We write |μ|(·) = v(μ,B(T ))(·) for μ ∈ M(T ). Then ||μ|| = |μ|(T ), for
μ ∈ M(T ). V is the family of relatively compact open sets in T . Cc(T ) endowed
with the inductive limit locally convex topology as in §1, Chapter III of [B] is
denoted by K(T ).
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Lemma 5.2.2. δ(C) = {A ∈ B(T ) : Ā ∈ C} and δ(C0) = {A ∈ B0(T ) : Ā ∈ C}
where Ā denotes the closure of A in T .

Proof. Let F be the family of closed sets in T . Since δ(C) ⊂ Bc(T ) and δ(C0) ⊂
B0(T ), and since each member of δ(C) ∪ δ(C0) is relatively compact, it suffices to
show that {A ∈ B(T ) : Ā ∈ C} ⊂ δ(C) and {A ∈ B0(T ) : Ā ∈ C} ⊂ δ(C0). Let
A ∈ B(T ) (resp. A ∈ B0(T )) with Ā ∈ C. Then by Theorem 50.D of [H] there
exists C0 ∈ C0 such that Ā ⊂ C0 and hence by Theorem 5.E of [H] we have
A = A ∩ C0 ∈ σ(F) ∩ C0 = σ(F ∩ C0) = σ(C ∩ C0) = δ(C ∩ C0) ⊂ δ(C) (resp.
A = A ∩ C0 ∈ σ(C0) ∩ C0 = σ(C0 ∩ C0) = δ(C0 ∩ C0) ⊂ δ(C0)). Hence the lemma
holds. �

Lemma 5.2.3. A σ-compact open set in T is a Baire set. Conversely, every open
Baire set in T is σ-compact.

Proof. Let U be open in T and let U =
⋃∞

1 Kn, (Kn)∞1 ⊂ C. Then by Theorem
50.D of [H], for each Kn there exists Cn ∈ C0 such that Kn ⊂ Cn ⊂ U and hence
U =

⋃∞
1 Cn ∈ B0(T ). Conversely, if U ∈ B0(T ) is open in T , then U is σ-bounded

so that there exists (Kn)∞1 ⊂ C such that U ⊂ ⋃∞
1 Kn. Then by Theorem 50.D of

[H] and by the previous part there exist relatively compact open Baire sets (Vn)∞1
such that Kn ⊂ Vn for each n. Then U =

⋃∞
1 (U ∩ Vn) and by Lemma 5.2.2, each

U ∩ Vn ∈ δ(C0). Then U is σ-compact by Proposition 15, §14 of [Din1]. �

Lemma 5.2.4. Let (μn)∞1 ⊂ M(T ) (resp. mn : B(T ) → X, n ∈ N, be σ-additive
and Borel regular, where X is an lcHs). Then:

(i) For each open set U in T , there exists an open Baire set VU in T such
that VU ⊂ U and |μn|(U\VU ) = 0 for all n and consequently, μn(U) =
μn(VU ) for all n (resp. given q ∈ Γ, there exists an open Baire set V

(q)
U

in T such that V
(q)
U ⊂ U and ||mn||q(U\V (q)

U ) = 0 for all n and hence
|mn(U) − mn(V (q)

U )|q = 0 for all n).
(ii) If, for each open Baire set V in T , supn |μn(V )| < ∞, then

sup
n

|μn(U)| < ∞

for each open set U in T and consequently, supn ||μn|| < ∞.

Proof. Claim 1. Given an open set U in T , (resp. and q ∈ Γ), for each n ∈ N,
there exists an open Baire set Vn in T such that Vn ⊂ U and |μn|(U\Vn) = 0 so
that μn(U) = μn(Vn) (resp. there exists an open Baire set V

(q)
n in T such that

V
(q)
n ⊂ U and ||mn||q(U\V (q)

n ) = 0 so that |mn(U) − mn(V (q)
n )|q = 0).

In fact, let νn = |μn| or ||mn||q as the case may be. Then, given ε = 1
k , k ∈ N,

by the Borel regularity of μn and of mn, there exists K
(n)
k ∈ C, K

(n)
k ⊂ U such that

νn(U\K(n)
k ) < 1

k . Then by Theorem 50.D of [H] and by Lemma 5.2.3 there exists
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an open Baire set V
(n)
k in T such that Kn

k ⊂ V
(n)
k ⊂ U . Then νn(U\V (n)

k ) < 1
k . Let

Vn =
⋃∞

k=1 V
(n)
k . Then Vn is an open Baire set in T , Vn ⊂ U , and νn(U\Vn) = 0.

(i) Let VU =
⋃∞

n=1 Vn (resp. V
(q)
U =

⋃∞
n=1 V

(q)
n ) where Vn (resp. V

(q)
n ) are

chosen as in Claim 1 with respect to U (resp. with respect to U and q). Clearly,
VU (resp. V

(q)
U ) is an open Baire set in T , VU ⊂ U and |μn|(U\VU ) = 0 (resp.

V
(q)
U ⊂ U and ||mn||q(U\V (q)

U ) = 0) for all n. Hence (i) holds.

(ii) Let U be an open set in T . Then by (i) there exists an open Baire set VU

such that VU ⊂ U and such that |μn|(U\VU ) = 0 for all n. Then by hypothesis
supn |μn(U)| = supn |μn(VU )| < ∞ for each open set U in T . Then by Theorem
T4 in Appendix I of [T], supn ||μn|| < ∞. �

The following result is an improvement of the remark under Theorem T4 in
Appendix I of [T].

Corollary 5.2.5. Let (μα)α∈I ⊂ M(T ). Suppose every sequence from (μα)α∈I is
bounded in each open Baire set in T . Then supα∈I ||μα|| < ∞.

Proof. Otherwise, for each n ∈ N, there would exist αn ∈ I such that ||μαn || >
n. On the other hand, the hypothesis and Lemma 5.2.4(ii) would imply that
supn ||μαn || < ∞, a contradiction. �

Theorem 5.2.6. (The Baire version of the Dieudonné-Grothendieck theorem). A
sequence (μn) in M(T ) is weakly convergent if and only if, for each open Baire set
U in T , limn μn(U) exists in K or equivalently, there exists μ ∈ M(T ) such that

lim
n

∫
T

fdμn =
∫

T

fdμ (5.2.6.1)

for each bounded Borel measurable scalar function f on T if and only if limn μn(U)
exists in K for each open Baire set U in T . In that case, μ is unique.

Proof. If (μn) converges weakly to μ ∈ M(T ), then (5.2.6.1) holds and particularly,
limn μn(U) = μ(U) ∈ K holds for each open Baire set U in T .

Conversely, if limn μn(U) ∈ K for each open Baire set U in T , then
supn |μn(U)| < ∞ for each open Baire set U in T and hence by Lemma 5.2.4(ii),
supn ||μn|| < ∞. Consequently, by Corollary 1 of [P8], (μn) converges weakly to
some μ ∈ M(T ) and hence particularly (5.2.6.1) holds. Since the weak topology
of M(T ) is Hausdorff, the weak limit μ is unique. �

Remark 5.2.7. In the light of Lemma 5.2.4(ii), the boundedness hypothesis in
Corollary 1 of [P8] is redundant. This has already been noted in Remark 9.18 of
[P13]. Also see [SK] for a proof based on the one-point compactification of T .

The following theorem generalizes Lemma 5.2.4(ii) to lcHs-valued σ-additive
regular Borel measures on T .
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Theorem 5.2.8. Let X be an lcHs and let mn : B(T ) → X be σ-additive and Borel
regular for n ∈ N. If (mn(V ))∞1 is bounded for each open Baire set V in T , then
supn ||mn||q(T ) < ∞ for each q ∈ Γ.

Proof. Let q ∈ Γ and let V be an open Baire set in T . Then by hypothesis,
supn q(mn(V )) < ∞. If Uq = {x ∈ X : q(x) ≤ 1}, then by hypothesis, by Proposi-
tion 1.2.15(i) and by Proposition 1.1.6 of Chapter 1, supn supx∗∈Uo

q
|x∗ ◦mn|(V ) <

∞. Consequently, by Corollary 5.2.5, supn supx∗∈Uo
q
|x∗ ◦ mn|(T ) < ∞ and hence

by Proposition 1.2.15(ii)(c) of Chapter 1 we have

sup
n

||mn||q(T ) = sup
n

sup
x∗∈Uo

q

|x∗ ◦ mn|(T ) < ∞.

Hence the theorem holds. �

The rest of the section is devoted to generalizing Theorem 5.2.6 to Banach
space as well as to sequentially complete lcHs-valued σ-additive regular Borel
measures on T .

We start by recalling the following definition from [T].

Definition 5.2.9. Let X be an lcHs with topology τ . A locally convex Hausdorff
topology τ ′ on X is said to possess the Orlicz property when all the formal series∑

xn of elements in X which are subseries convergent in the topology τ ′ are uncon-
ditionally convergent in τ . A subset H of X∗ is said to possess the Orlicz property
when the topology σ(X, H) is Hausdorff and possesses the Orlicz property.

Notation and Terminology 5.2.10. Let X be an lcHs with topology τ . X∗∗ is the
bidual of X when X∗ is endowed with the strong topology β(X∗, X)generated by
the seminorms {qB : B bounded in X}, where

qB(x∗) = sup
x∈B

|x∗(x)| for x∗ ∈ X∗.

The topology τe on X∗∗ of uniform convergence in equicontinuous subsets of X∗ is
generated by the seminorms {qE : E ∈ E} (see Notation 1.2.11 of Chapter 1) where
qE(x∗∗) = supx∗∈E |x∗∗(x∗)| for x∗∗ ∈ X∗∗. If u : C0(T ) → X is a continuous
linear map, then the adjoint u∗ : (X∗, β(X∗, X)) → M(T ) and biadjoint u∗∗ :
(C0(T ))∗∗ → (X∗∗, τe) are continuous and linear and u∗∗|C0(T ) = u, where (X, τ)
is identified as a subspace of (X∗∗, τe). For details see [Ho]. By Theorem 1 of [P9],
for each continuous linear mapping u : C0(T ) → X there exists a unique X∗∗-
valued vector measure (i.e., additive set function) m on B(T ) such that x∗ ◦ m =
u∗x∗ ∈ M(T ) for x∗ ∈ X∗, the mapping x∗ → x∗ ◦ m of X∗ into M(T ) is weak*-
weak* continuous and x∗u(ϕ) =

∫
T ϕd(x∗ ◦ m) for each ϕ ∈ C0(T ) and x∗ ∈ X∗.

Then m(A) = u∗∗(χA) for A ∈ B(T ) and {m(A) : A ∈ B(T )} is τe-bounded in
X∗∗. Such m is called the representing measure of u (see Definition 4 of [P9]).
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Proposition 5.2.11. Let X be an lcHs and let u : C0(T ) → X be a continuous linear
mapping with the representing measure m. Then each ϕ ∈ C0(T ) is m-integrable
in the sense of Definition 1 of [P7] with respect to the completion of (X∗∗, τe) and∫

T ϕdm = u(ϕ) ∈ X.

Proof. By Theorem 1 of [P9], the range of m is bounded in (X∗∗, τe). Let ϕ ∈
C0(T ). Then ϕ is a bounded Borel measurable function and hence there exists a
sequence (sn) of B(T )-simple functions converging to ϕ uniformly in T . Therefore,

ϕ is m-integrable in the sense of Definition 1 of [P7] with
∫

T
ϕdm ∈ ˜(X∗∗, τe),

the completion of (X∗∗, τe). Then, for x∗ ∈ X∗, by Theorem 1 of [P9] and by
Lemma 6 of [P7] we have, x∗u(ϕ) =

∫
T

ϕd(x∗ ◦ m) = x∗(
∫

T
ϕdm) since x∗ is

continuous on ˜(X∗∗, τe). As u(ϕ) ∈ X and
∫

T ϕdm ∈ ˜(X∗∗, τe), it follows that
qE(u(ϕ) − ∫

T
ϕdm) = 0 for each E ∈ E . Hence

∫
T

ϕdm = u(ϕ) ∈ X. �
Remark 5.2.12. In the light of the above proposition, the hypothesis of quasicom-
pleteness in (vi) of Proposition 5 in [P12] is redundant.

The following lemma is needed in the proof of Theorem 5.2.14.

Lemma 5.2.13. Let X be a normed space and let H be a norm determining set in
X∗. Then H ⊂ {x∗ ∈ X∗ : |x∗| ≤ 1}.

Proof. Let x∗ ∈ H . Then, for |x| ≤ 1, we have

|x∗(x)| ≤ sup
y∗∈H

|y∗(x)| = |x| ≤ 1

and hence |x∗| = sup|x|≤1 |x∗(x)| ≤ 1. �

The following theorem is an improvement of Theorem 3(vii) of [P9] and it is
motivated by Theorem 2.7 of [T] whose proof is adapted here.

Theorem 5.2.14. Let X be a Banach space and let u : C0(T ) → X be a continu-
ous linear mapping with the representing measure m on B(T ). Let H be a norm
determining set in X∗ with the Orlicz property. Then u is weakly compact if and
only if, for each open Baire set U in T , there exists a vector xU ∈ X such that

(x∗ ◦ m)(U) = x∗(xU ) (5.2.14.1)

for x∗ ∈ H.

Proof. If u is weakly compact, then by Theorem 2(ii) of [P9], m has range in X
and hence the condition is necessary.

Conversely, let (5.2.14.1) hold. Let (Un) be a disjoint sequence of open Baire
sets in T . For a subsequence P of N, by (5.2.14.1) we have

x∗(x⋃
n∈P Un

) = (x∗◦m)

(⋃
n∈P

Un

)
=
∑
n∈P

(x∗◦m)(Un) =
∑
n∈P

x∗(xUn ) (5.2.14.2)
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for each x∗ ∈ H and hence for each x∗ ∈ 〈H〉, where 〈H〉 is the linear span of
H . Since H is a norm determining set, σ(X, H) is Hausdorff. Then by Theorem
V.3.9 of [DS1], (X, σ(X, H))∗ = 〈H〉 and hence (5.2.14.2) implies that

∑∞
n=1 xUn is

subseries convergent in σ(X, H). Then, as H has the Orlicz property by hypothesis,∑∞
1 xUn is unconditionally convergent in the norm topology of X . Therefore,

limn |xUn | = 0 so that limn supx∗∈H |x∗(xUn)| = 0. Consequently, by (5.2.14.1),
limn supx∗∈H |(x∗ ◦ m)(Un)| = 0. Then by Lemma 5.2.13 and by the fact that
{m(A) : A ∈ B(T )} is norm bounded in X∗∗ by 5.2.10 (note that τe coincides
with the norm topology of X∗∗), mH = {x∗ ◦ m : x∗ ∈ H} is bounded in M(T ).
Consequently, by Theorem 1 of [P8], mH is relatively weakly compact in M(T ).

Claim 1. That mH is relatively weakly compact in M(T ) implies that u is weakly
compact.

In fact, as mH is relatively weakly compact in M(T ), by Theorem 1 of [P8],
given an open Baire set U in T and ε > 0 (resp. for T and ε > 0), there exists
K ∈ C0 such that K ⊂ U and

sup
x∗∈H

|x∗ ◦ m|(U\K) < ε (5.2.14.3)

(and resp.
sup

x∗∈H
|x∗ ◦ m|(T \K) < ε. (5.2.14.3′))

Combining (5.2.14.3) and (5.2.14.3′) we have

sup
x∗∈H

|x∗ ◦ m|(U\K) < ε (5.2.14.4)

where U is the given open Baire set or U = T .

For such U , χU\K is lower semicontinuous and hence we have

sup
ϕ∈K(T ),|ϕ|≤χU\K

|u(ϕ)| = sup
ϕ∈K(T ),|ϕ|≤χU\K

sup
x∗∈H

|x∗u(ϕ)|

= sup
x∗∈H

sup
ϕ∈K(T ),|ϕ|≤χU\K

|(u∗x∗)(ϕ)|. (5.2.14.5)

On the other hand,

sup
ϕ∈K(T ),|ϕ|≤χU\K

|(u∗x∗)(ϕ)| = sup
|ψ|≤|ϕ|,ψ,ϕ∈K(T ),|ϕ|≤χU\K

|(u∗x∗)(ψ)|

= sup
ϕ∈K(T ),|ϕ|≤χU\K

|u∗x∗|(|ϕ|)

= |u∗x∗|∗(χU\K)
= |u∗x∗|∗(U\K) (5.2.14.6)

by (12) on p. 55 of [B] and by Definitions 1 and 2, §1, Chapter IV of [B]. Note
that |u∗x∗| is the absolute value of the functional u∗x∗ defined as on p. 55 of [B].
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By Corollary 3 of Theorem 2, §5, no. 5 of Chapter IV of [B], the Borel sets in T
are |u∗x∗|-measurable and by an abuse of notation let us denote |u∗x∗|∗|B(T ) also
by |u∗x∗|. Then by (5.2.14.5) and (5.2.14.6) we have

sup
ϕ∈K(T ), |φ|≤χ

U\K

|u(ϕ)| = sup
x∗∈H

|(u∗x∗)|(U\K) (5.2.14.7)

where U is the given open Baire set or U = T .

By Theorem 4.11 of [P3], by the last part of Theorem 3.3 of [P4] and by
Notation 5.2.1 above, we have

μ|u∗x∗| = v(μu∗x∗ ,B(T )) = |μu∗x∗ | (5.2.14.8)

where μu∗x∗ is the complex Radon measure induced by u∗x∗ in the sense of
Definition 4.3 of [P3]. Note that μu∗x∗ is the same as x∗ ◦ m as (u∗x∗)(χA) =
(x∗u∗∗)(χA) = (x∗◦m)(A) for A ∈ B(T ) (see 5.2.10). Then by (5.2.14.4), (5.2.14.7)
and (5.2.14.8) we have

sup
ϕ∈K(T ),|ϕ|≤χU\K

|u(ϕ)| = sup
x∗∈H

|(u∗x∗)|(U\K)

= sup
x∗∈H

μ|u∗x∗|(U\K)

= sup
x∗∈H

|μu∗x∗ |(U\K)

= sup
x∗∈H

|x∗ ◦ m|(U\K)

< ε (5.2.14.9)

where |μu∗x∗ | = |x∗ ◦ m| and U is the given open Baire set or U = T .

On the other hand, by (5.2.14.4), (5.2.14.6), (5.2.14.8) and (5.2.14.9) and by
(12) on p. 55 of [B] we have

ε > sup
ϕ∈K(T ),|ϕ|≤χU\K

|u(ϕ)| = sup
ϕ∈K(T ),|ϕ|≤χU\K

sup
|x∗|≤1

|(x∗u)(ϕ)|

= sup
|x∗|≤1

sup
ϕ∈K(T ),|ϕ|≤χU\K

|(u∗x∗)(ϕ)|

= sup
|x∗|≤1

|u∗x∗|∗(U\K)

= sup
|x∗|≤1

|u∗x∗|(U\K)

= sup
|x∗|≤1

μ|u∗x∗|(U\K)

= sup
|x∗|≤1

v(μu∗x∗ ,B(T ))(U\K)

= sup
|x∗|≤1

v(x∗ ◦ m,B(T ))(U\K) (5.2.14.10)
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since U\K is |u∗x∗|-measurable by Corollary 3 of Theorem 2, §5, no. 5 of Chapter
IV of [B] and since μu∗x∗ = x∗ ◦ m as in 5.2.10.

Since m : B(T ) → X∗∗ is additive and |x∗∗| = sup|x∗|≤1 |x∗∗(x∗)| for x∗∗ ∈
X∗∗, by an argument similar to the proof of Proposition 1.2.13(iii) of Chapter 1
and by (5.2.14.10) we have

||m||(U\K) = sup
|x∗|≤1

v(x∗ ◦ m,B(T ))(U\K) < ε

where U is the given open Baire set or U = T . Therefore, m is Baire inner regular
in each open Baire set U in T and in the set T in the norm topology of X∗∗,
which is the same as τe for X∗∗. Hence by Theorem 8(xxix) of [P9], u is weakly
compact. �

Corollary 5.2.15. Let X be a Banach space, H be a norm determining subset of X∗

and u : C0(T ) → X be a continuous linear mapping. Let K(T )∗b = (Cc(T ), || · ||T )∗

be the set of all bounded linear functionals on K(T ) (see pp. 65 and 69 of [P4]).
If η : K(T )∗b → M(T ) is the isometric isomorphism given in Theorem 5.3 of [P4]
(η = Φ−1

B(T ) in the notation of Theorem 5.3 of [P4]), then η(θ) = μθ|B(T ) for
θ ∈ K(T )∗b , and hence η(x∗u) = x∗ ◦ m for x∗ ∈ X∗ where m is the representing
measure of u. Moreover, if η{x∗u : x∗ ∈ H} is relatively weakly compact in M(T ),
then u is weakly compact.

Proof. Clearly, x∗u is a bounded linear functional on C0(T ) and hence x∗u ∈
K(T )∗b . Moreover, (x∗u)(ϕ) = (u∗x∗)(ϕ) = (x∗ ◦m)(ϕ) for ϕ ∈ C0(T ) (see 5.2.10).
Then

(x∗u)(ϕ) =
∫

T

ϕd(x∗ ◦ m), ϕ ∈ C0(T ).

Consequently, by Theorem 5.3 of [P4], η(x∗u) = x∗ ◦ m, x∗ ∈ X∗. Then by
hypothesis, {x∗ ◦m : x∗ ∈ H} is relatively weakly compact in M(T ) and hence by
Claim 1 in the proof of Theorem 5.2.14, u is weakly compact. �

The following theorem is motivated by Theorem 2.7 bis in [T] and its proof
in [T] is adapted here.

Theorem 5.2.16. Let X be an lcHs with topology τ and let H be a subset of X∗

having the Orlicz property such that the topology τ is identical with the topology
of uniform convergence in equicontinuous subsets of H. Let u : C0(T ) → X be
a continuous linear mapping with the representing measure m. Then u is weakly
compact if and only if for each open Baire set U in T there exists a vector xU ∈ X
such that

(x∗ ◦ m)(U) = x∗(xU ) (5.2.16.1)

for x∗ ∈ H.
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Proof. If u is weakly compact, then by Theorem 2(ii) of [P9] the condition is
necessary. Note that the hypothesis of quasicompleteness of X is not needed for
(i)⇒(ii) of Theorem 2 of [P9].

Conversely, let (5.2.16.1) hold. Let HE = {E ⊂ H : E is equicontinuous}. If
x∗(x) = 0 for each x∗ ∈ H , then for E ∈ HE , qE(x) = supx∗∈E |x∗(x)| = 0. Since τ
is the same as the locally convex topology generated by {qE : E ∈ HE}, it follows
that x = 0 and hence σ(X, H) is Hausdorff.

Let (Un) be a disjoint sequence of open Baire sets in T . Arguing as in the proof
of Theorem 5.2.14, for a subsequence P of N, by (5.2.16.1) we have

∑
n∈P x∗(xUn )

is subseries convergent for x∗ ∈ 〈H〉, the linear span of H . Since (X, σ(X, H))∗ =
〈H〉 by Theorem V.3.9 of [DS1],

∑∞
1 xUn is subseries convergent in σ(X, H).

By hypothesis, H has the Orlicz property and hence
∑∞

1 xUn is unconditionally
convergent in τ . By hypothesis, τ is generated by the seminorms {qE : E ∈ HE}.
Let E ∈ HE . Then limn qE(xUn) = 0 and hence by (5.2.16.1) we have

lim
n

sup
x∗∈E

(x∗ ◦ m)(Un) = 0. (5.2.16.2)

Since the range of m is bounded in τe by Theorem 1 of [P9],

sup
A∈B(T )

qE(m(A)) < ∞

and hence {x∗ ◦ m : x∗ ∈ E} is bounded in M(T ). Then by (5.2.16.2) and by
Theorem 1 of [P8],

{x∗ ◦ m : x∗ ∈ E} is relatively weakly compact in M(T ). (5.2.16.3)

Let X̃ be the completion of X . Let ΠqE : X̃ → X̃qE ⊂ ˜̃XqE for E ∈ HE , where˜̃XqE is the completion of the normed space X̃qE . If Ψx∗ is as in Proposition 1.2.13(i)
of Chapter 1 on X̃qE , then by Proposition 1.2.13(ii) of Chapter 1 {Ψx∗ : x∗ ∈ E}
is a norm determining set for X̃qE , E ∈ HE . Then by Proposition 1.2.13(i) of
Chapter 1 and by 5.2.10 we have (Ψx∗ ◦ΠqE ◦u)(ϕ) = (x∗u)(ϕ) =

∫
T

ϕd(x∗◦m) for
ϕ ∈ C0(T ) and clearly, Ψx∗ ◦ΠqE ◦u ∈ K(T )∗b . Therefore, η(Ψx∗ ◦ΠqE ◦u) = x∗ ◦m
where η is as in Corollary 5.2.15. Then by (5.2.16.3) and Corollary 5.2.15, ΠqE ◦u
is weakly compact for each E ∈ HE . Consequently, by Lemma 2.21 of [T], which
holds for complex lcHs too, we conclude that u is weakly compact. �
Theorem 5.2.17. Let X be an lcHs with topology τ , H be a subset of X∗ having the
Orlicz property such that τ is the same as the topology of uniform convergence in
equicontinuous subsets of H and u : C0(T ) → X be a continuous linear mapping
with the representing measure m. Suppose uH is the same as u on C0(T ) with X
being provided with the topology σ(X, H). Then u is weakly compact if and only if
for each open Baire set U in T there exists a vector xU ∈ X such that

(x∗ ◦ u∗∗
H )(χU ) = x∗(xU ) (5.2.17.1)
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for x∗ ∈ H. Moreover, condition (5.2.17.1) is the same as (x∗ ◦ m)(U) = x∗(xU )
for open Baire sets U in T and for x∗ ∈ H.

Proof. Suppose (5.2.17.1) holds. As observed in the proof of Theorem 5.2.16,
the hypothesis on τ implies that the topology σ(X, H) is Hausdorff and hence
(X, σ(X, H)) is an lcHs. As σ(X, H) is weaker than τ , u : C0(T ) → (X, σ(X, H))
is continuous and hence uH is a continuous linear map. Therefore, x∗u∗∗

H (χA) =
(u∗

Hx∗)(χA) for x∗ ∈ (X, σ(X, H))∗ and for A ∈ B(T ). Since (X, σ(X, H))∗ = 〈H〉,
the linear subspace spanned by H by Theorem V.3.9 of [DS1], particularly we have

x∗u∗∗
H (χA) = (u∗

Hx∗)(χA) (5.2.17.2)

for x∗ ∈ H . Since

(u∗
Hx∗)(ϕ) = x∗(uHϕ) = x∗(uϕ) = u∗x∗(ϕ)

for ϕ ∈ C0(T ) and for x∗ ∈ H , we have

u∗
Hx∗ = u∗x∗ (5.2.17.3)

for x∗ ∈ H . Consequently, by (5.2.17.2) and (5.2.17.3) we have

x∗u∗∗
H (χA) = (u∗

Hx∗)(χA) = (u∗x∗)(χA) = x∗u∗∗(χA) = (x∗ ◦m)(A) (5.2.17.4)

for x∗ ∈ H and for A ∈ B(T ), since m is the representing measure of u. Hence the
hypothesis is equivalent to saying that

(x∗ ◦ m)(U) = x∗u∗∗
H (χU ) = x∗(xU ) (5.2.17.5)

for x∗ ∈ H and for open Baire sets U in T . Consequently, by Theorem 5.2.16, u is
weakly compact.

Conversely, if u is weakly compact, then by Theorem 2(ii) of [P9] (which
holds for an arbitrary lcHs), m(U) = xU (say) ∈ X for any open Baire set U in T
and hence by (5.2.17.5) we have

(x∗u∗∗
H )(χU ) = (x∗ ◦ m)(U) = x∗(xU )

for x∗ ∈ H and hence (5.2.17.1) holds. �

Lemma 5.2.18. Let X be a sequentially complete lcHs and let mn : B(T ) → X
be σ-additive and Borel regular for n ∈ N. Then limn mn(U) ∈ X for each open
Baire set U in T if and only if limn mn(U) ∈ X for each open set U in T .

Proof. Clearly the condition is sufficient. Conversely, let limn mn(V ) ∈ X for each
open Baire set V in T . Let U be an open set in T and q ∈ Γ. Then by Lemma
5.2.4(i) there exists an open Baire set V

(q)
U ⊂ U such that |mn(U)−mn(V (q)

U )|q = 0
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for all n. By hypothesis, limn mn(V (q)
U ) = xq (say) exists in X , for each q ∈ Γ.

Then

|mn(U) − xq|q ≤ |mn(U) − mn(V (q)
U )|q + |mn(V (q)

U ) − xq |q → 0

as n → ∞ and hence |mn(U) −mk(U)|q → 0 as n, k → ∞. Since q is arbitrary in
Γ, this implies that (mn(U))∞n=1 is Cauchy in X . As X is sequentially complete,
there exists xU ∈ X such that limn mn(U) = xU . Hence the lemma holds. �

Lemma 5.2.19. Let X be a quasicomplete lcHs and m : B(T ) → X be σ-additive.
Then each ϕ ∈ C0(T ) is m-integrable in T in the sense of Definition 1 of [P7]
as well as m-integrable in the sense of Definitions 4.2.1 and 4.2.1′ of Chapter
4 and the corresponding integrals of f coincide. If u : C0(T ) → X is given by
u(ϕ) =

∫
T

ϕdm for ϕ ∈ C0(T ), then u is a weakly compact operator. If m is
further Borel regular, then m is the representing measure of u (see Notation and
Terminology 5.2.10 or Definition 4 of [P9]).

Proof. Since m is σ-additive on the σ-algebra B(T ), ||m||q(T ) < ∞ for each q ∈ Γ.
Since ϕ ∈ C0(T ) is bounded and Borel measurable, there exists a sequence (sn)
of B(T )-simple functions such that sn → ϕ uniformly in T with |sn| ↗ |ϕ|. Then,
for q ∈ Γ and A ∈ B(T ), by Theorem 4.1.9(i) of Chapter 4,

q

(∫
A

sndm −
∫

A

skdm
)

≤ ||sn − sk||A||m||q(T ) ≤ ||sn − sk||T ||m||q(T ) → 0

as n, k → 0 and hence (
∫

A sndm)∞1 is Cauchy in X for each A ∈ B(T ). Since
X is sequentially complete, ϕ is m-integrable in the sense of Definition 1 of [P7]
and

∫
A

ϕdm = limn

∫
A

sndm for A ∈ B(T ). On the other hand, by Definition
4.2.1′ in Remark 4.2.12 and by Remark 4.2.14 of Chapter 4, the B(T )-measurable
function ϕ is also m-integrable in T in the sense of Definition 4.2.1 of Chapter 4
with (BDS)

∫
A ϕdm =

∫
A ϕdm for A ∈ B(T ).

Clearly, u is linear. Moreover, by Theorem 4.1.9(ii)(b) of Chapter 4 we have

q(uϕ) = q

(∫
T

ϕdm
)

≤ ||ϕ||T · ||m||q(T )

for each q ∈ Γ and hence u is continuous.

Let Σ(B(T )) be the Banach space of all bounded complex functions which
are uniform limits of sequences of B(T )-simple functions with norm the supremum
norm || · ||T . Then C0(T ) is a subspace of Σ(B(T )). If Φ : Σ(B(T )) → X is given
by Φ(ϕ) =

∫
T

ϕdm with the integral defined in the sense of Definition 1 of [P7],
then by Lemma 6 of [P7], Φ is a continuous linear map and m is the representing
measure of Φ in the sense of Definition 2 of [P7]. Since B(T ) is a σ-algebra and m
is σ-additive on B(T ), m is also strongly additive on B(T ) and hence by Theorem
1 of [P7], Φ is weakly compact. Consequently, u = Φ|C0(T ) is weakly compact.
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Now suppose m is further Borel regular. Then by Theorem 2(ii) of [P9], the
representing measure m̂ (in the sense of Definition 4 of [P9]) of the weakly compact
operator u has range in X and by Theorem 1 of [P9], x∗ ◦ m̂ ∈ M(T ) for x∗ ∈ X∗

and x∗u(ϕ) =
∫

T ϕd(x∗ ◦ m̂) for ϕ ∈ C0(T ). On the other hand, u(ϕ) = Φ(ϕ) =∫
T

ϕdm and hence by Lemma 6(iii) of [P7] we have
∫

T
ϕd(x∗ ◦ m) = x∗u(ϕ) for

ϕ ∈ C0(T ). Thus we have

x∗u(ϕ) =
∫

T

ϕd(x∗ ◦ m) =
∫

T

ϕd(x∗ ◦ m̂), ϕ ∈ C0(T ).

Since x∗ ◦ m ∈ M(T ) by hypothesis, by the uniqueness part of the Riesz rep-
resentation theorem, x∗ ◦ m̂ = x∗ ◦ m for x∗ ∈ X∗ and consequently, by the
Hahn-Banach theorem we have m = m̂ and hence m is the representing measure
of u (in the sense of 5.2.10). �

The proof of (i) in the following lemma is motivated by the proof of Theorem
2.12 of [T].

Lemma 5.2.20. Let X be a sequentially complete lcHs and let mn : B(T ) → X be
σ-additive and Borel regular for n ∈ N. Suppose limn mn(U) exists in X for each
open Baire set U in T . Let un : C0(T ) → X be given by un(ϕ) =

∫
T ϕdmn for

ϕ ∈ C0(T ). Then:

(i) limn un(ϕ) = u(ϕ) (say) exists in X for each ϕ ∈ C0(T ).
(ii) u is an X-valued continuous linear mapping on C0(T ).

Proof. By hypothesis and by Lemma 5.2.18,

lim
n

mn(U) = m(U) (say) (5.2.20.1)

exists in X for each open set U in T and moreover, by Theorem 5.2.8,

sup
n

||mn||q(T ) = Mq (say) < ∞ (5.2.20.2)

for each q ∈ Γ.

(i) Let ϕ ∈ C0(T ), ϕ ≥ 0. Then there exists a sequence (sn) of B(T )-simple
functions such that sn → ϕ uniformly in T and

sn =
n·2n∑
i=2

i − 1
2n

χEi,n

where n ≥ ||ϕ||T and Ei,n = ϕ−1([ i−1
2n , i

2n )) = ϕ−1((−n, i
2n ))\ϕ−1((−n, i−1

2n )) for
i = 2, 3, . . . , n·2n. Clearly, 0 ≤ sn ↗ ϕ. Then Ei,n is the difference of two open sets
and hence sn is a real linear combination of the characteristic functions of open sets
in T . Consequently, each ϕ ∈ C0(T ) is the uniform limit of a sequence (s′n) of B(T )-
simple functions with |s′n| ↗ |ϕ| and with each s′n being a complex linear combina-
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tion of the characteristic functions of open sets in T . Thus, given ϕ ∈ C0(T ), q ∈ Γ
and ε > 0, there exists s of the form s =

∑k
i=1 αiχUi , Ui open in T, ||s||T ≤ ||ϕ||T

and
||s − ϕ||T <

ε

4Mq
. (5.2.20.3)

Then by (5.2.20.1) we have

lim
n

∫
T

sdmn = lim
n

k∑
1

αimn(Ui) =
k∑
1

αim(Ui) = x (say).

Then there exists n0 such that∣∣∣∫
T

sdmn − x
∣∣∣
q

<
ε

4
(5.2.20.4)

for n ≥ n0. Then by (5.2.20.3) and (5.2.20.4) and by Theorem 4.1.9(i)(b) and
Remark 4.1.5 of Chapter 4 we have

|un(ϕ) − ur(ϕ)|q ≤
∣∣∣un(ϕ) −

∫
T

sdmn

∣∣∣
q

+
∣∣∣∫

T

sdmn −
∫

T

sdmr

∣∣∣
q

+
∣∣∣∫

T

sdmr − ur(ϕ)
∣∣∣
q

≤ ||ϕ − s||T ||mn||q(T ) +
∣∣∣∫

T

sdmn − x
∣∣∣
q

+
∣∣∣∫

T

sdmr − x
∣∣∣
q

+ ||s − ϕ||T ||mr||q(T )

< ||ϕ − s||T · (2Mq) + 2
ε

4
< ε

for n, r ≥ n0. Since q is arbitrary in Γ, this implies that (un(ϕ))∞n=1 is Cauchy in
X and as X is sequentially complete, there exists a vector u(ϕ) (say) in X such
that limn un(ϕ) = u(ϕ) for ϕ ∈ C0(T ). Hence (i) holds.

(ii) Clearly, u : C0(T ) → X is linear and u is continuous by (i) and by
Theorem 2.8 of [Ru2]. �

The proof of the following theorem is a vector measure adaptation of the
proof of Proposition 2.11 of [T].

Theorem 5.2.21. (Generalization of Theorem 5.2.6 to Banach space-valued σ-
additive regular Borel measures). Let X be a Banach space and let mn : B(T ) →
X be σ-additive and Borel regular for n ∈ N. Then limn mn(U) ∈ X for each
open Baire set U in T if and only if there exists a unique Borel regular X-valued
σ-additive measure m on B(T ) such that

lim
n

∫
T

fdmn =
∫

T

fdm(∈ X) (5.2.21.1)

for each bounded B(T )-measurable scalar function f on T .
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Proof. Suppose limn mn(U) ∈ X for each open Baire set U in T . Let cX =
{(xn)∞1 ⊂ X : limn xn ∈ X} be provided with norm ||(xn)∞1 || = supn |xn|. Let
un(ϕ) =

∫
T ϕdmn, ϕ ∈ C0(T ). Then by hypothesis and by Lemma 5.2.19, un is

an X-valued weakly compact operator on C0(T ) with the representing measure
mn for each n ∈ N. Let Φ : C0(T ) → cX be defined by Φ(ϕ) = (un(ϕ))∞1 for
ϕ ∈ C0(T ). By Lemma 5.2.20(i), Φ is well defined and clearly, linear. By hypoth-
esis and by Theorem 5.2.8,

sup
n

||mn||(T ) = M (say) < ∞. (5.2.21.2)

Then by Theorem 2.1.5(v) and Remark 2.2.3 of Chapter 2,

||Φ(ϕ)|| = sup
n

|un(ϕ)| = sup
n

∣∣∣∫
T

ϕdmn

∣∣∣ ≤ ||ϕ||T · sup
n

||mn||(T ) = M ||ϕ||T

for ϕ ∈ C0(T ) and hence Φ is continuous.

Claim 1. Φ is weakly compact.

In fact, let H = {In,x∗ : x∗ ∈ X∗, |x∗| ≤ 1, n ∈ N}, where 〈In,x∗ , (xk)∞1 〉 =
x∗(xn). Clearly, H ⊂ (cX)∗ is a norm determining set for cX . The proof of Corol-
lary II.5 in Appendix II of [T] holds for complex spaces too and hence by the
complex version of the said corollary, H has the Orlicz property for (cX , || · ||). Let
Φ : C0(T ) → (cX , σ(cX , H)) be designated as ΦH so that ΦH(ϕ) = (un(ϕ))∞1 , ϕ ∈
C0(T ). Clearly, ΦH is continuous as σ(cX , H) is weaker than the norm topology
of cX . Moreover,

〈Φ∗In,x∗ , ϕ〉 = 〈In,x∗ , Φ(ϕ)〉 = 〈In,x∗ , (uk(ϕ))∞1 〉 = x∗un(ϕ) = 〈u∗
nx∗, ϕ〉

for ϕ ∈ C0(T ) and hence
Φ∗In,x∗ = u∗

nx∗ (5.2.21.3)

for In,x∗ ∈ H .

On the other hand, by Theorem V.3.9 of [DS1], (cX , σ(cX , H))∗ = 〈H〉 ⊂
(cX)∗ where 〈H〉 is the linear span of H , and hence we have

〈Φ∗In,x∗ , ϕ〉 = 〈In,x∗ , Φ(ϕ)〉 = 〈In,x∗ , ΦH(ϕ)〉 = 〈Φ∗
HIn,x∗ , ϕ〉

for ϕ ∈ C0(T ). Therefore, Φ∗In,x∗ = Φ∗
HIn,x∗ for each In,x∗ ∈ H . Then by

(5.2.21.3) we have
Φ∗

HIn,x∗ = u∗
nx∗ (5.2.21.4)

for x∗ ∈ X∗ with |x∗| ≤ 1. By hypothesis, given an open Baire set U in T there
exists a vector xU = (mn(U))∞1 ∈ cX . Then, as un is a weakly compact operator
with the representing measure mn by Lemma 5.2.19, for the open Baire set U in
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T with xU as above , by (5.2.21.4) we have

〈Φ∗∗
H (χU ), In,x∗〉 = 〈χU , Φ∗

HIn,x∗〉 = 〈χU , u∗
nx∗〉 = 〈u∗∗

n (χU ), x∗〉
= 〈mn(U), x∗〉 = 〈xU , In,x∗〉.

Thus,
In,x∗ ◦ Φ∗∗

H (χU ) = In,x∗(xU ) (5.2.21.5)

for In,x∗ ∈ H . Then by (5.2.21.5) and by Theorem 5.2.17 (since H is a norm
determining set for cX , the norm topology of cX is identical with the topology of
uniform convergence in equicontinuous subsets of H), Φ is weakly compact and
hence the claim holds.

Let m̂ be the representing measure of Φ. Then by Theorem 2(ii) of [P9], m̂
has range in cX so that m̂(A) = Φ∗∗(χA) ∈ cX for A ∈ B(T ) and we let m̂(A) =
(xn)∞1 ∈ cX . Then by (5.2.21.3) we have x∗(xn) = In,x∗m̂(A) = In,x∗Φ∗∗(χA) =
〈Φ∗In,x∗ , χA〉 = 〈u∗

nx∗, χA〉 = 〈x∗, u∗∗
n (χA)〉 = 〈x∗,mn(A)〉 for In,x∗ ∈ H and

hence x∗(xn) = (x∗ ◦ mn)(A) for x∗ ∈ X∗ with |x∗| ≤ 1 and for A ∈ B(T ).
Then clearly x∗(xn) = (x∗ ◦ mn)(A) for x∗ ∈ X∗ and hence by the Hahn-Banach
theorem, xn = mn(A) for all n and hence

(mn(A))∞1 = (xn)∞1 = m̂(A) ∈ cX . (5.2.21.6)

This implies that limn mn(A) = m(A) (say) exists in X for each A ∈ B(T ). Then
by VHSN (see Proposition 1.1.8 of Chapter 1), m : B(T ) → X is σ-additive and
hence ||m||(T ) < ∞.

Let M0 = max(M, ||m||(T )) where M is as in (5.2.21.2). Let f be a bounded
B(T )-measurable scalar function. Then there exists a sequence (sn) of Borel simple
functions such that |sn| ↗ |f | and ||sn − f ||T → 0 as n → ∞. Thus, given ε > 0,
there exists n0 such that

||sn0 − f ||T <
ε

3M0
. (5.2.21.7)

Let s = sn0 =
∑r

1 αiχAi , (Ai)r
1 ⊂ B(T ). Then by (5.2.21.7) and by Theorem

2.1.5(v) and Remark 2.2.3 of Chapter 2 we have∣∣∣∣∫
T

fdmn −
∫

T

sdmn

∣∣∣∣ ≤ ||f − s||T · ||mn||(T ) <
ε

3
(5.2.21.8)

for all n and∣∣∣∣∫
T

fdm −
∫

T

sdm
∣∣∣∣ ≤ ||f − s||T · ||m||(T ) <

ε

3
. (5.2.21.9)

As limn mn(Ai) = m(Ai) for i = 1, 2, . . . , r, there exists n1 such that

|αi||mn(Ai) − m(Ai)| <
ε

3r
(5.2.21.10)
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for n ≥ n1 and for i = 1, 2, . . . , r. Then by (5.2.21.8), (5.2.21.9) and (5.2.21.10) we
have ∣∣∣∣∫

T

fdmn −
∫

T

fdm
∣∣∣∣ < ε

for n ≥ n1. Hence limn

∫
T

fdmn =
∫

T
fdm ∈ X and thus (5.2.21.1) holds.

To prove that m is Borel regular, let A ∈ B(T ) and ε > 0. As m̂ is Borel
regular by Theorem 6 of [P9], there exist K ∈ C and U ∈ U such that

K ⊂ A ⊂ U with |m̂(B)| < ε (5.2.21.11)

for B ∈ B(T ) such that B ⊂ U\K. Since m̂(B) = (mn(B))∞1 by (5.2.21.6), by
(5.2.21.11) we have

|m(B)| = lim
n

|mn(B)| ≤ sup
n

|mn(B)| = |m̂(B)| < ε

for B ∈ B(T ) with B ⊂ U\K and hence m is B(T )-regular.

To prove the uniqueness of m, let m′ : B(T ) → X be another σ-additive
Borel regular measure such that∫

T

fdm′ = lim
n

∫
T

fdmn (5.2.21.12)

for each bounded Borel measurable scalar function f on T . Then by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2 and by (5.2.21.1) and (5.2.21.12) we
have ∫

T

fd(x∗ ◦ m′) =
∫

T

fd(x∗ ◦ m)

for x∗ ∈ X∗ and for f ∈ C0(T ). Consequently, by the uniqueness part of the
Riesz representation theorem, x∗ ◦ m = x∗ ◦ m′ for x∗ ∈ X∗ and hence by the
Hahn-Banach theorem, m′ = m. Hence m is unique.

The converse is evident and hence the theorem holds. �
Remark 5.2.22. Unlike in Theorem 5.2.6, evidently we cannot assert the weak
convergence of (mn)∞1 when X is infinite dimensional. Using the above theorem,
we give in Theorem 7.2.15 of Chapter 7 an improved version of Theorem 2.12 of
[T] (with the open Baire sets in T replacing the open sets in T ).

Theorem 5.2.23. (Generalization of Theorem 5.2.6 to sequentially complete
lcHs-valued σ-additive regular Borel measures). Let X be a sequentially com-
plete lcHs and let mn : B(T ) → X, n ∈ N, be σ-additive and Borel regular. Then
limn mn(U) ∈ X for each open Baire set U in T if and only if there exists a unique
X-valued σ-additive Borel regular measure m on B(T ) such that

lim
n

∫
T

fdmn =
∫

T

fdm ∈ X

for each bounded B(T )-measurable scalar function f on T .
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Proof. For each q ∈ Γ, let (mn)q = Πq ◦mn. Then (mn)q : B(T ) → Xq ⊂ X̃q is σ-
additive and Borel regular for each n ∈ N. Suppose there exists xU ∈ X such that
limn mn(U) = xU for each open Baire set U in T . Then limn(mn)q(U) = Πq(xU ) ∈
Xq ⊂ X̃q for each q ∈ Γ. Then by Theorem 5.2.21 applied to (mn)q, n ∈ N, there
exists a unique σ-additive Borel regular measure γq : B(T ) → X̃q such that

lim
n

∫
A

fd(mn)q =
∫

A

fdγq(∈ X̃q) (5.2.23.1)

for each A ∈ B(T ) and for each bounded B(T )-measurable scalar function f on
T . Then q

(∫
A fdmn − ∫A fdmk

) → 0 as n, k → ∞ for each A ∈ B(T ) and
hence (

∫
A

fdmn)∞1 is Cauchy in X , for each A ∈ B(T ) and for each bounded
Borel measurable scalar function f . Consequently, as X is sequentially complete,
limn mn(A) = m(A) (say) exists in X , for each A ∈ B(T ). Clearly, m : B(T ) → X
is additive. Moreover, limn(mn)q(A) = (Πq ◦ m)(A) for A ∈ B(T ) and for q ∈ Γ.
But limn(mn)q(A) = γq(A) by (5.2.23.1) for q ∈ Γ. Hence

(Πq ◦ m)(A) = γq(A) (5.2.23.2)

for A ∈ B(T ).

Claim 1. m : B(T ) → X is σ-additive.

In fact, let (Ai)∞1 ⊂ B(T ) be a disjoint sequence. Given q ∈ Γ and ε > 0, there
exists n0(q) such that |γq(

⋃∞
1 Ai)−

∑n
1 γq(Ai)|q < ε for n ≥ n0(q), since γq is σ-

additive on B(T ). Then by (5.2.23.2) we have, q (m(
⋃∞

1 Ai) −
∑n

1 m(Ai)) = |(Πq◦
m)(
⋃∞

1 Ai) −
∑n

1 (Πq ◦ m)(Ai)|q = γq(
⋃∞

1 Ai) −
∑n

1 γq(Ai)|q < ε for n ≥ n0(q).
Then, as q ∈ Γ is arbitrary, it follows that m(

⋃∞
1 (Ai) =

∑∞
1 m(Ai) and hence

the claim holds.

Now, for q ∈ Γ, by (5.2.23.1) and (5.2.23.2), by Claim 1 and by Remark 3.3.5′

in Remark 3.3.11 and Theorem 3.3.8(v) of Chapter 3, we have

q

(∫
T

fdmn −
∫

T

fdm
)

=
∣∣∣∣Πq(

∫
T

fdmn −
∫

T

fdm)
∣∣∣∣
q

=
∣∣∣∣∫

T

fd(Πq ◦ mn) −
∫

T

fd(Πq ◦ m)
∣∣∣∣
q

=
∣∣∣∣∫

T

fd(mn)q −
∫

T

fd(γq)
∣∣∣∣
q

→ 0 as n → ∞.

Hence limn

∫
T fdmn =

∫
T fdm.

To prove that m is Borel regular, let A ∈ B(T ), q ∈ Γ and ε > 0. Since
Πq ◦ m = γq by (5.2.23.2) and since γq is Borel regular for each q ∈ Γ, in view
of Definition 5 of [P9] it follows that m is Borel regular. The uniqueness of m is
proved by an argument similar to that in the proof of Theorem 5.2.21, except that
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we have to appeal to Theorem 3.2.8(v) and Remark 3.3.11 of Chapter 3 instead
of Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter 2.

The converse is evident and hence the theorem holds. �

Remark 5.2.24. Only the Banach space version of Theorem 5.2.17 which is deduced
from Theorem 5.2.16 is used in the proof of Theorem 5.2.21. However, Theorem
5.2.16 in its generality is needed in the proof of Theorem 6.3.8 of Chapter 6 which
improves Theorem 3.3.2 of Chapter 3 when P = δ(C), m is δ(C)-regular and σ-
additive and X is a complete lcHs. Theorem 5.2.16 is used in the proof of Theorem
6.3.4 of Chapter 6 which strengthens Theorem 1.3.2 of Chapter 1 when P and m
are as above and m is Banach space-valued.

5.3 Weakly compact bounded Radon operators

and prolongable Radon operators

Notation 5.3.1. Cc(T ) always denotes the normed space (Cc(T ), || · ||T ). For C ∈ C,
let Cc(T, C) = {f ∈ Cc(T ) : supp f ⊂ C} and let IC : Cc(T, C) ↪→ Cc(T ) be
the canonical injection. Let ξ be the inductive limit locally convex topology on
Cc(T ) induced by the family {Cc(T, C), IC}, where Cc(T, C) are provided with
the topology τu of uniform convergence. Then we denote (Cc(T ), ξ) by K(T ). It
is well known that K(T ) is an lcHs and K(T )∗ denotes the topological dual of
K(T ). Similarly, one defines the locally convex space K(T,R ) corresponding to
Cr

c (T ) = {f ∈ Cc(T ), freal-valued}. See §1, Chapter III of [B].

For the convenience of the reader, let us recall the following notation given
in the end of Notation 5.2.1.

Notation 5.3.2. V denotes the family of all relatively compact open sets in T .

Let X be an lcHs with topology τ unless otherwise mentioned. Recall Def-
inition 5 of [P9] for the notions of R-regularity, R-outer regularity and R-inner
regularity of a vector measure (i.e., a vector-valued additive set function).

In this section, following Thomas [T], we introduce the notions of weakly
compact bounded Radon operators and prolongable Radon operators on K(T )
with values in a quasicomplete lcHs. Using the results of [P9] and those of Section
5.2 above, we give several characterizations of these operators; those for weakly
compact bounded Radon operators given here are different from the characteriza-
tions obtained in [P9].

Definition 5.3.3. Let X be an lcHs and let u : K(T ) → X be a continuous linear
mapping. This means, for each C ∈ C and q ∈ Γ, there exists a finite constant
MC,q such that |u(ϕ)|q ≤ MC,q||ϕ||T for all ϕ ∈ Cc(T, C). Such a mapping u is
called an X-valued Radon operator. (Thomas calls it an X-valued Radon measure
in [T].)
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Theorem 5.3.4. (Integral representation of Radon operators). Let X be a quasi-
complete lcHs and let u : K(T ) → X be a Radon operator. Then there exists a
vector measure (i.e., a vector-valued additive set function) m : δ(C) → X∗∗ such
that

(i) x∗ ◦ m : δ(C) → K is σ-additive and δ(C)-regular for each x∗ ∈ X∗;
(ii) {m(A) : A ∈ B(V )} is τe-bounded in X∗∗ (see Notation and Terminology

5.2.10) for each V ∈ V and
(iii) for each ϕ ∈ Cc(T ), u(ϕ) =

∫
T ϕdm (in the sense of Definition 1 of [P7]),

where X is identified as a subspace of (X∗∗, τe). Finally, (i)–(iii) determine
m uniquely.

Proof. Let V ∈ V and let uV = u|Cc(V ). Let q ∈ Γ. For ϕ ∈ Cc(V ), supp ϕ ⊂
V̄ ∈ C and hence |uV (ϕ)|q = |u(ϕ)|q ≤ MV̄ ,q||ϕ||T so that uV is continuous. As
X is sequentially complete, uV has a unique continuous linear extension ũV to
the whole of C0(V ) with values in X . Then by Theorem 1 of [P9], ũV has the
representing measure mV (as an additive set function) on B(V ) with values in
X∗∗ and mV (A) = ũV

∗∗(χA) = u∗∗
V (χA) for A ∈ B(V ); x∗ ◦ mV : B(V ) → K is

σ-additive and B(V )-regular for x∗ ∈ X∗; the mapping x∗ → x∗ ◦ mV of X∗ into
M(V ) is weak*-weak* continuous;

x∗uV (ϕ) =
∫

T

ϕd(x∗ ◦ mV ) (5.3.4.1)

for ϕ ∈ C0(V ) and for x∗ ∈ X∗, and

{mV (A) : A ∈ B(V )} is τe-bounded in X∗∗. (∗)

Let A ∈ δ(C). Then there exists V ∈ V such that A ⊂ V so that A ∈ B(V ).
Let m(A) = mV (A).

Claim 1. m : δ(C) → X∗∗ is a well-defined, vector measure (i.e., an additive set
function).

In fact, let A ∈ δ(C) and let V1, V2 ∈ V such that A ⊂ V1∩V2. Then A ∈ B(Vi)
and the continuous linear mapping ũVi on C0(Vi) has the representing measure
mVi for i = 1, 2. Clearly, A ∈ B(V1 ∩ V2) and for ϕ ∈ Cc(V1 ∩ V2),

x∗uV1(ϕ) = x∗uV2(ϕ) = x∗u(ϕ) = x∗uV1∩V2(ϕ) for x∗ ∈ X∗ (5.3.4.1)

and hence by (5.3.4.1) we have∫
T

ϕd(x∗ ◦ mV1) =
∫

T

ϕd(x∗ ◦ mV2) =
∫

T

ϕd(x∗ ◦ mV1∩V2) (5.3.4.2)

for x∗ ∈ X∗. As x∗ ◦ mV1∩V2 , x∗ ◦ mV1 |B(V1∩V2) and x∗ ◦ mV2 |B(V1∩V2) belong to
M(V1 ∩ V2), by (5.3.4.2) and by the uniqueness part of the Riesz representation
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theorem we have x∗ ◦ mV1(A) = x∗ ◦ mV2(A) = x∗ ◦ mV1∩V2(A) for x∗ ∈ X∗.
As mV1(A), mV2(A) and mV1∩V2(A) belong to X∗∗, we conclude that mV1(A) =
mV2(A) = mV1∩V2(A). Hence m is well defined. Moreover, let A1, A2 ∈ δ(C) with
A1∩A2 = ∅. Let V ∈ V such that A1∪A2 ⊂ V . Then, as mV is additive on B(V ),
we have m(A1 ∪ A2) = mV (A1 ∪ A2) = mV (A1) + mV (A2) = m(A1) + m(A2)
and hence m is additive. Therefore, Claim 1 holds.

Claim 2. (x∗ ◦ m) is σ-additive on δ(C) for each x∗ ∈ X∗.

In fact, let (Ai)∞1 ⊂ δ(C), Ai ∩ Aj = ∅ for i �= j and let A =
⋃∞

1 Ai ∈ δ(C).
Then there exists V ∈ V such that A ⊂ V so that A, (Ai)∞1 ⊂ B(V ). Then
(x∗ ◦m)(A) = (x∗ ◦mV )(A) =

∑∞
1 (x∗ ◦mV )(Ai) =

∑∞
1 (x∗ ◦m)(Ai) for x∗ ∈ X∗.

Hence Claim 2 holds.

Claim 3. (x∗ ◦ m) is δ(C)-regular for x∗ ∈ X∗.

In fact, let A ∈ δ(C) and ε > 0. Choose V ∈ V such that A ⊂ V . Then by
the B(V )-regularity of x∗ ◦ mV there exist K ∈ C and a set U open in V such
that K ⊂ A ⊂ U and such that v(x∗ ◦ mV ,B(V ))(U\K) < ε. Then, as V is open
in T , U is also open in T . As m|B(V ) = mV , and as v(x∗ ◦ m, δ(C))(U\K) =
v(x∗ ◦ m,B(V ))(U\K) = v(x∗ ◦ mV ,B(V ))(U\K) < ε, Claim 3 holds.

By the above claims, m verifies (i) of the theorem. Since {m(A) : A ∈
B(V )} = {mV (A) : A ∈ B(V )}, by (∗) (ii) of the theorem also holds.

Let ϕ ∈ Cc(T ) and let supp ϕ = K. Then choose V ∈ V such that K ⊂ V . As
ϕ is a bounded B(V )-measurable function and as mV is an X∗∗-valued τe-bounded
vector measure on B(V ), by the proof of Proposition 5.2.11 above, ϕ is not only
mV -integrable in the sense of Definition 1 of [P7], but also u(ϕ) = uV (ϕ) =∫

T
ϕdmV , considering X as a subspace of (X∗∗, τe). Moreover, as mV = m|B(V )

and as ϕ ∈ Cc(V ), we conclude that u(ϕ) =
∫

T
ϕdm, for ϕ ∈ Cc(T ). Thus m

verifies (iii) of the theorem.

To prove the uniqueness of m, if possible let n be another X∗∗-valued vector
measure on δ(C) such that (i)–(iii) hold for n. Then as x∗ ∈ X∗ is continuous on
(X∗∗, τe), by Lemma 6 of [P7] and by (iii) we have

x∗u(ϕ) =
∫

T

ϕd(x∗ ◦ m) =
∫

T

ϕd(x∗ ◦ n) (5.3.4.3)

for ϕ ∈ Cc(T ) and for x∗ ∈ X∗. Let V ∈ V . As (5.3.4.3) holds for all ϕ ∈ Cc(V ), by
the uniqueness part of the Riesz representation theorem we have (x∗ ◦ n)|B(V ) =
(x∗ ◦ m)|B(V ) for x∗ ∈ X∗. Hence n(A) = m(A) for A ∈ B(V ). Since δ(C) =⋃

V ∈V B(V ), it follows that n = m. Hence m is unique. �

The following definition is suggested by Theorem 5.3.4.

Definition 5.3.5. Let X be a quasicomplete lcHs and let u : K(T ) → X be a Radon
operator. The unique X∗∗-valued vector measure m on δ(C) satisfying (i)–(iii) of
Theorem 5.3.4 is called the representing measure of u.
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Following Thomas [T] we give the following definition.

Definition 5.3.6. Let X be a quasicomplete lcHs. A linear mapping u : K(T ) → X
is called a weakly compact bounded Radon operator if u is continuous on Cc(T )
for the topology of uniform convergence (i.e., for the topology induced by || · ||T )
and if its continuous extension to (C0(T ), || · ||T ) is weakly compact.

In the light of the above definition, weakly compact bounded Radon operators
on K(T ) can be considered as weakly compact operators on (C0(T ), || · ||T ), and
[P9] gives 35 characterizations of these operators. An alternative proof based on
the Borel extension theorem is given in [P14] to obtain these characterizations. The
reader may also refer to [P11] for a simple proof of many of these characterizations
where three new characterizations are also given. Part (ii) of the following theorem
gives some more characterizations of these operators when the lcHs X satisfies
some additional hypothesis and these are suggested by [T]. See also Theorems
5.3.14 and 5.3.15 for further characterizations of these operators.

Theorem 5.3.7. Let X be a quasicomplete lcHs with topology τ and let u : C0(T ) →
X be a continuous linear mapping. Then:

(i) u is weakly compact if and only if , for each uniformly bounded sequence
(ϕn)∞1 ⊂ C0(T ) with ϕn(t) → 0 for t ∈ T , u(ϕn) → 0 in X.

(ii) Let H ⊂ X∗ have the Orlicz property and let τ be identical with the topology
of uniform convergence in equicontinuous subsets of H. Let m be the repre-
senting measure of u in the sense of Definition 4 of [P9]. Then u is weakly
compact if and only if any one of the following holds:
(a) For each open set U in T there exists a vector xU ∈ X such that

(x∗ ◦ m)(U) = x∗(xU ) for each x∗ ∈ H.
(b) Similar to (a) with U σ-Borel open sets in T .
(c) Similar to (a) with U open Baire sets in T .
(d) Similar to (a) with U σ-compact open sets in T .
(e) Similar to (a) with U open and Fσ in T .
(f) For each closed set F in T there exists a vector xF ∈ X such that

(x∗ ◦ m)(F ) = x∗(xF ) for each x∗ ∈ H.
(g) Similar to (f) with F closed Gδ’s in T .

Proof. (i) Let m be the representing measure of u. Then by Theorem 1 of [P9],
u∗x∗ = x∗ ◦ m for x∗ ∈ X∗ and x∗u(ϕ) =

∫
T ϕd(x∗ ◦ m) for ϕ ∈ C0(T ). Let

(ϕn)∞1 ⊂ C0(T ) be uniformly bounded and let ϕn(t) → 0 for t ∈ T . Then u(ϕn) →
0 if and only if qE(u(ϕn)) = supx∗∈E |x∗u(ϕn)| = supx∗∈E | ∫

T
ϕnd(x∗ ◦ m)| =

supμ∈u∗E | ∫T ϕndμ| → 0 as n → ∞ for each equicontinuous set E in X∗ since the
topology τ of X is the same as that of uniform convergence in the equicontinuous
subsets of X∗ by Proposition 7, §4, Chapter 3 of [Ho]. For an equicontinuous set
E in X∗, u∗E is bounded by Lemma 2 of [P9] and hence by Theorem 2 of [G] the
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above condition holds if and only if u∗E is relatively weakly compact in M(T )
and hence by Proposition 4 of [P9] or by Corollary 9.3.7 of [E], if and only if u is
weakly compact. Hence (i) holds.

(ii) Clearly, (a)⇒(b)⇒(c) and by Theorem 5.2.16, (c) implies that u is weakly
compact. Conversely, if u is weakly compact, then by Theorem 2(ii) of [P9], m has
range in X and hence (a), (b) and (c) hold. By Lemma 5.2.3, (c)⇔(d). Clearly,
(e)⇒(d) and (a)⇒(e). Hence (a)–(e) are equivalent.

(a)⇒(f) In fact, let F be a closed set in T . Let U = T \F . Then by (a) there
exist vectors xU , xT ∈ X such that x∗(xU ) = (x∗◦m)(U) and x∗(xT ) = (x∗◦m)(T )
for x∗ ∈ H . Then (x∗ ◦ m)(F ) = x∗(xT − xU ) for x∗ ∈ H and hence (f) holds.
Similarly, (f) implies (a) as T is closed and as F = T \U is closed for an open set
U in T .

By taking complements, we see that (g) and (e) are equivalent. Hence the
theorem holds. �

Following Thomas [T] we give the following definition and its equivalence
with Definition 3.1 of [T] will be proved in Theorem 7.3.5 of Chapter 7. (See
condition (vi) of the latter theorem.)

Definition 5.3.8. Let X be a quasicomplete lcHs and let u : K(T ) → X be a Radon
operator. Then u is said to be prolongable if, for each V ∈ V , the continuous linear
map uV = u|Cc(V ) is continuous for the topology of uniform convergence on Cc(V )
and if its continuous extension ũV to C0(V ) is weakly compact.

The weakly compact bounded Radon operators in Definition 5.3.6 and
prolongable Radon operators in Definition 5.3.8 are called respectively weakly
compact bounded Radon measures and prolongable Radon measures in [T].

When the Radon operator is prolongable, we can strengthen Theorem 5.3.4
as below.

Theorem 5.3.9. (Integral representation of prolongable Radon operators). Let X
be a quasicomplete lcHs and let u : K(T ) → X be a prolongable Radon operator.
Then the representing measure m of u as in Definition 5.3.5 is X-valued, σ-additive
and δ(C)-regular (considering X as a subspace of (X∗∗, τe)) and

u(ϕ) =
∫

T

ϕdm, ϕ ∈ Cc(T ) (5.3.9.1)

where the integral is a (BDS)-integral.

Conversely, if m is an X-valued σ-additive δ(C)-regular measure on δ(C),
then the mapping u : K(T ) → X given by u(ϕ) =

∫
T

ϕdm, ϕ ∈ K(T ) (the in-
tegral being a (BDS)-integral), is a prolongable Radon operator. Moreover, the
representing measure of u is m. For an X-valued prolongable or weakly compact
bounded Radon operator u on K(T ) (resp. on K(T,R)), let mu denote the rep-
resenting measure of u.



5.3. Weakly compact bounded Radon operators 143

Proof. Let u be prolongable. Then by Theorem 5.3.4 there exists a unique X∗∗-
valued vector measure m on δ(C) such that x∗ ◦ m is σ-additive and δ(C)-regular
for each x∗ ∈ X∗; u(ϕ) =

∫
T ϕdm for ϕ ∈ K(T ) in the sense of Definition 1 of

[P7] and {m(A) : A ∈ B(V )} is τe-bounded for each V ∈ V . Let V ∈ V and
let mV = m|B(V ). Then, from the proof of Theorem 5.3.4 we note that mV is
the representing measure of the continuous linear map ũV on (C0(V ), || · ||T ) (in
the sense of Definition 4 of [P9]) and by hypothesis, ũV : C0(V ) → X is weakly
compact. Then by Theorem 2 of [P9], mV is σ-additive on B(V ) and has range in
X and by Theorem 6 of [P9], mV is B(V )-regular. Since V is arbitrary in V and
since δ(C) =

⋃
V ∈V B(V ), we conclude that m is σ-additive on δ(C), is δ(C)-regular

and has range in X . Let ϕ ∈ Cc(T ) with supp ϕ ⊂ K ∈ C. Let V ∈ V such that
K ⊂ V . Then ϕ ∈ Cc(V ) ⊂ C0(V ) and mV = m|B(V ) is σ-additive and X-valued.
Then by Theorem 5.3.4, uϕ =

∫
T

ϕdm =
∫

V
ϕdmV and by Lemma 5.2.19, the

integral is a (BDS)-integral.

Conversely, let m : δ(C) → X be σ-additive and δ(C)-regular. If V ∈ V , then
mV = m|B(V ) is σ-additive, B(V )-regular and X-valued. Let u : K(T ) → X be
given by u(ϕ) =

∫
T

ϕdm for ϕ ∈ K(T ) where the integral is a (BDS)-integral.
Then by Theorem 4.1.9(i)(b) and Remark 4.1.5 of Chapter 4, u is a continuous
linear map. Let U ∈ V . Then by Theorem 50.D of [H], there exists W ∈ V such
that Ū ⊂ W and hence C0(U) ⊂ Cc(W ). Then mW = m|B(W ) is X-valued
and σ-additive in τ and hence by Lemma 5.2.19, ũW : C0(W ) → X given by
ũW (ϕ) =

∫
W

ϕdmW is weakly compact and hence ũU = ũW |C0(U) is weakly
compact. Hence u is prolongable. Clearly, m satisfies (i) of Theorem 5.3.4. Since
m|B(V ) is σ-additive, by Proposition 7, §4, Chapter 3 of [Ho], (ii) of Theorem 5.3.4
also holds. By Lemma 5.2.19, the (BDS)-integral

∫
T

ϕdm for ϕ ∈ K(T ) is the same
as the integral in the sense of Definition 1 of [P7], noting that τ = τe|X when X
is considered as a subspace of (X∗∗, τe) by the proposition of [Ho] cited above.
Hence m is the representing measure of u in the sense of Definition 5.3.5. �

Corollary 5.3.10. A linear functional θ belongs to K(T )∗ (resp. K(T )∗b (see [P4])) if
and only if θ : K(T ) → K is a prolongable (resp. weakly compact bounded) Radon
operator. In that case, its representing measure mθ is the same as the complex
Radon measure μθ induced by θ in the sense of Definition 4.3 of [P3].

Thus prolongable (resp. weakly compact bounded) Radon operators on K(T )
with values in a quasicomplete lcHs generalize complex measures (resp. bounded
complex measures) in the sense of [B].

Theorem 5.3.11. Let X and Y be quasicomplete lcHs over C (resp. over R). Let
u : K(T ) → X (resp. u : K(T,R) → X) be a prolongable Radon operator, let
w : K(T ) → X (resp. w : K(T,R ) → X) be a weakly compact bounded Radon
operator and let v : X → Y be a continuous linear mapping. Then:

(i) v◦u : K(T ) → Y (resp. v◦u : K(T,R ) → Y ) is a prolongable Radon operator.
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(ii) v ◦ w : K(T ) → Y (resp. v ◦ w : K(T,R ) → Y ) is a weakly compact bounded
Radon operator.

(iii) mv◦u(A) = v(mu(A)) for A ∈ δ(C), where mu and mv◦u are the representing
measures of u and v ◦ u, respectively.

(iv) mv◦w(A) = v(mw)(A) for A ∈ B(T ), where mw and mv◦w are the represent-
ing measures of w and v ◦ w, respectively.

(v) If f ∈ L1(mu), then f ∈ L1(mv◦u) and
∫

A
fdmv◦u = v(

∫
A

fdmu) for A ∈
Bc(T ).

(vi) If f ∈ L1(mw), then f ∈ L1(mv◦w) and
∫

A fdmv◦w = v(
∫

A fdmw) for
A ∈ B(T ).

Proof. (i) If Φ is a weakly compact operator with range in X , then it is well known
that v ◦ Φ is weakly compact. This result is used to prove (i) and (ii).

(iii) Let u be prolongable and let V ∈ V . Then ũV : C0(V ) → X is weakly
compact and its representing measure (mu)V on B(V ) has range in X and is
given by (mu)V = ũV

∗∗|B(V ) = u∗∗
V |B(V ). Let A ∈ δ(C) and choose V ∈ V such

that A ⊂ V . Then by 5.2.10 we have (mu)V (A) = u∗∗
V (χA) and (v ◦ uV )∗∗(χA) =

(mv◦u)V (A). Hence mv◦u(A) = (mv◦u)V (A) = (v ◦ uV )∗∗(χA) = v∗∗u∗∗
V (χA) =

v∗∗(mu)V (A) = v∗∗mu(A) = v ◦ mu(A) as mu(A) ∈ X by Theorem 5.3.9 and as
v∗∗|X = v. Hence (iii) holds.

(iv) Similar to the proof of (iii) when w is a weakly compact bounded Radon
operator.

(v)(resp. (vi)) Let u′ = u or u′ = w. Let f ∈ L1(mu′). Then by Theorem
4.1.8(v) and Remark 4.1.5 of Chapter 4, f ∈ L1(v ◦ mu′) and

∫
A

fd(v ◦ mu′) =
v(
∫

A fdmu′) for A ∈ Bc(T ) (resp. for A ∈ B(T )) if u′ is a prolongable Radon
operator (resp. u′ is a weakly compact bounded Radon operator). As mv◦u′ =
v ◦ mu′ by (iii) (resp. by (iv)), (v) (resp. (vi)) holds. �

The following theorem gives 22 characterizations for a Radon operator to be
prolongable and [P9] plays a key role in the proof of the theorem. For the different
concepts of regularity used in the following theorem see Definition 5 of [P9].

Theorem 5.3.12. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
Radon operator. Let m : δ(C) → X∗∗ be the representing measure of u in the
sense of Definition 5.3.5 and let m0 = m|δ(C0). By Proposition 7, §4, Chapter 3
of [Ho] we consider X as a subspace of (X∗∗, τe). Then the following statements
are equivalent:

(1) u is prolongable.
(2) m has range in X.
(3) m is σ-additive for the topology τe of X∗∗.
(4) m(V ) ∈ X for each V ∈ V.
(5) m(V ) ∈ X for each V ∈ V ∩ B0(T ).
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(6) m(K) ∈ X for each K ∈ C.
(7) m(K) ∈ X for each K ∈ C0.
(8) For each U ∈ V and for each increasing sequence (fn)∞1 ⊂ C0(U) with 0 ≤

fn ≤ 1 in U for all n, (ufn) converges weakly in X.
(9) Similar to (8) with U ∈ V ∩ B0(T ).

(10) m0 is σ-additive for τe.
(11) m0 has range in X.
(12) m is δ(C)-regular (for τe).
(13) m is δ(C)-inner regular (for τe).
(14) m is δ(C)-inner regular (for τe) in each V ∈ V.
(15) m0 is δ(C0)-regular (for τe).
(16) m0 is δ(C0)-inner regular (for τe).
(17) m0 is δ(C0)-inner regular (for τe) in each open set U ∈ δ(C0).
(18) All bounded Borel measurable functions f on T with compact support (equiv-

alently, all bounded σ-Borel measurable functions f on T with compact sup-
port) are m-integrable in T (in the sense of Definition 1 of [P7] with respect
to the completion of (X∗∗, τe)) and

∫
T

fdm ∈ X.
(19) All bounded Baire measurable functions f on T with compact support are

m0-integrable in T (in the sense of Definition 1 of [P7] as in (18)) and∫
T

fdm0 ∈ X.
(20) All bounded functions f on T belonging to the first Baire class with compact

support are m-integrable in T (in the sense of Definition 1 of [P7] as in (18))
and

∫
T fdm ∈ X.

(21) u∗∗
V f ∈ X for all bounded functions f on T belonging to the first Baire class

with compact support, the support being contained in V ∈ V.
(22) For every uniformly bounded sequence (ϕn) of continuous functions vanish-

ing in T \K for some K ∈ C (equivalently, by Urysohn’s lemma for every
sequence (ϕn) of continuous functions dominated by a member of K(T )) with
limn ϕn(t) = 0 for each t ∈ T , limn u(ϕn) = 0.

Proof. For V ∈ V , let uV = u|(Cc(V ),||·||T ). As uV is continuous, it has a unique
continuous linear extension ũV to C0(V ). If mV is the representing measure of ũV

on B(V ) as in Definition 4 of [P9], then from the proof of Theorem 5.3.4 it is clear
that mV = m|B(V ).

(1)⇔(2)(resp. (1)⇔(3)) By Theorem 2 of [P9], the range of mV is contained
in X (resp. mV is σ-additive on B(V ) for τe) if and only if ũV is weakly compact.
Since δ(C) =

⋃
V ∈V B(V ) and since mV = m|B(V ), it follows that m has range in

X (resp. m is σ-additive on δ(C) for τe) if and only if mV (B(V )) ⊂ X (resp. mV

is σ-additive on B(V ) for τe) for each V ∈ V and hence if and only if ũV is weakly
compact for each V ∈ V . Hence the result holds.
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Clearly, (2)⇒(4)⇒(5).

(5)⇒(1)

Claim 1. B0(T ) is the σ-ring generated by all relatively compact open Baire sets
in T .

In fact, given C ∈ C0, by Theorem 50.D of [H] and by Lemma 5.2.3, there
exists a relatively compact open Baire set U in T such that C ⊂ U . Then C =
U\(U\C) and hence the claim holds.

Let V ∈ V . Since V is relatively compact, Then by Lemma 5.2.3 and Claim
1 above, B0(V ) is the σ-ring generated by UV = {U : Uopen in V, U ∈ B0(V )} =
{U : U open in V, U =

⋃∞
1 Fn, Fn compact in V }. Since V is open in T , U ∈ UV

if and only if U ⊂ V and U is open and σ-compact in T and hence by Lemma
5.2.3, U ∈ UV if and only if U ⊂ V and U is an open Baire set in T . Hence
UV = {U ∈ V ∩ B0(T ) : U ⊂ V }. Then by hypothesis (5), mV (U) ∈ X for
U ∈ B0(V ) which are open in V and hence by Theorem 3(vii) of [P9], ũV is
weakly compact. Therefore, (1) holds.

(4)⇒(6) Given K ∈ C, by Theorem 50.D of [H] there exists an open set
V ∈ V such that K ⊂ V . Then, as K = V \(V \K), by hypothesis we have
m(K) = m(V ) − m(V \K) ∈ X .

(6)⇒(7) Obvious.

(7)⇒(5) Let V ∈ V∩B0(T ). Then as V is a relatively compact open Baire set
in T , by Theorem 50.D of [H] there exists K ∈ C0 such that V ⊂ K. Then again
by Theorem 50.D of [H] and by Lemma 5.2.3, there exists a relatively compact
open Baire set U in T such that K ⊂ U . Then V = K\(K\V ) and K\V ∈ C0 by
Theorem 51.D of [H]. Then by hypothesis, m(V ) ∈ X .

(1)⇒(8) Let U ∈ V . Then by (1), ũU : C0(U) → X is weakly compact, and
by hypothesis, fn ↗, 0 ≤ fn ≤ 1 in U and (fn)∞1 ⊂ C0(U). Then by Theorem
3(xi) of [P9], (ufn) = (ũUfn) converges weakly in X and hence (8) holds.

(8)⇒(9) Obvious.

(9)⇒(1) Let V ∈ V∩B0(T ). Let (fn) be an increasing sequence in C0(V ) such
that 0 ≤ fn ≤ 1 in V for n ∈ N. Then by (9), (ũV fn) = u(fn) converges weakly in
X . Then by Theorem 3(xi) of [P9], ũV is weakly compact. Now let U ∈ V . Then
by Theorem 50.D of [H] and by Lemma 5.2.3 there exists V ∈ V ∩B0(T ) such that
Ū ⊂ V and hence ũU = ũV |C0(U) is weakly compact. Hence (1) holds.

(3)⇒(10) Obvious.

(10)⇒(1) Let U0 be the family of all open Baire sets in T . Let V ∈ B0(T )∩V .
As seen in the proof of ‘(5)⇒(1)’, B0(V ) is the σ-ring generated by {U ∈ U0 : U ⊂
V } and hence B0(V ) = σ(U0 ∩ V ) = σ(U0) ∩ V = B0(T ) ∩ V ⊂ δ(C0) by Theorem
5.E of [H] and by Lemma 5.2.2 above. Then by hypothesis, m0|B0(V ) is σ-additive
on B0(V ) in τe and hence by Theorem 4(xiii) of [P9], ũV is weakly compact.
Now if W ∈ V , then by Theorem 50.D of [H] and by Lemma 5.2.3 above, there
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exists V ∈ B0(T ) ∩ V such that W̄ ⊂ V and consequently, Cc(W ) ⊂ C0(V ). Then
ũW = ũV |C0(W ) is weakly compact and hence (1) holds.

(2)⇒(11) Obvious.

(11)⇒(1) Arguing as in the proof of ‘(10)⇒ (1)’ and using the hypothesis
that m0|B0(V ) has range in X , by Theorem 4(xv) of [P9] we observe that ũV is
weakly compact for each V ∈ V ∩ B0(T ). Then arguing as in the last part of the
proof of ‘(10)⇒(1)’, we can show that ũW is weakly compact for each W ∈ V and
hence (1) holds.

(1)⇒(12) Let A ∈ δ(C). Then there exists V ∈ V such that A ⊂ V . By (1),
ũV : C0(V ) → X is weakly compact and hence by Theorem 6(xix) of [P9], mV is
B(V )-regular. As A ∈ B(V ), given ε > 0 and q ∈ Γ, by the regularity of mV and
by Proposition 1.1.6 of Chapter 1 there exist K ∈ C and a set U open in V such
that K ⊂ A ⊂ U and such that ||mV ||q(U\K) < ε. Hence ||m||q(U\K) < ε since
mV = m|B(V ). As V is open in T , U is open in T and as U ⊂ V , U is relatively
compact in T . Hence U ∈ δ(C) by Lemma 5.2.2. Therefore, (12) holds.

(12)⇒(13)⇒(14) Obvious.

(14)⇒(1) Let V ∈ V . Then by (14), mV is B(V )-inner regular in each open
set in V and hence by Theorem 6(xxi) of [P9], ũV is weakly compact. Hence (1)
holds.

(1)⇒(15) Let A ∈ δ(C0), q ∈ Γ and ε > 0. Then by Theorem 50.D of [H]
and by Lemma 5.2.3 above there exists V ∈ V ∩ B0(T ) such that A ⊂ V . As
ũV is weakly compact, by Theorem 8(xxvii) of [P9] and by Proposition 1.1.6 of
Chapter 1 there exist K ∈ C0 and an open set U in T belonging to B0(V ) such
that K ⊂ A ⊂ U and ||mV ||q(U\K) < ε. From the proof of ‘(5)⇒(1)’, we note
that U ∈ B0(T ) ∩ V ⊂ δ(C0) (by Lemma 5.2.2) and hence m0 is δ(C0)-regular.

(15)⇒(16)⇒(17) Obvious.

(17)⇒(1) Let V be a relatively compact open Baire set in T . Then V ∈ B0(V )
since it is shown in the proof of ‘(5)⇒(1)’ that the open Baire sets in B0(V ) are
precisely the open Baire sets in T which are contained in V . Then the hypothesis
implies that m0 is B0(V )-inner regular in each open Baire set in V and hence
particularly in V . Therefore, by Theorem 8(xxix) of [P9], ũV is weakly compact.
Then, given U ∈ V , arguing as in the last part of the proof of ‘(10)⇒(1)’, we can
show that ũU is weakly compact. Hence (1) holds.

(1)⇒(18) Let f be a bounded Borel measurable function on T with support
K ∈ C. Then by Lemma 5.2.2, N(f) ∈ δ(C) and N(f) ∩ f−1(U) ∈ δ(C) ⊂ Bc(T )
for open sets U in K. Hence f is Bc(T )-measurable. Clearly, Bc(T )-measurable
functions are Borel measurable. Let V ∈ V such that K ⊂ V . Let U be the family
of open sets in T . U ∩V is the family of open sets in V and hence by Theorem 5.E
of [H], B(V ) = σ(U ∩ V ) = σ(U) ∩ V = B(T ) ∩ V . Since f is Bc(T )-measurable,
f−1(U) ∩ N(f) ∈ Bc(T ) ⊂ B(T ) for U open in K and clearly, f−1(U) ∩ N(f) ⊂
f−1(U)∩N(f) = f−1(U)∩K ⊂ V . Hence f−1(U)∩N(f)∩V = f−1(U)∩N(f) ∈
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B(V ) and hence f is B(V )-measurable. By (1), ũV is weakly compact. Then by
Theorem 9(xxxi) of [P9], f is mV -integrable in V and

∫
T

fdm =
∫

V
fdmV ∈ X .

(See Definition 3 of [P7] and note that {mV (A) : A ∈ B(V )} = {m(A) : A ∈ B(V )}
is τe-bounded in X∗∗.) Hence (18) holds.

(18)⇒(19)⇒(20) Obvious.

(20)⇒(5) Let U ∈ V ∩B0(T ). Then by Lemma 5.2.3 there exists (Kn)∞1 ⊂ C
such that Kn ↗ U . Then by an argument based on Urysohn’s lemma there exists
(fn)∞1 ⊂ Cc(U) such that fn ↗ χU in T . Hence χU belongs to the first Baire class,
and clearly has compact support. Then by hypothesis,

∫
T

χUdm = m(U) ∈ X and
hence (5) holds.

(20)⇒(21) Each bounded function f belonging to the first Baire class is Baire
measurable. Moreover, let f have compact support K and choose V ∈ V such that
K ⊂ V . Then by Definition 5.3.3, uV : Cc(V ) → X is continuous and hence
has continuous extension ũV on C0(V ). Then m0(A) = mV (A) = u∗∗

V (χA) for
A ∈ B0(V ) and (x∗ ◦ m0)V = x∗u∗∗

V = u∗
V x∗ for x∗ ∈ X∗. Then x∗ ◦ uV ∈ K(V )∗b

and 〈∫T fd(m0)V , x∗〉 =
∫

T fd(x∗ ◦m0)V =
∫

T fd(u∗
V x∗) = 〈f, u∗

V x∗〉 = 〈u∗∗
V f, x∗〉

for x∗ ∈ X∗. Hence u∗∗
V f =

∫
T

fd(m0)V =
∫

T
fdm ∈ X . Thus (21) holds.

(21)⇒(5) As seen in the proof of ‘(20)⇒(5)’, χV belongs to the first Baire
class for each V ∈ V ∩ B0(T ) and has compact support. Then by (21), m(V ) =
mV (V ) = u∗∗

V (χV ) ∈ X and hence (5) holds.

(1)⇒(22) Let (ϕn)∞1 satisfy the hypothesis. Then supn ||ϕn||T = M (say ) <
∞, and there exists K ∈ C such that ϕn(t) = 0 for t ∈ T \K and for all n and
limn ϕn(t) = 0 for t ∈ T . Let V ∈ V with K ⊂ V . Then (ϕn)∞1 ⊂ C0(V ) and by
(1), ũV is weakly compact. Then by Theorem 5.3.7(i), u(ϕn) = ũV (ϕn) → 0 in X .

(22)⇒(1) Let V ∈ V . Let (ϕn)∞1 ⊂ C0(V ) with supp ϕn ⊂ K ⊂ V for some
K ∈ C for all n, limn ϕn(t) = 0 for each t ∈ V and supn ||ϕn||T = M < ∞. Then
by (22) and by Theorem 5.3.7(i), ũV is weakly compact and hence (1) holds.

This completes the proof of the theorem. �
Theorem 5.3.13. Let X be a quasicomplete lcHs with topology τ and let u : K(T ) →
X be a Radon operator with the representing measure m. Let H be a set in X∗

having the Orlicz property such that τ is identical with the topology of uniform
convergence in equicontinuous subsets of H. Let μx∗u be the complex Radon mea-
sure induced by x∗u as in Definition 4.3 of [P3]. Then the following statements
are equivalent:

(i) u is prolongable.
(ii) For each V ∈ V, there exists xV ∈ X such that x∗(xV ) = (x∗ ◦ m)(V ) for

each x∗ ∈ H.
(iii) Similar to (ii) with V ∈ B0(T ) ∩ V.
(iv) For each K ∈ C, there exists xK ∈ X such that x∗(xK) = (x∗ ◦m)(K) for

each x∗ ∈ H.
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(v) Similar to (iv) with K ∈ C0.
(vi) For each V ∈ V, there exists xV ∈ X such that x∗(xV ) =

∫
T

χV d(μx∗u)
for x∗ ∈ H.

(vii) Similar to (vi) with V ∈ B0(T ) ∩ V.
(viii) Similar to (vi) with V replaced by K ∈ C.

(ix) Similar to (viii) with K ∈ C0.

Proof. (i)⇒(ii)⇒(iii) by (2) of Theorem 5.3.12.

(iii)⇒(i) Let V ∈ B0(T ) ∩ V . Then as observed in the proof of ‘(5)⇒(1)’ in
the proof of Theorem 5.3.12, B0(V ) is the σ-ring generated by the family UV of
all open Baire sets in T which are contained in V . If U ∈ B0(V ) and if U is open
in T , then U ∈ UV ⊂ V ∩B0(T ) by the proof of ‘(5)⇒(1)’ in the proof of Theorem
5.3.12.

Hence, for each open set U ∈ B0(V ) (U being open in V ), by hypothesis
there exists xU ∈ X such that x∗(xU ) = (x∗ ◦ m)(U) for x∗ ∈ H and hence by
Theorem 5.2.16, ũV is weakly compact. If W ∈ V , then by Theorem 50.D of [H]
and by Lemma 5.2.3, there exists V ∈ B0(T )∩V such that W ⊂ W̄ ⊂ V . Then by
the above argument ũV is weakly compact and hence ũW = ũV |C0(W ) is weakly
compact and hence (i) holds.

By (2) of Theorem 5.3.12, (i)⇒(iv)⇒(v).

(v)⇒(iii) Let V ∈ B0(T )∩V . Then V̄ ∈ C and by Theorem 50.D of [H] there
exists K ∈ C0 such that V̄ ⊂ K. Then by hypothesis, there exists xK ∈ X such
that x∗(xK) = (x∗ ◦ m)(K) for x∗ ∈ H . As K\V ∈ C0 by Theorem 51.D of [H],
by hypothesis there exists xK\V ∈ X such that x∗(xK\V ) = (x∗ ◦ m)(K\V ) for
x∗ ∈ H . Then, as V = K\(K\V ), (x∗ ◦ m)(V ) = x∗(xK − xK\V ) for x∗ ∈ H and
hence (iii) holds.

First we prove the following result.

Claim 1. (x∗u) ∈ K(T )∗ and μx∗u = x∗ ◦ m on δ(C).

In fact, as u is continuous on K(T ), x∗u ∈ K(T )∗. By Theorem 5.3.4, u(ϕ) =∫
T

ϕdm for ϕ ∈ K(T ) and consequently, by Lemma 6(ii) of [P3],∫
T

ϕd(x∗ ◦m) = x∗u(ϕ) =
∫

T

ϕd(μx∗u) (5.3.13.1)

for ϕ ∈ K(T ) since x∗ ∈ X∗ is a continuous linear form on (X∗∗, τe). Choose V ∈ V
such that supp ϕ ⊂ V . Since x∗ ◦m and μx∗u are regular on δ(C) by Theorem 5.3.4
above and by Theorem 4.4(i) of [P4], respectively, both of them are B(V )-regular
on B(V ). Moreover, both of them are σ-additive on B(V ). Since (5.3.13.1) holds
for all ψ ∈ Cc(V ), by the uniqueness part of the Riesz representation theorem we
have (x∗◦m)|B(V ) = (μx∗u)|B(V ). Since δ(C) =

⋃
V ∈V B(V ), we have (x∗◦m)(A) =

μx∗u(A) for A ∈ δ(C). Hence the claim holds.
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Let u be prolongable. Let V ∈ V , U ∈ V ∩ B0(T ), K ∈ C and K0 ∈ C0. Then
by (ii) (resp. (iii), (iv), (v)) there exists xV ∈ X (resp. xU ∈ X , xK ∈ X , xK0 ∈ X)
such that (x∗ ◦ m)(V ) = x∗(xV ) (resp. (x∗ ◦ m)(U) = x∗(xU ), (x∗ ◦ m)(K) =
x∗(xK), (x∗ ◦ m)(K0) = x∗(xK0)) for x∗ ∈ H . Consequently, by Claim 1, (vi)
(resp. (vii), (viii), (ix)) holds.

Finally, by Claim 1, (vi) (resp. (vii), (viii), (ix)) implies (ii) (resp. (iii), (iv),
(v)) and hence each one implies that u is prolongable. �
Theorem 5.3.14. Let X, u, H, μx∗u for x∗ ∈ X∗ and m be as in Theorem 5.3.13.
Then:

(a) The following statements are equivalent:
(i) u is a weakly compact bounded Radon operator.

(ii) For each open set U in T there exists xU ∈ X such that x∗(xU ) =∫
T χUd(μx∗u) for x∗ ∈ H.

(iii) Similar to (ii) with U σ-Borel open sets in T .
(iv) Similar to (ii) with U open Baire sets in T .
(v) Similar to (ii) with U Fσ-open sets in T .

(vi) Similar to (ii) with U σ-compact open sets in T .
(vii) Similar to (ii) with U replaced by closed sets F in T .

(viii) Similar to (vii) with F closed Gδ-sets in T .
(b) If u is a weakly compact bounded Radon operator, then u is prolongable and

the function χT is mu-integrable in T . (Compare with Proposition 7.3.8 of
Chapter 7.)

Proof. (a) Arguing as in the proof of Claim 1 in the proof of Theorem 5.3.13 we
have μx∗u = x∗ ◦ m on B(T ) if (x∗u) ∈ K(T )∗b and consequently, (a) holds by
Theorem 5.3.7(ii).

(b) Let u be a weakly compact bounded Radon operator. Then by Definition
5.3.6, u : (C0(T ), || · ||u) → X is weakly compact. Then given V ∈ V , ũV = u|C0(V )

is weakly compact and hence u is prolongable. As mu is X-valued and σ-additive
on B(T ) by Theorem 2 of [P9] , χT is mu-integrable in T by Theorem 4.1.9(i) and
Remark 4.1.5 of Chapter 4. �
Theorem 5.3.15. Let X be a quasicomplete lcHs and let u : (Cc(T ), || · ||T ) → X
be a continuous linear mapping. Let ũ be the continuous linear extension of u to
C0(T ) and let m be the representing measure of ũ in the sense of Definition 4 of
[P9]. Let mc = m|Bc(T ) and m0 = m|B0(T ). Then the following statements are
equivalent:

(i) u is a weakly compact bounded Radon operator.
(ii) u is prolongable and given ε > 0 and q ∈ Γ, there exists K ∈ C such that

||m||q(T \K) < ε.
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(iii) u is prolongable and given ε > 0 and q ∈ Γ, there exists K ∈ C such that
||mc||q(T \K) < ε where

||mc||q(T \K) = sup
A∈Bc(T ),A⊂T\K

||mc||q(A).

(iv) u is prolongable and given ε > 0 and q ∈ Γ, there exists K0 ∈ C0 such that
||m0||q(T \K0) < ε where

||m0||q(T \K0) = sup
A∈B0(T ),A⊂T\K0

||m0||q(A).

Proof. (i)⇒(ii) Let V ∈ V . Then ũV = ũ|C0(V ) is weakly compact and hence u is
prolongable. By Theorem 6(xxi) of [P9] and by Proposition 1.1.6 of Chapter 1 the
other part of (ii) holds.

Clearly, (ii)⇒(iii)⇒(iv) since for K ∈ C, by Theorem 50.D of [H] there exists
K0 ∈ C0 such that K ⊂ K0.

(iv)⇒(i) Let K0 ∈ C0. Choose V ∈ V such that K0 ⊂ V . By hypothesis, ũV

is weakly compact and hence by Theorem 8(xxx) of [P9] and by Proposition 1.1.6
of Chapter 1, given ε > 0 and q ∈ Γ, there exists U ∈ B0(V ), U open in V such
that K0 ⊂ U and ||mV ||q(U\K0) < ε. As V is open in T , U is open in T and
by Lemma 5.2.3, U ∈ B0(T ). This proves that m0 is Baire outer regular in each
K0 ∈ C0. The other hypothesis in (iv) implies that m0 is Baire inner regular in T
and hence by Theorem 8(xxx) of [P9], ũ is weakly compact. Hence (i) holds. �



Chapter 6

Applications to Integration in
Locally Compact Hausdorff
Spaces – Part II

6.1 Generalized Lusin’s Theorem and its variants

In the sequel, T denotes a locally compact Hausdorff space and U , C, C0 are as in
Definition 4.6.4 of Chapter 4. Then B(T ) = σ(U), the σ-algebra of the Borel sets
in T ; Bc(T ) = σ(C), the σ-ring of the σ-Borel sets in T and B0(T ) = σ(C0), the
σ-ring of the Baire sets in T . δ(C) and δ(C0) denote the δ-rings generated by C
and C0.

Notation 6.1.1. Cc(T ) = {f : T → K, f continuous with compact support};
Cr

c (T ) = {f ∈ Cc(T ) : f real}; C+
c (T ) = {f ∈ Cr

c (T ) : f ≥ 0}; C0(T ) = {f : T →
K, f is continuous and vanishes at infinity in T }; Cr

0 (T ) = {f ∈ C0(T ) : f real}
and C+

0 (T ) = {f ∈ Cr
0 (T ) : f ≥ 0}. All these spaces are provided with the

supremum norm || · ||T .

As in Chapters 1, 2, 3 and 4, X denotes a Banach space or an lcHs over
K = (R or C) with Γ, the family of continuous seminorms on X , unless otherwise
stated and it will be explicitly specified whether X is a Banach space or an lcHs.
Let P = B(T )(resp. Bc(T ), B0(T ), δ(C), δ(C0)) and let m : P → X be σ-additive
and P-regular (see Definition 4.6.7 of Chapter 4). In this section we obtain the
generalized Lusin’s theorem and its variants for σ(P)-measurable scalar functions
on T , with respect to m when X is a Banach space and when X is an lcHs. Then we
deduce that Cc(T ) (resp. C0(T )) is dense in Lp(m) and Lp(σ(P),m), 1 ≤ p < ∞,
for both the cases of X when P = δ(C) or δ(C0) (resp. when P = B0(T ) or Bc(T )
or B(T )).
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Theorem 6.1.2. (Generalized Lusin’s theorem for m on B(T )).

(i) (m normed space-valued). Let X be a normed space and let m : B(T ) → X
be σ-additive and Borel regular. Suppose f : T → K is Borel measurable.
Then, given ε > 0, there exists g ∈ Cc(T ) such that

||m||(N(f − g)) = ||m||({t ∈ T : f(t) − g(t) �= 0}) < ε (6.1.2.1)

and
||g||T ≤ ||f ||T . (6.1.2.2)

(ii) (m lcHs-valued). Let X be an lcHs and let m : B(T ) → X be σ-additive and
Borel regular and let f be as in (i). Then, given ε > 0 and q ∈ Γ, there exists
gq ∈ Cc(T ) such that

||m||q(N(f − gq)) < ε (6.1.2.3)

and
||gq||T ≤ ||f ||T . (6.1.2.4)

Proof. (i) Let X̃ be the Banach completion of X . Then m : B(T ) → X ⊂ X̃ and
hence m can be considered as Banach space-valued. As m is particularly Borel
inner regular in T , there exists K ∈ C such that ||m||(T \K) < ε

2 . By hypothesis,
fχK is B(T )-measurable and vanishes in T \K. If fχK is bounded in T , then the
proof of Theorem 2.23 of [Ru1] for the case of bounded Borel functions holds here
if we replace μ by ||m||, since ||m|| is σ-subadditive on B(T ) by Proposition 1.1.12
of Chapter 1. Hence there exists g ∈ Cc(T ) such that ||m||(N(fχK−g)) < ε

2 . Then
||m||(N(f −g)) ≤ ||m||(N(fχK −g))+ ||m||(T \K) < ε. When fχK is unbounded,
the argument in the proof of the said theorem of [Ru1] for the unbounded case
also holds here since ||m|| is continuous on B(T ) by Proposition 1.1.5 of Chapter
1 and hence there exists g ∈ Cc(T ) such that ||m||(N(fχK − g)) < ε

2 so that by
the above argument ||m||(N(f − g)) < ε. Hence (6.1.2.1) holds.

To prove (6.1.2.2), it suffices to restrict to the case ||f ||T = M < ∞. We argue
as in the last part of the proof of Theorem 2.23 of [Ru1]. Let g ∈ Cc(T ) satisfy
(6.1.2.1). Replacing g by g1 = ϕ ◦ g, where ϕ(z) = z if |z| ≤ M and ϕ(z) = Mz

|z|
if |z| > M , we deduce that g1 ∈ Cc(T ), ||m||(N(f − g1)) < ε and ||g1||T ≤ ||f ||T .
Hence (6.1.2.1) and (6.1.2.2) hold for g1.

(ii) Given q ∈ Γ, mq = Πq ◦ m : B(T ) → Xq ⊂ X̃q is σ-additive and Borel
regular and hence by (i), (ii) holds. �

To obtain the variants of Theorem 6.1.2 when m : R → X is σ-additive
and R-regular, where R = Bc(T ) (resp. B0(T ), δ(C), δ(C0)), we give the following
lemmas.

Lemma 6.1.3. Let X be a normed space or an lcHs. Then an X-valued σ-additive
measure on B0(T ) (resp. on δ(C0)) is B0(T )-regular (resp. δ(C0)-regular).
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Proof. The result for δ(C0) holds by Theorem in [DL] while that for B0(T ) holds
by Remark on pp. 93–94 of [DL]. �
Lemma 6.1.4.

(i) Let X be a normed space and let nc : δ(C) → X (resp. n0 : δ(C0) → X)
be σ-additive and let nc be δ(C)-regular. If f : T → K is Bc(T )-measurable
(resp. B0(T )-measurable) and if A is compact in T such that f(t) = 0 for
t ∈ T \A, then, given ε > 0, there exists g ∈ Cc(T ) such that

||nc||(N(f − g)) < ε (6.1.4.1)
(resp. ||n0||(N(f − g)) < ε (6.1.4.2))

and moreover, we can choose g ∈ Cc(T ) such that

||g||T ≤ ||f ||T . (6.1.4.3)

(ii) If X is an lcHs in (i) and if the remaining hypothesis of nc (resp. n0) and f
remain the same, then, given q ∈ Γ and ε > 0, there exists gq ∈ Cc(T ) such
that

||nc||q(N(f − gq)) < ε (6.1.4.4)
(resp. ||n0||q(N(f − gq)) < ε (6.1.4.5))

and moreover, we can choose gq ∈ Cc(T ) such that

||gq||T ≤ ||f ||T . (6.1.4.6)

Proof. (i) One can adapt the proof of Theorem 2.23 of [Ru1] as follows. Choose
a relatively compact open set V such that A ⊂ V . In the construction of the
functions on p. 53 of [Ru1], we can observe that 2ntn (in the notation of [Ru1]) is
the characteristic function of some σ-Borel (resp. Baire) set Tn ⊂ A and

f(x) =
∞∑
1

tn(x), x ∈ T

since f is Bc(T )-measurable (resp. B0(T )-measurable). By hypothesis, nc is δ(C)-
regular (resp. by Lemma 6.1.3, n0 is δ(C0)-regular) and hence there exist Kn ∈ C
(resp. Kn ∈ C0) and an open set Vn ∈ δ(C) (resp. Vn ∈ δ(C0)) such that Kn ⊂
Tn ⊂ Vn ⊂ V with ||nc||(Vn\Kn) < ε

2n (resp. with ||n0||(Vn\Kn) < ε
2n ) for n ∈ N.

Let us suppose that 0 ≤ f ≤ 1 in A. Then choosing hn for all n as on the top of
p. 54 of [Ru1] and then defining g as on the latter page of [Ru1] and using the
fact that ||nc|| (resp. ||n0||) is σ-subadditive on Bc(T ) (resp. on B0(T )), we note
that g ∈ Cc(T ) and ||nc||(N(f − g)) < ε (resp. and ||n0||(N(f − g)) < ε) and
hence (6.1.4.1) (resp. (6.1.4.2)) holds. From this it follows that these inequalities
hold if f is bounded. When f is not bounded, let Bn = {x : |f(x)| > n}. Then
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Bn ↘ ∅ in Bc(T ) (resp. in B0(T )) and by hypothesis, Bn is relatively compact for
all n. Then by Lemma 5.2.2 of Chapter 5, (Bn)∞1 ⊂ δ(C) (resp. (Bn)∞1 ⊂ δ(C0)).
Since X ⊂ X̃ , the Banach completion of X , we can consider nc and n0 as Banach
space-valued and hence by Proposition 1.1.5 of Chapter 1, ||nc||(Bn) → 0 (resp.
||n0||(Bn) → 0). Then arguing as in the general case of Theorem 2.23 of [Ru1] with
||nc|| (resp. ||n0||) replacing μ there we observe that (6.1.4.1) (resp. (6.1.4.2)) holds
for the general case. (6.1.4.3) is proved as in the last part of the proof of Theorem
2.23 of [Ru1].

(ii) This is immediate from (i), since (nc)q : δ(C) → Xq ⊂ X̃q is σ-additive
and δ(C)-regular and (n0)q : δ(C0) → Xq ⊂ X̃q is σ-additive for q ∈ Γ. �
Lemma 6.1.5. Let X be an lcHs and let mc : Bc(T ) → X be σ-additive and σ-Borel
regular. Then ωc = mc|δ(C) is σ-additive and δ(C)-regular.

Proof. Clearly it suffices to prove the lemma when X is a normed space and
hence let X be so. Since ωc is σ-additive, it suffices to prove the regularity of ωc.
Let A ∈ δ(C) and ε > 0. Then by hypothesis, there exist K ∈ C and an open
set U ∈ Bc(T ) such that K ⊂ A ⊂ U and ||nc||(U\K) < ε. Since A is relatively
compact, by Theorem 50.D of [H] there exists a relatively compact open set V such
that Ā ⊂ V . Then W = U ∩ V is an open set belonging to δ(C) by Lemma 5.2.2
of Chapter 5, K ⊂ A ⊂ W and ||nc||(W\K) < ε. Hence the lemma holds. �
Theorem 6.1.6. (Variants of the generalized Lusin’s theorem). Let X be an lcHs.
Let mc : Bc(T ) → X (resp. nc : δ(C) → X, m0 : B0(T ) → X, n0 : δ(C0) →
X) be σ-additive and let mc be Bc(T )-regular (resp. nc be δ(C)-regular). Suppose
f : T → K is Bc(T )-measurable (resp. Baire measurable). Let A ∈ Bc(T ) (resp.
A ∈ δ(C), A ∈ B0(T ), A ∈ δ(C0)) such that f(t) = 0 for t ∈ T \A and let ε > 0.
Then, given q ∈ Γ, there exists gq ∈ Cc(T ) such that

||ω||q(N(f − gq)) < ε (6.1.6.1)

where ω = mc or nc or m0 or n0, as the case may be. Moreover, gq ∈ Cc(T ) can
be chosen such that

||gq||T ≤ ||f ||T . (6.1.6.2)

(We say that mc (resp. m0) is σ-Borel (resp. Baire) inner regular in T if,
given q ∈ Γ and ε > 0, there exists K ∈ C (resp. K ∈ C0) such that ||mc||q(B) < ε
for B ∈ Bc(T ) (resp. ||m0||q(B) < ε for B ∈ B0(T )) with B ⊂ T \K.) If mc (resp.
m0) is further σ-Borel (resp. Baire) inner regular in T , then the above results hold
for any Bc(T )-measurable (resp. B0(T )-measurable) function f on T with values
in K.)

Proof. Without loss of generality we shall assume X to be a normed space. Let
R = Bc(T ) and ω = mc, or R = δ(C) and ω = nc or R = B0(T ) and ω = m0

or R = δ(C0) and ω = n0. By hypothesis and by Lemma 6.1.3, ω is R-regular
and σ-additive. Then there exists a compact set K ∈ R such that K ⊂ A and
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||ω||(A\K) < ε
2 . mc is σ-additive on δ(C) and mc|δ(C) is δ(C)-regular by Lemma

6.1.5. m0|δ(C0) is σ-additive by hypothesis and δ(C0)-regular by Lemma 6.1.3.
As fχK satisfies the hypothesis of Lemma 6.1.4(i), by that lemma there exists
g ∈ Cc(T ) such that ||ω||(N(fχK − g)) < ε

2 with ||g||T ≤ ||fχK ||T ≤ ||f ||T .
By hypothesis and by Theorem 51.B of [H], f − g is σ(R)-measurable and hence
N(f −g) ∈ σ(R). Since f(t)χK(t) = f(t) for t ∈ K∪(T \A), N(f −g) ⊂ N(fχK −
g) ∩ (K ∪ (T \A)) ∪ (A\K), and hence ||ω||(N(f − g)) < ε. Thus (6.1.6.1) and
(6.1.6.2) hold. �

If mc is σ-Borel (resp. m0 is Baire) inner regular in T , choose K ∈ C (resp.
K ∈ C0) such that ||mc||(B) < ε

2 (resp. ||m0||(B) < ε
2 ) for B ∈ Bc(T ) (resp.

B ∈ B0(T )) with B ⊂ T \K. Let ω = mc or m0 as the case may be. Then by the
above part there exists g ∈ Cc(T ) such that ||ω||(N(fχK − g)) < ε

2 with ||g||T ≤
||fχK ||T ≤ ||f ||T and hence ||ω||(N(f−g)) ≤ ||ω||(N(fχK−g))+ ||ω||(T \K) < ε.

Corollary 6.1.7. Let X be an lcHs and q ∈ Γ. Suppose m : B(T ) → X is σ-additive
and Borel regular (resp. mc : Bc(T ) → X is σ-additive and σ-Borel regular and
moreover, σ-Borel inner regular in T , m0 : B0(T ) → X is σ-additive and Baire
inner regular in T ). Let f : T → K be Borel measurable (resp. σ-Borel measurable,
Baire measurable). Then given q ∈ Γ, there exists a sequence (g(q)

n ) ⊂ Cc(T ) such
that supn ||g(q)

n ||T ≤ ||f ||T and f(t) = limn g
(q)
n (t) mq-a.e. in T .

Proof. Without loss of generality we shall assume X to be a normed space. Let
R = B(T ) (resp. Bc(T ), B0(T )) and ω = m (resp. mc, m0). Then by Theorems
6.1.2 and 6.1.6 there exists gn ∈ Cc(T ) with ||gn||T ≤ ||f ||T such that ||ω||(N(f −
gn)) < 1

2n for n ∈ N. Let An = N(f − gn) and let A = lim sup
n

An. Clearly, A ∈ R
and ||ω||(A) ≤ ||ω||(⋃k≥n Ak) < 1

2n−1 → 0 since ||ω|| is σ-subadditive on R.
Hence ||ω||(A) = 0. Clearly, f(t) = limn gn(t) for t ∈ T \A. �

Lemma 6.1.8. Let X be a sequentially complete lcHs, P = δ(C) or δ(C0) and
m : P → X be σ-additive. Then Cc(T ) ⊂ Lp(σ(P),m) for 1 ≤ p < ∞ (see
Definition 4.3.7 of Chapter 4).

Proof. Let f ∈ Cc(T ) and let q ∈ Γ. Then by Theorem 51.B of [H], f is σ(P)-
measurable. Let supp f = K ∈ C. Then by Theorem 50.D of [H] there exists
C0 ∈ C0 such that K ⊂ C0. As N(f) ⊂ C0, for a Borel set B in K we have
f−1(B) ∩ N(f) ∈ σ(P) ∩ C0 = σ(P ∩ C0) by Lemma 5.2.2 and by Theorem 5.E
of [H]. As P ∩ C0 is a σ-ring, it follows that f is (P ∩ C0)-measurable. Clearly, f
is bounded in T . Hence there exists a sequence (sn) of (P ∩ C0)-simple functions
such that sn → f and |sn| ↗ |f | uniformly in T . Then for A ∈ σ(P), by Theorem
2.1.5(i) of Chapter 2 we have∣∣∣∣∫

A

|sn|pdm −
∫

A

|sk|pdm
∣∣∣∣
q

≤ |||sn|p − |sk|p||T ||m||q(C0) → 0
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as n, k → ∞. As q is arbitrary in Γ and as X is sequentially complete, we conclude
that there exists xA ∈ X such that limn

∫
A
|sn|pdm = xA. This holds for each

A ∈ σ(P) and consequently, by Definition 4.2.1′ in Remark 4.2.12 of Chapter 4,
|f |p is m-integrable in T and hence f ∈ Lp(σ(P),m). �

Lemma 6.1.9. Let S = B(T ) or Bc(T ) or B0(T ), X be a sequentially complete
lcHs and m : S → X be σ-additive. Then C0(T ) ⊂ Lp(σ(S),m) = Lp(S,m) for
1 ≤ p < ∞.

Proof. Given f ∈ C0(T ), f is bounded and by Theorem 51.B of [H], f is S-
measurable and hence there exists a sequence (sn) of S-simple functions such that
sn → f and |sn| ↗ |f | uniformly in T . Then arguing as in the last part of the
proof of Lemma 6.1.8 we conclude that f ∈ Lp(S,m) for 1 ≤ p < ∞. �

Theorem 6.1.10. Let X be a sequentially complete (resp. quasicomplete) lcHs and
let 1 ≤ p < ∞. Suppose m : P → X is σ-additive when P = δ(C0) or B0(T );
and m : P → X is σ-additive and P-regular when P = δ(C) or Bc(T ) or B(T ).
Then Cc(T ) is dense in Lp(σ(P),m) (resp. in Lp(m)). If P = B0(T ) or Bc(T ) or
B(T ), then C0(T ) is also dense in Lp(σ(P),m) (resp. in Lp(m)). Moreover, given
f ∈ Lp(m) (resp. f ∈ Lp(σ(P),m)), q ∈ Γ and ε > 0, there exists gq ∈ Cc(T )
such that (mq)•p(f − gq, T ) < ε (resp. and ||gq||T ≤ ||f ||T ).

Proof. By Lemma 6.1.8, Cc(T ) ⊂ Lp(σ(P),m) for P = δ(C0) or δ(C) and by
Lemma 6.1.9, Cc(T ) ⊂ C0(T ) ⊂ Lp(σ(P),m) for P = B0(T ) or Bc(T ) or B(T ).
When X is quasicomplete, Lp(σ(P),m) ⊂ Lp(m). Let f ∈ Lp(σ(P),m) (resp.
f ∈ Lp(m)). Let q ∈ Γ and ε > 0. Then by Theorem 4.5.6 of Chapter 4 there exists
a P-simple function s such that (mq)•p(f−s, T ) < ε

2 and when f ∈ Lp(σ(P),m), by
the same theorem we can choose s further to satisfy |s(t)| ≤ |f(t)| for t in T . Then
by Theorems 6.1.2(ii) and 6.1.6 there exists gq ∈ Cc(T ) such that ||m||q(N(gq −
s)) < (( ε

2 )( 1
2||s||T ))p and ||gq||T ≤ ||s||T . Now by Theorem 4.3.2 and by Proposition

1.2.15(c) of Chapter 1 we have

(mq)•p(s − gq, T ) = (mq)•p(s − gq, N(s − gq))

= sup
x∗∈U0

q

(∫
N(s−gq)

|s − gq|pdv(x∗m)

) 1
p

≤ 2||s||T (||m||q(N(s − gq)))
1
p <

ε

2

and hence, by Theorem 3.1.13(ii) of Chapter 3 we have

(mq)•p(f − gq, T ) ≤ (mq)•p(f − s, T ) + (mq)•p(s − gq, T ) < ε.

Moreover, for f ∈ Lp(σ(P),m), ||gq||T ≤ ||s||T ≤ ||f ||T . Hence the result holds.
�
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Remark 6.1.11. Restricting the argument in the proof of Theorem 6.1.10 to real
functions, we have similar results for Lr

p(σ(P),m) and Lr
p(m) with Cc(T ) and

C0(T ) being replaced by Cr
c (T ) and Cr

0 (T ), respectively. (See Notation 6.1.1.)

Theorem 6.1.12. Let X be an lcHs and let m : B(T ) → X be σ-additive and Borel
regular. Then mc = m|Bc(T ) (resp. m0 = m|B0(T )) is σ-additive and Bc(T )-regular
(resp. and Baire regular). Consequently, m|δ(C) (resp. m|δ(C0)) is σ-additive and
δ(C)-regular (resp. and δ(C0)-regular). (See Notation 6.1.1.)

Proof. Let A ∈ Bc(T ). Then there exists a sequence (Kn) ⊂ C such that A ⊂⋃∞
1 Kn. Let q ∈ Γ and ε > 0. Then by hypothesis there exists an open set Un

in T such that A ∩ Kn ⊂ Un with ||m||q(Un\(A ∩ Kn)) < ε
2n+1 for n ∈ N . By

Theorem 50.D of [H] there exists a (σ-Borel) relatively compact open set Vn in T
such that Kn ⊂ Vn so that A ∩ Kn ⊂ Vn. Let Wn = Un ∩ Vn. Then W =

⋃∞
1 Wn

is a σ-Borel open set in T and A ⊂ W . By hypothesis, there exists K ∈ C such
that K ⊂ A with ||m||q(A\K) < ε

2 . Then K ⊂ A ⊂ W and ||m||q(W\K) < ε.
In fact, W\A ⊂ ⋃∞

1 (Wn\(A ∩ Vn)) ⊂ ⋃∞
1 (Wn\(A ∩ Kn)) ⊂ ⋃∞

1 (Un\(A ∩ Kn)).
As ||m||q is σ-subadditive on B(T ), we have ||m||q(W\A) < ε

2 . Consequently,
||m||q(W\K) ≤ ||m||q(W\A) + ||m||q(A\K) < ε and hence mc is Bc(T )-regular.
Then the other results hold by Lemmas 6.1.3 and 6.1.5. �
Remark 6.1.13. Theorem 6.1.10 will play a key role in the proof of Theorem 7.6.7
in Chapter 7.

6.2 Lusin measurability of functions and sets

If X is an lcHs and m : P → X is σ-additive, let us recall from Definition 1.2.6 of
Chapter 1 that for a set A in T , χA is m-measurable if A ∈ ˜σ(P)q, the generalized
Lebesgue completion of σ(P)with respect to ||m||q, for each q ∈ Γ. In that case,
we say that A is m-measurable. When P = B(T ) (resp. δ(C)) and m is further
P-regular, we introduce the concept of Lusin m-measurability and study the inter-
relations between the concepts of m-measurability and Lusin m-measurability in
Theorems 6.2.5 and 6.2.6. The latter theorems play a key role in Section 6.3.

Theorem 6.2.1. Let X be an lcHs and let m : B(T ) → X be σ-additive and Borel
regular. For a set A in T the following statements are equivalent:

(i) A is m-measurable.
(ii) Given q ∈ Γ and ε > 0, there exist Kq ∈ C and an open set Uq in T such that

Kq ⊂ A ⊂ Uq and ||m||q(Uq\Kq) < ε.
(iii) Given q ∈ Γ, there exists a Gδ Gq in T and an Fσ Fq in T such that Fq ⊂

A ⊂ Gq and ||m||q(Gq\Fq) = 0.

(iv) Given q ∈ Γ, there exist a Gδ Gq and an Fσ Fq in T with Fq =
⋃∞

n=1 K
(q)
n

where (K(q)
n )∞n=1 is a disjoint sequence in C such that Fq ⊂ A ⊂ Gq and

||m||q(Gq\Fq) = 0.
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(v) For each q ∈ Γ, A ∩ K ∈ ˜B(T )q for each K ∈ C.

(vi) For each q ∈ Γ, A ∩ U ∈ ˜B(T )q for each open set U in T .

Proof. Without loss of generality we shall assume X to be a normed space.

(i)⇒(ii) By the Borel regularity of m and by the fact that the m-measurable
set A is of the form A = B ∪ N , N ⊂ M ∈ B(T ), B ∈ B(T ) and ||m||(M) = 0,
(i)⇒(ii).

(ii)⇒(iii) Taking ε = 1
n in (ii), n ∈ N, there exist Kn ∈ C and Un open in T

such that Kn ⊂ A ⊂ Un and ||m||(Un\Kn) < 1
n . Let G =

⋂∞
1 Un and F =

⋃∞
1 Kn.

Then F ⊂ A ⊂ G, F is an Fσ, G is a Gδ and ||m||q(G\F ) ≤ ||m||q(Un\Kn) < 1
n

for n ∈ N. Hence (iii) holds.

(iii)⇒(i) By (iii), there exist a Gδ G and an Fσ F in T such that F ⊂ A ⊂ G
and ||m||(G\F ) = 0. Then A = F ∪ (A\F ) with A\F ⊂ G\F ∈ B(T ), F ∈ B(T )
and ||m||(G\F ) = 0. Hence A is m-measurable.

Thus (i)⇒(ii)⇒(iii)⇒(i).

(i)⇒(iv) Given ε > 0, by (ii) there exist an open set U in T and a compact
K such that K ⊂ A ⊂ U and ||m||(U\K) < ε. As A ∈ ˜B(T ) and A\K ∈ ˜B(T )
with A\K ⊂ U\K, we have ||m||(A\K) < ε. Taking ε = 1, there exists K1 ∈ C
such that K1 ⊂ A with ||m||(A\K1) < 1. Since A\K1 ∈ ˜B(T ), applying the above
argument to A\K1 in place of A for ε = 1

2 , we have a compact K2 ⊂ A\K1

with ||m||(A\(K1 ∪ K2)) < 1
2 . Proceeding step by step, in the nth step we would

have chosen mutually disjoint compact sets (Ki)n
1=1 such that

⋃n
1 Ki ⊂ A and

||m||(A\⋃n
1 Ki) < 1

n . Then F =
⋃∞

1 Ki is an Fσ, (Ki)∞1 is a disjoint sequence in
C, F ⊂ A and ||m||(A\F ) = 0. By (iii) there exists a Gδ G such that A ⊂ G and
||m||(G\A) = 0. Then F ⊂ A ⊂ G with ||m||(G\F ) = 0 and hence (i)⇒(iv).

Clearly, (iv)⇒(iii) and hence (i)–(iv) are equivalent.

(i)⇒(v) obviously.

(v)⇒(vi) Let U be an open set in T . Then U ∈ B(T ) and hence (iv) holds
for U . Therefore, there exist a sequence (Ki)∞1 ⊂ C and a Gδ G in T such that
F =

⋃∞
1 Ki ⊂ U ⊂ G and N = U\F is m-null. Then by (v), A ∩ U =

⋃∞
1 (A ∩

Kn)
⋃

(A ∩ N) ∈ ˜B(T ). Hence (vi) holds.

(vi)⇒(i) by taking U = T .

Hence (i)⇒(v)⇒(vi)⇒(i).

This completes the proof of the theorem. �

Theorem 6.2.2. Let X be an lcHs and let n : δ(C) → X be σ-additive and δ(C)-
regular. For a set A in T the following statements are equivalent:

(i) A is n-measurable.
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(ii) Given q ∈ Γ and ε > 0, there exist a σ-Borel open set Uq in T and a σ-
compact Fq in T such that Fq ⊂ A ⊂ Uq and ||n||q(Uq\Fq) < ε.

(iii) Given q ∈ Γ, there exist a Gδ Gq ∈ Bc(T ) and a σ-compact Fq in T such
that Fq ⊂ A ⊂ Gq and ||n||q(Gq\Fq) = 0.

(iv) A is σ-bounded and A ∩ K ∈ ˜Bc(T )q for each K ∈ C and for each q ∈ Γ.

(v) A is σ-bounded and A ∩ U ∈ ˜Bc(T )q for each open set U in T and for each
q ∈ Γ.

Proof. Without loss of generality we shall assume X to be a normed space.

(i)⇒(ii) By hypothesis, A is of the form A = B ∪ N , B ∈ Bc(T ), N ⊂ M ∈
Bc(T ) and ||n||(M) = 0. As B ∪ M ∈ Bc(T ), there exists (Kn)∞1 ⊂ C such that
B ∪ M ⊂ ⋃∞

1 Kn so that B =
⋃∞

1 (B ∩ Kn). Then by Lemma 5.2.2 of Chapter 5,
(B∩Kn)∞1 ⊂ δ(C). As n is δ(C)-regular, given ε > 0, there exist an open set Vn in T
such that Vn ∈ δ(C) and a compact Cn such that Cn ⊂ B∩Kn ⊂ (B∪M)∩Kn ⊂ Vn

with ||n||(Vn\Cn) < ε
2n . Then U =

⋃∞
1 Vn is an open set in T belonging to

Bc(T ), F =
⋃∞

1 Cn ⊂ ⋃∞
1 (B ∩ Kn) ⊂ ⋃∞

1 ((B ∪ M) ∩ Kn) ⊂ ⋃∞
1 Vn = U and

||n||(U\F ) ≤∑∞
1 ||n||(Vn\Cn) < ε. Hence (ii) holds.

(ii)⇒(iii) By (ii), for ε = 1
n , there exist a σ-compact set Fn ∈ Bc(T ) and

an open set Un ∈ Bc(T ) such that Fn ⊂ A ⊂ Un with ||n||(Un\Fn) < 1
n . Then

F =
⋃∞

1 Fn is σ-compact, F ∈ Bc(T ), G =
⋂∞

1 Un is a Gδ belonging to Bc(T ),
F ⊂ A ⊂ G and ||n||(G\F ) = 0. Hence (iii) holds.

(iii)⇒(i) Let G be a Gδ in Bc(T ) and F be a σ-compact such that F ⊂ A ⊂ G
and ||n||(G\F ) = 0. Then A = F ∪ (A\F ), F ∈ Bc(T ), A\F ⊂ G\F ∈ Bc(T ) and

||n||(G\F ) = 0. Hence A ∈ ˜Bc(T ) and therefore, (i) holds.

Hence (i)⇔(ii)⇔(iii).

(i)⇒(iv) and (v) Take B, N and M as in the proof of ‘(i)⇒(ii)’. Clearly A is

σ-bounded. For K ∈ C, B∩K ∈ Bc(T ) and N ∩K is n-null so that N ∩K ∈ ˜Bc(T ).

Hence A ∩ K ∈ ˜Bc(T ). For an open set U in T , U ∩ B ∈ Bc(T ) as U ∩ B is a

σ-bounded Borel set and U ∩ N is n-null so that U ∩ N ∈ ˜Bc(T ). Hence U ∩ A =

(U ∩ B) ∪ (U ∩ N) ∈ ˜Bc(T ).

(iv)⇒(i) As A is σ-bounded, there exists (Kn)∞1 ⊂ C such that A ⊂ ⋃∞
1 Kn

so that by hypothesis, A =
⋃∞

1 (A ∩ Kn) ∈ ˜Bc(T ).

(v)⇒(i) As A is σ-bounded, by Theorem 50.D of [H] there exist relatively
compact open sets (Un)∞1 in T such that A ⊂ ⋃∞

1 Un. Then A =
⋃∞

1 A ∩ Un ∈
˜Bc(T ) by (v).

Hence (i), (iv) and (v) are equivalent.

This completes the proof of the theorem. �
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Definition 6.2.3. Let X be an lcHs and let m : B(T ) → X (resp. n : δ(C) → X) be
σ-additive and B(T )-regular (resp. and δ(C)-regular). Then a function f : T → K

is said to be Lusin m-measurable (resp. Lusin n-measurable) if, given q ∈ Γ, ε > 0
and K ∈ C, there exists a compact K

(q)
0 ⊂ K such that f |

K
(q)
0

is continuous and

||m||q(K\K(q)
0 ) < ε (resp. and ||n||q(K\K(q)

0 ) < ε).

Theorem 6.2.4. Let X, m, n and f be as in Definition 6.2.3. Then f is Lusin
m-measurable (resp. Lusin n-measurable) if and only if, given q ∈ Γ and K ∈ C,
there exist an mq-null set (resp. nq-null set) Nq ⊂ K and a countable disjoint
family (K(q)

i )∞1 ⊂ C such that K =
⋃∞

i=1 K
(q)
i ∪ Nq and f |

K
(q)
i

is continuous for
each i ∈ N.

Proof. Without loss of generality we shall assume X to be a normed space. Let
P = B(T ) and ω = m or P = δ(C) and ω = n. Let f be Lusin ω-measurable
and K ∈ C. Then by Definition 6.2.3 there exists K1 ∈ C such that K1 ⊂ K,
f |K1 is continuous and ||ω||(K\K1) < 1. Let n > 1 and suppose we have chosen
(K1)n

1 ⊂ C mutually disjoint such that
⋃n

1 Ki ⊂ K, f |Ki is continuous for 1 ≤
i ≤ n and ||ω||(K\⋃n

1 Ki) < 1
n . As K\⋃n

1 Ki ∈ P , by the regularity of ω there
exists a compact C ⊂ K\⋃n

1 Ki such that ||ω||(K\(
⋃n

1 Ki ∪ C)) < 1
2(n+1) . By

hypothesis there exists a compact Kn+1 ⊂ C such that f |Kn+1 is continuous and
||ω||(C\Kn+1) < 1

2(n+1) . Then (Ki)n+1
1 ⊂ C are mutually disjoint,

⋃n+1
1 Ki ⊂ K

and ||ω||(K\⋃n+1
1 Ki) < 1

n+1 . Therefore, by induction there exists a disjoint
sequence (Ki)∞1 ⊂ C such that f |Ki is continuous for all i and ||ω||(K\⋃n

1 Ki) < 1
n

for all n. Then N = K\⋃∞
1 Ki is ω-null and f |Ki is continuous for all i.

Conversely, suppose K =
⋃∞

1 Ki ∪ N , where (Ki)∞1 ⊂ C, Ki ∩ Kj = ∅ for
i �= j, f |Ki is continuous for each i and ||ω||(N) = 0. Let ε > 0. As K\⋃n

1 Ki ∈ P
for all n, K\⋃n

1 Ki ↘ N ∈ δ(C) and as ||ω|| is continuous on P by Proposition
1.1.5 of Chapter 1, there exists n0 such that ||ω||(K\⋃n0

1 Ki) < ε. Clearly, K0 =⋃n0
1 Ki ∈ C, K0 ⊂ K and f |K0 is continuous since the Ki are mutually disjoint.

Hence f is Lusin ω-measurable. �

Theorem 6.2.5. (resp. Theorem 6.2.6) gives the relation between m-measurability
and Lusin m-measurability (resp. n-measurability and Lusin n-measurability).

Theorem 6.2.5. Let X be an lcHs, m : B(T ) → X be σ-additive and Borel regular
and f : T → K. Then f is Lusin m-measurable if and only if it is m-measurable.

Proof. Without loss of generality we shall assume X to be a normed space. Let
f be m-measurable, K ∈ C and ε > 0. Then fχK is m-measurable and hence
by Proposition 1.1.18 of Chapter 1 there exists N ∈ B(T ) with ||m||(N) = 0
such that h = fχK\N is B(T )-measurable. Then by Theorem 6.1.2(i) there exists
g ∈ Cc(T ) such that ||m||(N(h − g)) < ε

2 and ||g||T ≤ ||h||T . Let A = N(h − g).
Then A ∈ B(T ) and hence by the Borel regularity of m there exists a compact
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K0 ⊂ (K\N)\A such that ||m||(K\N\A\K0) < ε
2 . Then h|K0 = f |K0 = g|K0 is

continuous and ||m||(K\K0) < ε. Hence f is Lusin m-measurable.

Conversely, let f be Lusin m-measurable. Given K ∈ C, by Theorem 6.2.4
there exist a disjoint sequence (Ki)∞1 ⊂ C and an m-null set N disjoint with⋃∞

1 Ki such that K =
⋃∞

1 Ki ∪N and such that f |Ki is continuous for each i. Let
U be an open set in K. Then f−1(U)∩K =

⋃∞
1 (f−1(U)∩Ki)∪ (f−1(U)∩N). As

f |Ki is continuous, there exists an open set Vi in T such that f−1(U)∩Ki = Vi∩Ki

and hence f−1(U)∩K =
⋃∞

1 (Vi ∩Ki)∪ (f−1(U)∩N) ∈ ˜B(T ). Then by Theorem
6.2.1(v), f−1(U) ∈ ˜B(T ) and hence f is m-measurable. �

Theorem 6.2.6. Let X be an lcHs, n : δ(C) → X be σ-additive and δ(C)-regular
and f : T → K. Then f is n-measurable if and only if N(f) is σ-bounded and f
is Lusin n-measurable.

Proof. Without loss of generality we shall assume X to be a normed space. Let
f be n-measurable. Then N(f) ∈ ˜Bc(T ) and hence N(f) is σ-bounded. Let
K ∈ C and ε > 0. Then by Proposition 1.1.18 of Chapter 1 there exists N ∈
Bc(T ) with ||n||(N) = 0 such that fχT\N is Bc(T )-measurable. Then fχK\N

is Bc(T )-measurable. Hence by Theorem 6.1.6 there exists g ∈ Cc(T ) such that
||n||(N(fχK\N − g)) < ε

2 . Let A = N(g − fχK\N). Then A ∈ Bc(T ) and hence
K\A ∈ δ(C) by Lemma 5.2.2 of Chapter 5. Then by the δ(C)-regularity of n
there exists a compact K0 ⊂ K\N\A such that ||n||(K\N\A\K0) < ε

2 . Then
f |K0 = g|K0 is continuous and ||n||(K\N\K0) < ε. Hence f is Lusin n-measurable.

Conversely, let f be Lusin n-measurable and let N(f) be σ-bounded. Let
K ∈ C. Then by Theorem 6.2.4 there exist a disjoint countable family (Ki)∞1 ⊂ C
and an n-null set N disjoint with

⋃∞
1 Ki such that K =

⋃∞
1 Ki ∪ N and f |Ki

is continuous for each i. Let U be an open set in K. If fi = f |Ki , then by the
continuity of fi we have f−1(U\{0}) ∩ Ki = f−1

i (U\{0}) ∈ B(Ki) and hence

N(f)∩f−1(U)∩K =
⋃∞

1 (f−1(U\{0})∩Kn)∪(N∩f−1(U\{0})) ∈ ˜Bc(T ). As N(f)
is σ-bounded by hypothesis, it follows by Theorem 6.2.2(iv) that N(f)∩f−1(U) ∈
˜Bc(T ) and hence f is n-measurable. �

Corollary 6.2.7. Let X be an lcHs and let m : B(T ) → X (resp. n : δ(C) → X)
be σ-additive and Borel regular (resp. and δ(C)-regular). Then a Borel measurable
scalar function f on T is Lusin m-measurable (resp. Lusin n-measurable).

Proof. If f is Borel measurable, then f is m-measurable and hence is Lusin m-
measurable by Theorem 6.2.5. Let K ∈ C. Then by Lemma 5.2.2 of Chapter
5, fχK is Bc(T )-measurable and hence n-measurable. Then by Theorem 6.2.6,
fχK is Lusin n-measurable. As K is arbitrary in C, it follows that f is Lusin
n-measurable. �
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Definition 6.2.8. Let X be an lcHs and let m : B(T ) → X (resp. n : δ(C) → X)
be σ-additive and Borel regular (resp. and δ(C)-regular). Then a set A in T is said
to be Lusin m-measurable (resp. Lusin n-measurable) if χA is so.

The following theorem is immediate from Definition 6.2.8 and Theorem 6.2.4.

Theorem 6.2.9. Let X, m and n be as in Definition 6.2.8. Let A ⊂ T . Then A is
Lusin m-measurable (resp. Lusin n-measurable) if for each q ∈ Γ and K ∈ C, there
exist a disjoint sequence (K(q)

i )∞1 ⊂ C and an mq-null set (resp. and an nq-null
set) Nq disjoint with

⋃∞
1 K

(q)
i such that K =

⋃∞
1 K

(q)
i ∪ Nq and such that, for

each i, K
(q)
i ⊂ A or K

(q)
i ⊂ T \A.

Using Theorem 6.2.1(iv) and the Borel regularity of m, the proof of Propo-
sition 4, no.2, §5, Chapter IV of [B] can be adapted to prove the following

Theorem 6.2.10. (Localization principle). Let X be an lcHs and let m : B(T ) → X
be σ-additive and Borel regular. Let f : T → K and suppose for each t ∈ T and
q ∈ Γ, there exist an open neighborhood V

(q)
t of t and a Lusin mq-measurable

scalar function g
(q)
t such that f(t′) = g

(q)
t (t′) mq-a.e. in V

(q)
t . Then f is Lusin

m-measurable.

As in the classical case of [B], the above theorem motivates the following

Definition 6.2.11. Let X and m be as in Theorem 6.2.10. A set A in T is said
to be locally m-null (briefly, loc. m-null) if, for each t ∈ T , there exists an open
neighborhood Vt of t such that A∩Vt is m-null. (See Definition 1.2.3 of Chapter 1.)

The proof of the following theorem is similar to those on pp. 172–173 of [B]
and is based on Theorems 6.2.1(iv), 6.2.5 and 6.2.10 and hence is omitted.

Theorem 6.2.12. Let X be an lcHs and let m : B(T ) → X be σ-additive and Borel
regular. Then:

(i) Locally m-null sets are m-measurable.
(ii) If A is loc. m-null, then all the subsets of A are also loc. m-null.

(iii) A is loc. m-null if and only if A ∩ K is m-null for each K ∈ C.
(iv) If Ai, i ∈ N, are loc. m-null, then

⋃∞
1 Ai is also loc. m-null.

(v) A is loc. m-null if and only if A is m-null. (Use (i) and Theorem 6.2.1(iv).)
(vi) f : T → K and N = {t ∈ T : f is discontinuous in t} is loc. m-null, then f

is m-measurable.
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6.3 Theorems of integrability criteria

The aim of the present section is to improve Theorem 2.2.2 of Chapter 2 and
Theorem 4.2.2 of Chapter 4 for δ(C)-regular σ-additive vector measures on δ(C).
The said improvement of Theorem 2.2.2 of Chapter 2 is given in the last part
of Theorem 6.3.4 which gives much stronger results and Theorem 6.3.5 improves
Theorem 4.2.2 of Chapter 4. We also generalize Theorem 6.3.4 to complete lcHs-
valued vector measures. The proofs of Lemmas 3.10 and 3.14, Propositions 2.17,
2.20 and 3.7 and Theorems 3.5, 3.13 and 3.20 of [T] are adapted here in the set-up
of vector measures.

Recall from Notation 5.2.1 of Chapter 5 that V denotes the family of relatively
compact open sets in T .

Lemma 6.3.1. Let X be a Banach space and let H be a norm determining set in
X∗. Let P be a δ-ring of subsets of a set Ω(�= ∅) and let m : P → X be additive.
Then:

(i) ||m||(A) = supx∗∈H v(x∗ ◦ m)(A), A ∈ σ(P).
(ii) Suppose m is σ-additive and f : Ω → K is m-measurable and (x∗ ◦ m)-

integrable for each x∗ ∈ H. If, for each ε > 0, there exists gε ∈ L1(m) such
that supx∗∈H

∫
T |f − gε|dv(x∗ ◦ m) < ε, then f ∈ L1(m).

Proof. (i) This is proved by an argument similar to that in the proof of Proposition
1.2.15(iii) of Chapter 1.

(ii) Let νx∗(·) =
∫
(·) fd(x∗ ◦m), x∗ ∈ H . Then by hypothesis and by Proposi-

tion 5, §8 of [Din1], νx∗ is σ-additive on σ(P) and by Proposition 1.1.19 of Chapter
1, v(νx∗)(A) =

∫
A
|f |dv(x∗ ◦ m) for A ∈ σ(P). Let

η(f) = sup
x∗∈H

∫
T

|f |dv(x∗ ◦ m).

If f ∈ L1(m), then by (ii) and (iii) of Theorem 2.1.5 and by Remark 2.2.3 of
Chapter 2 , γ(·) =

∫
(·) fdm is σ-additive on σ(P) and ||γ||(T ) = ||γ||(N(f)) =

sup|x∗|≤1

∫
T |f |dv(x∗◦m). Consequently, by (i) above, by Theorem 3.1.3 of Chapter

3 and by Proposition 1.1.19 of Chapter 1 we have

m•
1(f, T ) = sup

|x∗|≤1

∫
T

|f |dv(x∗ ◦ m) = ||γ||(T ) = ||γ||(N(f))

= sup
x∗∈H

v(x∗ ◦ γ)(N(f))

= sup
x∗∈H

v(x∗ ◦ γ)(T ) = sup
x∗∈H

∫
T

|f |dv(x∗ ◦ m) = η(f). (6.3.1.1)

Let Σ = {f : T → K, f m-measurable and (x∗ ◦ m)-integrable for each x∗ ∈
H with η(f) < ∞}. For f ∈ L1M(m) (see Definition 3.1.9 of Chapter 3), we have
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η(f) = supx∗∈H

∫
T |f |dv(x∗ ◦ m) ≤ m•

1(f, T ) < ∞ and hence L1M(m) ⊂ Σ.
Clearly, η is a seminorm on Σ.

Claim 1. L1(m) is closed in (Σ, η).

In fact, let (fn)∞1 ⊂ L1(m) and let f ∈ Σ such that η(fn − f) → 0. Then by
(6.3.1.1), (fn)∞1 is Cauchy in L1(m). Hence by Theorem 3.2.8 of Chapter 3, there
exists g ∈ L1(m) such that limn m•

1(fn−g, T ) = 0. Since H ⊂ {x∗ ∈ X∗ : |x∗| ≤ 1}
by Lemma 5.2.13 of Chapter 5, η(fn − g) ≤ m•

1(fn − g, T ) → 0 as n → ∞.
Then η(f − g) ≤ η(f − fn) + η(fn − g) → 0 and hence η(f − g) = 0. Clearly,
f − g is m-measurable and hence N(f − g) = B ∪ N , where B ∈ σ(P) and
N ⊂ M ∈ σ(P) with ||m||(M) = 0. Then by (i) or by the fact that H ⊂ {x∗ :
|x∗| ≤ 1}, v(x∗ ◦m)(M) = 0 for x∗ ∈ H . Now supx∗∈H

∫
B∪M |f − g|dv(x∗ ◦m) =

supx∗∈H

∫
B |f−g|dv(x∗◦m) ≤ η(f−g) = 0 and hence v(x∗◦m)(B) = 0 for x∗ ∈ H .

Then by (i), ||m||(B) = supx∗∈H v(x∗ ◦ m)(B) = 0 so that ||m||(N(f − g)) = 0.
Therefore, f = g m-a.e. in T and hence f ∈ L1(m). Thus the claim holds.

By hypothesis and by (6.3.1.1) we have

sup
x∗∈H

∫
T

|f |dv(x∗ ◦ m) ≤ sup
x∗∈H

∫
T

|gε|dv(x∗ ◦ m) + sup
x∗∈H

∫
T

|f − gε|dv(x∗ ◦ m)

< m•
1(gε, T ) + ε < ∞

and hence f ∈ Σ. Moreover, the hypothesis in (ii) implies that f belongs to the
η-closure of L1(m) in Σ. Then by Claim 1, f ∈ L1(m). �
Lemma 6.3.2. Let X and H be as in Lemma 6.3.1. Let m : δ(C) → X (resp.
m : B(T ) → X) be σ-additive. Let V ∈ V. Then there exist a sequence (x∗

n) in H
and a sequence (cn) of positive numbers such that

lim
λ(A)→0

||m||(A) = 0

for A ∈ B(V ) (resp. for A ∈ B(T )), where

λ =
∞∑
1

cnv(x∗
n ◦ m)

is σ-additive and finite on B(V ) (resp. on B(T )). (Note that in the case of m-
defined on δ(C), (x∗

n) and λ depend on V ). Consequently, A ∈ B(V ) (resp. A ∈
B(T )) is m-null if and only if A is (x∗ ◦m)-null for each x∗ ∈ H. If m is further
δ(C)-regular (resp. B(T )-regular) and if f : T → K is (x∗ ◦m)-measurable for each
x∗ ∈ H, then f is Lusin m-measurable as well as m-measurable.

Proof. Let V ∈ V . As m is σ-additive on δ(C) (resp. on B(T )) and as H is norm
bounded by Lemma 5.2.13 of Chapter 5, {x∗ ◦ m : x∗ ∈ H} is bounded and
uniformly σ-additive on B(V ) (resp. on B(T )) and hence by the proof of Theorem
IV.9.2 and by Theorem IV.9.1 of [DS1], there exist (x∗

n)∞1 ⊂ H and cn > 0, n ∈ N,
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such that λ =
∑∞

1 cnv(x∗
n ◦ m) is σ-additive and finite on B(V ) (resp. on B(T ))

and satisfies
lim

λ(A)→0
sup

x∗∈H
v(x∗ ◦m)(A) = 0

for A ∈ B(V ) (resp. A ∈ B(T )). Then by Lemma 6.3.1(i),

lim
λ(A)→0

||m||(A) = 0 for A ∈ B(V ) (resp. A ∈ B(T )). (6.3.2.1)

If A ∈ B(V ) (resp. A ∈ B(T )) is x∗ ◦m-null for each x∗ ∈ H , then λ(A) = 0
and hence ||m||(A) = 0 so that A is m-null. The converse is trivial.

Now let us assume that m is further δ(C)-regular (resp. B(T )-regular). Let
K ∈ C and ε > 0. Choose V ∈ V such that K ⊂ V . Choose (x∗

n)∞1 ⊂ H and cn >
0, n ∈ N, and λ as above. By (6.3.2.1), there exists δ > 0 such that ||m||(A) < ε
whenever λ(A) < δ for A ∈ B(V ) (resp. for A ∈ B(T )). By hypothesis, f is
(x∗

n ◦ m)-measurable so that N(f) ∈ Bc(T ) and hence N(f) is σ-bounded. Then
by Theorem 6.2.6, f is Lusin (x∗

n ◦ m)-measurable when m is defined on δ(C).
In the other case, f is Lusin (x∗

n ◦ m)-measurable by Theorem 6.2.5. Therefore,
for each n ∈ N, there exists Kn ∈ C such that Kn ⊂ K, f |Kn is continuous
and v(x∗

n ◦ m)(K\Kn) < δ
2ncn

. Then K0 =
⋂∞

1 Kn ∈ C, f |K0 is continuous and
λ(K\K0) ≤∑∞

1 cnv(x∗
n◦m)(K\Kn) < δ. Hence ||m||(K\K0) < ε. Therefore, f is

Lusin m-measurable in both cases. When m is defined on B(T ), then by Theorem
6.2.5, f is m-measurable. If m is defined on δ(C), then by hypothesis, f is (x∗ ◦m)-
measurable for x∗ ∈ H and hence, as noted above, N(f) ∈ Bc(T ) and hence N(f)
is σ-bounded. Consequently, f is m-measurable by Theorem 6.2.6. �

In the sequel, K(T ) is as in Notation 5.3.1 of Chapter 5.

Theorem 6.3.3. Let μi : δ(C) → K be σ-additive and δ(C)-regular for i ∈ I. Suppose∑
i∈I |

∫
T

ϕdμi|p < ∞ for each ϕ ∈ K(T ) and for 1 ≤ p < ∞. Let u : K(T ) → lp(I)
be defined by u(ϕ) = (

∫
T ϕdμi)i∈I . Then u is a prolongable Radon operator on

K(T ). Let mu be the representing measure of u. (See Definition 5.3.5 of Chapter 5.)
Let f : T → K belong to L1(μi) for i ∈ I. Then f is mu-integrable in T if and
only if ∑

i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣p < ∞ (6.3.3.1)

for each open Baire set U in T . In that case,
∫

T fdmu = (
∫

T fdμi)i∈I .
Let p = 1 and let f ∈ L1(mu). If θ(ϕ) =

∑
i∈I

∫
T ϕdμi for ϕ ∈ K(T ), then

θ ∈ K(T )∗, f is μθ-integrable and∫
A

fdμθ =
∑
i∈I

∫
A

fdμi

for A ∈ Bc(T ), where μθ is the complex Radon measure induced by θ in the sense
of Definition 4.3 of [P3].
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Proof. Let us recall from Notation 5.3.1 of Chapter 5 that the topology of K(T )
is the inductive limit locally convex topology on Cc(T ) induced by the family
(Cc(T, C), IC) where Cc(T, C) are provided with the topology τu of uniform con-
vergence. Clearly, Cc(T, C) are Banach spaces. Let u : K(T ) → �p(I) be given by
u(ϕ) = (

∫
T

ϕdμi)i∈I . Clearly, u is linear. We claim that u has a closed graph. In
fact, let ϕα → ϕ in K(T ). As μi ∈ K(T )∗,

∫
T ϕαdμi →

∫
T ϕdμi for each i ∈ I. Sup-

pose u(ϕα) → (fi)i∈I ∈ �p(I). Then given ε > 0, there exist J ⊂ I, J finite, and
an α0, such that

∑
i∈J | ∫

T
ϕαdμi − fi|p < ( ε

2 )p for α ≥ α0. Moreover, there exists
α1 ≥ α0 such that

∑
i∈J | ∫T ϕαdμi −

∫
T ϕdμi|p < ( ε

2 )p since
∫

T ϕαdμi →
∫

T ϕdμi

for each i. Then(∑
i∈J

∣∣∣∣∫
T

ϕdμi − fi

∣∣∣∣p
) 1

p

≤
(∑

i∈J

∣∣∣∣∫
T

ϕdμi −
∫

T

ϕαdμi

∣∣∣∣p
) 1

p

+

(∑
i∈J

∣∣∣∣∫
T

ϕαdμi − fi

∣∣∣∣p
) 1

p

< ε

for α ≥ α1. Thus, for i ∈ J ,

∣∣∣∣∫
T

ϕdμi − fi

∣∣∣∣ ≤
⎛⎝∑

j∈J

∣∣∣∣∫
T

ϕdμj − fj

∣∣∣∣p
⎞⎠

1
p

< ε.

Since ε is arbitrary,
∫

T
ϕdμi = fi. If i �∈ J , by the same argument with J ∪ {i} in

place of J , we have
∫

ϕdμi = fi for each i ∈ I. Thus (fi)i = u(ϕ) and hence the
graph of u is closed.

Since Cc(T, C) is a Banach space, any linear mapping from Cc(T, C) into
�p(I) with a closed graph is continuous by the closed graph theorem (see Theorem
2.15 of [Ru2]) and hence by Problem C(i), Sec. 16, Chapter 5 of [KN], u is a
continuous linear mapping.

Let V ∈ V and let uV (ϕ) = u(ϕ) for ϕ ∈ Cc(V ). Since u : K(T ) → �p(I) is
continuous, clearly uV is continuous on Cc(V ) and hence its continuous extension
ũV : C0(V ) → �p(I) is weakly compact by Theorem 13 of [P9] or by Corollary 2 of
[P12] since �p(I) is weakly sequentially complete for 1 ≤ p < ∞ so that c0 �⊂ �p(I)
for 1 ≤ p < ∞. Hence u is a prolongable Radon operator on K(T ) and hence by
Theorem 5.3.9 of Chapter 5 its representing measure mu : δ(C) → �p(I), 1 ≤ p <
∞, is σ-additive and δ(C)-regular and

u(ϕ) =
∫

T

ϕdmu, ϕ ∈ Cc(T ) (6.3.3.2)

where the integral is a (BDS)-integral.
Now suppose (6.3.3.1) is satisfied. For 1 < p < ∞, let H

(p)
I = {(αi)i∈I ∈

�q(I) :
∑

i∈I |αi|q ≤ 1, αi = 0 for i ∈ I\J, for some J ⊂ I, J finite} where 1
p +
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1
q = 1. For p = 1, let H

(1)
I = {(αi)i∈I ∈ �∞(I) : supi∈I |αi| ≤ 1, αi = 0 for i ∈

I\J, for some J ⊂ I, J finite}. Clearly, H
(p)
I is a norm determining set for �p(I),

1 ≤ p < ∞.

Claim 1. Let x∗ = (αi)i∈I ∈ H
(p)
I , 1 ≤ p < ∞, where αi = 0 for i ∈ I\Jx∗ , for

some Jx∗ ⊂ I and finite. Then x∗ ◦ mu =
∑

i∈I αiμi =
∑

i∈Jx∗ αiμi.

In fact, by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4 and by (6.3.3.2)
we have∫

T

ϕd(x∗ ◦ mu) = x∗u(ϕ) =
∑
i∈I

αi

∫
T

ϕdμi =
∫

T

ϕd

⎛⎝ ∑
i∈Jx∗

αiμi

⎞⎠ (6.3.3.3)

for ϕ ∈ K(T ). Then for ϕ ∈ Cc(V ), by (6.3.3.3) we have
∫

T
ϕd(x∗ ◦ (mu)V ) =

x∗uV (ϕ) = x∗u(ϕ) =
∫

T ϕd(
∑

i∈Jx∗ αiμi), where (mu)V = mu|B(V ). As x∗ ◦
(mu)V and μi|B(V ) are σ-additive and B(V )-regular, by the uniqueness part of
the Riesz representation theorem we conclude that x∗ ◦ (mu)V =

∑
i∈I αiμi|B(V ).

Since V is arbitrary in V and since δ(C) =
⋃

V ∈V B(V ), it follows that x∗ ◦ mu =∑
i∈Jx∗ αiμi =

∑
i∈I αiμi. Hence the claim holds.

Let ϕ ∈ C0(T ). By hypothesis, f ∈ L1(μi) for i ∈ I and ϕ is Bc(T )-
measurable by Theorem 51.B of [H] and is bounded. Hence fϕ ∈ L1(μi) for i ∈ I.
Let

θi(ϕ) =
∫

T

fϕdμi, ϕ ∈ C0(T )

for i ∈ I. Then θi is a bounded linear functional on C0(T ) and hence the complex
Radon measure μθi induced by θi in the sense of Definition 4.3 of [P3] is a σ-
additive B(T )-regular scalar measure on B(T ) by Theorems 3.3 and 4.6 of [P4].
Then it is easy to check that μθi |B(V ) is B(V )-regular for each V ∈ V .

Claim 2. ηi(·) =
∫
(·) fdμi is σ-additive on Bc(T ) and ηi is v(μi)-continuous, i ∈ I.

In fact, v(μi) : Bc(T ) → [0,∞] is σ-additive by Property 9, § 3, Chapter I of
[Din1] and v(μi)(E) = 0, E ∈ Bc(T ) implies v(ηi)(E) = 0. Then by Theorem 6.11
of [Ru1] (whose proof is valid for σ-rings too) we conclude that v(ηi) and hence
ηi is v(μi)-continuous on Bc(T ).

Since v(ηi) is v(μi)-continuous on δ(C) and since μi is δ(C)-regular by hy-
pothesis, ηi, i ∈ I, are δ(C)-regular. Moreover, for ϕ ∈ C0(T ), we have∫

T

ϕdηi =
∫

T

ϕfdμi = θi(ϕ) =
∫

T

ϕdμθi , i ∈ I. (6.3.3.4)

Thus, for V ∈ V and ϕ ∈ Cc(V ), we have
∫

T ϕdηi|B(V ) =
∫

T ϕdμθi |B(V ) and hence
by the uniqueness part of the Riesz representation theorem, we have ηi|B(V ) =
μθi |B(V ). As V is arbitrary in V , we conclude that

ηi|δ(C) = μθi |δ(C). (6.3.3.5)
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Since v(ηi)(T ) =
∫

T |f |dv(μi) < ∞ by Proposition 1.1.19 of Chapter 1 and
by the hypothesis that f ∈ L1(μi) and since σ(δ(C)) = Bc(T ), we conclude that

ηi = μθi |Bc(T ) (6.3.3.6)

for i ∈ I. Then by Theorem 2.4 of [P4], ηi is Bc(T )-regular for i ∈ I.
Let x∗ = (αi) ∈ H

(p)
I . Then there exists a finite set Jx∗ ⊂ I such that

αi = 0 for i ∈ I\Jx∗ . Let Ψx∗ =
∑

i∈Jx∗ αiθi. Then Ψx∗ is a bounded linear
functional on C0(T ) and for ϕ ∈ C0(T ), we have Ψx∗(ϕ) =

∑
i∈Jx∗ αiθi(ϕ) =∫

T
ϕd(
∑

i∈Jx∗ αiμθi) by (6.3.3.4). Then by (6.3.3.6), we have

μΨx∗ =
∑

i∈Jx∗

αiμθi on B(T ) and μψx∗ |Bc(T )
=
∑

i∈Jx∗

αiηi (6.3.3.7)

where μΨx∗ is the bounded complex Borel measure induced by Ψx∗ in the sense
of Definition 4.3 of [P3].
Claim 3. sup

x∗∈H
(p)
I

v(μΨx∗ ,B(T ))(T ) = M (say) < ∞ for 1 ≤ p < ∞.

In fact, let U be an open Baire set in T and let 1 < p < ∞. Then by
hypothesis (6.3.3.1), by (6.3.3.7) and by Hölder’s inequality, we have

sup
x∗∈H

(p)
I

|μΨx∗ (U)| = sup
x∗=(αi)i∈H

(p)
I

∣∣∣∣∣∣
∑

i∈Jx∗

αiηi(U)

∣∣∣∣∣∣ = sup
x∗∈H

(p)
I

∣∣∣∣x∗
(∫

U

fdμi

)
i∈I

∣∣∣∣
≤ sup

x∗∈H
(p)
I

|x∗|q
(∑

i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣p
) 1

p

≤
(∑

i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣p
) 1

p

< ∞

(6.3.3.8)

where 1
p + 1

q = 1. If p = 1, by (6.3.3.1) and by (6.3.3.7) we have

sup
x∗∈H

(1)
I

|μΨx∗ (U)| = sup
x∗=(αi)i∈H

(1)
I

∣∣∣∣∣∣
∑

i∈Jx∗

αiηi(U)

∣∣∣∣∣∣ ≤ sup
x∗∈H

(1)
I

∣∣∣∣x∗
(∫

U

fdμi

)
i∈I

∣∣∣∣
= sup

x∗∈H
(1)
I ,x∗=(αi)i∈I

∑
i∈I

∣∣∣∣αi

∫
U

fdμi

∣∣∣∣ ≤∑
i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣ < ∞.

(6.3.3.8′)

As {μΨx∗ : x∗ ∈ H
(p)
I } ⊂ M(T ) for 1 ≤ p < ∞, the claim holds by (6.3.3.8)

and (6.3.3.8′) and by Corollary 5.2.5 of Chapter 5.

Claim 4. Given ϕ ∈ C0(T ) and ε > 0, there exists a simple function s as a complex
linear combination of the characteristic functions of relatively compact open Baire
sets in T such that

||s − ϕ||T <
ε

2M
(6.3.3.9)

where M is as in Claim 3.
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In fact, in the proof of Lemma 5.2.20(i) of Chapter 5, each of the sets Ei,n is a
difference of two Fσ open sets Ui,n, Vi,n in T . Clearly, Ui,n and Vi,n are σ-compact
and relatively compact as supp ϕ is compact. Then by Lemma 5.2.3 of Chapter 5,
Ui,n and Vi,n are relatively compact open Baire sets in T . Then, the functions (s′n)
in the proof of Lemma 5.2.20(i) of Chapter 5 are complex linear combinations of
the characteristic functions of relatively compact open Baire sets in T . As s′n → ϕ
uniformly in T , the claim holds.

Claim 5. Let ϕ ∈ C0(T ). Then

∑
i∈I

∣∣∣∣∫
T

fϕdμi

∣∣∣∣p < ∞. (6.3.3.10)

In fact, given ε > 0, choose s as in Claim 4. By hypothesis (6.3.3.1),

∑
i∈I

∣∣∣∣∫
T

sfdμi

∣∣∣∣p < ∞.

Then there exists a finite set J0 ⊂ I such that

∑
I\J0

∣∣∣∣∫
T

sfdμi

∣∣∣∣p <
( ε

2

)p

. (6.3.3.11)

Let I1 = I\J0. Let H
(p)
I1

= {(αi)i∈I1 : there exists a finite set J ⊂ I1 such that
αi = 0 for i ∈ I1\J and ||(αi)i∈I1 ||q ≤ 1} where 1

p + 1
q = 1 when 1 < p < ∞; and

q = ∞ when p = 1. Let x∗ = (αi)i∈I1 ∈ H
(p)
I1

be fixed. Then there exists a finite
set Jx∗ ⊂ I1 such that αi = 0 for i ∈ I1\Jx∗ . Let

Φx∗(ϕ) =
∑

i∈Jx∗

αiθi(ϕ).

Then by (6.3.3.4) we have

Φx∗(ϕ) =
∑

i∈Jx∗

αi

∫
T

ϕdμθi =
∑

i∈Jx∗

∫
T

αifϕdμi (6.3.3.12)

for ϕ ∈ C0(T ). Then Φx∗ is a bounded linear functional on C0(T ) and the com-
plex Radon measure μΦx∗ induced by Φx∗ in the sense of Definition 4.3 of [P3] is
given by μΦx∗ =

∑
i∈Jx∗ αiμθi . Then |Φx∗(ϕ)| ≤ | ∫T (ϕ−s)dμΦx∗ |+ | ∫T sdμΦx∗ | ≤

||ϕ − s||T v(μΦx∗ ,B(T ))(T ) + |∑i∈Jx∗ αi

∫
T

sfdμi| since μΦx∗ =
∑

i∈Jx∗ αiμθi =∑
i∈Jx∗ αiηi on Bc(T ) by (6.3.3.6) and since s is a Bc(T )-simple function. Taking

y∗ = (αi)i∈I with αi = 0 for i ∈ I\Jx∗ , we observe that Φx∗ is the same as Ψy∗ de-
fined before Claim 3 and hence by Claim 3 we have sup

x∗∈H
(p)
I1

v(μΦx∗ ,B(T ))(T ) ≤
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M for 1 ≤ p < ∞ where M is as in Claim 3. Hence by (6.3.3.9) and (6.3.3.11) we
have

|Φx∗(ϕ)| ≤ ||ϕ − s||T · v(μΦx∗ ,B(T ))(T ) +

∣∣∣∣∣∣
⎛⎝ ∑

i∈Jx∗

αi

∫
T

sfdμi

⎞⎠∣∣∣∣∣∣
≤ ε

2M
· M +

∣∣∣∣∣x∗
(∫

T

sfdμi

)
i∈I1

∣∣∣∣∣
≤ ε

2
+ ||x∗||q

∥∥∥∥∥
(∫

T

sfdμi

)
i∈I1

∥∥∥∥∥
p

< ε

since (
∫

T sfdμi)i∈I1 ∈ �p(I1) by (6.3.3.11).

Varying x∗ ∈ H
(p)
I1

, we have sup
x∗∈H

(p)
1

|Φx∗(ϕ)| ≤ ε. As H
(p)
I1

is a norm
determining set for �p(I1) for 1 ≤ p < ∞ and as Φx∗(ϕ) = x∗(

∫
T fϕdμi)i∈I1 by

(6.3.3.12), we have(∑
i∈I1

∣∣∣∣∫
T

fϕdμi

∣∣∣∣p
) 1

p

=

∥∥∥∥∥
(∫

T

fϕdμi

)
i∈I1

∥∥∥∥∥
p

= sup
x∗∈H

(p)
I1

|Φx∗(ϕ)| ≤ ε

for 1 ≤ p < ∞. Hence Claim 5 holds.

Then by Claim 5, the mapping Φ : C0(T ) → �p(I) given by

Φ(ϕ) =
(∫

T

fϕdμi )i∈I =(
∫

T

ϕdηi

)
i∈I

is well defined and linear. It is easy to check that Φ has a closed graph. (See the
proof of the claim that u has a closed graph.) Then by the closed graph theorem Φ
is continuous. Since c0 �⊂ �p(I) for 1 ≤ p < ∞, Φ is weakly compact by Theorem 13
of [P9] for 1 ≤ p < ∞. Then by Theorems 2 and 6 of [P9] its representing measure
mΦ : B(T ) → �p(I)∗∗ has range in �p(I), and is σ-additive and B(T )-regular.

Claim 6. Let x∗ = (αi)i∈I ∈ H
(p)
I , 1 ≤ p < ∞, so that there exists a finite set

Jx∗ ⊂ I such that αi = 0 for i ∈ I\Jx∗ . Then

(x∗ ◦ mΦ)|Bc(T ) =
∑

i∈Jx∗

αiηi =
∑
i∈I

αiηi.

In fact, for ϕ ∈ C0(T ), by Theorem 1 of [P9] we have
∫

T
ϕd(x∗ ◦ mΦ) =

x∗Φ(ϕ) =
∑

i∈Jx∗ αi

∫
T ϕdηi =

∫
T ϕd(

∑
i∈Jx∗ αiηi); x∗◦mΦ is Bc(T )-regular since

mΦ|Bc(T ) is Bc(T )-regular by Theorem 7(xxiii) of [P9] and
∑

i∈Jx∗ αiηi is Bc(T )-
regular as observed after (6.3.3.6). Consequently, by the uniqueness part of the
σ-Borel version of the Riesz representation theorem the claim holds.
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By hypothesis, f is μi-measurable for i ∈ I and hence f is
∑

i∈Jx∗ αiμi-

measurable for x∗ = (αi)i∈I ∈ H
(p)
I for 1 ≤ p < ∞, where αi = 0 for i ∈ I\Jx∗ ,

Jx∗ ⊂ I and Jx∗ is finite. Since ηi is v(μi)-continuous for i ∈ I by Claim 2, f is
also ηi-measurable for i ∈ I. Hence by Claim 6, f is (x∗ ◦ mΦ)|Bc(T )-measurable
for x∗ ∈ H

(p)
I . mΦ is �p(I)-valued, σ-additive and Borel regular for 1 ≤ p < ∞,

and hence by Theorem 6.1.12, mΦ|δ(C) is �p(I)-valued, σ-additive and δ(C)-regular
for 1 ≤ p < ∞. As H

(p)
I is a norm determining set for �p(I), then by Lemma 6.3.2,

f is mΦ|δ(C)-measurable as well as Lusin mΦ|δ(C)-measurable.
Let ε > 0. As mΦ is B(T )-regular, there exists K ∈ C such that ||mΦ||(T \K)

< ε
2 . As f is Lusin mΦ|δ(C)-measurable, there exists K0 ∈ C with K0 ⊂ K such

that f |K0 is continuous and ||mΦ||(K\K0) < ε
2 . Then

||mΦ||(T \K0) < ε (6.3.3.13)

and fχK0 is bounded and B(K0)-measurable, as it is continuous on the compact
K0. Consequently, fχK0 is a bounded Bc(T )-measurable function with compact
support. As u is prolongable with the representing measure mu, by (18) of Theorem
5.3.12 of Chapter 5,

fχK0 ∈ L1(mu). (6.3.3.14)

By Claim 1 and by the hypothesis that f ∈ L1(μi) for i ∈ I, f is (x∗ ◦ mu)-
measurable for each x∗ ∈ H

(p)
I , 1 ≤ p < ∞ and as observed in the beginning

of the proof, mu is �p(I)-valued, σ-additive and δ(C)-regular. As H
(p)
I is a norm

determining set for �p(I), 1 ≤ p < ∞, by Lemma 6.3.2,

f is mu-measurable. (6.3.3.15)

Consequently, f−fχK0 is also mu-measurable. Now by Claims 1 and 6, by Lemma
6.3.2 and by the fact that

∫
N(f)\K0

|f |dv

( ∑
i∈Jx∗

αiμi

)
= v

⎛⎝∫
N(f)\K0)

fd

⎛⎝∑
i∈Jx∗

αiμi

⎞⎠⎞⎠
= v

⎛⎝∑
i∈Jx∗

αiηi

⎞⎠ (N(f)\K0)

(by Proposition 1.1.19 of Chapter 1), we have

sup
x∗∈H

(p)
I

∫
T

|f − fχK0 |dv(x∗ ◦ mu) = sup
x∗∈H

(p)
I

∫
N(f)\K0

|f |dv(x∗ ◦ mu)

= sup
x∗=(αi)i∈H

(p)
I

∫
N(f)\K0

|f |dv

⎛⎝∑
i∈Jx∗

αiμi

⎞⎠
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= sup
x∗=(αi)i∈I∈H

(p)
I

v

⎛⎝∑
i∈Jx∗

αiηi

⎞⎠ (N(f)\K0)

= sup
x∗∈H

(p)
I

v(x∗ ◦ mΦ)(N(f)\K0) ≤ sup
x∗∈H

(p)
I

v(x∗ ◦ mΦ)(T \K0)

≤ ||mΦ||(T \K0) < ε (6.3.3.16)

by (6.3.3.13) for 1 ≤ p < ∞. Since f is mu-measurable by (6.3.3.15), since fχK0 ∈
L1(mu) by (6.3.3.14), since H

(p)
I is a norm determining set for �p(I) for 1 ≤ p < ∞

and since ε > 0 is arbitrary, by (6.3.3.16) and by Lemma 6.3.1(ii) we conclude that
f ∈ L1(mu). Hence the condition (6.3.3.1) is sufficient.

Moreover, for f ∈ L1(mu), let x∗
i = (αj)j∈I ∈ H

(p)
I , where αi = 1 and

αj = 0, j �= i. Then by Claim 1, x∗
i ◦ mu = μi and hence by Theorem 5.3.11(iii)

of Chapter 5, f ∈ L1(μi) and x∗
i (
∫

T fdmu) =
∫

T fd(x∗
i ◦ mu) =

∫
T fdμi. Hence∫

T

fdmu =
(∫

T

fdμi

)
i∈I

∈ �p(I) (6.3.3.17)

for 1 ≤ p < ∞.

Conversely, let f ∈ L1(mu) and let U be an open Baire set in T . Then by
Theorem 2.1.5(vi) and by Remark 2.2.3 of Chapter 2, fχU ∈ L1(mu) and hence by
(6.3.3.17),

∫
T fχUdmu = (

∫
U fdμi)i∈I ∈ �p(I). Therefore

∑
i∈I |

∫
U fdμi|p < ∞

for 1 ≤ p < ∞. Thus the condition (6.3.3.1) is also necessary.
Let p = 1, f ∈ L1(mu) and x∗ = (αi)i∈I ∈ �∞(I), where αi = 1 for each

i. Then θ given in the last part of the theorem is the same as x∗u and hence
θ ∈ K(T )∗. Then by Corollary 5.3.10 of Chapter 5, μθ = mx∗u considering x∗u as
a scalar-valued prolongable Radon operator. Then by Theorem 5.3.11 of Chapter
5 and by hypothesis, we have f ∈ L1(x∗mu) = L1(mx∗u) = L1(μθ) and∫

A

fdμθ =
∫

A

fdmx∗u = x∗
(∫

A

fdmu

)
= x∗

((∫
A

fdμi

)
i∈I

)
=
∑
i∈I

∫
A

fdμi

for each A ∈ Bc(T ).

This completes the proof of the theorem. �

The above theorem for the case I = N and p = 1 is used in the proof of
the following result, the last part of which strengthens Theorem 2.2.2 of Chapter
2 when P = δ(C) and m is a Banach space-valued σ-additive P-regular mea-
sure on P .

Theorem 6.3.4. Let X be a Banach space and let m : δ(C) → X be σ-additive
and δ(C)-regular. Let H be a norm determining set for X with the Orlicz property.
Then a function f : T → K is m-integrable in T if and only if f ∈ L1(x∗ ◦m) for
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each x∗ ∈ H and, for each open Baire set U in T , there exists a vector xU ∈ X
such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m) (6.3.4.1)

for x∗ ∈ H. In that case, fϕ ∈ L1(m) for each ϕ ∈ C0(T ) and the mapping
Ψ : C0(T ) → X given by Ψ(ϕ) =

∫
T fϕdm is a weakly compact operator. Finally,

f is m-integrable in T if and only if f ∈ L1(x∗ ◦ m) for x∗ ∈ X∗ and (6.3.4.1)
holds for each x∗ ∈ X∗ and for each open Baire set U in T .

Proof. If f ∈ L1(m), then f is (KL) m-integrable in T by Theorem 2.2.2 of Chapter
2 and hence the conditions hold.

Conversely, let the conditions hold. Let <H> be the vector space spanned
by H and let F be the norm closure of <H> in X∗. By hypothesis, for each open
Baire set U in T there exists xU ∈ X such that (6.3.4.1) holds for x∗ ∈ H and
consequently,

x∗(xU ) =
∫

U

fd(x∗ ◦ m) (6.3.4.2)

for x∗ ∈ <H>.

Claim 1. (6.3.4.2) holds for each x∗ ∈ F and for each open Baire set U in T .

In fact, given x∗ ∈ F , there exists a sequence (x∗
n) ⊂ <H> such that x∗ =∑∞

1 x∗
n with

∑∞
1 |x∗

n| < ∞. Given ϕ ∈ K(T ), ϕ is Bc(T )-measurable by Theorem
51.B of [H] and is bounded and hence ϕ ∈ L1(m) by Theorem 2.1.5(v) and Remark
2.2.3 of Chapter 2. Then by Theorem 2.1.5(viii) followed by Remark 2.2.3 of
Chapter 2 we have

∞∑
1

∣∣∣∣∫
T

ϕd(x∗
n ◦ m)

∣∣∣∣ =
∞∑
1

∣∣∣∣x∗
n

(∫
T

ϕdm
)∣∣∣∣ ≤ ∣∣∣∣∫

T

ϕdm
∣∣∣∣
( ∞∑

1

|x∗
n|
)

< ∞.

(6.3.4.3)
Moreover, by (6.3.4.2) we have

∞∑
1

∣∣∣∣∫
U

fd(x∗
n ◦ m)

∣∣∣∣ =
∞∑
1

|x∗
n(xU )| ≤

( ∞∑
1

|x∗
n|
)
|xU | < ∞. (6.3.4.4)

Clearly, x∗ ◦m = limn(
∑n

k=1 x∗
k)◦m = limn

∑n
k=1(x∗

k ◦m) =
∑∞

1 (x∗
n ◦m) as

m has range in X . As m is σ-additive and δ(C)-regular on δ(C), x∗◦m is σ-additive
and δ(C)-regular on δ(C).

The mapping u : K(T ) → �1(N) given by

u(ϕ) =
(∫

T

ϕd(x∗
n ◦ m)

)∞

n=1

is well defined by (6.3.4.3) and is clearly linear. By (6.3.4.3) and (6.3.4.4), the
complex measures (x∗

n ◦ m)∞n=1 and the function f satisfy the sufficiency part
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of the hypotheses of Theorem 6.3.3 for p = 1 and I = N and consequently, u
is a prolongable Radon operator and f ∈ L1(mu). By the last part of the said
theorem, θ : K(T ) → K, given by θ(ϕ) =

∑∞
n=1

∫
T ϕd(x∗

n ◦ m), belongs to K(T )∗,
f is μθ-integrable and ∫

U

fdμθ =
∞∑

n=1

∫
U

fd(x∗
n ◦ m) (6.3.4.5)

for each open Baire set U in T and for the set U = N(f) since f ∈ L1(mu) so

that f is mu-measurable and hence N(f) ∈ ˜Bc(T ) with respect to ||mu||.
Now

∫
T ϕdμθ = θ(ϕ) =

∑∞
n=1

∫
T ϕd(x∗

n ◦ m) =
∫

T ϕd(x∗ ◦ m) for ϕ ∈ K(T ),
since | ∫T ϕd(x∗ ◦ m) − ∫T ϕd(

∑k
1 x∗

n ◦ m)| = |(x∗ − ∑k
1 x∗

n)
∫

T ϕdm| ≤ |x∗ −∑k
1 x∗

n||
∫

T
ϕdm| → 0 as k → ∞ by (v) and (viii) of Theorem 2.1.5 and Remark

2.2.3 of Chapter 2 and since x∗ =
∑∞

1 x∗
n. Since x∗ ◦ m is σ-additive and δ(C)-

regular, and since μθ|δ(C) is σ-additive and δ(C)-regular by Theorem 4.4(i) of [P4],
by an argument based on the uniqueness part of the Riesz representation theorem
which is similar to that in the proof of Claim 1 in the proof of Theorem 6.3.3 we
have (x∗ ◦ m)|δ(C) = μθ|δ(C). Then by (6.3.4.5) and (6.3.4.2) we have∫

U

fd(x∗ ◦ m) =
∫

U

fdμθ =
∞∑

n=1

∫
U

fd(x∗
n ◦ m) =

∞∑
n=1

x∗
n(xU ) = x∗(xU )

for any open Baire set U in T and hence Claim 1 holds. Moreover, as f is μθ-
integrable and as μθ|δ(C) = x∗ ◦m, f is (x∗ ◦m)-integrable and hence

∫
T
|f |dv(x∗ ◦

m) < ∞. Thus, for x∗ ∈ F , f ∈ L1(x∗ ◦ m) and∫
T

|f |dv(x∗ ◦ m) < ∞. (6.3.4.6)

Let F be the vector space spanned by the characteristic functions of open
Baire sets in T . Then for each g ∈ F , by Claim 1 there exists xg ∈ X such that

x∗(xg) =
∫

T

fgd(x∗ ◦ m) (6.3.4.7)

for each x∗ ∈ F . Let G = {xg : g ∈ F , ||g||T ≤ 1}.

Claim 2. supxg∈G |xg| = M (say) < ∞.

In fact, for x∗ ∈ F , by (6.3.4.6) and (6.3.4.7) we have

sup
xg∈G

|x∗(xg)| = sup
xg∈G

|
∫

T

fgd(x∗ ◦ m)| ≤
∫

T

|f |dv(x∗ ◦ m) < ∞

as ||g||T ≤ 1 for g ∈ G. Hence G is σ(X, F )-bounded. Since H is a norm determining
set for X , by Lemma 5.2.13 of Chapter 5 we have |x∗| ≤ 1 for x∗ ∈ H and hence
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|x| = sup|x∗|≤1 |x∗(x)| ≥ supx∗∈F,|x∗|≤1 |x∗(x)| ≥ supx∗∈H |x∗(x)| = |x| for x ∈ X
(since H ⊂ F ). Hence X can be considered as a subspace of F ∗ with the restriction
of the norm of F ∗. Then by the Banach-Steinhaus theorem (Theorem II.3.21 of
[DS1]) applied to the Banach space F , the set G is norm bounded and hence the
claim holds.

For g ∈ F , let Φ(g) = xg. By (6.3.4.7) and by the hypothesis that H is
norm determining, Φ : F → X is well defined and clearly, it is linear. By Claim
2, Φ is continuous. Hence Φ has a unique continuous linear extension Φ̂ on the
closure F̄ of F in the Banach space of all bounded scalar functions on T , with the
supremum norm. C0(T ) ⊂ F̄ by Claim 4 in the proof of Theorem 6.3.3 and hence
let Φ0 = Φ̂|C0(T ). Then Φ0 : Co(T ) → X is linear and continuous and hence by
Theorem 1 of [P9] its representing measure η is given by Φ∗∗

0 |B(T ). Moreover, by
the same theorem, x∗ ◦ η ∈ M(T ) for each x∗ ∈ X∗ and

x∗Φ0(ϕ) =
∫

T

ϕd(x∗ ◦ η) for ϕ ∈ C0(T ). (6.3.4.8)

By hypothesis, f ∈ L1(x∗ ◦m) for x∗ ∈ H and hence νx∗(·) =
∫
(·) fd(x∗ ◦m)

is σ-additive on Bc(T ) for x∗ ∈ H . Clearly, νx∗ is v(x∗ ◦ m)-continuous by Claim
2 in the proof of Theorem 6.3.3. Then f is νx∗ -measurable since f is (x∗ ◦ m)-
measurable and since νx∗ is v(x∗ ◦ m)-continuous.

Let ϕ ∈ C0(T ). Since C0(T ) ⊂ F̄ , there exists (gn)∞1 ⊂ F such that gn → ϕ
uniformly in T so that Φ0(ϕ) = limn Φ(gn). Then by (6.3.4.7) and by the definition
of Φ we have

x∗Φ0(ϕ) = lim
n

x∗Φ(gn) = lim
n

x∗(xgn ) = lim
n

∫
T

fgnd(x∗ ◦ m) (6.3.4.9)

for x∗ ∈ F . On the other hand, as ϕ is Bc(T )-measurable by Theorem 51.B of [H]
and bounded, fϕ ∈ L1(x∗ ◦ m) for x∗ ∈ H and by (6.3.4.6),∣∣∣∣∫

T

fϕd(x∗ ◦ m) −
∫

T

fgnd(x∗ ◦ m)
∣∣∣∣ ≤ ||ϕ − gn||T (

∫
T

|f |dv(x∗ ◦m) → 0

as n → ∞ for each x∗ ∈ H and therefore∫
T

fϕd(x∗ ◦ m) = lim
n

∫
T

fgnd(x∗ ◦ m)

for x∗ ∈ H. Then by (6.3.4.9) and (6.3.4.8) and by the definition of νx∗(·) we have∫
T

ϕdνx∗ =
∫

T

fϕd(x∗ ◦ m) = lim
n

∫
T

fgnd(x∗ ◦ m)

= x∗Φ0(ϕ) =
∫

T

ϕd(x∗ ◦ η) (6.3.4.10)
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for ϕ ∈ C0(T ) and x∗ ∈ H . As x∗ ◦ η ∈ M(T ) and as νx∗ is σ-additive on Bc(T )
and δ(C)-regular for x∗ ∈ H , by an argument similar to that in the proof of Claim
1 in the proof of Theorem 6.3.3 and by (6.3.4.10), we have

(x∗ ◦ η)|δ(C) = νx∗ |δ(C) (6.3.4.11)

for x∗ ∈ H . As v(x∗ ◦ η,B(T ))(T ) < ∞, by Theorem 4.5 of [P13] or by Theorem
2.5 of [P4] we have νx∗ = (x∗ ◦ η)|Bc(T ) and

v(νx∗ ,Bc(T ))(·) = v(x∗ ◦ η,B(T ))|Bc(T )(·) (6.3.4.12)

for x∗ ∈ H . Consequently, as f is νx∗-measurable, it is (x∗ ◦ η)|Bc(T )-measurable
for x∗ ∈ H and consequently, f is (x∗ ◦ η)-measurable for x∗ ∈ H .

Let U be an open Baire set in T . Then by §14 of [Din1] there exists an
increasing sequence (ϕn) of functions in Cc(T ) such that ϕn ↗ χU . Then by
LDCT, by (6.3.4.1), (6.3.4.10) and (6.3.4.12) we have

(x∗ ◦ η)(U) =
∫

T

χUd(x∗ ◦ η) = lim
n

∫
T

ϕnd(x∗ ◦ η) = lim
n

∫
T

ϕndνx∗

= lim
n

∫
T

ϕnfd(x∗ ◦ m) =
∫

T

χUfd(x∗ ◦ m) = x∗(xU ) (6.3.4.13)

for x∗ ∈ H . Then by Theorem 5.2.14 of Chapter 5, Φ0 is weakly compact and
hence by Theorem 2 of [P9], η is σ-additive and has range in X and by Theorem
6(xix) of [P9], η is B(T )-regular. (Note that only here do we use the hypothesis
that H has the Orlicz property to assert that Φ0 is weakly compact.) Then, as f
is (x∗ ◦ η)-measurable for x∗ ∈ H , by Lemma 6.3.2 f is η-measurable as well as
Lusin η-measurable. Given ε > 0, by the B(T )-regularity of η there exists K ∈ C
such that ||η||(T \K) < ε

2 . As f is Lusin η-measurable, there exists K0 ∈ C such
that K0 ⊂ K, f |K0 is continuous, and ||η||(K\K0) < ε

2 . Then

||η||(T \K0) < ε. (6.3.4.14)

Moreover, fχK0 is bounded as fχK0 is continuous on the compact K0 and is
Bc(T )-measurable with compact support so that fχK0 ∈ L1(m) by Theorem 2.1.5
and Remark 2.2.3 of Chapter 2. As f is (x∗ ◦m)-measurable for x∗ ∈ H , f −fχK0

is also (x∗ ◦m)-measurable for x∗ ∈ H . Moreover, as H is a norm determining set,
by Lemma 6.3.2 f − fχK0 is m-measurable. Then by (6.3.4.12), (6.3.4.14), by the
fact that v(νx∗)(·) =

∫
(·) |f |dv(x∗ ◦m) by Proposition 1.1.19 of Chapter 1 and by

Lemma 6.3.1(i) we have

sup
x∗∈H

∫
T

|f − fχK0 |dv(x∗ ◦ m)

= sup
x∗∈H

∫
N(f)\K0

|f |dv(x∗ ◦ m) = sup
x∗∈H

v(νx∗)(N(f)\K0)

= sup
x∗∈H

v(x∗ ◦ η)(N(f)\K0) = ||η||(N(f)\K0) ≤ ||η||(T \K0) < ε.
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Consequently, by Lemma 6.3.1(ii), f ∈ L1(m). Hence the conditions are also
sufficient.

If f ∈ L1(m), then by Theorem 2.1.5(vii) and Remark 2.3.3 of Chapter 2 and
by Theorem 51.B of [H], fϕ ∈ L1(m) for each ϕ ∈ C0(T ) and hence Ψ : C0(T ) →
X given by Ψ(ϕ) =

∫
T

ϕfdm is well defined for ϕ ∈ C0(T ). Consequently, by
(6.3.4.10) and by (viii) of the said theorem in Chapter 2 we have

x∗Ψ(ϕ) =
∫

T

fϕd(x∗ ◦ m) = x∗Φ0(ϕ)

for x∗ ∈ H and for ϕ ∈ C0(T ). As H is norm determining, it follows that Ψ = Φ0

and hence Ψ is weakly compact.
If H = {x∗ ∈ X∗ : |x∗| ≤ 1}, then H is a norm determining set for X and

has the Orlicz property by the Orlicz-Pettis theorem. Hence the last part holds by
the first part.

This completes the proof of the theorem. �

The following result which is deduced from the last part of Theorem 6.3.4
improves Theorem 4.2.2(i) of Chapter 4 for δ(C)-regular σ-additive vector measures
on δ(C).

Theorem 6.3.5. Let X be a quasicomplete lcHs and let m : δ(C) → X be σ-
additive and δ(C)-regular. Let f : T → K. Then f is m-integrable in T if and only
if f ∈ L1(x∗ ◦ m) for each x∗ ∈ X∗ and, for each open Baire set U in T , there
exists a vector xU ∈ X such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m) (6.3.5.1)

for x∗ ∈ X∗.

Proof. Clearly, the conditions are necessary. Conversely, let the conditions hold.
For each q ∈ Γ, Πq : X → Xq ⊂ X̃q is continuous. Hence (y∗ ◦ Πq) ∈ X∗ for
y∗ ∈ X∗

q = (X̃q)∗ and hence by hypothesis f ∈ L1(y∗ ◦ mq) for each y∗ ∈ X∗
q and

by (6.3.5.1) we have

(y∗ ◦ Πq)(xU ) =
∫

U

fd(y∗ ◦ Πqm) =
∫

U

fd(y∗ ◦ mq)

for each open Baire set U in T . Then by the last part of Theorem 6.3.4, f ∈ L1(mq).
As q is arbitrary in Γ, it follows that f is m-integrable in T and moreover, by
Definition 4.2.1 of Chapter 4,∫

A

fdm = lim←−

∫
A

fdmq, A ∈ Bc(T )
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and ∫
T

fdm = lim←−

∫
N(f)\Nq

fdmq

(see Definition 4.2.1 of Chapter 4). �

In order to generalize Theorem 6.3.4 to complete lcHs-valued vector mea-
sures, we first generalize Lemmas 6.3.1 and 6.3.2 as follows.

Lemma 6.3.6. Let X be an lcHs with topology τ and let H be a subset of X∗

such that τ is identical with the topology of uniform convergence in equicontinuous
subsets of H. Let P be a δ-ring of subsets of a set Ω(� ∅) and let m : P → X be
additive. Let EH = {E ⊂ H : E equicontinuous}. Then:

(i) ||m||qE (A) = supx∗∈E v(x∗ ◦ m)(A), A ∈ σ(P).

(ii) Suppose X is further quasicomplete, m is σ-additive and f : Ω → K is m-
measurable and (x∗ ◦m)-integrable for each x∗ ∈ H. Then f ∈ L1(m) if, for
each E ∈ EH and ε > 0, there exists g

(ε)
E ∈ L1(mqE ) such that

sup
x∗∈E

∫
T

|f − g
(ε)
E |dv(x∗ ◦ m) < ε.

Proof. (i) is due to Proposition 1.2.13(iii) of Chapter 1.

(ii) For x∗ ∈ E, let Ψx∗ be as in Proposition 1.2.13 of Chapter 1. Then by
hypothesis and by the latter proposition, we have

sup
x∗∈E

∫
T

|f − g
(ε)
E |dv(Ψx∗ ◦ mqE ) = sup

x∗∈E

∫
T

|f − g
(ε)
E |dv(x∗ ◦ m) < ε. (6.3.6.1)

Then by (6.3.6.1) and by Lemma 6.3.1(ii) applied to mqE : P → XqE ⊂ X̃qE , f ∈
L1(mqE ) since {Ψx∗ : x∗ ∈ E} is a norm determining set for X̃qE by Proposition
1.2.13 of Chapter 1 and since f is mqE -measurable by hypothesis. Since E is
arbitrary in EH and since {qE : E ∈ EH} generates the topology τ , by Definition
4.2.1 and by Remark 4.1.5 of Chapter 4 we conclude that f ∈ L1(m). �

Lemma 6.3.7. Let X be an lcHs and let H satisfy the hypothesis of Lemma 6.3.6.
Let EH be as in Lemma 6.3.6. Suppose m : δ(C) → X (resp. m : B(T ) :→ X) is
σ-additive and let V ∈ V. Then a set A ∈ B(V ) (resp. A ∈ B(T )) is m-null if
and only if A is (x∗ ◦m)-null for each x∗ ∈ H. If m is further δ(C)-regular (resp.
B(T )-regular) and if f : T → K is (x∗ ◦ m)-measurable for x∗ ∈ H, then f is
Lusin m-measurable as well as m-measurable.

Proof. Let A be (x∗ ◦ m)-null for each x∗ ∈ H and let E ∈ EH . For x∗ ∈ E,
let Ψx∗ be as in Proposition 1.2.13 of Chapter 1. Then by the said proposition
HE = {Ψx∗ : x∗ ∈ E} is a norm determining set for XqE and hence for X̃qE and
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therefore, by hypothesis and by Lemma 6.3.2, A is mqE -null. As E is arbitrary in
EH and as {qE : E ∈ EH} generates the topology τ , A is m-null by Remark 1.2.5
of Chapter 1. Conversely, if A is m-null, clearly A is (x∗ ◦m)-null for each x∗ ∈ H .

Let f be (x∗ ◦m)-measurable for x∗ ∈ H . Let E ∈ EH . Then, f is (Ψx∗ ◦m)-
measurable for Ψx∗ ∈ HE . Hence, by Lemma 6.3.2 applied to mqE : P → XqE ⊂
X̃qE , f is mqE -measurable, where P = δ(C) (resp. B(T )). As f is x∗◦m-measurable
(for x∗ ∈ H), N(f) is σ-bounded. Then by Definition 1.2.6 and by Remark 1.2.5
of Chapter 1, f is m-measurable and consequently, f is also Lusin m-measurable
by Theorem 6.2.6 (resp. by Theorem 6.2.5). �

Now we shall generalize Theorem 6.3.4 to complete lcHs-valued σ-additive
δ(C)-regular measures.

Theorem 6.3.8. (Generalization of Theorem 6.3.4 to complete lcHs-valued mea-
sures). Let X be a complete lcHs with topology τ and let H be a subset of X∗

with the Orlicz property such that τ is identical with the topology of uniform con-
vergence in equicontinuous subsets of H. Let m : δ(C) → X be σ-additive and
δ(C)-regular and let f : T → K. Then f ∈ L1(m) if and only if f ∈ L1(x∗ ◦m) for
each x∗ ∈ H and, for each open Baire set U in T , there exists xU ∈ X such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m) (6.3.8.1)

for x∗ ∈ H.

Proof. Let EH = {E ⊂ H : E equicontinuous}. By hypothesis, the seminorms
qE , E ∈ EH , generate the topology τ . Let E ∈ EH be fixed. By Proposition 1.2.13
of Chapter 1, (Ψx∗ ◦ ΠqE )(x) = x∗(x) for x ∈ X and for x∗ ∈ E and hence we
identify x∗ ∈ E with Ψx∗ . Let HE = U0

qE
∩ H for E ∈ EH . Since E ⊂ HE ⊂ Uo

qE

and since {Ψx∗ : x∗ ∈ E} is a norm determining set for XqE by Proposition 1.2.13
of Chapter 1, it follows that HE is also a norm determining set for XqE and hence
for X̃qE . Let F be the vector space spanned by the characteristic functions of open
Baire sets in T . Then by (6.3.8.1), for each g ∈ F , there exists xg ∈ X such that

x∗(xg) =
∫

T

fgd(x∗ ◦ m) (6.3.8.2)

for x∗ ∈ H and xg is unique as the Hausdorff topology τ is generated by {qE :
E ∈ EH}. Then the mapping Φ : F → X given by Φ(g) = xg for g ∈ F is well
defined and linear. For E ∈ HE , arguing as in the proof of Theorem 6.3.4 with
X̃qE ,mqE and HE in place of X , H and m, respectively, and using (6.3.8.1) in
place of (6.3.4.1) we can show that ΠqE ◦ Φ : F → X̃qE is continuous for E ∈ EH .

Therefore, there exists a unique continuous linear extension ̂Φ(E) of ΠqE ◦Φ to the
whole of F̄ with values in X̃qE where F̄ is the closure of F in the Banach space
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of all bounded scalar functions on T with supremum norm. Then there exists a
constant ME such that

|̂Φ(E)(ϕ)|qE ≤ ME||ϕ||T (6.3.8.3)

for ϕ ∈ F̄ . Then by Claim 4 in the proof of Theorem 6.3.3, C0(T ) ⊂ F̄ and hence
̂Φ(E)

0 = ̂Φ(E)|C0(T ) is continuous and linear and has range in X̃qE . Then (6.3.8.3)

also holds for ̂Φ(E)
0 with ϕ ∈ C0(T ). Moreover, (6.3.8.3) holds for all E ∈ EH .

By hypothesis, X is a complete lcHs and {qE : E ∈ EH} generates the
topology τ and hence by Theorem 5.4, §5, Chapter II of [Scha], X = lim←−X̃qE . Let

us define Φ̂ : F̄ → X by Φ̂(ϕ) = lim←−
̂Φ(E)(ϕ) for ϕ ∈ F . Let Φ0 : C0(T ) → X be

given by Φ0 = Φ̂|C0(T ). Then by (6.3.8.3) we have |Φ̂(ϕ)|qE = |(ΠqE ◦ Φ̂)(ϕ)|qE =

|̂Φ(E)(ϕ)|qE ≤ ME||ϕ||T for each E ∈ EH and for each ϕ ∈ F̄ . Hence Φ̂ and Φ0 are
X-valued continuous linear mappings.

Let η be the representing measure of Φ0 in the sense of Definition 4 of [P9].
Then by Theorem 1 of [P9],

x∗Φ0(ϕ) =
∫

T

ϕd(x∗ ◦ η) (6.3.8.4)

for x∗ ∈ X∗ and for ϕ ∈ C0(T ).

Claim 1.
∫

T
fϕd(x∗◦m) = x∗Φ0(ϕ) =

∫
T

ϕd(x∗◦η) for x∗ ∈ H and for ϕ ∈ C0(T ).

In fact, let ϕ ∈ C0(T ). As f ∈ L1(x∗◦m) for x∗ ∈ H and as ϕ is bounded and
Bc(T )-measurable by Theorem 51.B of [H], fϕ ∈ L1(x∗ ◦m) for x∗ ∈ H . By Claim
4 in the proof of Theorem 6.3.3, there exists (gn)∞1 ⊂ F such that ||ϕ−gn||T → 0.
Then, for x∗ ∈ H ,∣∣∣∣∫

T

fϕd(x∗ ◦ m) −
∫

T

fgnd(x∗ ◦ m)
∣∣∣∣ ≤ ||ϕ−gn||T

∫
T

|f |dv(x∗◦m) → 0 (6.3.8.5)

as n → ∞, since f ∈ L1(x∗ ◦ m). Observing that Φ̂(g) = Φ(g) = xg for g ∈ F , by
(6.3.8.2), (6.3.8.4) and (6.3.8.5) and by the fact that ||ϕ − gn||T → 0 as n → ∞
we have

∫
T

fϕd(x∗ ◦m) = limn

∫
T

fgnd(x∗ ◦m) = limn x∗(xgn ) = limn x∗Φ(gn) =
limn x∗Φ̂(gn) = x∗Φ̂(ϕ) = x∗Φ0(ϕ) =

∫
T ϕd(x∗ ◦ η) for x∗ ∈ H . Hence the claim

holds.

Let U be an open Baire set in T and choose (ϕn)∞1 ⊂ C0(T ) such that
ϕn ↗ χU (see the proof (6.3.4.13)). Then by Claim 1, by LDCT and by (6.3.8.1)
we have

(x∗ ◦ η)(U) = lim
n

∫
T

ϕnd(x∗ ◦ η) = lim
n

x∗Φ0(ϕn) = lim
n

∫
T

fϕnd(x∗ ◦ m)

=
∫

T

χUfd(x∗ ◦ m) = x∗(xU ) (6.3.8.6)
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for x∗ ∈ H . Since H has the Orlicz property, by (6.3.8.6) and by Theorem 5.2.16
of Chapter 5, Φ0 is weakly compact.

Then by Theorems 2 and 6 of [P9], η is X-valued, σ-additive and B(T )-
regular. Let νx∗(·) =

∫
(·) fd(x∗ ◦ m) for x∗ ∈ H . Then for ϕ ∈ C0(T ) and for

x∗ ∈ H , by Claim 1 we have∫
T

ϕdνx∗ =
∫

T

fϕd(x∗ ◦ m) = x∗Φ0(ϕ) =
∫

T

ϕd(x∗ ◦ η)

and hence an argument similar to that in the paragraph following (6.3.4.10) in the
proof of Theorem 6.3.4 shows that f is (x∗ ◦ η)-measurable for x∗ ∈ H . Then by
Lemma 6.3.7, f is η-measurable as well as Lusin η-measurable. Thus, given E ∈ EH

and ε > 0, arguing as in the proof of Theorem 6.3.4, there exists a compact K0 in
T such that ||η||qE (T \K0) < ε and f |K0 is continuous. Then fχK0 is bounded and
Bc(T )-measurable with compact support. Consequently, by Theorems 4.1.9(i)(b)
and 4.2.3 of Chapter 4, fχK0 ∈ L1(m) and hence fχK0 ∈ L1(mqE ). Moreover,
by hypothesis f is (x∗ ◦ m)-measurable for each x∗ ∈ H and as H satisfies the
hypothesis of Lemma 6.3.7, it follows that f is m-measurable. Then an argument
similar to that in the last part of the proof of Theorem 6.3.4, invoking Lemma
6.3.6(ii) in place of Lemma 6.3.1(ii), shows that f ∈ L1(mqE ). Since E is arbitrary
in EH and since (qE)E∈EH generates the topology τ , by Definition 4.2.1 and by
Theorem 4.2.3 of Chapter 4, f ∈ L1(m), i.e., f is m-integrable in T with values
in X .

This completes the proof of the theorem. �

Now we give an analogue of Theorem 6.3.3 when μi : B(T ) → K, i ∈ I, are
σ-additive and Borel regular.

Theorem 6.3.9. Let μi : B(T ) → K be σ-additive and B(T )-regular for i ∈ I.
Suppose

∑
i∈I |

∫
T ϕdμi|p < ∞ for each ϕ ∈ C0(T ) and for 1 ≤ p < ∞. Let

u : C0(T ) → �p(I) be defined by u(ϕ) = (
∫

T
ϕdμi)i∈I . Then u is a weakly com-

pact operator on C0(T ). Let mu be the representing measure of u in the sense of
Definition 4 of [P9] and let f : T → K belong to L1(μi) for i ∈ I. Then f is
mu-integrable in T if and only if∑

i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣p < ∞ (6.3.9.1)

for each open Baire set U in T . In that case,
∫

T
fdmu = (

∫
T

fdμi)i∈I .
Let p = 1 and let f ∈ L1(mu). If θ(ϕ) =

∑
i∈I

∫
T

ϕdμi for ϕ ∈ C0(T ), then
θ ∈ K(T )∗b (see pp. 65 and 69 of [P4]), f is μθ-integrable and∫

A

fdμθ =
∑
i∈I

∫
A

fdμi

for A ∈ B(T ), where μθ is the bounded complex Radon measure induced by θ in
the sense of Definition 4.3 of [P3].



184 Chapter 6. Integration in Locally Compact Hausdorff Spaces – Part II

Proof. By an argument similar to that in the proof of Theorem 6.3.3 we can show
that the linear mapping u has a closed graph and hence by Theorem 2.15 of [Ru2],
u is continuous. Since c0 �⊂ �p(I) for 1 ≤ p < ∞, by Theorem 13 of [P9] or by
Corollary 2 of [P12], u is weakly compact. Then by Theorems 2 and 6 of [P9],
the representing measure mu of u is �p(I)-valued, σ-additive and Borel regular on
B(T ).

Let H
(p)
I be as in the proof of Theorem 6.3.3 for 1 ≤ p < ∞. If x∗ = (αi) ∈

H
(p)
I , then there exists Jx∗ ⊂ I, Jx∗ finite, such that αi = 0 for i ∈ I\Jx∗ . Then

by Theorem 1 of [P9] we have x∗u(ϕ) =
∫

T
ϕd(x∗ ◦mu) =

∫
T

ϕd(
∑

i∈Jx∗ αiμi) for
ϕ ∈ C0(T ). Since x∗ ◦ mu and μi, i ∈ I, are σ-additive and Borel regular, by the
uniqueness part of the Riesz representation theorem we conclude that

x∗ ◦ mu =
∑

i∈Jx∗

αiμi =
∑
i∈I

αiμi. (6.3.9.2)

For i ∈ I, let θi and ηi be defined as in the proof of Theorem 6.3.3. Note
that ηi is σ-additive on B(T ) and ηi is v(μi)-continuous for i ∈ I so that ηi is
B(T )-regular for i ∈ I. Since∫

T

ϕdηi =
∫

T

ϕfdμi = θi(ϕ) =
∫

T

ϕdμθi

for ϕ ∈ C0(T ) and for i ∈ I, by the uniqueness part of the Riesz representation
theorem

ηi = μθi for i ∈ I. (6.3.9.3)

Defining Ψx∗ as in the proof of Theorem 6.3.3, by (6.3.9.3) we have

μΨx∗ =
∑

i∈Jx∗

αiμθi =
∑

i∈Jx∗

αiηi on B(T ). (6.3.9.4)

Using (6.3.9.1), (6.3.9.4) and Hölder’s inequality and arguing as in the proof
of Claim 3 in the proof of Theorem 6.3.3 one can show that

sup
x∗∈H

(p)
I

|μΨx∗ (U)| ≤
(∑

i∈I

∣∣∣∣∫
U

fdμi

∣∣∣∣p
) 1

p

< ∞ (6.3.9.5)

for 1 ≤ p < ∞ and for an open Baire set U in T . As {μΨx∗ : x∗ ∈ H
(p)
I } ⊂ M(T )

for 1 ≤ p < ∞, by (6.3.9.5) and by Corollary 5.2.5 of Chapter 5 we have

sup
x∗∈H

(p)
I

v(μΨx∗ ,B(T ))(T ) = Mp (say) < ∞ (6.3.9.6)

for 1 ≤ p < ∞.
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By an argument quite similar to the proof of Claim 5 in the proof of Theorem
6.3.3 and by the use of (5.3.9.6) in place of Claim 3 in the proof of the said theorem,
we have ∑

i∈I

∣∣∣∣∫
T

fϕdμi

∣∣∣∣p < ∞ (6.3.9.7)

for ϕ ∈ C0(T ) and for 1 ≤ p < ∞.
Then the mapping Φ : C0(T ) → �p(I) given by

Φ(ϕ) =
(∫

T

fϕdμi

)
i∈I

=
(∫

T

ϕdηi

)
i∈I

is well defined and linear and has a closed graph. Then by the closed graph theo-
rem, Φ is continuous. Since c0 �⊂ �p(I) for 1 ≤ p < ∞, by Theorem 13 of [P9], Φ
is weakly compact. Then by Theorems 2 and 6 of [P9], the representing measure
mΦ of Φ is �p(I)-valued, σ-additive and Borel regular on B(T ).

Then arguing as in the proof of Claim 6 in the proof of Theorem 6.3.3 and
using the uniqueness part of the Riesz representation theorem (Borel version), we
conclude that

(x∗ ◦ mΦ) =
∑

i∈Jx∗

αiηi =
∑
i∈I

αiηi (6.3.9.8)

for each x∗ ∈ H
(p)
I , 1 ≤ p < ∞. Invoking the Borel case of Lemma 6.3.2 and using

(6.3.9.8) we conclude that f is m-measurable as well as Lusin m-measurable. The
rest of the argument in the proof of Theorem 6.3.3 holds here verbatim with B(T )
in place of Bc(T ) and B(T )-regular in place of δ(C)-regular.

This completes the proof of the theorem. �

Using the above theorem for I = N and for p = 1, we obtain below the
analogue of Theorem 6.3.4 for a Banach space-valued σ-additive Borel regular
measure.

Theorem 6.3.10. Let X be a Banach space and let m : B(T ) → X be σ-additive
and Borel regular. Let H be a norm determining set for X with the orlicz property
and let f : T → K. Then f ∈ L1(m) if and only if f ∈ L1(x∗ ◦m) for each x∗ ∈ H
and, for each open Baire set U in T there exists a vector xU ∈ X such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m)

for x∗ ∈ H. Moreover, other conclusions of Theorem 6.3.4 hold. (By Theorem
6.1.12, m|δ(C) satisfies the hypothesis of Theorem 6.3.4 and hence the conclusions
of Theorem 6.3.4 hold for m|δ(C) but it requires a proof to show that they hold for
m itself.)



186 Chapter 6. Integration in Locally Compact Hausdorff Spaces – Part II

Proof. By Theorem 2.2.2 of Chapter 2, the conditions are necessary. Conversely,
let <H> and F be as in the proof of Theorem 6.3.4. If x∗ ∈ F and x∗ =

∑∞
1 x∗

n

with (x∗
n) ⊂ H and with

∑∞
1 |x∗

n| < ∞, then arguing as in the proof of the
said theorem, we have x∗ ◦ m =

∑∞
1 x∗

n ◦ m and moreover, x∗ ◦ m is σ-additive
and B(T )-regular. Further, (6.3.4.3) holds for ϕ ∈ C0(T ) and (6.3.4.4) also holds.
Consequently, the mapping u : C0(T ) → �1(N) given by

u(ϕ) =
(∫

T

ϕd(x∗
n ◦ m)

)∞

n=1

is well defined and linear. Then the complex measures (x∗
n◦m)∞n=1 and the function

f satisfy the sufficiency part of the hypotheses of Theorem 6.3.9 for p = 1 and
for I = N and hence u is a weakly compact operator on C0(T ) and f ∈ L1(mu),
where mu is the representing measure of u. Then by the last part of the said
theorem, θ : C0(T ) → K, given by θ(ϕ) =

∑∞
n=1

∫
T ϕd(x∗

n ◦m), belongs to K(T )∗b ,
f is μθ-integrable and ∫

U

fdμθ =
∞∑

n=1

∫
U

fd(x∗
n ◦ m)

for each open Baire set U in T and for the set U = N(f) since f ∈ L1(mu)
so that N(f) ∈ ˜B(T ) with respect to ||mu||. Let x∗ ∈ F , where F is the norm
closure of 〈H〉, the vector space spanned by H . Observing that x∗ ◦ m is σ-
additive and B(T )-regular by hypothesis and μθ is σ-additive and B(T )-regular by
Theorem 5.3 of [P4], and proving that

∫
T ϕdμθ =

∫
T ϕd(x∗ ◦ m) for ϕ ∈ C0(T )

as in the proof of Claim 1 in the proof of Theorem 5.3.4, by the uniqueness part
of the Riesz representation theorem we conclude that μθ = x∗ ◦ m. Moreover,
by (6.3.4.2) and (6.3.4.5) we have x∗(xU ) =

∫
U fd(x∗ ◦ m), where by hypothesis

y∗(xU ) =
∫

T
fd(y∗ ◦ m) for each open Baire set U in T and for each y∗ ∈ H .

Arguing as in the proof of Theorem 6.3.4, one can define the continuous
linear mapping Φ0 : C0(T ) → X with the representing measure η. Let νx∗(·) =∫
(·) fd(x∗ ◦ m) for x∗ ∈ H . Then νx∗ is v(x∗ ◦ m)-continuous. Then f is νx∗-

measurable since f is (x∗ ◦ m)-measurable and νx∗ is B(T )-regular for x∗ ∈ H .
Arguing as in the proof of Theorem 6.3.4, by the uniqueness part of the Riesz
representation theorem we have νx∗ = x∗ ◦ η, x∗ ∈ H and hence f is (x∗ ◦ η)-
measurable for x∗ ∈ H . The remaining arguments in the proof of Theorem 6.3.4
hold here excepting that the Borel case of Lemma 6.3.2 has to be invoked here.

This completes the proof of the theorem. �

The following theorem, which improves Theorem 4.2.2(i) of Chapter 4 for
B(T )-regular σ-additive vector measures, is immediate from the last part of The-
orem 6.3.10 by an argument similar to that in the proof of Theorem 6.3.5.

Theorem 6.3.11. Let X be a quasicomplete lcHs and let m : B(T ) → X be σ-
additive and B(T )-regular. Then a function f : T → K is m-integrable in T if and
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only if f ∈ L1(x∗ ◦ m) for each x∗ ∈ X∗ and, for each open Baire set U in T ,
there exists a vector xU ∈ X such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m)

for x∗ ∈ X∗.

The following result is an analogue of Theorem 6.3.8 for the Borel-regular
σ-additive X-valued vector measure m where X is a complete lcHs.

Theorem 6.3.12. Let X, τ and H be as in Theorem 6.3.8 and let m : B(T ) → X
be σ-additive and Borel regular. Then a function f : T → K belongs to L1(m) if
and only if f ∈ L1(x∗ ◦m) for each x∗ ∈ H and, for each open Baire set U in T ,
there exists a vector xU ∈ X such that

x∗(xU ) =
∫

U

fd(x∗ ◦ m)

for x∗ ∈ H.

Proof. The proof of Theorem 6.3.8 holds here verbatim excepting that we have to
invoke the uniqueness part of the Riesz representation theorem (Borel version) to
show that νx∗ = x∗ ◦η for x∗ ∈ H so that f is (x∗ ◦η)-measurable for x∗ ∈ H and
then invoke the Borel case of Lemma 6.3.7. The details are left to the reader. �

6.4 Additional convergence theorems

First we obtain a generalization of the Bourbaki version of the Egoroff theorem
for an lcHs-valued σ-additive δ(C)-regular measure. Then Proposition 4.3 of [T] is
suitably generalized in Theorem 6.4.4. Corollary T2 on p. 176 of [T] is improved
in Theorem 6.4.6 which is generalized to vector measures in Theorems 6.4.8 and
6.4.12. The latter generalizations are based on Theorems 6.3.4 and 6.3.5.

Theorem 6.4.1. (Generalization of the Bourbaki version of the Egoroff theorem).
Let X be an lcHs, n : δ(C) → X be σ-additive and δ(C)-regular and f0 : T → K.
For each q ∈ Γ, let f

(q)
n : T → K be nq-measurable for n ∈ N and let f

(q)
n → f0

nq-a.e. in T . Then:

(i) f0 is n-measurable.

(ii) Given K ∈ C, q ∈ Γ and ε > 0, there exists K
(q)
0 ∈ C such that K

(q)
0 ⊂ K,

||n||q(K\K(q)
0 ) < ε, f

(q)
n |

K
(q)
0

, n ∈ N ∪ {0}, are continuous and f
(q)
n → f0

uniformly in K
(q)
0 .
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Proof. (i) By hypothesis, f0 is nq-measurable for each q ∈ Γ and hence f0 is
n-measurable.

(ii) Without loss of generality we shall assume X to be a normed space. By
Lemma 5.2.2 of Chapter 5, δ(C)∩K = B(K) is a σ-algebra and hence by Theorem
3.1.18(viii) of Chapter 3, given ε > 0, there exists Aε ∈ B(K) such that ||n||(Aε) <
ε
3 and fn → f uniformly in K\Aε. As K\Aε ∈ B(K) ⊂ δ(C), by the δ(C)-regularity
of n there exists a compact set K1 ⊂ K\Aε such that ||n||(K\Aε\K1) < ε

3 . Then
particularly, fn → f0 uniformly in K1. Moreover, by hypothesis, by Theorem
6.2.6 and by Definition 6.2.3, for each n there exists Cn ∈ C with Cn ⊂ K1 such
that fn|Cn is continuous and ||n||(K1\Cn) < ε

3 · 1
2n . Then K0 =

⋂∞
1 Cn ∈ C,

K0 ⊂ K1 ⊂ K and fn|K0 is continuous for each n ∈ N so that their uniform limit
f0 is also continuous in K0. Moreover, ||n||(K1\K0) ≤∑∞

n=1 ||n||(K1\Cn) < ε
3 so

that ||n||(K\K0) < ε. �

The following definition is motivated by that on p. 122 of [T].

Definition 6.4.2. Let X be an lcHs, n : δ(C) → X be σ-additive, q ∈ Γ and
f : T → K be n-measurable. A sequence (f (q)

n ) of nq-measurable scalar functions
is said to converge to f in measure nq over compacts, if, given K ∈ C and η > 0,
the sequence ||n||q({t ∈ K : |f (q)

n (t) − f(t)| ≥ η}) → 0 as n → ∞.

Theorem 6.4.3. Let X be an lcHs, n : δ(C) → X be σ-additive, q ∈ Γ and
f0, g0, g, f

(q)
n , g

(q)
n : T → K, n ∈ N, be nq-measurable for n ∈ N. Let f : T → K.

If f
(q)
n → f0 and g

(q)
n → g0 in measure nq over compacts, then the following hold:

(i) λf
(q)
n → λf0 in measure nq over compacts for λ ∈ K.

(ii) f
(q)
n + g

(q)
n → f0 + g0 in measure nq over compacts.

(iii) If f
(q)
n → g in measure nq over compacts, then f0 = g nq-a.e. in T .

(iv) If f
(q)
n → f nq-a.e. in T and if n is δ(C)-regular, then f

(q)
n → f in measure

nq over compacts.

Proof. (i) is obvious. Let K ∈ C and η > 0. For any three nq-measurable scalar
functions ϕ, ψ, and h on T , it is easy to verify that ||n||q({t ∈ K : |ϕ(t)−ψ(t)| ≥
η}) ≤ ||n||q({t ∈ K : |ϕ(t)−h(t)| ≥ η

2})+ ||n||q({t ∈ K : |h(t)−ψ(t)| ≥ η
2}). Using

this inequality, one can prove (iii) and that ||n||q(N(f0−g)∩K) = 0 in (iii) for each
K ∈ C, since N(f0 − g)∩K =

⋃∞
n=1{t ∈ K : |f0(t)− g(t)| ≥ 1

n}. If A = N(f0 − g),

then A ∈ ˜Bc(T )q so that A is of the form A = B∪N , B ∈ Bc(T ), N ⊂ M ∈ Bc(T )
and ||n||q(M) = 0. Then there exists an increasing sequence (Bn)∞1 ⊂ δ(C) such
that Bn ↗ B ∪ M . Then Kn = B̄n ∈ C where B̄n is the closure of Bn in T and
B ∪ M ⊂ ⋃∞

1 Kn. Hence ||n||q(B ∪ M) ≤∑∞
1 ||n||q(N(f0 − g) ∩ Kn) = 0. Hence

||n||q(A) = 0 so that f0 = g nq-a.e. in T .

(iv) By hypothesis, f is nq-measurable. Let K ∈ C and η > 0. By hy-
pothesis and by Theorem 6.4.1 there exists K

(q)
0 ∈ C with K

(q)
0 ⊂ K such that
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||n||q(K\K(q)
0 ) < η, f

(q)
n |

K
(q)
0

and f |
K

(q)
0

, n ∈ N, are continuous and f
(q)
n → f uni-

formly in K
(q)
0 . Hence, given ε > 0, there exists n0 such that sup

t∈K
(q)
0

|f (q)
n (t) −

f(t)| < ε for n ≥ n0 so that ||n||q({t ∈ K : |f (q)
n (t)−f(t)| ≥ ε}) ≤ ||n||q(K\K(q)

0 ) <
η for n ≥ n0. Hence (iv) holds. �
Theorem 6.4.4. (A variant of Theorem 4.5.12(ii) of Chapter 4). Let X be a qua-
sicomplete (resp. sequentially complete) lcHs, let 1 ≤ p < ∞ and let n : δ(C) → X

be σ-additive. Let (f (q)
n )∞1 ⊂ Lp(nq) (resp. ⊂ Lp(σ(δ(C)),nq)) for each q ∈ Γ

and let f : T → K (resp. and be Bc(T )-measurable). Suppose f
(q)
n → f nq-

a.e. in T for each q ∈ Γ. Then f ∈ Lp(n) (resp. f ∈ Lp(σ(δ(C)),n)) and
limn(nq)•p(f (q)

n − f, T ) = 0 for each q ∈ Γ if and only if the following conditions
hold:

(i) (nq)•p(f (q)
n , ·), n ∈ N, are uniformly nq-continuous on Bc(T ) for each q ∈ Γ.

(See Definition 3.4.3 of Chapter 3.)
(ii) For each ε > 0 and q ∈ Γ, there exists K(q) ∈ C such that

sup
n

(nq)•p(f (q)
n , T \K(q)) < ε.

Proof. If P = δ(C), note that σ(P) = Bc(T ). Then (i) is the same as condition (a)
of Theorem 4.5.12(ii) of Chapter 4. (ii) is equivalent to condition (b) of Theorem

4.5.12(ii) of Chapter 4, since for A
(q)
ε ∈ P , A

(q)
ε = K(q) ∈ C and T \A(q)

ε ⊃
T \K(q). �
Remark 6.4.5. In the light of Lemma 6.1.5 and Theorem 6.1.12, Theorems 6.4.1
and 6.4.3(iv) hold for n = m|δ(C) (resp. n = ω|δ(C)) where m : B(T ) → X (resp.
ω : Bc(T ) → X) is σ-additive and Borel regular (resp. and σ-Borel regular).

The following theorem is an improved version of Corollary T2 on p. 176 of [T].

Theorem 6.4.6. Let θ ∈ K(T )∗, let λ = μ∗
|θ||B(T ) where |θ| is the absolute value of θ

as on p. 55 of [B] and μ|θ| is the complex Radon measure induced by |θ| in the sense
of Definition 4.3 of [P3]. Similarly, let μθ be the complex Radon measure induced
by θ. Then λ : B(T ) → [0,∞] is σ-additive and Radon-regular in the sense of
Definition 3.3 of [P3]. Suppose (fn)∞1 ⊂ L1(λ) such that the sequence (

∫
U

fndμθ)∞1
is convergent for each open Baire set U in T . Then there exists f ∈ L1(λ) such
that limn

∫
A

fndμθ =
∫

A
fdμθ for each Borel set A in T . Consequently,

lim
n

∫
T

gfndμθ =
∫

T

gfdμθ (6.4.6.1)

for each λ-measurable bounded scalar function g on T and consequently, f is unique
in L1(λ). If fn → h λ-a.e. in T , then f = h λ-a.e. in T and limn

∫
A

fndμθ =∫
A hdμθ for each A ∈ B(T ), the convergence being uniform with respect to A ∈
B(T ).
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Proof. λ is σ-additive and Radon-regular by Theorem 2.2 of [P3]. For ϕ ∈ L1(λ),
let μ(·) =

∫
(·) ϕdμθ. Since ϕ ∈ L1(λ), by Lemma 1, no. 6, § 5, Chapter IV of

[B], there exist a sequence (Kn)∞1 ⊂ C and a λ-null set N such that N(ϕ) ⊂
N ∪ ⋃∞

1 Kn. Hence, for A ∈ B(T ),
∫

A ϕdμθ =
∫⋃∞

1 (A∩Kn) ϕdμθ and with this
observation we note that μ : B(T ) → K given by μ(A) =

∫
A ϕdμθ is well de-

fined, σ-additive and Borel regular, since μ is v(μθ)-continuous on Bc(T ) and
hence on B(T ). (See Claim 2 in the proof of Theorem 6.3.3.) Therefore, μ ∈
M(T ). Moreover, by Notation 4.2.1 of Chapter 4, by Proposition 1.1.19 of Chap-
ter 1 and by Theorems 4.7 and 4.11 of [P3] we have ||μ|| = v(μ,B(T ))(T ) =
v(μ,Bc(T ))(

⋃∞
1 Kn) =

∫⋃∞
1 Kn

|ϕ|dv(μθ) =
∫⋃∞

1 Kn
|ϕ|dμ|θ| =

∫
T
|ϕ|dλ = ||ϕ||1.

Then, the mapping Φ : L1(λ) → M(T ) given by Φ(ϕ)(·) =
∫
(·) ϕdμθ is lin-

ear and isometric so that Mλ = Φ(L1(λ)) = {μ ∈ M(T ) : there exists ϕ ∈
L1(λ) such that μ(·) =

∫
(·) ϕdμθ} is complete with respect to the norm on M(T ).

Therefore, Mλ is a closed subspace of M(T ). Then by the Hahn-Banach theorem,
Mλ is a weakly closed subspace of M(T ).

Let μn(·) =
∫
(·) fndμθ, n ∈ N. Then by the foregoing argument μn, n ∈ N,

belong to M(T ). By hypothesis, limn μn(U) ∈ K for each open Baire set U in
T and hence by Theorem 5.2.6 of Chapter 5 there exists μ0 ∈ M(T ) such that
μn → μ0 weakly in M(T ). As (μn)∞1 ⊂ Mλ and as Mλ is weakly closed, μ0 ∈ Mλ

and hence there exists f ∈ L1(λ) such that μ0(·) =
∫
(·) fdμθ on B(T ). Moreover,

as μn → μ0 weakly in M(T ), (μn)∞n=0 is weakly bounded and hence by Theorem
3.18 of [Ru2], supn∈N∪{0} ||μn|| = M(say) < ∞ and further, μn(A) → μ0(A) for
each A ∈ B(T ) by (5.2.6.1).

Let g be a bounded Borel measurable function on T and let ε > 0. Then there
exists a B(T )-simple function s such that ||g − s||T < ε

3M . Let s =
∑r

i=1 αiχAi

with (Ai)r
1 ⊂ B(T ). Choose n0 such that

|αi||μn(Ai) − μ0(Ai)| <
ε

3r
(6.4.6.2)

for i = 1, 2, . . . , r and for n ≥ n0. Then,∣∣∣∣∫
T

gfndμθ −
∫

T

sfndμθ

∣∣∣∣ ≤ ||g−s||T
(∫

T

|fn|dλ

)
= ||g−s||T ||μn|| <

ε

3
(6.4.6.3)

for all n ∈ N and∣∣∣∣∫
T

gfdμθ −
∫

T

sfdμθ

∣∣∣∣ ≤ ||g − s||T
(∫

T

|f |dλ

)
= ||g − s||T ||μ0|| <

ε

3
. (6.4.6.4)

Then by (6.4.6.2), (6.4.6.3) and (6.4.6.4) we have∣∣∣∣∫
T

gfndμθ −
∫

T

gfdμθ

∣∣∣∣ < 2ε

3
+
∣∣∣∣∫

T

s(fn − f)dμθ

∣∣∣∣ < ε

for n ≥ n0 and hence (6.4.6.1) holds for bounded Borel measurable functions g.
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If g is bounded and λ-measurable, then there exists a λ-null set N ∈ B(T )
such that gχT\N is Borel measurable and hence (6.4.6.1) holds for bounded λ-
measurable functions g. Moreover, since (6.4.6.1) implies that fn → f weakly in
L1(λ), f is unique in L1(λ).

If fn → h λ-a.e. in T , then by (6.4.6.1) (with g = χA, A ∈ Bc(T )) and by
Proposition 1.1.21 of Chapter 1, h is μθ-integrable and limn

∫
A

fndμθ =
∫

A
hdμθ

for each A ∈ Bc(T ) and consequently, again by (6.4.6.1),
∫

A hdμθ =
∫

A fdμθ

for A ∈ Bc(T ). Let ν(A) =
∫

A
(f − h)dμθ for A ∈ Bc(T ). Then ν is a null

measure on Bc(T ) and hence v(ν)(N(f − h)) =
∫

N(f−h) |f − h|dv(μθ,Bc(T )) =∫
N(f−h)

|f − h|dμ|θ| =
∫

N(f−h)
|f − h|dλ = 0 by Proposition 1.1.19 of Chapter

1 and by Theorems 4.7 and 4.11 of [P3]. Therefore, f = h λ-a.e. in T . Since∫
A

fdμθ =
∫

A
hdμθ =

∫⋃∞
1 (A∩Kn)

hdμθ for A ∈ B(T ), where N(f) ⊂ N ∪⋃∞
1 Cn,

(Cn)∞1 ⊂ C and N is λ-null by Lemma 1, no. 6, §5, Chapter IV of [B], the last part
holds by the equivalence of (i) and (iii) of Proposition 1.1.21 of Chapter 1. �

The rest of the section is devoted to generalizing Theorem 6.4.6 to vector
measures. We begin with the following lemma.

Lemma 6.4.7. Let X be a quasicomplete lcHs and let m : δ(C) → X be σ-additive
and δ(C)-regular. Let f : T → K belong to L1(m). Then:

(i) There exists B ∈ Bc(T ) such that N(f) ⊂ B.
(ii) Let γ : B(T ) → X be defined by γ(A) =

∫
A∩B

fdm =
∫

A
fdm for A ∈ B(T ).

Then γ is σ-additive and Borel regular.

Proof. As f is m-measurable, by Proposition 1.1.18 of Chapter 1 there exists
M ∈ Bc(T ) such that ||m||(M) = 0 and such that fχT\M is Bc(T )-measurable.
Consequently, N(fχT\M ) ∈ Bc(T ) so that N(f) ⊂ N(fχT\M ) ∪ M = B (say).
Thus (i) holds. (For the validity of (i), it suffices that f be just m-measurable.)

(ii) For A ∈ B(T ), A ∩ B is σ-bounded and Borel measurable and hence
A∩B ∈ Bc(T ). Since

∫
(·) fdm is σ-additive on Bc(T ) by Theorem 4.1.8(ii) and by

Remark 4.1.5 of Chapter 4, it follows that γ(·) = γ(· ∩ B) is σ-additive on B(T ).

Claim 1. γ is Borel inner regular.

In fact, let A ∈ B(T ) and let B be as in (i). Then there exists (Ek)∞1 ⊂ δ(C)
such that Ek ↗ B ∩ A. Let ε > 0 and q ∈ Γ. Since γ is σ-additive on B(T ),
by Proposition 1.1.5 of Chapter 1, ||γ||q is continuous on B(T ) and hence there
exists k0 such that ||γ||q((A ∩ B)\Ek) < ε

2 for k ≥ k0. On the other hand, by
Theorem 4.1.8(iii)(c) and by Remark 4.1.5 of Chapter 4, there exists δ > 0 such
that ||γ||q(F ) < ε

2 whenever F ∈ Bc(T ) with ||m||q(F ) < δ. Since m is δ(C)-regular
by hypothesis, there exists C ∈ C such that C ⊂ Ek0 and ||m||q(Ek0\C) < δ. Then
||γ||q(Ek0\C) < ε

2 . Then ||γ||q(A\C) < ε since ||γ||q(A\B) = 0. Hence the claim
holds.

Πq ◦γ : B(T ) → X̃q is σ-additive and hence has bounded range. Then by (a)
and (c) of Proposition 1.2.15 of Chapter 1, {x∗ ◦ γ : x∗ ∈ U0

q } = {Ψx∗(Πq ◦ γ) :
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x∗ ∈ U0
q } is bounded in M(T ). By Claim 1, γ is Borel inner regular on B(T ) and

hence, given A ∈ B(T ), q ∈ Γ and ε > 0, there exists a compact K ⊂ A such that
||γ||q(A\K) < ε. Then by the said proposition of Chapter 1 we have

sup
x∗∈U0

q

v(x∗ ◦ γ)(A\K) = ||Πq ◦ γ||(A\K) = ||γ||q(A\K) < ε

and hence {(x∗ ◦ γ) : x∗ ∈ U0
q } is uniformly Borel inner regular on B(T ). Conse-

quently, by Theorem 2 of [P8], {x∗ ◦ γ : x∗ ∈ U0
q } is uniformly Borel regular on

B(T ) and arguing as in the above invoking Proposition 1.2.15 of Chapter 1, we
conclude that Πq ◦ γ is Borel regular on B(T ) for each q ∈ Γ. Then by Definition
4.6.7 of Chapter 4, γ is Borel regular on B(T ). �

We use the above lemma to give in the following theorem (Theorem 6.4.8) two
generalizations of the a.e. convergence part of Theorem 6.4.6 to σ-additive δ(C)-
regular vector measures on δ(C). Theorem 6.4.8 is a strengthened vector measure
analogue of Proposition 4.8 of [T].

Theorem 6.4.8. Let X be a quasicomplete lcHs with topology τ and let m : δ(C) →
X be σ-additive and δ(C)-regular. Let (fn)∞1 ⊂ L1(m) and let f : T → K or
[−∞,∞] be such that fn → f m-a.e. in T (see Definition 1.2.4 of Chapter 1).

(a) Suppose (
∫

U fndm)∞1 converges in X in τ for each open Baire set U in T .
Then the following hold:

(i) f ∈ L1(m).
(ii) For A ∈ B(T ), ∫

A

fndm →
∫

A

fdm in τ

and for each q ∈ Γ,
∫

A fndmq → ∫
A fdmq and for a fixed q ∈ Γ, the

convergence is uniform with respect to A ∈ B(T ).
(iii) For bounded m-measurable scalar functions g on T ,∫

T

fngdm →
∫

T

fgdm in τ.

(b) Suppose (
∫

U fndm)∞1 converges weakly in X for each open Baire set U in T .
Then the following hold:

(i) f ∈ L1(m).
(ii) For A ∈ B(T ), ∫

A

fndm →
∫

A

fdm weakly.

(iii) For bounded m-measurable scalar functions g on T ,∫
T

fngdm →
∫

T

fgdm weakly.
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Proof. (a)(i) and (b)(i). Let U be an open Baire set in T . By hypothesis (a) (resp.
(b)) there exists a vector xU ∈ X such that

lim
n

∫
U

fndm = xU in τ(resp. weakly).

Then in both cases, by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4,

lim
n

∫
U

fnd(x∗ ◦ m) = x∗(xU ) (6.4.8.1)

for x∗ ∈ X∗. On the other hand, by hypothesis and by Theorem 4.4(i) of [P4],
x∗ ◦m = μθ for some θ ∈ K(T )∗ and hence by Theorem 6.4.6, f ∈ L1(x∗ ◦m) for
x∗ ∈ X∗ and we have

lim
n

∫
U

fnd(x∗ ◦ m) =
∫

U

fd(x∗ ◦ m) (6.4.8.2)

for x∗ ∈ X∗. Then by (6.4..8.1) and (6.4.8.2) we have

x∗(xU ) =
∫

U

fd(x∗ ◦ m)

for each open Baire set U in T and for x∗ ∈ X∗. Consequently, by Theorem 6.3.5,
(a)(i) (resp. (b)(i)) holds.

(a)(ii) Let f0 = f . By (a)(i) and by Lemma 6.4.7, there exists Bn ∈ Bc(T )
such that N(fn) ⊂ Bn and γn : B(T ) → X given by γn(A) =

∫
A∩Bn

fndm
for A ∈ B(T ), is σ-additive and Borel regular for n ∈ N ∪ {0}. By hypothesis,
limn γn(U) ∈ X in τ for each open Baire set U in T . Since X is also sequentially
complete, by Theorem 5.2.23 of Chapter 5 there exists a unique X-valued σ-
additive Borel regular measure γ on B(T ) such that

lim
n

∫
T

gdγn =
∫

T

gdγ ∈ X (6.4.8.3)

in τ for each bounded Borel measurable scalar function g on T , the integrals being
defined as in Definition 1 of [P7].

Claim 1. For a bounded Borel measurable scalar function g on T ,∫
T

gdγn =
∫

T

fngdm (6.4.8.4)

for n ∈ N.

In fact, (6.4.8.4) clearly holds for B(T )-simple functions. Choose a sequence
(sn)∞1 of B(T )- simple functions such that sn → g and |sn| ↗ |g| pointwise in T .
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Then by LDCT (Theorem 4.5.3(i) of Chapter 4) and by the validity of (6.4.8.4)
for B(T )-simple functions we have∫

T

gdγn = lim
k

∫
T

skdγn = lim
k

∫
T

fnskdm =
∫

T

fngdm

since g and fng are m-integrable in T by (i)(b) and (ii) of Theorem 4.1.9 and by
Remark 4.1.5 of Chapter 4. Hence the claim holds.

Let B =
⋃∞

n=0 Bn. Then B ∈ Bc(T ) and fn = 0 in T \B for n ∈ N ∪ {0}.
For x∗ ∈ X∗, let θ be as in the proof of (a)(i). Then by hypothesis (a) and by
Theorem 6.4.6,

lim
n

∫
T

fngd(x∗ ◦ m) =
∫

T

fgd(x∗ ◦ m) (6.4.8.5)

for each bounded Borel measurable function g on T . Then for A ∈ B(T ), by
(6.4.8.4) and (6.4.8.5) and by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4
(since f ∈ L1(m) by (a)(i)), we have

lim
n

(x∗ ◦ γn)(A) = lim
n

∫
A

fnd(x∗ ◦ m) = lim
n

∫
A∩B

fnd(x∗ ◦ m)

=
∫

A∩B

fd(x∗ ◦ m) =
∫

A

fd(x∗ ◦ m)

= (x∗ ◦ γ0)(A). (6.4.8.6)

Moreover, by (6.4.8.3) we have

lim
n

(x∗ ◦ γn)(A ∩ B) = (x∗ ◦ γ)(A ∩ B) = (x∗ ◦ γ)(A) (6.4.8.7)

for x∗ ∈ X∗, since γn(A\B) = 0 for n ∈ N ∪ {0}. Consequently, by (6.4.8.6) and
(6.4.8.7) we have

(x∗ ◦ γ0)(A) = (x∗ ◦ γ)(A)

for A ∈ B(T ) and for x∗ ∈ X∗. Then, by the Hahn-Banach theorem, γ(A) = γ0(A)
and hence, for A ∈ B(T ), by (6.4.8.3) we have

lim
n

∫
A

fndm = lim
n

γn(A) = γ(A) = γ0(A) =
∫

A

fdm (6.4.8.8)

in τ .
In Theorem 4.2.9 of Chapter 4, take f

(q)
n = fn for all q ∈ Γ. Note that

σ(δ(C)) = Bc(T ). Then in the notation of the said theorem, by Theorems 4.1.8(v)
and 4.2.9 and by Remark 4.1.5 of Chapter 4 and by (6.4.8.8) we have

γ(q)
n (A) = γ(q)

n (A ∩ B) =
∫

A∩B

fndmq = Πq

(∫
A∩B

fndm
)

→ (Πq ◦ γ0)(A ∩ B) = (Πq ◦ γ0)(A) =
∫

A

fdmq
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in X̃q and for a fixed q ∈ Γ, the limit is uniform with respect to A ∈ B(T ) since it
is so with respect to E ∈ Bc(T ). Hence (a)(ii) holds.

(a)(iii) By hypothesis, by Lemma 6.4.7 and by Theorem 5.2.8 of Chapter 5,
for each q ∈ Γ, there exists a finite constant Mq such that

sup
n∈N∪{0}

||γn||q(T ) = Mq. (6.4.8.9)

Let g be a bounded m-measurable scalar function on T and let q ∈ Γ. Then
by Proposition 1.1.18 of Chapter 1 there exists Nq ∈ Bc(T ) with ||m||q(Nq) = 0
such that hq = gχT\Nq

is Bc(T )-measurable and bounded. Hence, given ε > 0,
there exists a Bc(T )-simple function s(q) such that |s(q)| ≤ |hq| and

||hq − s(q)||T <
ε

3Mq
. (6.4.8.10)

Let s(q) =
∑r

i=1 αiχAi with (Ai)r
1 ⊂ Bc(T ). By (a)(ii) there exists n1 such that

|αi||γn(Ai) − γ0(Ai)|q <
ε

3r
(6.4.8.11)

for i = 1, 2, . . . , r and for n ≥ n1. Then by (6.4.8.11) we have∣∣∣∣∫
T

s(q)dγn −
∫

T

s(q)dγ0

∣∣∣∣
q

≤
r∑

i=1

|αi||γn(Ai) − γ0(Ai)|q <
ε

3
(6.4.8.12)

for n ≥ n1. Moreover, by (6.4.8.9) and (6.4.8.10) we have∣∣∣∣∫
T

s(q)dγn −
∫

T

hqdγn

∣∣∣∣
q

≤ ||s(q) − hq||T ||γn||q(T ) <
ε

3
(6.4.8.13)

for n ∈ N ∪ {0}.
Consequently, by (6.4.8.9), (6.4.8.12) and by (6.4.8.13), by the definition of

hq and by Claim 1 we have∣∣∣∣∫ fngdm −
∫

T

fgdm
∣∣∣∣
q

=
∣∣∣∣∫

T

fnhqdm −
∫

T

fhqdm
∣∣∣∣
q

≤
∣∣∣∣∫

T

(hq − s(q))dγn

∣∣∣∣
q

+
∣∣∣∣∫

T

s(q)dγn −
∫

T

s(q)dγ0

∣∣∣∣
q

+
∣∣∣∣∫

T

(s(q) − hq)dγ0

∣∣∣∣
q

< ε

for n ≥ n1. Hence (a)(iii) holds.
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(b)(ii) Let x∗ ∈ X∗. Then by hypothesis and by Theorem 4.4(i) of [P4] there
exists θ ∈ K(T )∗ such that μθ = x∗ ◦ m. Then by hypothesis, by(b)(i) and by
Theorem 6.4.6 and by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4, (b)(ii)
holds.

(b)(iii) Let U be an open Baire set in T . By hypothesis, limn(x∗◦γn)(U) ∈ K

for each x∗ ∈ X∗. Hence ((γn)(U))∞1 is weakly bounded and hence, by Theorem
3.18 of [Ru2], is bounded in τ . By (b)(i) f ∈ L1(m). Hence for q ∈ Γ, by Lemma
6.4.7(ii) and by Theorem 5.2.8 of Chapter 5, (6.4.8.9) holds.

Let x∗ ∈ X∗ be fixed and let qx∗(x) = |x∗(x)| for x ∈ X . By hypothesis
and by Proposition 1.1.18 of Chapter 1 there exists a Bc(T )-measurable bounded
function hx∗ such that hx∗ = gχT\Nx∗ where Nx∗ ∈ Bc(T ) with v(x∗ ◦m)(Nx∗) =
0. Choose a Bc(T )-simple function s such that

||s − hx∗ ||T <
ε

3Mqx∗
. (6.4.8.14)

Let s =
∑r

1 αiχAi , (Ai)r
1 ⊂ Bc(T ). Then by (b)(i) and (b)(ii) and by Theorem

4.1.8(v) and Remark 4.1.5 of Chapter 4 there exists n2 such that∣∣∣∣αi

∫
Ai

fnd(x∗ ◦ m) −
∫

Ai

fd(x∗ ◦ m)
∣∣∣∣ < ε

3r
(6.4.8.15)

for i = 1, 2, . . . , r and for n ≥ n2. Then by (6.4.8.15) we have∣∣∣∣∫
T

sfnd(x∗ ◦ m) −
∫

T

sfd(x∗ ◦ m)
∣∣∣∣ ≤ r∑

i=1

|αi|
∣∣∣∣∫

Ai

(fn − f)d(x∗ ◦ m)
∣∣∣∣ < ε

3
(6.4.8.16)

for n ≥ n2. Then by Claim 1, by (6.4.8.14), by Proposition 3.2.13(iv), by Theorem
4.1.8(v) and Remark 4.1.5 of Chapter 4 and by (6.4.8.9) we have∣∣∣∣∫

T

sfnd(x∗ ◦ m) −
∫

T

hx∗fnd(x∗ ◦ m)
∣∣∣∣

=
∣∣∣∣∫

T

(s − hx∗)d(x∗ ◦ γn)
∣∣∣∣

≤ ||s − hx∗ ||T v(x∗ ◦ γn)(T )

= ||s − hx∗ ||T ||γn||qx∗ (T ) <
ε

3
(6.4.8.17)

for n ∈ N ∪ {0}. Then by (b)(i) and by Theorems 4.1.8(v) and 4.1.9(ii) and by
Remark 4.1.5 of Chapter 4, and by (6.4.8.16) and (6.4.8.17),

x∗
(∫

T

fngdm−
∫

T

fgdm
)
→ 0

as n → ∞ for each x∗ ∈ X∗ and hence (b)(iii) holds. �
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Thus Theorem 6.4.8 generalizes Theorem 6.4.6 to δ(C)-regular σ-additive
quasicomplete lcHs-valued vector measures m when fn → f m-a.e. in T . In order
to generalize the said theorem when fn do not satisfy the m-a.e. convergence
hypothesis, we restrict m to be Banach space-valued. To this end, we adapt the
proofs of Lemmas 1, 2 and 3 on pp. 126–129 of [T] and then we give a stronger
vector measure version of Theorem 4.9 of [T] in Theorem 6.4.12 below.

Lemma 6.4.9. Let X be a Banach space and let m : δ(C) → X be σ-additive and
δ(C)-regular. Let (fn)∞1 ⊂ L1(m). Then there exists a sequence (Kn)∞1 ⊂ C such
that each fn vanishes in T \⋃∞

1 Kk.

Proof. By Lemma 6.4.7(i), for each n ∈ N, there exists Bn ∈ Bc(T ) such that
N(fn) ⊂ Bn so that

⋃∞
1 N(fn) ⊂ ⋃∞

1 Bn ∈ Bc(T ). Since
⋃∞

1 Bn is σ-bounded,
there exists a sequence (Kn)∞1 ⊂ C such that

⋃∞
1 Bn ⊂ ⋃∞

1 Kn. Then fn = 0 in
T \⋃∞

1 Kk for each n. �
Lemma 6.4.10. Let X and m be as in Lemma 6.4.9 and let H be a norm determin-
ing set in X∗. Given a sequence (Kn)∞1 ⊂ C, there exists a sequence (x∗

n)∞1 ⊂ H
such that every σ-Borel set A ⊂ ⋃∞

1 Kn is m-null whenever A is (x∗
n ◦ m)-null

for each n ∈ N.

Proof. By Lemma 5.2.2 of Chapter 5, A∩Kn ∈ δ(C) for n ∈ N. Choose a relatively
compact open set Vn such that Kn ⊂ Vn. Arguing as in the proof of Lemma 6.3.2,
we can find a sequence (x∗

n,r)∞r=1 ⊂ H such that E ∈ B(Vn) is m-null whenever E
is (x∗

n,r ◦ m)-null for all r ∈ N. Let (x∗
n)∞1 = {x∗

n,r : n, r ∈ N}. Then A is m-null
whenever A is (x∗

n ◦ m)-null for each n ∈ N since A ∩ Kn ∈ B(Vn) for all n and
A =

⋃∞
1 (A ∩ Kn). �

Lemma 6.4.11. Let μk : δ(C) → K, k ∈ N, be σ-additive and δ(C)-regular and let
(fn)∞1 ⊂ ⋂∞

k=1 L1(μk). Suppose limn

∫
U

fndμk ∈ K for each k ∈ N and for each
open Baire set U in T . Then there exists a sequence (gn)∞1 such that each gn is a
convex combination of (fk)k≥n and such that (gn)∞1 converges in mean in L1(μk)
and also converges pointwise μk-a.e. in T for each k ∈ N.

Proof. By hypothesis and by Theorem 6.4.6, for each k ∈ N, (fn) converges weakly
to some hk ∈ L1(μk). Let us embed

⋂∞
k=1 L1(μk) in the diagonal of the product

space P = Π∞
k=1L1(μk). For each fn, let f̃n = (fn, fn, . . . ) ∈ P . Clearly, P is a

pseudo-metrizable locally convex space with the pseudo-norm ρ given by

ρ((ϕk)∞1 , (ψk)∞1 ) =
∞∑

k=1

1
2k

∫
T
|ϕk − ψk|dv(μk)

1 +
∫

T |ϕk − ψk|dv(μk)

for (ϕk)∞1 , (ψk)∞1 ∈ P . Then by Theorem 4.3, Chapter IV of [Scha], (f̃n)∞n=1

converges weakly to some ĥ = (hk)∞k=1 ∈ P . Then (f̃n)n≥k converges to ĥ weakly
for each k and hence by the Hahn-Banach theorem (see the proof of Theorem 3.13
of [Ru2]), ĥ = (hi)∞1 belongs to the closed convex hull of (f̃n)n≥k for each k. Then
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there exists a sequence (g̃n) such that g̃n ∈ co(f̃k, f̃k+1, . . . ) with ρ(g̃n, ĥ) → 0. Let
gn =

∑N(n)
i=n αifi, αi ≥ 0,

∑N(n)
i=n αi = 1 so that g̃n = (gn, gn, . . . ). Then gn → hk

in mean in L1(μk) for each k.
For k = 1, there exists a subsequence (g1,r)∞r=1 of (gn)∞1 such that g1,r →

h1 μ1-a.e. in T . Proceeding successively, there exists a subsequence (gn,r)∞r=1 of
(gn−1,r)∞r=1 such that gn,r → hn μn-a.e. in T . Then the diagonal sequence (gn,n)∞n=1

is a subsequence of (gn)∞n=1 and converges to hk μk-a.e. in T for each k. Clearly,
(gn,n)∞n=1 also converges in mean to hk in L1(μk) for each k. Hence the lemma
holds. �

Theorem 6.4.12. (Full generalization of Theorem 6.4.6 to Banach space-valued
measures on δ(C)). Let X be a Banach space with topology τ and let H be a norm
determining set in X∗ with the Orlicz property. Let m : δ(C) → X be σ-additive
and δ(C)-regular.

(a) Suppose (fn)∞1 ⊂ L1(m) is such that for each open Baire set U in T , there
exists a vector xU ∈ X such that

∫
U

fndm → xU in τ . Then the following
hold:

(i) There exists a function f ∈ L1(m) such that
∫

U
fndm → ∫

U
fdm in τ .

(ii) f in (a)(i) is unique up to m-a.e. in T .
(iii) For A ∈ B(T ),

∫
A

fndm → ∫
A

fdm in τ .

(iv) For each bounded m-measurable scalar function g on T ,
∫

T fngdm →∫
T

fgdm in τ .
(b) Suppose (fn)∞1 ⊂ L1(m) is such that for each open Baire set U in T , there

exists a vector xU ∈ X such that
∫

U fndm → xU in σ(X, H). Then the
following hold:

(i) There exists f ∈ L1(m) such that
∫

U fndm → ∫
U fdm in σ(X, H).

(ii) f in (b)(i) is unique up to m-a.e. in T .
(iii) For A ∈ B(T ),

∫
A fndm → ∫

A fdm in σ(X, H).
(iv) For each bounded m-measurable scalar function g on T ,

∫
T

fngdm →∫
T fgdm in σ(X, H).

Proof. Let H0 = {x∗ ∈ X∗ : |x∗| ≤ 1}. By hypothesis (a) (resp. (b)), and by Theo-
rem 2.1.5(viii) and Remark 2.2.3 of Chapter 2, limn

∫
U

fnd(x∗ ◦m) = x∗(xU ) ∈ K

for each x∗ ∈ H0 (resp. for x∗ ∈ H). By Lemma 6.4.9, there exists (Kn)∞1 ⊂ C such
that each fn vanishes in T \⋃∞

1 Kk. By Lemma 6.4.10, we associate the sequence
(Kn)∞1 with a sequence (x∗

n)∞1 ⊂ H0 (resp. ⊂ H) satisfying the property men-
tioned in the said lemma. Then by Lemma 6.4.11 there exists a sequence (gn)∞1
such that each gn is of the form

gn =
N(n)∑
i=n

α
(n)
i fi, α

(n)
i ≥ 0 and

N(n)∑
i=n

α
(n)
i = 1 (6.4.12.1)
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and such that (gn) converges in mean in L1(x∗
i ◦ m) and converges (x∗

i ◦ m)-a.e.
in T for each i ∈ N. Then by Lemma 6.4.10, (gn)∞1 converges m-a.e. in T . Let f
be the m-a.e. pointwise limit of (gn)∞1 .

(a)(i) Let U be an open Baire set in T and let xU ∈ X be as in the hypothesis
(a). Then, given ε > 0, there exists n0 such that∣∣∣∣∫

U

fndm − xU

∣∣∣∣ < ε (6.4.12.2)

for n ≥ n0. Let (gn)∞1 be as in (6.4.12.1). Then∣∣∣∣∫
U

gndm − xU

∣∣∣∣ =

∣∣∣∣∣∣
N(n)∑
i=n

(α(n)
i

∫
U

fidm − α
(n)
i xU )

∣∣∣∣∣∣ ≤
N(n)∑
i=n

α
(n)
i ε = ε

for n ≥ n0 and hence

lim
n

∫
U

gndm = xU in τ. (6.4.12.3)

Then by Theorem 6.4.8(a), f ∈ L1(m) and∫
U

gndm →
∫

U

fdm in τ. (6.4.12.4)

Then by (6.4.12.3) and (6.4.12.4) we have∫
U

fdm = xU

and hence by hypothesis,

lim
n

∫
U

fndm =
∫

U

fdm in τ.

Thus (a)(i) holds.

(b)(i) Let x∗ ∈ H . By hypothesis (b) and by Theorem 2.1.5(viii) and Remark
2.2.3 of Chapter 2,

lim
n

∫
U

fnd(x∗ ◦ m) = lim
n

x∗
(∫

U

fndm
)

= x∗(xU ) (6.4.12.5)

for each open Baire set U in T . Hence, given ε > 0, there exists n1 such that∣∣∣∣∫
U

fnd(x∗ ◦ m) − x∗(xU )
∣∣∣∣ < ε (6.4.12.6)

for n ≥ n1. Then by (6.4.12.1) and (6.4.12.6) we have∣∣∣∣∫
U

gnd(x∗ ◦ m) − x∗(xU )
∣∣∣∣ =

∣∣∣∣∣∣
N(n)∑
i=n

(α(n)
i

∫
U

fid(x∗ ◦ m) − α
(n)
i x∗(xU ))

∣∣∣∣∣∣ < ε
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for n ≥ n1. Hence

lim
n

∫
U

gnd(x∗ ◦ m) = x∗(xU ) (6.4.12.7)

for x∗ ∈ H . By hypothesis and by Theorem 4.4(i) of [P4] there exists θ ∈ K(T )∗

such that μθ = x∗ ◦ m and hence by (6.4.12.7), by the fact that gn → fm-a.e. in
T so that gn → f (x∗ ◦m)-a.e. in T and hence by Theorem 6.4.6, f ∈ L1(x∗ ◦m)
and

lim
n

∫
U

gnd(x∗ ◦ m) =
∫

U

fd(x∗ ◦ m) (6.4.12.8)

for x∗ ∈ H . Then by (6.4.12.7) and (6.4.12.8),∫
U

fd(x∗ ◦ m) = x∗(xU )

for x∗ ∈ H . Consequently, by Theorem 6.3.4, f ∈ L1(m) and by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2,

x∗
(∫

U

fdm
)

=
∫

U

fd(x∗ ◦ m) = x∗(xU )

for x∗ ∈ H . As H is norm determining, we conclude that∫
U

fdm = xU (6.4.12.9)

and hence by (6.4.12.5) and (6.4.12.9), (b)(i) holds.

(a)(ii) (resp. (b)(ii))

Claim 1. Let μ1 and μ2 be in M(T ). If μ1(U) = μ2(U) for each open Baire set U
in T , then μ1 = μ2.

In fact, let νi = μi|B0(T ) for i = 1, 2. By Proposition 1 of [DP1], ν1 and ν2

are Baire regular. For E ∈ B0(T ), let UE = {U ∈ B0(T ) : U open , U ⊃ E} and let
U1 ≥ U2 for U1, U2 ∈ UE if U1 ⊂ U2. Then UE is a directed set and by the Baire
regularity of ν1 and ν2 we have

ν1(E) = lim
U∈UE ,U→E

ν1(U) = lim
U∈UE ,U→E

ν2(U) = ν2(E)

and hence ν1 = ν2 on B0(T ). Then the claim is immediate from the uniqueness
part of Proposition 1 of [DP1].

Suppose h is another function in L1(m) such that limn

∫
U fndm =

∫
U hdm

in τ (resp. in σ(X, H)) for open Baire sets U in T . Let x∗ ∈ H0 (resp. x∗ ∈ H).
By hypothesis and by Theorem 4.4(i) of [P4] there exists θ ∈ K(T )∗ such that
x∗ ◦ m = μθ and as seen in the proof of Theorem 6.4.6,

∫
(·) hd(x∗ ◦ m) and∫

(·) fd(x∗ ◦ m) belong to M(T ). Then by hypothesis (a) (resp. (b)), by Theorem
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2.1.5(viii) and Remark 2.2.3 of Chapter 2 and by Claim 1 above, ν is a null measure
where ν(A) =

∫
A

(h − f)d(x∗ ◦ m) for A ∈ B(T ). Then by Proposition 1.1.19 of
Chapter 1 and by Theorem 1.39 of [Ru1], h = f (x∗ ◦m)-a.e. in T . This holds for
each x∗ ∈ H0 (resp. x∗ ∈ H) and hence by Lemmas 6.4.9 and 6.4.10, h = f m-a.e.
in T . Therefore, (a)(ii) (resp. (b)(ii)) holds.

(b)(iii) and (b)(iv) Let f0 = f . For x∗ ∈ X∗, by (b)(i) and by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2 we have

lim
n

∫
U

fnd(x∗ ◦ m) =
∫

U

fd(x∗ ◦ m)

for each open Baire set U in T . Moreover, by hypothesis and by Theorem 4.4(i)
of [P4] there exists θ ∈ K(T )∗ such that x∗ ◦m = μθ and hence by Theorem 6.4.6
and by the uniqueness of f in L1(x∗ ◦ m), we have

lim
n

∫
T

gfnd(x∗ ◦ m) =
∫

T

gfd(x∗ ◦ m) (6.4.12.10)

for each bounded m-measurable scalar function g on T . Then by (6.4.12.10), by
Theorem 2.1.5 and Remark 2.2.3 of Chapter 2 and by the fact that (fn)∞n=0 ⊂
L1(m), we conclude that

∫
T fngdm → ∫

T fgdm in σ(X, H). Hence (b)(iv) holds.
Let A ∈ B(T ) and let Bn, n ∈ N ∪ {0}, be as in the proof of Theorem 6.4.8(a).
Let B =

⋃∞
n=0 Bn. Then, by (b)(iv) we have x∗(

∫
A

fndm) = x∗(
∫

A∩B
fndm) →

x∗(
∫

A∩B fdm) = x∗(
∫

A fdm) for x∗ ∈ H , since A ∩ B ∈ Bc(T ) so that χA∩B is
Bc(T )-measurable and hence m-measurable. Hence (b)(iii) also holds.

(a)(iii) Let Bn, n ∈ N ∪ {0}, B and f0 be as in the proof of (b)(iii) and
(b)(iv). Let γn, n ∈ N ∪ {0}, be as in the proof of Theorem 6.4.8(a)(ii). Then
by hypothesis, limn γn(U) ∈ X in τ for each open Baire set U in T and hence,
by Theorem 5.2.21 of Chapter 5 there exists a unique X-valued σ-additive Borel
regular measure γ on B(T ) such that

lim
n

∫
T

gdγn =
∫

T

gdγ (6.4.12.11)

in τ for each bounded Borel measurable scalar function g on T . Then by Claim 1
in the proof of Theorem 6.4.8, by Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter
2 and by (6.4.12.11) we have

lim
n

∫
T

gfnd(x∗ ◦ m) = lim
n

x∗
(∫

T

gfndm
)

= lim
n

x∗
(∫

T

gdγn

)
= x∗

(∫
T

gdγ

)
(6.4.12.12)

for x∗ ∈ X∗. By (6.4.12.10) which holds for x∗ ∈ X∗, and by Theorem 2.1.5 and
Remark 2.2.3 of Chapter 2 we have

lim
n

∫
T

gfnd(x∗ ◦ m) =
∫

T

gfd(x∗ ◦ m) = x∗
(∫

T

gdγ0

)
(6.4.12.13)
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and hence by (6.4.12.12) and (6.4.12.13) we have

x∗
(∫

T

gdγ

)
= x∗

(∫
T

gdγ0

)
for x∗ ∈ X∗. Then by the Hahn-Banach theorem and by Claim 1 in the proof of
Theorem 6.4.8 we have ∫

T

gdγ =
∫

T

gdγ0 =
∫

T

gfdm (6.4.12.14)

for each bounded Borel measurable function g on T and hence by Claim 1, by
(6.4.12.11) and by (6.4.12.14) we have

lim
n

∫
T

fngdm =
∫

T

fgdm in τ. (6.4.12.15)

If g is a bounded m-measurable scalar function on T , then there exists a bounded
Borel measurable function h such that g = h m-a.e. in T and hence by (6.4.12.15),
(a)(iv) holds. (a)(iii) is immediate from (a)(iv). �

Remark 6.4.13. Suppose X is a quasicomplete lcHs with topology τ and m :
B(T ) → X is σ-additive and Borel regular. Then, in the light of Theorem 6.3.11,
the analogue of Theorem 6.4.8 for m holds here verbatim. Moreover, if X is a
Banach space, then in view of Theorem 6.2.1(iv), Lemma 6.4.9 holds here with
fn vanishing in m-a.e. in T \⋃∞

1 Kk since Lemma 1, no. 6, §5, Chapter IV of [B]
holds here for each N(fn). Then the analogue of Theorem 6.4.12 for m holds here
verbatim if we use Theorem 6.3.10 in place of Theorem 6.3.4. The details are left
to the reader.

6.5 Duals of L1(m) and L1(n)

Let X be a Banach space. Suppose m : B(T ) → X (resp. n : δ(C) → X) is σ-
additive and B(T )-regular (resp. and δ(C)-regular). The present section is devoted
to the study of the duals of L1(m) and L1(n). Also are given vector measure
analogues of Theorem 4.1 and Proposition 5.9 of [T]. When m is defined on a
σ-algebra of sets, the dual of L1(m) was studied by Okada in [O].

Lemma 6.5.1. Let X be a Banach space and let m : B(T ) → X (resp. n : δ(C) →
X) be σ-additive and B(T )-regular (resp. and δ(C)-regular). If u ∈ L1(m)∗ (resp.
v ∈ L1(n)∗), then there exists a unique σ-additive and B(T )-regular (resp. and
δ(C)-regular) scalar measure ηu on B(T ) (resp. ζv on δ(C)) such that

u(f) =
∫

T

fdηu and
∫

T

|f |dv(ηu,B(T )) ≤ ||u||m•
1(f, T ) (6.5.1.1)
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for f ∈ L1(m) where

||u|| = sup{|u(f)| : f ∈ L1(m),m•
1(f, T ) ≤ 1}

(resp. v(f) =
∫

T

fdζv and
∫

T

|f |dv(ζv, δ(C)) ≤ ||v||n•
1(f, T ) (6.5.1.1′)

for f ∈ L1(n) where

||v|| = sup{|v(f)| : f ∈ L1(n),n•
1(f, T ) ≤ 1}).

Proof. Let u ∈ L1(m)∗ (resp. v ∈ L1(n)∗). Then

|u(f)| ≤ ||u||m•
1(f, T ) (6.5.1.2)

for f ∈ L1(m)
(resp. |v(f)| ≤ ||v||n•

1(f, T ) (6.5.1.2′)

for f ∈ L1(n)).
Let ϕ ∈ K(T ) (resp. ϕ ∈ Cc(T, C) with C ∈ C – see Notation 5.2.1 of Chapter

5). Then by (6.5.1.2) (resp. by (6.5.1.2′)), we have

|u(ϕ)| ≤ ||u||m•
1(ϕ, T ) = ||u||

(
sup

|x∗|≤1

∫
T

|ϕ|dv(x∗ ◦ m)

)
≤ ||u||||ϕ||T ||m||(T )

(resp. |v(ϕ)| ≤ ||v||n•
1(ϕ, T ) ≤ ||v||||ϕ||T ||n||(C)).

Hence u|K(T ) ∈ K(T )∗b (see pp. 65 and 69 of [P4]). Let u|K(T ) = θu (by The-
orem 4.4(i) of [P4], the complex Radon measure μθu induced by θu is determined
uniquely by u) and let ηu = μθu |B(T ). Then ηu is σ-additive on B(T ) and is Borel
regular by Theorem 5.3 of [P4] and moreover,

u(ϕ) =
∫

T

ϕdηu =
∫

T

ϕdμθu = θu(ϕ) (6.5.1.3)

for ϕ ∈ C0(T ). (Resp. v|K(T ) ∈ K(T )∗. Let v|K(T ) = θ′v. By Theorem 4.4(i) of
[P4], this is uniquely determined by v and ζv = μθ′

v |δ(C) is σ-additive on δ(C) and
is δ(C)-regular by Theorem 4.7 of [P3] and

v(ϕ) =
∫

T

ϕdζv =
∫

T

ϕdμθ′
v

= θ′v(ϕ) (6.5.1.3′)

for ϕ ∈ K(T )). Thus ηu is unique (resp. ζv is unique).
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Then by (12) on p. 55 of [B] and by (6.5.1.2) and (6.5.1.3) (resp. and by
(6.5.1.2′) and (6.5.1.3′)) we have

|θu|(|ϕ|) = sup
Ψ∈K(T ),|Ψ|≤|ϕ|

|θu(Ψ)| = sup
Ψ∈K(T ),|Ψ|≤|ϕ|

|u(Ψ)|

≤ ||u|| sup
Ψ∈K(T ),|Ψ|≤|ϕ|

m•
1(Ψ, T ) = ||u||m•

1(ϕ, T ) (6.5.1.4)

(resp.

|θ′v|(|ϕ|) = sup
Ψ∈K(T ),|Ψ|≤|ϕ|

|v(Ψ)| ≤ ||v|| sup
Ψ∈K(T ),|Ψ|≤|ϕ|

n•
1(Ψ, T )

= ||v||n•
1(ϕ, T ) (6.5.1.4′))

for ϕ ∈ K(T ). Then by Theorems 4.7 and 4.11 of [P3] and by the last part of
Theorem 3.3 of [P4] (resp. by Theorems 4.7 and 4.11 of [P3]) and by (6.5.1.4)
(resp. by (6.5.1.4′)) we have

|θu|(|ϕ|) =
∫

T

|ϕ|dμ|θu| =
∫

T

|ϕ|dv(μθu ,B(T )) ≤ ||u||m•
1(ϕ, T ) (6.5.1.5)

(resp. |θ′v|(|ϕ|) =
∫

T

|ϕ|dμ|θ′
v | =

∫
T

|ϕ|dv(μθ′
v
, δ(C)) ≤ ||v||n•

1(ϕ, T ) (6.5.1.5′))

for ϕ ∈ K(T ).
Let �+ be the set of all nonnegative lower semicontinuous functions on T .

Claim 1. For f ∈ �+ ∩ L1(m) (resp. f ∈ �+ ∩ L1(n)),

|θu|∗(f) ≤ ||u||m•
1(f, T ) (6.5.1.6)

(resp. |θ′v|∗(f) ≤ ||v||n•
1(f, T ) (6.5.1.6′))

where |θu|∗ and |θ′v|∗ are as in Definition 1, § 1, Chapter IV of [B].
In fact, by the said definition of [B] and by (6.5.1.5) we have

|θu|∗(f) = sup
ϕ∈K(T )+,ϕ≤f

|θu|(ϕ) ≤ ||u|| sup
ϕ∈K(T )+,ϕ≤f

m•
1(ϕ, T ) ≤ ||u||m•

1(f, T )

for f ∈ �+ ∩ L1(m). Similarly, by (6.5.1.5′), (6.5.1.6′) holds.

Claim 2. Let f ∈ L1(m) (resp. f ∈ L1(n)). Then∫
T

|f |dv(ηu,B(T )) =
∫

T

|f |dv(μθu ,B(T )) ≤ ||u||m•
1(f, T ) (6.5.1.7)

and hence f ∈ L1(ηu)(
resp.

∫
T

|f |dv(ζv, δ(C)) =
∫

T

|f |dv(μθ′
v
, δ(C)) ≤ ||v||n•

1(f, T ) (6.5.1.7′))

and hence f ∈ L1(ζv)
)
.
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In fact, as ηu = μθu |B(T ) (resp. ζv = μθ′
v |δ(C)) it suffices to prove the claim

for μθu (resp. μθ′
v
). Note that |f | ∈ L1(m) (resp. L1(n)) by Theorem 2.1.5(vii)

and Remark 2.2.3 of Chapter 2 . Given ε > 0, by Theorem 5.1.2 (resp. by Theorem
5.1.3) of Chapter 5, there exist functions g and h on T such that 0 ≤ g ≤ |f | ≤ h
m-a.e. (resp. n-a.e.) in T , g is upper semicontinuous, bounded and m-integrable
in T (resp. and n-integrable in T ), h is lower semicontinuous and m-integrable in
T (resp. and n-integrable in T ) and

m•
1(h − g, T ) <

ε

||u|| (6.5.1.8)

(resp. g and h are Bc(T )-measurable as mentioned in the beginning paragraph of
the proof of Theorem 5.1.3 of Chapter 5 and

n•
1(h − g, T ) <

ε

||v|| (6.5.1.8′)).

As h and −g are lower semicontinuous, h − g ∈ �+ ∩ L1(m) (resp. h − g ∈
�+∩L1(n)) by Theorems 3.3 and 3.4, § 3, Chapter III of [MB]. Then by Proposition
1, no.2, § 4, Chapter IV of [B] and by (6.5.1.6) and (6.5.1.8) (resp. and by (6.5.1.6′)
and (6.5.1.8′)) we have

0 ≤
∫

T

(h − g)dv(μθu ,B(T )) = |θu|∗(h − g) ≤ ||u||m•
1(h − g, T ) < ε (6.5.1.9)

(resp. 0 ≤
∫

T

(h − g)dv(μθ′
v
, δ(C)) = |θ′v|∗(h − g) ≤ ||v||n•

1(h − g, T ) < ε.

(6.5.1.9′))
Then, as h ∈ �+∩L1(m) (resp. h ∈ �+∩L1(n)), by Claim 1, by Proposition

1, no. 2, § 4, Chapter IV of [B] and by (6.5.1.9) (resp. and by (6.5.1.9′)) we have∫
T

|f |dv(μρ,R) ≤
∫

T

hdv(μρ,R) = |ρ|∗(h) ≤ ||w||ω•
1(h, T )

≤ ||w||{ω•
1(h − g, T ) + ω•

1(g, T )} < ε + ||w||ω•
1(g, T )

≤ ε + ||w||ω•
1(f, T )

since 0 ≤ g ≤ |f |, where R = B(T ), w = u, ρ = θu and ω•
1(h, T ) = m•

1(h, T )
(resp. R = δ(C), w = v, ρ = θ′v and ω•

1(h, T ) = n•
1(h, T )). As ε > 0 is arbitrary,

the claim holds.

Claim 3. For f ∈ L1(m), u(f) =
∫

T
fdηu =

∫
T

fdμθu and for f ∈ L1(n), v(f) =∫
T fdζv =

∫
T fdμθ′

v
.

In fact, it suffices to prove the claim for f ∈ L1(m) since the proof for
f ∈ L1(n) is similar.

Let f ∈ L1(m). Since (Cc(T ),m•
1(·, T )) is dense in L1(m) by Theorem 6.1.10,

there exists (ϕn)∞1 ⊂ Cc(T ) such that

lim
n

m•
1(f − ϕn, T ) = 0. (6.5.1.10)
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Then by Claim 2 and by (6.5.1.10), we have

lim
n

∫
T

|ϕn − f |dv(μθu ,B(T )) ≤ ||u||(lim
n

m•
1(f − ϕn, T )) = 0

and hence by (6.5.1.3) we have∫
T

fdμθu = lim
n

∫
T

ϕndμθu = lim
n

∫
T

ϕndηu = lim
n

u(ϕn) = u(f) (6.5.1.11)

since u ∈ L1(m)∗. By Claim 2, f ∈ L1(ηu) and since ηu = μθu |B(T ), we have∫
T

fdηu =
∫

T

fdμθu = u(f)

by (6.5.1.11). Hence the claim holds.

Now the lemma is immediate from Claims 2 and 3. �

Theorem 6.5.2. Let X be a Banach space and let m : B(T ) → X be σ-additive
and B(T )-regular (resp. and let n : δ(C) → X be σ-additive and δ(C)-regular).
Let Y = {η : B(T ) → K : σ-additive and B(T )-regular such that there exists
a constant M satisfying

∫
T
|f |dv(η,B(T )) ≤ Mm•

1(f, T ) for f ∈ L1(m)} and
let Z = {ζ : δ(C) → K : σ-additive and δ(C)-regular such that there exists a
constant M satisfying

∫
T
|f |dv(ζ, δ(C)) ≤ Mn•

1(f, T ) for f ∈ L1(n)}. Let |||η||| =
sup{| ∫T fdη| : f ∈ L1(m),m•

1(f, T ) ≤ 1} for η ∈ Y and let |||ζ||| = sup{| ∫T fdζ| :
f ∈ L1(n),n•

1(f, T ) ≤ 1} for ζ ∈ Z. Then:

(i) L1(m)∗ (resp. L1(n)∗) is isometrically isomorphic with (Y, |||·|||) (resp. (Z, |||·
|||)) so that L1(m)∗ = Y (resp. L1(n)∗ = Z). Consequently, (Y, ||| · |||) (resp.
(Z, ||| · |||)) is a Banach space.

(ii) The closed unit ball BY of Y (resp. BZ of Z) is given by

A = {η ∈ Y :
∫

T

|f |dv(η,B(T )) ≤ m•
1(f, T ) for f ∈ L1(m)}

(resp. B = {ζ ∈ Z :
∫

T

|f |dv(ζ, δ(C)) ≤ n•
1(f, T ) for f ∈ L1(n)}).

(iii) If B+
Y = {η ∈ BY : η ≥ 0} (resp. B+

Z = {ζ ∈ BZ : ζ ≥ 0}), then

m•
1(f, T ) = sup

η∈B+
Y

∫
T

|f |dη for f ∈ L1(m)

(resp. n•
1(f, T ) = sup

ζ∈B+
Z

∫
T

|f |dζ for f ∈ L1(n)).
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Proof. Let η ∈ Y and let uη : L1(m) → K be given by

uη(f) =
∫

T

fdη (6.5.2.1)

(resp. let ζ ∈ Z and let vζ : L1(n) → K be given by

vζ(f) =
∫

T

fdζ. (6.5.2.1′))

Then by hypothesis, there exists M > 0 such that

|uη(f)| ≤
∫

T

|f |dv(η,B(T )) ≤ Mm•
1(f, T ) (6.5.2.2)

for f ∈ L1(m)

(resp. |vζ(f)| ≤
∫

T

|f |dv(ζ, δ(C)) ≤ Mn•
1(f, T ) (6.5.2.2′)

for f ∈ L1(n)). Hence uη ∈ L1(m)∗ (resp. vζ ∈ L1(n)∗).

Conversely, let u ∈ L1(m)∗ (resp. v ∈ L1(n)∗). Then by Lemma 6.5.1, there
exists a unique ηu ∈ Y (resp. ζv ∈ Z) such that

u(f) =
∫

T

fdηu with
∫

T

|f |dv(ηu,B(T )) ≤ ||u||m•
1(f, T ) for f ∈ L1(m)

(resp. v(f) =
∫

T

fdζv with
∫

T

|f |dv(ζv, δ(C) ≤ ||v||n•
1(f, T ) for f ∈ L1(n)).

Let Φ : L1(m)∗ → Y (resp. Ψ : L1(n)∗ → Z) be given by Φ(u) = ηu (resp.
Ψ(v) = ζv) so that

u(f) =
∫

T

fdηu, f ∈ L1(m) by (6.5.1.11)

(resp. v(f) =
∫

T

fdζv, f ∈ L1(n) by (6.5.1.11′)).

Then by Lemma 6.5.1, Φ (resp. Ψ) is linear since αηu + βηv = ηαu+βv on Cc(T )
by the Riesz representation theorem and since Cc(T ) is dense in L1(m) (resp. in
L1(n)) by Theorem 6.1.10. By the uniqueness part of Lemma 6.5.1, Φ and Ψ are
injective. To show that Φ (resp. Ψ) is surjective, let η ∈ Y (resp. ζ ∈ Z). Then
uη (resp. vζ) given by uη(f) =

∫
T fdη for f ∈ L1(m) (resp. vζ(f) =

∫
T fdζ for

f ∈ L1(n)) belongs to L1(m)∗ (resp. L1(n)∗) and arguing as in the beginning
of the proof of Lemma 6.5.1 one can show that uη|K(T ) = θuη ∈ K(T )∗ (resp.
vζ |K(T ) = θ′vζ

∈ K(T )∗) and hence
∫

T
ϕdη = uη(ϕ) =

∫
T

ϕdμθuη
for ϕ ∈ C0(T )

(resp.
∫

T ϕdζ = vζ(ϕ) =
∫

T ϕdμθ′
vζ

for ϕ ∈ K(T )). Then by the uniqueness
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part of the Riesz representation theorem for C0(T ) (resp. for B(V ) for V ∈ V
since δ(C) =

⋃
V ∈V B(V )) we conclude that η = μθuη

(resp. ζ = μθ′
vζ

) so that
uη(ϕ) =

∫
T ϕdη =

∫
T ϕdμθuη

for ϕ ∈ Cc(T ) (resp. vζ(ϕ) =
∫

T ϕdζ =
∫

T ϕdμθ′
vζ

for ϕ ∈ Cc(T )). Since (Cc(T ),m•
1(·, T )) (resp. Cc(T ),n•

1(·, T )) is dense in L1(m)
(resp. L1(n)) by Theorem 6.1.10, we conclude that

∫
T

fdη =
∫

T
fdμθuη

for f ∈
L1(m)(resp.

∫
T fdζ =

∫
T fdμθ′

vζ
for f ∈ L1(n)) so that η = Φ(θuη ) (resp. ζ =

Ψ(θ′vζ
). Hence Φ (resp. Ψ) is bijective. The remaining parts of (i) are immediate.

(ii) If η ∈ A, then

|||η||| = sup
f∈L1(m),m•

1(f,T )≤1

∣∣∣∣∫
T

fdη

∣∣∣∣ ≤ sup
f∈L1(m),m•

1(f,T )≤1

∫
T

|f |dv(η,B(T )) ≤ 1

by the definition of A and hence A ⊂ BY . Similarly, |||ζ||| ≤ 1 for ζ ∈ B and
hence B ⊂ BZ .

Conversely, let η ∈ BY . Then uη(f) =
∫

T fdη for f ∈ L1(m) and

||uη|| = sup
f∈L1(m),m•

1(f,T )≤1

∣∣∣∣∫
T

fdη

∣∣∣∣ ≤ 1.

Then by (6.5.1.1),
∫

T
|f |dv(η,B(T )) ≤ ||uη||m•

1(f, T ) ≤ m•
1(f, T ) for f ∈ L1(m)

and hence |||η||| ≤ 1 and thus η ∈ A. Therefore, A = BY . Similarly, B = BZ .

(iii) By (ii) we have

ω•
1(f, T ) = sup

η∈D
|
∫

T

fdη| ≤ sup
η∈D

∫
T

|f |dv(η,R))

≤ sup
η∈D+

∫
T

|f |dη ≤ ω•
1(f, T )

where ω = m, f ∈ L1(m) and D = BY (resp. ω = n, f ∈ L1(n) and D = BZ).
Hence (iii) holds. �
Remark 6.5.3. In the proof of Proposition 4.2 of [T], it is claimed that α• ≤
Mμ• whenever |α(ϕ)| ≤ Mμ•(|ϕ)|. The proof of this statement is based on the
continuity of L on K(T ).

Using Theorem 6.5.2, we now give the vector measure analogues of Theorem
4.1 of [T].

Theorem 6.5.4. Let X be a Banach space (resp. a quasicomplete lcHs). Let m :
B(T ) → X (resp. n : δ(C) → X) be σ-additive and B(T )-regular (resp. and δ(C)-
regular). Let (fα)α∈(D,≥) be an increasing net of nonnegative lower semicontinuous
m-integrable (resp. n-integrable) functions with f = supα fα also being m-integrable
(resp. n-integrable) in T . Then fα → f in L1(m) (resp. L1(n)) and consequently,
limα

∫
T

fαdm =
∫

T
fdm (resp. limα

∫
T

fαdn =
∫

T
fdn) in X.
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Proof. Case 1. X is a Banach space.
Then by Alaoglu’s theorem, BY and B+

Y (resp. BZ and B+
Z ) are compact in

σ(BY ,L1(m)) (resp. in σ(BZ ,L1(n)), where Y, Z, BY , B+
Y , BZ and B+

Z are as in
Theorem 6.5.2. Then, for η ∈ B+

Y (resp. ζ ∈ B+
Z ), by Theorem 5.3 of [P4] there

exists θ ∈ Kb(T )∗ with θ ≥ 0 such that μθ|B(T ) = η (resp. by Theorem 4.4 of [P4]
there exists θ′ ∈ K(T )∗ with θ′ ≥ 0 such that μθ′ |δ(C) = ζ). Then by Theorem 1,
no. 1, § 1, Chapter IV of [B],∫

T

fdη = sup
α

∫
T

fαdη = lim
α

∫
T

fαdη

(resp.
∫

T

fdζ = sup
α

∫
T

fαdζ = lim
α

∫
T

fαdζ).

As f and fα, α ∈ (D,≥), belong to L1(m) (resp. L1(n)), the mappings η →∫
T fdη and η → ∫

T fαdη (resp. ζ → ∫
T fdζ and ζ → ∫

T fαdζ) are continuous in
σ(B+

Y ,L1(m)) (resp. in σ(B+
Z ,L1(n)). Consequently, by Dini’s lemma, the limit is

uniform with respect to η ∈ B+
Y (resp. ζ ∈ B+

Z ). Then by (iii) of Theorem 6.5.2
we have

lim
α

m•
1(f − fα, T ) = lim

α
sup

η∈B+
Y

∫
T

|f − fα|dη = 0

and hence by (3.1.3.1) of Chapter 3 we have limα

∫
T fαdm =

∫
T fdm. Similarly,

the results for n are proved.

Case 2. X is a quasicomplete lcHs.
By Theorem 4.5.13(i) of Chapter 4, L1(m) =

⋂
q∈Γ L1(mq). Then by case 1,

(mq)•1(fα − f, T ) → 0 for q ∈ Γ and hence fα → f in L1(m). Consequently, by
(4.3.2.1) and Remark 4.1.5 of Chapter 4,

∫
T fαdm → ∫

T fdm as α → ∞. Similarly,
the results for n are proved. �

Lemma 6.5.5. Let X be a Banach space. Let m : B(T ) → X (resp. n : δ(C) → X)
be σ-additive and Borel regular (resp. and δ(C)-regular). Let R = B(T ) or δ(C)
and let ω = m when R=B(T ) and ω = n when R=δ(C). If η ∈ L1(ω)∗ (so that
η satisfies the conditions in Theorem 6.5.2), then, for each bounded Borel function
g on T , g · η given by

(g · η)(f) =
∫

T

fgdη for f ∈ L1(ω)

is well defined and belongs to L1(ω)∗.

Proof. Let f ∈ L1(m). Then there exist A, N, M such that N(f) = A ∪ N, A ∈
B(T ), N ⊂ M ∈ B(T ) with ||m||(M) = 0. Let B = A∪M . Then N(f) ⊂ B ∈ B(T ).
If f ∈ L1(n), then by Lemma 6.4.7 there exists B ∈ Bc(T ) such that N(f) ⊂ B.
By hypothesis, g is a bounded Borel function (resp. gχB is a bounded σ-Borel
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function when f ∈ L1(n)) and hence by Theorem 2.1.5(vi) and Remark 2.2.3 of
Chapter 2, fgχB ∈ L1(ω) and hence

(g · η)(f) =
∫

T

fgdη =
∫

T

fgχBdη

is well defined and g · η is a linear functional on L1(ω). Let uη(f) =
∫

T
fdη for

f ∈ L1(ω) and η ∈ L1(ω)∗ with η satisfying the conditions of Theorem 6.5.2.
Then by Lemma 6.5.1 we have

|(g · η)(f)| ≤ ||gχB||T
∫

T

|f |dv(η,R) ≤ ||g||T ||uη||ω•
1(f, T ).

Hence g · η ∈ L1(ω)∗. �

The following lemmas, which are the same as or similar to Lemmas 6.4.9,
6.4.10 and 6.4.11, are needed to prove the vector measure analogue of Proposition
5.9 of [T].

Lemma 6.5.6. Let R and ω be as in Lemma 6.5.5. If (fn)∞1 ⊂ L1(ω), there exists
a sequence (Kn)∞1 ⊂ C such that each fn vanishes ω-a.e. in T \⋃∞

1 Kk.

Proof. If R = δ(C) and ω = n, then the result holds by Lemma 6.4.9. If R = B(T )
and ω = m, then by the proof of Lemma 6.5.5 there exist (Bn)∞1 ⊂ B(T ) such that
N(fn) ⊂ Bn for each n. Let B =

⋃∞
1 Bn. Then

⋃∞
1 N(fn) ⊂ B ∈ B(T ). Then by

Theorem 6.2.1(iv), there exists a sequence (Kn)∞1 ⊂ C such that
⋃∞

1 Kn ⊂ B and
||m||(B\⋃∞

1 Kn) = 0. Since fn|T\B = 0 for each n, it follows that fn = 0 m-a.e.
in T \⋃∞

1 Kn. �

Lemma 6.5.7. Let X, R, and ω be as in Lemma 6.5.5 and let H = {x∗ ∈ X∗ :
|x∗| ≤ 1}. Given a sequence (Kn)∞1 ⊂ C, there exists a sequence (x∗

n)∞1 ⊂ H such
that every set A ∈ σ(R) with A ⊂ ⋃∞

1 Kn is ω-null whenever A is (x∗
n ◦ ω)-null

for each n ∈ N.

Proof. For each n, A∩Kn ∈ δ(C) by Lemma 5.2.2 of Chapter 5 whenever A ∈ B(T )
or A ∈ Bc(T ). Hence the proof of Lemma 6.4.10 holds here verbatim in both cases
of ω. Hence the lemma holds. �

Lemma 6.5.8. Let R = B(T ) or δ(C). Let μk : R → K, k ∈ N, be σ-additive and
R-regular and let (fn)∞1 ⊂ ⋂∞

k=1 L1(μk). Suppose (fn)∞1 converges weakly to some
hk ∈ L1(μk) for each k. Then there exists a sequence (gn)∞1 such that gn is a
convex combination of (fk)k≥n and such that (gn)∞1 converges in mean in L1(μk)
and also converges pointwise μk-a.e. in T for each k ∈ N.

Proof. The proof of Lemma 6.4.11 holds here verbatim. �

The following theorem gives the vector measure analogue of Proposition
5.9 of [T].
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Theorem 6.5.9. Let X be a Banach space with c0 �⊂ X and let m : B(T ) → X be
σ-additive and Borel regular (resp. n : δ(C) → X be σ-additive and δ(C)-regular).
Then L1(m) (resp. L1(n)) is a weakly sequentially complete Banach space.

Proof. In the light of Theorem 3.2.8 and Notation 3.3.6 of Chapter 3, L1(m)
(resp. L1(n)) is a Banach space. To show that these spaces are weakly sequentially
complete, let (fn)∞1 be weakly Cauchy in L1(ω), where ω and its domain R are
as in Lemma 6.5.5. By Lemma 6.5.6, there exists (Kn)∞1 ⊂ C such that each fn

vanishes ω-a.e. in T \⋃∞
1 Kk. Let (x∗

n)∞1 ⊂ H = {x∗ ∈ X∗ : |x∗| ≤ 1} be chosen
so as to satisfy the property mentioned in Lemma 6.5.7. Let μn = x∗

n ◦ ω, n ∈ N.
Then by Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter 2, fn ∈ ⋂∞

k=1L1(μk)
for each n.

Let η ∈ L1(ω)∗ (satisfying the condition in Theorem 6.5.2). Then by Lemma
6.5.5, g ·η ∈ L1(ω)∗ for each bounded Borel function g. As (fn)∞1 is weakly Cauchy
in L1(ω), and as g · η ∈ L1(ω)∗, (

∫
T

fngdη)∞1 is Cauchy in K and hence (fn)∞1
is weakly Cauchy in L1(η) for each η ∈ L1(ω)∗. As L1(η) is weakly sequentially
complete, there exists fη ∈ L1(η) such that fn → fη weakly in L1(η). Thus (fn)∞1
is weakly convergent to fηk

in L1(μk) for each k ∈ N. Then by Lemma 6.5.8 there
exists a sequence (gn)∞1 such that each gn is of the form

gn =
N(n)∑
i=n

α
(n)
i fi, α

(n)
i ≥ 0, and

N(n)∑
i=n

α
(n)
i = 1

and such that (gn)∞1 converges in mean in L1(μk) and also converges μk-a.e. in T
for each k ∈ N. Then by Lemma 6.5.7, (gn)∞1 converges ω-a.e. in T . Let f be the
ω-a.e. pointwise limit of (gn)∞1 .

As fn → fη weakly in L1(η), gn → fη weakly in L1(η) for each η ∈ L1(ω)∗.
Then by Theorems 5.3 and 4.4 of [P4] and by Theorem 6.4.6, f = fη for each
η ∈ L1(ω)∗. Now, for x∗ ∈ X∗, η = x∗ ◦ω belongs to L1(ω)∗ by Theorem 6.5.2 as
(x∗◦ω) is σ-additive and R-regular and

∫
T |f |dv(x∗◦ω,R) ≤ ||ux∗ ||ω•

1(f, T ), where
ux∗(f) =

∫
T

fd(x∗ ◦ ω) for f ∈ L1(ω) (see Lemma 6.5.1). Hence f ∈ L1(x∗ ◦ ω)
for each x∗ ∈ X∗. As c0 �⊂ X , by the last part of Theorem 3.1.8, by Definition
3.1.9 and by Notation 3.3.7 of Chapter 3, f ∈ L1(ω). Hence L1(ω) is a weakly
sequentially complete Banach space. �

We close this chapter by considering the following example.
Example 6.5.10. Let (xi)i∈I be a family of nonzero elements in a Banach space X .
Let IF be the δ-ring of all finite subsets of I. For A ∈ IF , let m(A) =

∑
i∈A xi ∈ X .

Clearly, m is σ-additive on IF . With respect to the discrete topology on I, clearly m
is δ(C)-regular, where δ(C) = IF . Hence a function f : I → K is x∗ ◦m-integrable
in I for x∗ ∈ X∗ if and only if |∑i∈J f(i)(x∗ ◦ m)(i)| = |∑i∈J f(i)x∗(xi)| < ∞
for each subset J of I. Then by the Orlicz-Pettis theorem if and only if (f(i)xi)i∈I

is summable in X . Then by Theorem 6.3.4, f is m-integrable in I if and only if
(f(i)xi)i∈I is summable in X . (Compare with Example 3.12 of [T].)



Chapter 7

Complements to the Thomas
Theory of Vectorial Radon
Integration

7.1 Integration of complex functions with respect
to a Radon operator

Thomas developed in §1 of [T] a theory of vectorial Radon integration of real
functions with respect to a Radon operator u on K(T,R) (see Notation 5.3.1 and
Definition 5.3.3 of Chapter 5). In this section we indicate briefly how the results
in §1 of [T] can be extended to complex functions in K(T ).

In this section we extend Definition 1.1 of Thomas [T] to Radon operators on
K(T ) with values in a normed space X over C. Using the definitions and results
given in the earlier part of this section, we study the vectorial Radon integration
when the Radon operator assumes values in an lcHs over C.

Definition 7.1.1. Let u : K(T ) → X be a Radon operator in the sense of Definition
5.3.3, where X is a normed space over C. We define

u•(f) = sup
|ϕ|≤f,ϕ∈K(T )

|u(ϕ)|

for f ∈ I+, where I+ is the set of all nonnegative lower semicontinuous functions
on T . When f : T → [0,∞] has compact support we define

u•(f) = inf
f≤g,g∈I+

u•(g)
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and when f : T → [0,∞] is arbitrary, we define

u•(f) = sup
h≤f

u•(h)

where h : T → [0,∞] has compact support. This definition is similar to that in §1
in Chapter V of [B].

u•(f) is called the semivariation of f with respect to u. For A ⊂ T , we define
u•(A) = u•(χA). If u•(A) = 0, we say that A is u-null and use the expression
u-almost everywhere (briefly, u-a.e.) correspondingly. A function f : T → [0,∞] is
said to be u-null if u•(f) = 0.

It is easy to verify that the definition is consistent.

Thomas [T] uses the terminology of Radon measure u instead of our termi-
nology of Radon operator u.

Unless otherwise stated, X will denote a normed space over C and u : K(T ) →
X will denote a Radon operator.

Proposition 7.1.2. For f ∈ I+,

u•(f) = sup
0≤ϕ≤f,ϕ∈K(T )

u•(ϕ).

Proof. By Definition 7.1.1 we have

u•(f) = sup
|ϕ|≤f,ϕ∈K(T )

|u(ϕ)|

= sup
Ψ∈K(T ),|Ψ|≤f

sup
|ϕ|≤|Ψ|,ϕ∈K(T )

|u(ϕ)|

= sup
Ψ∈K(T ),|Ψ|≤f

u•(|Ψ|) = sup
0≤ϕ≤f,ϕ∈K(T )

u•(ϕ).

Hence the proposition holds. �

We recall the following definition from [B].

Definition 7.1.3. Each element u ∈ K(T )∗ is called a complex Radon measure and
is sometimes identified with the complex measure μu induced by u in the sense of
Definition 4.3 of [P3]. |u| is the positive linear functional in K(T )∗ given by (12)
on p. 55 of [B] and |u|∗(f) for f ∈ I+ is given by Definition 1 on p. 107 of Chapter
IV of [B].

Proposition 7.1.4. If u ∈ K(T )∗ and f ∈ I+, then

u•(f) = sup
0≤Ψ≤f,Ψ∈K(T )

|u|(Ψ) = |u|•(f) = |u|∗(f).

Consequently,
u•(f) = |u|•(f)

for f : T → [0,∞].
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Proof. For f ∈ I+, by Definition 7.1.1 we have

u•(f) = sup
|ϕ|≤f,ϕ∈K(T )

|u(ϕ)|

= sup
0≤Ψ≤f,Ψ∈K(T )

sup
|ϕ|≤Ψ,ϕ∈K(T )

|u(ϕ)|

= sup
0≤Ψ≤f,Ψ∈K(T )

|u|(Ψ) (7.1.4.1)

by (12) on p. 55 of Chapter III of [B].
Therefore, by (7.1.4.1),

|u|•(f) = sup
|ϕ|≤f,ϕ∈K(T )

||u|(ϕ)|

= sup
0≤Ψ≤f,Ψ∈K(T )

|u|(Ψ) = u•(f).

Moreover, by the definition on p. 107 of Chapter IV of [B]

|u|•(f) = sup
0≤Ψ≤f,Ψ∈K(T )

|u|(Ψ) = |u|∗(f).

Now the last part is evident from Definition 7.1.1. �
Definition 7.1.5. F0(u) = {f : T → K, u•(|f |) < ∞} and we define u•(f) = u•(|f |)
if f : T → K.

Clearly, u• is a seminorm on F0(u) and hence F0(u) is a seminormed space
with respect to u•(·).

The complex versions of Proposition 1.3 and of Lemmas 1.4 and 1.5 of [T]
hold and consequently, we have the following definition.

Definition 7.1.6. The space L1(u) of u-integrable functions is the closure of K(T )
in the space F0(u). Thus, a complex function f belongs to L1(u), if given ε > 0,
there exists ϕ ∈ K(T ) such that u•(|ϕ − f |) < ε.

Remark 7.1.7. A complex function f on T belongs to L1(u) if and only if, given
ε > 0, there exists g ∈ L1(u) such that u•(|f − g|) < ε. Also note that if the
complex function f = g u-a.e. in T and if g ∈ L1(u), then f ∈ L1(u).
Convention 7.1.8. Let f : T → [0,∞]. Then f is said to be u-integrable if there
exists a complex function g ∈ L1(u) such that f = g u-a.e. in T .

The complex analogues of Proposition 1.7, Theorem 1.8 and Remark follow-
ing it in [T] hold.

Definition 7.1.9. As K(T ) is dense in L1(u) with respect to u•, the continuous
linear extension of u to L1(u) with values in X̃, the completion of X , is denoted
by
∫

du. Thus, if f ∈ L1(u), then
∫

fdu ∈ X̃ .
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Then the complex analogues of 1.10, of Theorem 1.11 and of 1.12 of [T] hold.

The following result is the complex analogue of Proposition on p. 70 of [T].

Proposition 7.1.10. Let X be a normed space and u : K(T ) → X be a Radon
operator. Let H be a norm determining set in X∗ so that

|x| = sup
x∗∈H

|〈x, x∗〉| for x ∈ X.

Then
u•(|f |) = sup

x∗∈H
|ux∗ |•(|f |) (7.1.10.1)

for f ∈ L1(u) or for f ∈ I+, where ux∗ = x∗ ◦ u.

Proof. By Lemma 5.2.13, H ⊂ {x∗ ∈ X∗ : |x∗| ≤ 1}. In view of the complex
version of Lemma 1.4 of [T], the proof of 1.13 of [T] as given in [T] holds for
complex functions too and hence the proposition holds. �
Lemma 7.1.11. For μ ∈ K(T )∗,

μ•(|f |) = |μ|(|f |)) = sup
|ϕ|≤1,ϕ∈K(T )

∣∣∣∣∫
T

ϕfdμ

∣∣∣∣
for f ∈ L1(μ) where |μ| is given by (12) on p. 55 of Chapter III of [B].

Proof. Let νf (ϕ) =
∫

T
ϕfdμ for f ∈ L1(μ) and ϕ ∈ K(T ). Then

|νf (ϕ)| ≤ ||ϕ||T
∫

T

|f |d|μ|

so that νf ∈ K(T )∗b . Hence by Theorem 3.3 of [P4] we have

|νf |(T ) = v(μνf
|B(T ),B(T ))(T ) = ||νf || = sup

|ϕ|≤1,ϕ∈K(T )

|νf (ϕ)|

= sup
|ϕ|≤1,ϕ∈K(T )

∣∣∣∣∫
T

ϕfdμ

∣∣∣∣ . (7.1.11.1)

As noted in the beginning of the proof of Theorem 6.4.6,

|νf |(T ) =
∫

T

|f |d|μ|.

Then by (7.1.11.1) and by Proposition 7.1.4 we have

|νf |(T ) =
∫

T

|f |d|μ| = sup
|ϕ|≤1,ϕ∈K(T )

∣∣∣∣∫
T

ϕfdμ

∣∣∣∣ = |μ|(|f |) = μ•(|f |)

for f ∈ L1(μ). �
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Theorem 7.1.12. For f ∈ L1(u),

u•(|f |) = sup
|ϕ|≤1,ϕ∈K(T )

∣∣∣∣∫
T

ϕfdu

∣∣∣∣ .
Proof. Let H be a norm determining set in X∗. For x∗ ∈ H , by Lemma 7.1.11 we
have

u•
x∗(|f |) = sup

ϕ∈K(T ),|ϕ|≤1

∣∣∣∣∫
T

ϕfdux∗

∣∣∣∣
for f ∈ L1(u). Therefore, by Propositions 7.1.10 and 7.1.4 we have

u•(|f |) = sup
x∗∈H

u•
x∗(|f |) = sup

x∗∈H
sup

ϕ∈K(T ),|ϕ|≤1

∣∣∣∣∫
T

ϕfdux∗

∣∣∣∣
= sup

ϕ∈K(T ),|ϕ|≤1

sup
x∗∈H

∣∣∣∣∫
T

ϕfdux∗

∣∣∣∣
= sup

ϕ∈K(T ),|ϕ|≤1

∣∣∣∣∫
T

ϕfdu

∣∣∣∣ . �

Definition 7.1.13. Let u : K(T ) → X be a Radon operator where X is a normed
space. If Y is a topological space and f : T → Y , then f is said to be u-measurable
if, for every compact K ⊂ T and ε > 0, there exists a compact K1 ⊂ K such that
u•(K\K1) < ε and f |K1 is continuous.

Replacing ||m|| by u• and arguing as in the proof of Theorem 6.2.4, we obtain
the following theorem.

Theorem 7.1.14. Let u, X, f and Y be as in Definition 7.1.13. Then f is u-
measurable if and only if, given K ∈ C, there exist a u-null set N ⊂ K and
a countable disjoint family (Ki)∞1 ⊂ C such that K\N =

⋃∞
1 Ki and f |Ki is

continuous for each i ∈ N.

The set of u-measurable complex functions is evidently stable under the usual
algebraic operations and under composition with a continuous function. Every
continuous function on T is clearly u-measurable.

The proof given in Appendix III of [T] holds good for complex normed spaces
too and hence Lemma 1.19 of [T] holds for complex spaces too. The proofs of
Propositions 1.20 and 1.21, of Remark on p. 74, of Theorem 1.22 and of Lemma
1.23 of [T] hold for complex functions too. Lemmas 1.24, 1.25 and 1.25 bis of [T]
hold for the absolute value of complex functions too.

Proposition 7.1.15. Let X be a normed space and let H be a norm determining
set in X∗ so that |x| = supx∗∈H |〈x, x∗〉| for x ∈ X. Then for every u-measurable
bounded positive function f ,

u•(f) = sup
x∗∈H

|ux∗ |•(f).
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Proof. By the complex version of Lemma 1.23 of [T], fχK ∈ L1(u) for K ∈ C.
Then by Proposition 7.1.10 we have

u•(f) = sup
K∈C

u•(fχK) = sup
K∈C

sup
x∗∈H

|ux∗ |•(fχK)

= sup
x∗∈H

sup
K∈C

|ux∗ |•(fχK) = sup
x∗∈H

|ux∗ |•(f). �

Corollary 7.1.16. Under the hypothesis of Proposition 7.1.15, for a u-measurable
set A,

u•(A) = sup
x∗∈H

|ux∗ |•(A).

Corollary 7.1.17. If f is locally u-integrable (i.e., if ϕf is u-integrable for each
ϕ ∈ K(T )), then

u•(f) = sup
x∗∈H

|ux∗ |•(f)

where H is a norm determining set in X∗.

Proof. By Urysohn’s lemma, for each K ∈ C, there exists ϕK ∈ K(T ) such that
χK ≤ ϕK ≤ 1. Then

u•(f) = sup
K∈C

u•(|f |χK) ≤ sup
K∈C

u•(|f |ϕK) ≤ sup
0≤ϕ≤1,ϕ∈K(T )

u•(|f |ϕ)

≤ u•(|f |) = u•(f) (7.1.17.1)

and hence by Proposition 7.1.15, by Definition 7.1.5 and by (7.1.17.1) we have

u•(f) = sup
0≤ϕ≤1,ϕ∈K(T )

u•(fϕ) = sup
x∗∈H

sup
0≤ϕ≤1,ϕ∈K(T )

|ux∗ |•(ϕf)

= sup
x∗∈H

|ux∗ |•(f).

Thus the corollary holds. �
Definition 7.1.18. Let u be a Radon operator with values in an lcHs X over C.
Let q be a continuous seminorm on X . We denote q(x) by |x|q . The semivariation
of u with respect to q for f ∈ I+ is defined by

u•
q(f) = sup

|ϕ|≤f,ϕ∈K(T )

|u(ϕ)|q

and one completes the definition for f : T → [0,∞] as in Definition 7.1.1 given in
the case of a normed space.

For q ∈ Γ, let Xq = X/q−1(0) and let X̃q be the Banach space completion
of Xq with respect to | · |q. Let Πq : X → Xq ⊂ X̃q be the canonical quotient
map. (See the beginning of Section 1.2 of Chapter 1.) Let uq = Πq ◦ u. Then
|uq(ϕ)| = |u(ϕ)|q so that u•

q is the semivariation of uq.
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Definition 7.1.19. For the Radon operator u on K(T ) with values in the lcHs X
and for q ∈ Γ, the family of continuous seminorms on X , we define

F0(u) = {f : K(T ) → K, u•
q(|f |) < ∞ for each q ∈ Γ}.

Then by the complex version of Lemma 1.5 of [T], K(T ) ⊂ F0(u) and this
permits the following definition.

Definition 7.1.20. Let F0(u) be provided with the seminorms u•
q(·) for q ∈ Γ. The

space L1(u) of u-integrable functions is the closure of K(T ) in the space F0(u).
Hence a function f : K(T ) → K is u-integrable if, for each q ∈ Γ and ε > 0, there
exists ϕq ∈ K(T ) such that u•

q(|ϕq − f |) < ε.

Thus L1(u) is the intersection of the spaces L1(uq) provided with the smallest
topology permitting the injections L1(u) ⊂ L1(uq) continuous for each q ∈ Γ.

Definition 7.1.21. Let u be a Radon operator on K(T ) with values in an lcHs
X over C. Let Y be a topological space. We say that a function f : T → Y is
u-measurable if f is uq-measurable for each q ∈ Γ and is u-null if it is uq-null for
each q ∈ Γ. (See Definitions 7.1.1 and 7.1.13.)

With these definitions, the complex versions of Propositions 1.7, 1.20 and
1.21 and Theorem 1.22 of [T] hold without any modifications for complex lcHs-
valued Radon operators u. Thus a function f is u-integrable if and only if it
is u-measurable and is dominated in modulus by a u-integrable function. The
Hausdorff space L1(u) associated with L1(u) consists of classes of functions in
which two functions equal u-a.e in T are identified.

Definition 7.1.22. For a function f ∈ L1(u), we denote by u(f) or by
∫

fdu the
value in f of the continuous linear extension of u to L1(u). Thus this is an element
in the completion X̃ of X . Then the mapping f → ∫

fdu is a continuous linear
mapping of L1(u) in X̃.

Hereafter, by lcHs we mean a complex lcHs, i.e., an lcHs over C. Then Propo-
sitions 1.28 and 1.30 and results 1.31, 1.32, 1.33 and 1.34 of [T] hold for complex
lcHs-valued u on K(T ).

If X is a projective limit of Banach spaces Xi, then
∫

fdu is identified with
the element (

∫
fdui)i (i.e., with the projective limit of (

∫
fdui)i). Consequently,

if u : K(T ) → X , X an lcHs over C, then for f ∈ L1(u),
∫

fdu = lim←−

∫
fduq.

Lemma 7.1.23. Suppose X is a quasicomplete lcHs. If A ⊂ X is bounded and if x0

belongs to the closure of A in X̃, then x0 ∈ X.

Proof. Let τ be the lcHs topology of X . By hypothesis there exists a net (xα) ⊂ A

such that xα → x0 in τ̃ , the topology of the completion X̃ . Thus (xα) is Cauchy in



220 Chapter 7. Complements to the Thomas Theory

τ̃ . As A is τ -bounded and as X is quasicomplete, the τ -closure of A is τ -complete.
Since τ̃ |A = τ , it follows that (xα) is τ -Cauchy. Hence there exists x1 in the τ -
closure of A (so that x1 ∈ X) such that xα → x1 in τ and hence in τ̃ . Since τ̃ is
Hausdorff, x0 = x1 ∈ X . �

Theorem 7.1.24. Let u be a Radon operator on K(T ) with values in a quasicomplete
lcHs X. Then for each f ∈ L1(u),

∫
fdu belongs to X. In other words, if X is an

lcHs, then
∫

fdu belongs to the quasicompletion of X for each f ∈ L1(u).

Proof. By Lemma 7.1.23 above, it suffices to show that
∫

fdu belongs to the
closure in X̃ of a τ -bounded set A ⊂ X whenever f ∈ L1(u).

For the sake of completeness, we give the proof of this result and we follow
the proof of Theorem 1.35 of [T].

Case 1. Suppose f is bounded with compact support. Let ω be a relatively compact
open set in T such that f is null in T \ω and let |f | ≤ 1.

If
∣∣〈∫ ϕdu, x∗〉∣∣ ≤ 1 for ϕ ∈ K(T ) with |ϕ| ≤ χω, then

1 ≥ sup
|ϕ|≤χω,ϕ∈K(T )

∣∣∣∣〈∫ ϕdu, x∗
〉∣∣∣∣ = sup

|ϕ|≤χω,ϕ∈K(T )

|ux∗(ϕ)|

= u•
x∗(χω) = |ux∗ |(ω)

by Definition 7.1.1 and by Proposition 7.1.4. As |f | ≤ χω and f is u-integrable by
hypothesis we have∣∣∣∣〈∫ fdu, x∗

〉∣∣∣∣ =
∣∣∣∣∫ fdux∗

∣∣∣∣ ≤ ∫ |f |d|ux∗ | ≤ |ux∗ |(ω) ≤ 1

and hence
∫

fdu ∈ A00 where A = {∫ ϕdu : ϕ ∈ K(T ), |ϕ| ≤ χω} ⊂ X ⊂ X̃.
Since A is absolutely convex, by the bipolar theorem 8.1.5 of [E] A00 is the

σ(X̃, X∗)-closure of A, and hence by Theorem 3.12 of [Ru2] is also the τ̃ -closure
of A. As A is weakly bounded, it is τ -bounded by Theorem 3.18 of [Ru2]. Hence
by Lemma 7.1.23,

∫
fdu ∈ X .

Case 2. Let f be null outside a compact set.

First let us consider the case f ≥ 0. Let fn = min(f, n). Then by Case 1,∫
fndu ∈ X for all n and by the lcHs analogue of Lemma 1.25 bis of [T] and by

the complex analogue of 1.10 of [T],
∫

fdu = limn

∫
fndu. Thus

∫
fdu belongs

to the closure of (
∫

fndu)∞n=1 in X̃ and as (
∫

fn)∞n=1 is convergent, it is bounded
in X . Hence by Lemma 7.1.23,

∫
fdu ∈ X . If f is complex-valued and vanishes

outside a compact set, then by the complex analogue of Proposition 1.7 of [T],∫
fdu belongs to X in this case too.

Case 3. f is an arbitrary element in L1(u).
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By the above cases,
∫

fϕdu ∈ X for each ϕ ∈ K(T ). The set

B =
{∫

fϕdu

}
|ϕ|≤1,ϕ∈K(T )

is weakly bounded since

sup
|ϕ|≤1,ϕ∈K(T )

∣∣∣∣〈∫ fϕdu, x∗
〉∣∣∣∣ ≤ ∫ |f |d|ux∗ | < ∞

for each x∗ ∈ X∗. Then by Theorem 3.18 of [Ru2], B is τ -bounded.
If |〈∫ fϕdu, x∗〉| ≤ 1 for ϕ ∈ K(T ) with |ϕ| ≤ 1, then by Theorem 7.1.12,

u•
x∗(|f |) ≤ 1 and hence |〈∫ fdu, x∗〉| ≤ 1. Therefore,

∫
fdu ∈ B00. Then arguing

as in Case 1 and appealing to Lemma 7.1.23, we conclude that
∫

fdu ∈ X . This
completes the proof of the theorem. �

The proof of Proposition on p. 84 of [T] holds here for metrizable lcHs and
hence we have:

Theorem 7.1.25. If X is a metrizable lcHs and if u : K(T ) → X is a Radon
operator, then the space L1(u) is pseudo metrizable and complete.

7.2 Integration with respect to a weakly compact
bounded Radon operator

The aim of this section is to improve the results in Section 2 of Thomas [T]. Remark
2 on p. 161 of [G] and Theorem 6 of [G] when T is compact, play a key role in
[T] to develop the theory of vectorial Radon integration with respect to a weakly
compact bounded Radon operator or a prolongable Radon operator. Grothendieck
comments in the said remark that his techniques developed in earlier sections of
[G] are textually valid to prove Theorem 6 of [G] for C0(T ), where T is a locally
compact Hausdorff space. But, as shown in [P10], his techniques can be used to
prove the said remark if and only if T is further σ-compact. However, by different
methods, we established in [P9] and [P11] the validity of Theorem 6 of [G] for
C0(T ) when T is an arbitrary locally compact Hausdorff space, thereby restoring
the validity of the Thomas theory in [T]. The proposition given in Complements of
Section 2 of [T] improves Theorem 2.7 and Theorem 2.7 bis of [T]. But, we obtain
here results which further improve the said proposition of [T]. See Theorem 7.2.19
and Corollary 7.2.20.

Definition 7.2.1. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
Radon operator (see Definition 5.3.3 of Chapter 5). Then u is said to be bounded
if u : (Cc(T ), || · ||T ) → X is continuous.

Notation 7.2.2. Whenever X is a quasicomplete lcHs, Γ denotes the family of
continuous seminorms on X .
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Proposition 7.2.3. Let X be a quasicomplete lcHs. The Radon operator u : K(T ) →
X is bounded if and only if u•

q(T ) < ∞ for each q ∈ Γ.

Proof. Let u be bounded. Then, for each q ∈ Γ, by Definition 7.2.1 there exists a
constant Mq such that |uq(ϕ)| = |u(ϕ)|q = q(u(ϕ)) ≤ Mq||ϕ||T for each ϕ ∈ K(T ).
Then

u•
q(T ) = u•

q(χT ) = sup
|ϕ|≤1,ϕ∈K(T )

q(u(ϕ)) ≤ Mq < ∞

and hence u•
q(T ) < ∞ for each q ∈ Γ.

Conversely, if u•
q(T ) = Mq < ∞ for each q ∈ Γ, then for ϕ ∈ K(T ), we have

|ϕ| ≤ ||ϕ||T χT and hence

q(u(ϕ)) = |uq(ϕ)|q ≤ ||ϕ||T u•
q(χT ) = Mq||ϕ||T

for q ∈ Γ. Hence u is bounded. �
Convention 7.2.4. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
bounded Radon operator. Then u has a continuous linear extension to the whole of
C0(T ) with values in X and hence we shall always assume that u : (C0(T ), ||·||T ) →
X is continuous whenever u : K(T ) → X is a bounded Radon operator.

Proposition 7.2.5. Let X be a quasicomplete lcHs. If u : K(T ) → X is a bounded
Radon operator, then C0(T ) ⊂ L1(u). Moreover, for f ∈ C0(T ), uf =

∫
fdu.

Proof. Let f ∈ C0(T ) and let q ∈ Γ. Then there exists (ϕn)∞1 ⊂ K(T ) such that
||ϕn − f ||T → 0. By hypothesis and by Proposition 7.2.3, u•

q(T ) < ∞ and hence

u•
q(|ϕn − f |) ≤ u•

q(||f − ϕn||T χT ) ≤ ||f − ϕn||T u•
q(T ) → 0

as n → ∞. Hence f ∈ L1(uq). As q is arbitrary in Γ, it follows that f ∈ L1(u).
Thus C0(T ) ⊂ L1(u).

Moreover, uf = limn uϕn and
∫

fdu = limn uϕn. Hence uf =
∫

fdu. �

For a bounded Radon operator u, it is possible that L1(u) = C0(T ) as shown
below.
Example 7.2.6. Let u : K(T ) → C0(T ) be the identity operator. Then u : (Cc(T ), ||·
||T ) → (C0(T ), || · ||T ) is continuous and has a unique continuous extension to
C0(T ). Then L1(u) = C0(T ).

In fact, if f ∈ I+, then

u•(f) = sup
|ϕ|≤f,ϕ∈K(T )

|u(ϕ)| = sup
|ϕ|≤f,ϕ∈K(T )

||ϕ||T = ||f ||T (7.2.6.1)

since f = sup0≤ϕ≤f,ϕ∈K(T ) ϕ.
If f : T → [0,∞] has compact support, then by (7.2.6.1) and by Definition

7.1.1 we have
||f ||T ≤ inf

f≤g∈I+
||g||T = u•(f).
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Let K be the support of f . By Urysohn’s lemma there exists Ψ ∈ Cc(T ) with
0 ≤ Ψ ≤ 1 and Ψ|K = 1. Then 0 ≤ f ≤ ||f ||T Ψ ∈ I+ and

u•(||f ||T Ψ) = ||f ||T u•(Ψ) = ||f ||T ||Ψ||T = ||f ||T
by (7.2.6.1) as Ψ ∈ I+. Hence u•(f) = ||f ||T .

When f : T → [0,∞] is arbitrary, then

u•(f) = sup
K∈C

u•(fχK) = sup
K∈C

||fχK ||T = ||f ||T . (7.2.6.2)

If f ∈ L1(u), then given ε > 0, there exists ϕ ∈ K(T ) such that u•(|f − ϕ|) < ε.
Then by (7.2.6.2), ||f −ϕ||T < ε and hence f ∈ C0(T ). Therefore, L1(u) = C0(T ).

Definition 7.2.7. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
bounded Radon operator. (See Convention 7.2.4.) Then u is called a weakly com-
pact bounded Radon operator if {uϕ : ϕ ∈ C0(T ), ||ϕ||T ≤ 1} is relatively weakly
compact in X .

Remark 7.2.8. Bounded Radon operators and weakly compact bounded Radon
operators are respectively called bounded Radon measures and weakly compact
bounded Radon measures in [T].

Lemma 7.2.9. Let X be a Banach space and let u : K(T ) → X be a continuous
linear map. Then for each open set ω in T ,

u•(ω) = sup
|x∗|≤1

|x∗u|(ω) (7.2.9.1)

where |x∗u|(ω) = μ|x∗u|(ω) and μ|x∗u| is the (complex) Radon measure induced by
|x∗u| in the sense of Definition 4.3 of [P3].

Proof. By Definition 7.1.1 and by Proposition 7.1.4 we have

u•(ω) = sup
|ϕ|≤χω,ϕ∈K(T )

|u(ϕ)|

= sup
|ϕ|≤χω,ϕ∈K(T )

sup
|x∗|≤1

|x∗u(ϕ)|

= sup
|x∗|≤1

sup
|ϕ|≤χω,ϕ∈K(T )

|x∗u(ϕ)|

= sup
|x∗|≤1

(x∗u)•(ω)

= sup
|x∗|≤1

|x∗u|∗(ω).

Since ω is |x∗u|∗-measurable, we have

u•(ω) = sup
|x∗|≤1

|x∗u|(ω)

and hence (7.2.9.1) holds. �
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Using the above lemma and [P9], an improved version of Theorem 2.2 of [T]
for complex functions is given below.

Theorem 7.2.10. Let X be a Banach space and let u : K(T ) → X be a bounded
Radon operator. Then the following statements are equivalent:

(i) Every bounded Borel (complex) function belongs to L1(u).
(ii) Every bounded σ-Borel (complex) function belongs to L1(u).

(iii) Every bounded (complex) Baire function belongs to L1(u).
(iv) For every open set ω in T , the weak integral

∫
ω

belongs to X; i.e., there exists
a vector xω in X such that ∫

ω

d(x∗u) = x∗(xω)

for each x∗ ∈ X∗ and we say that the weak integral
∫

ω
du = xω.

(v) For every σ-Borel open set ω in T , the weak integral
∫

ω
belongs to X.

(vi) For every open Baire set ω in T , the weak integral
∫

ω du belongs to X.
(vii) u is a weakly compact bounded Radon operator (so that by Convention 7.2.4,

u : C0(T ) → X is weakly compact).

Proof. Clearly, (i)⇒(ii)⇒(iii).

(iii)⇒(vi) By (iii), for each open Baire set ω in T , there exists xω ∈ X such
that

∫
ω

du = xω and hence

x∗(xω) =
∫

ω

d(x∗u)

for x∗ ∈ X∗. Hence (vi) holds.

(vi)⇒(vii) By (vi), for each open Baire set ω in T there exists xω ∈ X such
that ∫

ω

d(x∗u) = x∗(xω) (7.2.10.1)

for x∗ ∈ X∗. As x∗u ∈ C0(T )∗ = M(T ), the complex Radon measure μx∗u induced
by x∗u in the sense of Definition 4.3 of [P3] is a B(T )-regular complex measure
on B(T ). Let K be a compact Gδ in T . Then by Theorem 55.A of [H] there exists
(ϕn)∞1 ⊂ C0(T ) such that 0 ≤ ϕn ↘ χK . Then by LDCT and by 5.2.10 we have

μx∗u(K) = lim
n

∫
T

ϕndμx∗u = lim
n

(x∗u)(ϕn) = lim
n

∫
T

ϕnd(x∗ ◦ m) = (x∗ ◦ m)(K)

where m is the representing measure of u. Then by the Baire regularity of
μx∗u|B0(T ) and of (x∗ ◦ m)|B0(T ) we have μx∗u|B0(T ) = (x∗ ◦ m)|B0(T ) and con-
sequently, by Theorem 2.4 of [P4] and by the Borel regularity of μx∗u and of
x∗ ◦ m on B(T ), we conclude that

μx∗u = x∗ ◦ m onB(T ). (7.2.10.2)



7.2. Integration with respect to a weakly compact bounded Radon operator 225

Then by (7.2.10.1) and (7.2.10.2) we have

x∗(xω) =
∫

ω

d(x∗u) = μx∗u(ω) = (x∗ ◦ m)(ω) = (x∗ ◦ u∗∗)(χω)

for x∗ ∈ X∗. Since u∗∗(χω) ∈ X∗∗, we conclude that m(ω) = u∗∗(χω) = xω ∈ X .
Consequently, by Theorem 3(vii) of [P9], u is a weakly compact operator on C0(T )
and hence (vii) holds.

Clearly, (iv)⇒(v)⇒(vi). (vii)⇒(iv) (resp. (vii)⇒(v), (vii)⇒(vi)) By (vii) and
by Theorem 2(ii) of [P9], u∗∗(χA) ∈ X for each A ∈ B(T ) and hence u∗∗(χω) ∈ X
for each open set (resp. σ-Borel open set, open Baire set) ω in T . Let u∗∗(χω) =
xω ∈ X . Then by arguing as in the proof of (vi)⇒(vii) we note that (7.2.10.2)
holds and hence by (7.2.10.2) we have

x∗(xω) = x∗u∗∗(χω) = (x∗ ◦ m)(ω) = μx∗u(ω) =
∫

ω

d(x∗u)

and hence (iv) (resp. (v), (vi)) holds.

(vii)⇒(i) Since u : C0(T ) → X is weakly compact, u∗ is also weakly compact
and hence {μu∗x∗ : |x∗| ≤ 1} = {μx∗u : |x∗| ≤ 1} is relatively weakly compact
in M(T ). Then by Theorem 1 of [P8], given a Borel set A in T and ε > 0, there
exist a compact set K and an open set U in T such that K ⊂ A ⊂ U and
sup|x∗|≤1 |μx∗u|(U\K) < ε. Then by Lemma 7.2.9 we have u•(U\K) < ε. Now
choose ϕ ∈ K(T ) such that χK ≤ ϕ ≤ χU so that u•(χU − ϕ) ≤ u•(χU − χK) =
u•(U\K) < ε. Then

u•(|χA − ϕ|) ≤ u•(χU − χK) = u•(U\K) < ε.

Therefore, by Definition 7.1.6, χA ∈ L1(u).

Consequently, every Borel simple function s ∈ L1(u). If f is a bounded Borel
(complex) function, then there exists a sequence (sn) of Borel simple functions
such that ||sn − f ||T → 0. Then

u•(|f − sn|) ≤ ||f − sn||T u•(T ) → 0

as n → ∞, since u•(T ) is finite by Proposition 7.2.3. Hence f ∈ L1(u) and thus
(i) holds.

Hence the statements (i)–(vii) are equivalent. �

The following theorem is an improved complex version of Proposition 2.5 of
Thomas [T].

Theorem 7.2.11. Let X be a Banach space and let u : K(T ) → X be a bounded
Radon operator. Then the following statements are equivalent:

(i) u is weakly compact (see Convention 7.2.4).
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(ii) Given ε > 0, for each open set ω in T , there exists a compact K ⊂ ω such
that u•(ω\K) < ε.

(iii) Given ε > 0, for each A ∈ B(T ), there exist a compact K and an open set
ω in T such that K ⊂ A ⊂ ω and u•(ω\K) < ε.

(iv) Given ε > 0, for each compact K in T there exists an open set U in T
such that K ⊂ U with u•(U\K) < ε and there exists a compact C in T
such that u•(T \C) < ε.

(v) Given ε > 0, for each σ-Borel open set ω ⊂ T there exists a compact
K ⊂ ω such that u•(ω\K) < ε and there exists a compact C in T such
that u•(T \C) < ε.

(vi) Given ε > 0, for each A ∈ Bc(T ) there exist a compact K and a σ-Borel
open set ω in T such that K ⊂ A ⊂ ω and u•(ω\K) < ε.

(vii) Given ε > 0, for each compact K in T there exists a σ-Borel open set U
in T such that K ⊂ U with u•(U\K) < ε and there exists a compact Gδ

set C such that u•(T \C) < ε.
(viii) Given ε > 0, for each open Baire set ω in T there exists a compact Gδ

K ⊂ ω such that u•(ω\K) < ε and there exists a compact C such that
u•(T \C) < ε.

(ix) Given ε > 0, for each Baire set A ⊂ T there exist a compact GδK and an
open Baire set ω in T such that K ⊂ A ⊂ ω and u•(ω\K) < ε.

(x) Given ε > 0, for each compact GδK in T there exists an open Baire set U
in T such that K ⊂ U with u•(U\K) < ε and there exists a compact GδC
such that u•(T \C) < ε.

Proof. Since u is a bounded operator on C0(T ) by Convention 7.2.4, the set F =
{μx∗u : |x∗| ≤ 1} = {μu∗x∗ : |x∗| ≤ 1} is bounded in M(T ). Let |F | = {μ|x∗u| :
|x∗| ≤ 1}. Then by Theorem 1 of [P8], F is relatively weakly compact in M(T )
if and only if |F | is so (resp. if and only if u is weakly compact (as u is weakly
compact if and only if u∗ is weakly compact)). Moreover, by Theorem 4.11 of
[P3] and by Theorem 3.3 of [P4], μ|x∗u|(A) = v(μx∗u,B(T ))(A) = |μx∗u|(A) for
A ∈ B(T ). Then by Lemma 7.2.9 and by (vi) (resp. (vi)′, (vi)′′) of Proposition
1 of [P9], (ix) (resp. (iii), (vi)) holds if and only if u is weakly compact. Hence
(i)⇔(iii)⇔(vi) ⇔(ix).

(iii)⇒(ii) obviously.

(ii)⇒(i) Let ω be an open set in T and let ε > 0. Then by hypothesis, there
exists a compact K such that K ⊂ ω and u•(ω\K) < ε. By Lemma 7.2.9, this
means sup|x∗|≤1 μ|x∗u|(ω\K) < ε. Then by Theorem 4.11 of [P3] and by Theorem
3.3 of [P4], sup|x∗|≤1 v(μx∗u,B(T ))(ω\K) < ε and hence by Theorem 2 of [P8], u
is weakly compact. Thus (i) holds.

(i)⇔(iv) By Theorem 4.11 of [P3], |F | = {|μx∗u| : |x∗| ≤ 1} and hence by
Theorem 4.22.1 of [E], |F | is relatively weakly compact in M(T ) if and only if ,
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given ε > 0, for each compact K in T there exists an open set U in T such that
K ⊂ U and sup|x∗|≤1 |μx∗u|(U\K) < ε and there exists a compact C in T such
that sup|x∗|≤1 |μx∗u|(T \C) < ε. Consequently, by Lemma 7.2.9, |F | is relatively
weakly compact in M(T ) if and only if (iv) holds and hence if and only if u is
weakly compact.

Similarly, using Theorem 4.22.1 of [E], Theorem 4.11 of [P3], Theorem 50.D
of [H] and Lemma 7.2.9 one can show that (i)⇔(vii) and (i)⇔(x).

By Proposition 1(iii) of [P9], by Theorem 4.11 of [P3] and by Lemma 7.2.9,
(i)⇔(v) and (i)⇔(viii).

Hence the statements (i)–(x) are equivalent. �
Definition and Notation 7.2.12. Let X be a Banach space and let u : K(T ) → X be
a Radon operator. Let H be a subset of X∗ separating the points of X . A function
f : T → K is said to be u-integrable with respect to the topology σ(X, H) if f is
x∗u-integrable for each x∗ ∈ H . Then the integral of f with respect to σ(X, H) is
an element in the completion of (X, σ(X, H)) which is identified with 〈H〉alg, the
set of all linear functionals on the linear span 〈H〉 of H and the integral is denoted
by
∫

fdũ. This is identified with the function x∗ → ∫
fd(x∗u) for x∗ ∈ H . Thus

〈x∗,
∫

fdũ〉 =
∫

fdux∗ for x∗ ∈ H.

The Orlicz property of a set H in X∗ (see Definition 5.2.9 of Chapter 5) plays
a key role in the sequel.

The following result improves the complex version of Theorem 2.7 of Tho-
mas [T].

Theorem 7.2.13. Let X be a Banach space and let H be a norm determining
subset of X∗. Suppose H possesses the Orlicz property. Let u : K(T ) → X be a
bounded Radon operator. Then u : C0(T ) → (X, σ(X, H)) is continuous (here we
use Convention 7.2.4) and u is weakly compact on C0(T ) if and only if

∫
ω dũ ∈ X

for each open Baire set ω in T , where ũ is the Radon operator obtained from u on
providing X with the topology σ(X, H).

Proof. Arguing as in the proof of Theorem 2.7 of [T] and using Theorem 1 of [P8]
instead of Appendix I: C2 of [T], we observe that the condition is sufficient.

Conversely, if u is weakly compact with its representing measure m in the
sense of 5.2.10 then by Theorem 2(ii) of [P9], u∗∗(χω) = m(ω) = xω (say) ∈ X
for each open Baire set ω in T and hence

x∗(xω) =
∫

ω

d(x∗u) = x∗
(∫

ω

dũ

)
for x∗ ∈ X∗ and hence for x∗ ∈ H . Then 〈x∗,

∫
ω dũ〉 =

∫
ω dux∗ =

∫
ω d(x∗u) =

x∗(xω) for x∗ ∈ H . Hence supx∗∈H |x∗(
∫

ω dũ−xω)| = 0. As H is norm determining,
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we have || ∫ω dũ − xω|| = 0 and hence
∫

ω dũ = xω ∈ X . Therefore the condition is
also necessary. �

To improve the complex version of Theorem 2.12 of [T] we need the following
lemma.

Lemma 7.2.14. Let X be a Banach space and let u : C0(T ) → X be a continuous
linear mapping with the representing measure m (in the sense of 5.2.10). Then∫

A

d(x∗u) = (x∗ ◦ m)(A) (7.2.14.1)

for x∗ ∈ X∗ and for A ∈ B(T ). If χA ∈ L1(u), then∫
A

du = m(A) (7.2.14.2)

and consequently (7.2.14.2) holds for A ∈ B(T ) if u is weakly compact.

Proof. By the proof of (vi)⇒(vii) of Theorem 7.2.10 (without using (7.2.10.1)),
μx∗u = x∗ ◦ m on B(T ) for x∗ ∈ X∗. Hence∫

A

d(x∗u) =
∫

A

dμx∗u = μx∗u(A) = (x∗ ◦ m)(A)

for A ∈ B(T ) and for x∗ ∈ X∗.
If χA ∈ L1(u), there exists xA ∈ X such that

∫
A du = xA ∈ X. Consequently,

by (7.2.14.1) we have

x∗(xA) =
∫

A

d(x∗u) = (x∗ ◦ m)(A)

for x∗ ∈ X∗. As m has range in X∗∗, we conclude that m(A) = xA =
∫

A
du for

A ∈ L1(u). If u is weakly compact, B(T ) ⊂ L1(u) by Theorem 7.2.10(i) and hence
the last part holds. �

Using the above lemma we obtain the following improvement of the complex
version of Theorem 2.12 of [T].

Theorem 7.2.15. Let X be a Banach space and let un : K(T ) → X be a weakly
compact bounded Radon operator for n ∈ N. If for every open Baire set ω in T ,
the sequence (

∫
ω dun)∞1 is convergent in X, then there exists a weakly compact

bounded Radon operator u on K(T ) with values in X such that

lim
n

∫
fdun =

∫
fdu

for each bounded (complex) Borel function f on T .
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Proof. Let mn be the representing measure of un in the sense of 5.2.10. Then by
hypothesis, by Theorem 7.2.10(iii) and by Lemma 7.2.14,

lim
n

mn(ω) exists in X (7.2.15.1)

for each open Baire set ω in T . Moreover, by Theorems 6(xix) and 2 of [P9], mn

is Borel regular and σ-additive in the topology τ of X for each n ∈ N. By Lemma
5.2.19, ϕ is mn-integrable in T and by 5.2.10 we have

x∗un(ϕ) =
∫

T

ϕd(x∗ ◦ mn) = x∗
(∫

T

ϕdmn

)
for x∗ ∈ X∗ and for ϕ ∈ C0(T ). Then by the Hahn-Banach theorem

un(ϕ) =
∫

T

ϕdmn for ϕ ∈ C0(T ).

Consequently, by (7.2.15.1) and by Lemma 5.2.20 there exists an X-valued con-
tinuous linear mapping u on C0(T ) such that

lim
n

un(ϕ) = u(ϕ)

for ϕ ∈ C0(T ). Moreover, by (7.2.15.1) and by Lemma 5.2.18, limn mn(U) ∈ X
for each open set U in T . Consequently, by the complex version of Proposition
2.11 of [T], limn

∫
fdun =

∫
fdu ∈ X for each bounded complex Borel function f

on T . Then particularly,

lim
n

∫
χAdun =

∫
χAdu ∈ X (7.2.15.2)

for each A ∈ B(T ). Then by Theorem 7.2.13, u is weakly compact.

This completes the proof of the theorem. �
Remark 7.2.16. The proofs of Propositions 2.13, 2.14, 2.17 and 2.20, of Corollary
2.18 and of Lemma 2.21 of [T] hold for complex spaces too.

We need the following lemma to generalize Theorem 7.2.10 to quasicomplete
lcHs.

Lemma 7.2.17. Let u be a Radon operator on K(T ) with values in an lcHs X. For
q ∈ Γ, let uq = Πq ◦ u where Γ and Πq are as in the beginning of Section 1.2 of
Chapter 1. Then for each open set ω in T ,

u•
q(ω) = sup

x∗∈U0
q

|x∗u|•(ω) = sup
x∗∈U0

q

|x∗u|(ω)

where U0
q is as in Notation 1.2.11 and u•

q is as in Definition 7.1.18.
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Proof. Let q ∈ Γ. Then uq : K(T ) → X̃q is a continuous linear map and hence by
Lemma 7.2.9 and by Propositions 1.2.15 and 7.1.4 we have

u•
q(ω) = sup

x∗∈U0
q

|Ψx∗uq|•(ω) = sup
x∗∈U0

q

|Ψx∗ ◦ (Πq ◦ u)|•(ω)

= sup
x∗∈U0

q

|x∗u|•(ω) = sup
x∗∈U0

q

|x∗u|∗(ω) = sup
x∗∈U0

q

|x∗u|(ω)

since Ψx∗(Πq ◦ u)(x) = Ψx∗(ux + q−1(0)) = x∗ux for x ∈ X and for x∗ ∈ U0
q and

since the open set ω is |x∗u|∗-measurable. �

The following theorem generalizes Theorem 7.2.10 to quasicomplete lcHs.

Theorem 7.2.18. Let X be a quasicomplete lcHs and let u : K(T ) → X be a bounded
Radon operator. Then the following statements are equivalent:

(i) Every bounded (complex) Borel function belongs to L1(u).
(ii) Every bounded (complex) σ-Borel function belongs to L1(u).

(iii) Every bounded (complex) Baire function belongs to L1(u).
(iv) For every open set ω in T the weak integral

∫
ω

du belongs to X; i.e., there
exists a vector xω in X such that∫

ω

d(x∗u) = x∗(xω)

for each x∗ ∈ X∗. Then we say that the weak integral
∫

ω du = xω.
(v) For every σ-Borel open set ω in T , the weak integral

∫
ω

du belongs to X.
(vi) For every open Baire set ω in T , the weak integral

∫
ω

belongs to X.
(vii) u is weakly compact (see Convention 7.2.4).

Proof. Since the results mentioned in the proof of Theorem 7.2.10 hold for lcHs-
valued continuous linear transformations on C0(T ) and since the theorems in [P9]
used in the proof of Theorem 7.2.10 are valid not only for Banach spaces but also
for quasicomplete lcHs, the proof of the latter theorem excepting that of (vii)⇒(i)
continues to be valid when X is a quasicomplete lcHs.

Now we shall show that (vii)⇒(i). Let q ∈ Γ and let Uq = {x ∈ X : q(x) ≤ 1}.
Then U0

q , the polar of Uq is equicontinuous and hence by Corollary 9.3.2 of [E]
or by Proposition 4 of [P9], u∗(U0

q ) is relatively weakly compact in M(T ). Then
by Theorem 1 of [P8], given A ∈ B(T ) and ε > 0, there exist a compact set K
and an open set U in T such that K ⊂ A ⊂ U and supx∗∈U0

q
|x∗u|(U\K) < ε.

Consequently, by Lemma 7.2.17, u•
q(U\K) < ε. Then arguing as in the last part

of the proof of (vii)⇒(i) of Theorem 7.2.10 we have a ϕq ∈ K(T ) such that χK ≤
ϕq ≤ χU so that

u•
q(|χA − ϕq|) ≤ u•

q(χU − χA) ≤ u•
q(χU − χK) = u•

q(U\K) < ε.

Since q is arbitrary in Γ, by Definition 7.1.20, χA ∈ L1(u).
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Then every Borel simple function s belongs to L1(u). If f is a bounded Borel
(complex) function, then there exists a sequence (sn) of Borel simple functions
such that ||sn − f ||T → 0. Then, for each q ∈ Γ, we have

u•
q(|f − sn|) ≤ ||f − sn||T u•

q(T ) → 0

as n → ∞, since u•
q(T ) is finite by Proposition 7.2.3 and by the hypothesis that

uq : (Cc(T ), || · ||T ) → X̃q is continuous.

This completes the proof of the theorem. �

The following theorem gives an improvement of the complex version of The-
orem 2.7 bis of [T].

Theorem 7.2.19. Let X be an lcHs and let H be a subset of X∗ such that the
topology τ of X is the same as the topology of uniform convergence in the equicon-
tinuous subsets of H. Suppose H has the Orlicz property. Let u be a bounded Radon
operator on K(T ) with values in X. Then u is weakly compact if and only if, for
every open Baire set ω in T , the ultra weak integral

∫
ω

dũ (relative to the topology
σ(X, H)) belongs to X̃, the lcHs completion of X.

Proof. By hypothesis, τ is generated by the seminorms {qE : E ∈ HE} where
HE = {E ⊂ H : E is equicontinuous} and qE(x) = supx∗∈E |x∗(x)|. As observed
in the proof of Theorem 5.2.16, σ(X, H) is Hausdorff.

Suppose, for each open Baire set ω in T , there exists a vector xω ∈ X̃ such
that ∫

ω

d(x∗u) = μx∗u(ω) = x∗(xω) (7.2.19.1)

for each x∗ ∈ H and hence for each x∗ ∈ 〈H〉, the linear span of H . Then, given
a disjoint sequence (Un)∞1 of open Baire sets in T , for each subsequence P of N,
by (7.2.19.1) we have

∑
n∈P

x∗(xUn ) =
∑
n∈P

μx∗u(Un) = μx∗u

(⋃
n∈P

Un

)
∈ K

and hence
∑∞

1 x∗(xUn ) is subseries convergent for each x∗ ∈ H .
Since (X, σ(X, 〈H〉)∗ = 〈H〉 by Theorem 5.3.9 of [DS1],

∑∞
1 xUn is subseries

convergent in σ(X, H). As H has the Orlicz property by hypothesis,
∑∞

1 xUn is
unconditionally convergent in τ . Hence

lim
n

qE(xUn) = 0. (7.2.19.2)

Then by (7.2.19.1) and by (7.2.19.2) we have

lim
n

qE(xUn ) = lim
n

sup
x∗∈E

|x∗(xUn)| = lim
n

sup
x∗∈E

|μx∗u(Un)| = 0. (7.2.19.3)
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Since E is equicontinuous and since u : C0(T ) → X is continuous, by Lemma
2 of [P9] and by 5.2.10, u∗E = {u∗x∗ : x∗ ∈ E} = {x∗u : x∗ ∈ E} = {μx∗u : x∗ ∈
E} is bounded in M(T ). Then by (7.2.19.3) and by Theorem 1 of [P8]

{μx∗u : x∗ ∈ E} is relatively weakly compact in M(T ). (7.2.19.4)

For E ∈ HE , ΠqE : X̃ → X̃qE ⊂ ˜(X̃qE ). If Ψx∗ is as in Proposition 1.2.13(i)
for x∗ ∈ E, then {Ψx∗ : x∗ ∈ E} is a norm determining subset of the closed unit
ball of (X̃qE )∗ for X̃qE by Proposition 1.2.13(iii) for x∗ ∈ E. Then by Proposition
1.2.13(i) and by 5.2.10 we have

(Ψx∗ ◦ ΠqE ◦ u)(ϕ) = (x∗u)(ϕ) (7.2.19.5)

for ϕ ∈ C0(T ) and hence Ψx∗ ◦ ΠqE ◦ u ∈ K(T )∗b = (C0(T ), || · ||T )∗ = M(T ).
Then by (7.2.19.4) and (7.2.19.5), {μ(Ψx∗◦ΠqE

◦u) : x∗ ∈ E} is relatively weakly
compact in M(T ). Then by Corollary 5.2.15, ΠqE ◦u is weakly compact for E ∈ HE .
Consequently, by the complex analogue of Lemma 2.21 of [T], u is weakly compact.

Conversely, if u is weakly compact, then by Theorem 7.2.18(vi) the weak
integral

∫
ω fdu belongs to X for each open Baire set ω in T and hence there exists

a vector xω ∈ X and hence in X̃ such that

x∗
(∫

ω

du

)
=
∫

ω

d(x∗u) = x∗(xω)

for each x∗ ∈ X∗ and hence for each x∗ ∈ H . Thus
∫

ω dũ (relative to the topology
σ(X, H)) belongs to X̃ .

This completes the proof of the theorem. �
Corollary 7.2.20. Under the hypothesis of Theorem 7.2.19 for X, H and the topol-
ogy τ , a bounded Radon operator u : K(T ) → X is weakly compact (see Convention
7.2.4) if for each open set ω in T which is a countable union of closed sets, the
ultra weak integral

∫
ω

dũ (relative to the topology σ(X, H)) belongs to X̃, the lcHs
completion of X.

Proof. By Lemma 5.2.3 and by Theorem 7.2.19, the corollary holds. �
Remark 7.2.21. Corollary 7.2.20 is obtained directly in the proposition on p. 98
of [T]. But Theorem 7.2.19 is much stronger than the said proposition of [T].
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7.3 Integration with respect to a prolongable
Radon operator

Following Thomas [T] we study the integration of complex functions with respect
to a prolongable Radon operator u on K(T ) (Thomas calls them prolongable Radon
measures) and improve most of the principal results such as the complex versions
of Theorems 3.3, 3.4, 3.11, 3.13 and 3.20 of [T].

Definition 7.3.1. Let u be a Radon operator on K(T ) with values in an lcHs.
Then we say that u is prolongable if every bounded (complex) Borel function with
compact support is u-integrable.

Notation 7.3.2. Let ω be an open set in T and let u be a Radon operator on K(T ).
We define f̂ on T by f̂(t) = f(t) for t ∈ ω and 0 for t ∈ T \ω. For ϕ ∈ K(ω),
ϕ̂ ∈ K(T ) and we identify K(ω) with the set of functions in K(T ) whose support is
contained in ω. The Radon operator uω is defined as the restriction of u to K(ω),
i.e., uω(ϕ) = u(ϕ̂). uω is called the Radon operator induced by u on K(ω).

Lemma 7.3.3. Let u be a Radon operator on K(T ) with values in a normed space,
ω an open subset of T and uω the Radon operator induced by u on K(ω). Then:

(i) For f ∈ I+(ω), f̂ ∈ I+(T ) and (uω)•(f) = u•(f̂).

(ii) For f ≥ 0 with compact support in ω, (uω)•(f) = u•(f̂).
(iii) If f is a (complex) function with compact support in ω belonging to L1(uω),

then f̂ belongs to L1(u) and
∫

fduω =
∫

f̂du and the last conclusion also
extends to Radon operators with values in an lcHs.

For the proof of the above lemma we refer to the proof of Lemma 3.2 of
Thomas [T] given in Appendix III of [T] which holds for complex functions too.
Remark 7.3.4. If u•(ω) < ∞ for ω in Lemma 7.3.3, then uω is a bounded Radon
operator on K(ω) in the sense that uω : (Cc(ω), || · ||ω) is continuous. Hence par-
ticularly if ω is relatively compact in T , then uω is a bounded Radon operator on
K(ω).

Since u•(ω) = sup|ϕ|≤1,ϕ∈K(ω) |uω(ϕ)| and since uω is continuous on
(Cc(ω), || · ||ω), the above remark holds.

The following theorem improves Theorem 3.3 of Thomas [T].

Theorem 7.3.5. Let u be a Radon operator on K(T ) with values in a quasicomplete
lcHs X. Then the following statements are equivalent:

(i) u is prolongable in the sense of Definition 7.3.1.
(ii) Every bounded σ-Borel (complex) function with compact support belongs

to L1(u).
(iii) Every bounded complex Baire function with compact support belongs to

L1(u).
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(iv) For each relatively compact open set ω in T , the weak integral
∫

ω du belongs
to X; i.e., there exists xω ∈ X such that

∫
ω

d(x∗u) = x∗(xω) for x∗ ∈ X∗.

(v) For each relatively compact open Baire set ω in T , the weak integral
∫

ω
du

belongs to X.

(vi) If ω is a relatively compact open set in T , then u|K(ω) is a weakly compact
bounded Radon operator.

(vii) For each relatively compact open Baire set ω in T , u|K(ω) is a weakly
compact bounded Radon operator.

(viii) For each compact K in T , the weak integral
∫

K du belongs to X.

(ix) For each compact Gδ K in T , the weak integral
∫

K
du belongs to X.

(x) A set A ⊂ K(T ) is said to be bounded in K(T ) if there exists K ∈ C
such that supp ϕ ⊂ K for each ϕ ∈ A and supϕ∈A ||ϕ||T < ∞. For each
relatively compact open set ω in T , u transforms bounded subsets of K(ω)
into relatively weakly compact subsets of X.

(xi) For each compact K, limω↘K u•(ω\K) = 0 where ω is open in T .

(xii) For every compact Gδ K, limω↘K u•(ω\K) = 0 where ω is open in T .

Proof. Let E be the family of all equicontinuous subsets of X∗.

(i)⇔(ii) As shown in the proof of (1)⇒(18) of Theorem 5.3.12, a Borel func-
tion with compact support is σ-Borel and a σ-Borel function is obviously Borel.
Hence (i)⇔(ii).

(ii)⇒(iii) Obvious.

(iii)⇒(v) If ω is a relatively compact open Baire set in T , then χω is a
bounded Baire function with compact support and hence by (iii), χω ∈ L1(u).
Then by Theorem 7.1.24 there exists a vector xω ∈ X such that

∫
ω

du = xω and
hence

∫
ω d(x∗u) = x∗(xω) for x∗ ∈ X∗. Therefore, (v) holds.

(v)⇒(vi) Let ω be a relatively compact open set in T . Let (ωn)∞1 be a disjoint
sequence of open Baire sets in ω. Then (ωn)∞1 ⊂ B0(T ) as shown in the proof of
(5)⇒(1) in the proof of Theorem 5.3.12. Let P ⊂ N and let ωP =

⋃
n∈P ωn. Then

by (v) and by Theorem 7.1.24 there exist xP ∈ X and (xωn)n∈P ⊂ X such that

x∗(xωn ) =
∫

ωn

d(x∗u) (7.3.5.1)

and

x∗(xP ) =
∫

ωP

d(x∗u) =
∑
n∈P

∫
ωn

d(x∗u) =
∑
n∈P

x∗(xωn)

for x∗ ∈ X∗. Thus
∑∞

1 x∗(xωn) is subseries convergent for each x∗ ∈ X∗ and
hence by the Orlicz-Pettis theorem,

∑∞
1 xωn is unconditionally convergent in X .
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Therefore, by (7.3.5.1) we have

0 = lim
n

qE(xωn ) = lim
n

sup
x∗∈E

|x∗(xωn )| = lim
n

sup
x∗∈E

|(x∗u)(ωn)|

= lim
n

sup
x∗∈E

|(u∗x∗)(ωn)| = lim
n

sup
μ∈u∗E

|μ(ωn)|.

Therefore the bounded set u∗E (see Lemma 2 of [P9]) is relatively weakly compact
in M(T ) by Theorem 1 of [P8]. Since E is arbitrary in E , by Proposition 4 of [P9]
u|K(ω) is a weakly compact bounded Radon operator (see Convention 7.2.4 with
respect to K(ω)). Hence (vi) holds.

(vi)⇒(vii) Obvious.

(vii)⇒(i)

Claim. If A is a relatively compact Borel set, then χA ∈ L1(u) and consequently,
each Borel simple function with compact support belongs to L1(u).

In fact, Ā = K ∈ C and hence by Theorem 50.D of [H], there exists a relatively
compact open Baire set ω0 such that K ⊂ ω0. By (vii), uω0 = u|C0(ω0) is weakly
compact. Let E ∈ E . Then (uω0)qE = ΠqE ◦uω0 : C0(ω0) → X̃qE is weakly compact
and hence, given ε > 0, by Theorem 7.2.11 there exist a compact C and an open
set ω in ω0 (hence open in T ) such that C ⊂ A ⊂ ω and (uω0)•qE(ω\C) < ε. By
Urysohn’s lemma there exists ϕ ∈ Cc(ω) such that 0 ≤ ϕ ≤ 1 and ϕ|C = 1. Then
(uω0)•qE

(|χA − ϕ|) ≤ (uω0)•qE
(ω\C) < ε. Since E is arbitrary in E , this shows that

χA ∈ L1(uω0). Since χ̂A = χA, by Lemma 7.3.3(iii) χA ∈ L1(u) and consequently,
each Borel simple function with compact support belongs to L1(u). Hence the
claim holds.

Let f be a bounded (complex) Borel function with compact support. Then
there exists a sequence (sn) of Borel simple functions such that |sn| ↗ |f | and
sn → f uniformly in T . Then supp sn ⊂ suppf = K (say) for all n. Let ω ∈ V
such that K ⊂ ω. Then by the above claim, (sn)∞1 ⊂ L1(u). Then, given ε > 0,
choose n0 such that

||sn − f ||T (uω)•qE
(χω) < ε

for n ≥ n0. Then

(uω)•qE
(|sn − f |) ≤ ||sn − f ||T (uω)•qE

(χω) < ε

for n ≥ n0. Thus f ∈ L1(uω) and consequently, f̂ ∈ L1(u) by Lemma 7.3.3(iii).
Since f̂(t) = f(t) for t ∈ ω and f̂(t) = 0 for t ∈ T \ω and K ⊂ ω, f̂ = f and hence
f ∈ L1(u). Thus (i) holds.

(i)⇒(iv) Let ω ∈ V . Then by Definition 7.3.1, χω ∈ L1(u) and hence
∫

ω du =
xω belongs to X . Then ∫

ω

d(x∗u) = x∗
(∫

ω

du

)
= x∗(xω)

and hence (iv) holds.
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(iv)⇒(v) Obvious.

As shown above, (iii)⇒(v)⇒(vi)⇒(vii)⇒(i), (i)⇔(iv)⇔(v) and (i)⇒(iv)⇒(v)
⇒(vi)⇒(vii)⇒(i) so that (i)⇔(iv)⇔(v).

(i)⇒(viii) Obvious.

(viii)⇒(v) Let ω be a relatively compact open Baire set in T . Then ω̄ and
the boundary of ω are compact. Hence there exist vectors xω̄ and y in X such that
x∗(xω̄) =

∫
ω̄ d(x∗u) and x∗(y) =

∫
A d(x∗u) for x∗ ∈ X∗, where A is the boundary

of ω. Then x∗(xω̄ − y) =
∫

ω
d(x∗u) for x∗ ∈ X∗. Hence (v) holds.

(viii)⇒(ix) Obvious.

(ix)⇒(v) Let V be a relatively compact open Baire set in T . Then arguing as
in the proof of (7)⇒(5) of Theorem 5.3.12, V = K\(K\V ) with K ∈ C0 and K\V ∈
C0. Then by (ix) there exist xK and xK\V in X such that

∫
K

d(x∗u) = x∗(xK)
and

∫
K\V

d(x∗u) = x∗(xK\V ) for x∗ ∈ X∗. Then x∗(xK − xK\V ) =
∫

V
d(x∗u) for

x∗ ∈ X∗. Hence (v) holds.

(vi)⇒(x) Let ω ∈ V and let A ⊂ K(ω) be bounded. Then there exists K ∈ C
such that supp ϕ ⊂ K for ϕ ∈ A and supϕ∈A ||ϕ||T = M < ∞. Then by Theorem
50.D of [H] there exists a relatively compact open set ω in T such that K ⊂ ω.
Then A ⊂ Cc(ω). Then by (vi), u(A) is relatively weakly compact in X .

(x)⇒(vi) Let ω ∈ V and let A = {ϕ ∈ C0(ω) : ||ϕ||ω ≤ 1}. Then A is
bounded in K(T ) and hence by (x), u(A) is relatively weakly compact in X . Hence
uω = u|K(ω) is a weakly compact bounded Radon operator. Hence (vi) holds.

(xi)⇒(viii) Suppose (xi) holds. Then given ε > 0, there exists an open set
ω ⊃ K such that u•(ω\K) < ε. Then by Urysohn’s lemma, there exists ϕ ∈ Cc(T )
such that χK ≤ ϕ ≤ χω so that u•(ϕ − χK) < ε. Hence χK ∈ L1(u) so that∫

K du ∈ X . Then the weak integral
∫

K dũ ∈ X and hence (viii) holds.

(xi)⇒(xii) Obvious.

(xii)⇒(ix) Let K be a compact Gδ in T . Then given ε > 0, by (xii) there
exists an open set ω in T such that K ⊂ ω and u•(ω\K) < ε. By Urysohn’s lemma
there exists ϕ ∈ cc(T ) such that χK ≤ ϕ ≤ χω so that u•(ϕ − χK) < ε. Hence
χK ∈ L1(u) so that

∫
K du ∈ X . Particularly, the weak integral

∫
K du ∈ X and

hence (ix) holds.

Thus (i)–(xii) are equivalent and this completes the proof of the theorem. �

The following theorem is analogous to Theorems 7.2.13 and improves Theo-
rem 3.4 of Thomas [T].

Theorem 7.3.6.

(a) Let u be a Radon operator on K(T ) with values in a Banach space (X, τ)
and let H ⊂ X∗ be a norm determining set for X with the Orlicz property
(respectively,
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(b) let u be a Radon operator on K(T ) with values in a quasicomplete lcHs (X, τ)
and let H ⊂ X∗ have the Orlicz property and let the topology τ of X be iden-
tical with the topology of uniform convergence in the equicontinuous subsets
of H). Let ũ be the operator obtained from u on providing X with the topology
σ(X, H) and let X̃ be the lcHs completion of (X, τ). Then the following are
equivalent:

(i) u is a prolongable Radon operator.

(ii) For each ω ∈ V the ultra weak integral
∫

ω
dũ belongs to X̃; i.e., there

exists xω ∈ X̃ such that

x∗(xω) =
∫

ω

d(x∗u)

for x∗ ∈ H.

(iii) Similar to (ii) with ω ∈ B0(T )
⋂V.

(iv) For each K ∈ C, the ultra weak integral
∫

K dũ belongs to X̃ (see (ii)).

(v) Similar to (iv) with K ∈ C0.

Proof. Since (b) subsumes (a), we shall prove (b).

Let EH be the family of equicontinuous subsets of H . Then (i)⇒(ii) by The-
orem 7.3.5(iv).

Clearly, (ii)⇒(iii).

Let (iii) hold. Let E ∈ EH . For each ω ∈ B0(T )
⋂V , there exists xω ∈ X̃ such

that

x∗(xω) =
∫

ω

d(x∗u) (7.3.6.1)

for x∗ ∈ H . Arguing as in the proof of Theorem 7.2.19, given a disjoint sequence
(ωn)∞1 of open Baire sets with

⋃∞
1 ωn ⊂ ω and using (7.3.6.1) in place of (7.2.19.1),

we have
lim
n

qE(xωn ) = 0. (7.3.6.2)

Since E is equicontinuous and u : C0(ω) → X is continuous, by Lemma 2 of
[P9] u∗E is bounded in M(T ). Then arguing as in the proof of Theorem 7.2.19,
we conclude that ΠqE ◦ u : K(ω) → X̃qE is a weakly compact bounded Radon
operator for E ∈ EH . Then by the complex version of Lemma 2.21 of [T], u is
prolongable. Hence (iii)⇒(i).

Thus (i)⇔(ii)⇔(iii).

Let u be prolongable and let K ∈ C. Then by Theorem 50.D of [H] there
exists U ∈ V such that K ⊂ U . Then by (ii), the ultra weak integrals

∫
U dũ = xU
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and
∫

U\K dũ = xU\K belong to X̃. Then∫
K

d(x∗u) =
∫

U

d(x∗u) −
∫

U\K

d(x∗u) = x∗(xU − xU\K)

for x∗ ∈ H . Thus the ultra weak integral
∫

K dũ belongs to X̃ and hence (iv) holds.

(iv)⇒(v) Obvious.

Let (v) hold. Let ω be a relatively compact open Baire set. Then ω̄ ∈ C
and hence by Theorem 50.D of [H] there exists K ∈ C0 such that ω̄ ⊂ K. Then
ω = K\(K\ω) and K\ω ∈ C0 by Theorem 51.D of [H]. Then by hypothesis, there
exist vectors xK and xK\ω in X̃ such that

∫
K

d(x∗u) = x∗(xK) and
∫

K\ω
d(x∗u) =

x∗(xK\ω) for x∗ ∈ H . Consequently, x∗(xK − xK\ω) =
∫

ω d(x∗u) for x∗ ∈ H .
Therefore, (v)⇒(iii).

Let (ii) hold. Then, particularly, for each open Baire set ω ∈ V , u|K(ω) is a
weakly compact bounded Radon operator by Theorem 7.2.19. Then by Theorem
7.3.5(vii), u is prolongable.

This completes the proof of the theorem. �
Remark 7.3.7. The complex versions of Theorem 3.5, Corollary 3.6, Proposition
3.7 and Lemma 3.10 of [T] hold in virtue of Remark 7.2.16 above.

Proposition 7.3.8. Let u : K(T ) → X be a bounded Radon operator where X is a
quasicomplete lcHs. Then u is a weakly compact bounded Radon operator if and
only if u is prolongable and the function 1 belongs to L1(u).

Proof. If u is a weakly compact bounded Radon operator, then by Theorem 7.2.18
every bounded complex Borel function belongs to L1(u) and hence the function
1 belongs to L1(u) and moreover, every bounded complex Borel function with
compact support belongs to L1(u). Hence u is prolongable and the function 1
belongs to L1(u). Conversely, if u is prolongable and the function 1 is u-integrable,
then by the complex version of Corollary 3.6 of [T] every bounded Borel function
is u-measurable and hence every bounded complex Borel function is u-integrable
by the complex version of Theorem 1.22 of [T]. Consequently, by Theorem 7.2.18,
u is a weakly compact bounded Radon operator. �
Theorem 7.3.9. Let X be a Banach space (resp. a quasicomplete lcHs) and let
u : K(T ) → X be a prolongable Radon operator. Then a scalar function f on T is
u-integrable if and only if f is weakly u-integrable and for every open Baire set ω
in T , the weak integral

∫
ω

fdu belongs to X (resp. the weak integral
∫

ω
fdũ ∈ X

where ũ is the Radon operator obtained from u on providing X with the topology
σ(X, X∗)).

Proof. First we prove the theorem when X is a Banach space. By the complex
versions of Theorem 1.22 and Corollary 3.6 of [T], for a bounded Borel function
g, gf is u-integrable whenever f is u-integrable and hence the weak integral of gf
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belongs to X . Hence the condition is necessary. Let ũ be the operator obtained
from u on providing X with the topology σ(X, X∗) and let the hypothesis hold
for each open Baire set in T . Then

∫
ω fdũ ∈ X for each open Baire set ω in T .

Let F be the complex vector space generated by the characteristic functions
of open Baire sets in T , provided with the supremum norm. Then arguing as in
the proof of Theorem 3.11 of [T] we have

sup
|g|≤1,g∈F

∣∣∣∣∫ gfdũ

∣∣∣∣ < ∞.

Consequently, the mapping Φ : F → X given by

Φ(g) =
∫

gfdũ

is continuous. Then by Claim 4 in the proof of Theorem 6.3.3, C0(T ) ⊂ F̄ , where
F̄ is the closure of F in the Banach space of all bounded complex functions on T .

If Ψ is the continuous extension of Φ to C0(T ), then

〈Ψ(ϕ), x∗〉 =
∫

ϕfdux∗

for x∗ ∈ X∗, as there exists (gn)∞1 ⊂ F such that ||gn − ϕ||T → 0 and Ψ(gn) =
Φ(gn) =

∫
gnfdũ. Thus

Ψ(ϕ) =
∫

ϕfdũ,∫
ϕfdũ belongs to X and Ψ is continuous on C0(T ). Thus Ψ is a bounded Radon

operator on K(T ). Let ω be an open Baire set in T . Then by § 14 of [Din1] there
exists (ϕn)∞1 ⊂ C0(T ) such that ϕn ↗ χω. Then by LDCT we have∫

ω

d(x∗Ψ) = lim
n

∫
T

ϕnfd(x∗u) =
∫

ω

fd(x∗u)

for x∗ ∈ X∗. Thus
∫

ω dΨ̃ =
∫

ω fdũ which belongs to X by hypothesis. Then
by the equivalence of (vi) and (vii) of Theorem 7.2.10, Ψ is weakly compact.
Since dΨx∗ = fdux∗ and since by hypothesis f is ux∗-measurable for x∗ ∈ X∗,
the function f is Ψx∗-measurable for x∗ ∈ X∗. Then by the complex version of
Theorem 1.28 of [T], f is Ψ-measurable and consequently, by Theorem 7.2.11(vii),
given ε > 0, there exists a compact K such that Ψ•(T \K) < ε

2 . As f is Ψ-
measurable, there exists a compact K0 ⊂ K such that f |K0 is continuous and
Ψ•(K\K0) < ε

2 . Then Ψ•(T \K0) < ε. By Proposition 7.1.15, by Lemma 7.2.9 and
by the fact that dΨx∗ = fdux∗ we have

ε > Ψ•(T \K0) = sup
|x∗|≤1

|Ψx∗ |•(T \K0) = sup
|x∗|≤1

|Ψx∗ |(T \K0)

= sup
|x∗|≤1

∫
T\K0

|f |d|ux∗ | = sup
|x∗|≤1

∫
T

|f − χK0f |d|ux∗ |

since T \K0 is open in T .
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Since χK0f is continuous in K0, χK0f is bounded (as K0 is compact) and as
u is prolongable, by Definition 7.3.1 χK0f is u-integrable. Then by the complex
version of Lemma 3.10 of [T], f ∈ L1(u).

Now let X be a quasicomplete lcHs. For q ∈ Γ, let Πq : X → Xq ⊂ X̃q.
Then Πq is linear and continuous. If y∗ ∈ Xq

∗, then y∗ ◦ Πq ∈ X∗. As f is weakly
u-integrable, f ∈ L1(x∗u) for each x∗ ∈ X∗. Moreover, by hypothesis for each
open Baire set ω ∈ T there exists a vector xω belonging to X such that∫

ω

fdũ = xω

and hence
(y∗ ◦ Πq)(xω) =

∫
ω

fd(y∗ ◦ Πq)u

for y∗ ∈ X∗
q . Hence Πq(

∫
ω fdũ) =

∫
ω fd ˜(Πq ◦ u) = Πq(xω) ∈ X̃q for q ∈ Γ. Hence

by the Banach space case, f ∈ L1(Πq ◦ u) for each q ∈ Γ. Consequently, by the
complex version of Proposition 1.28 of [T], f is u-integrable and therefore, by
Theorem 7.1.24,

∫
fdu ∈ X .

By the complex versions of Theorem 1.22 extended to lcHs (see p. 77 of [T])
and of Corollary 3.6 of [T] and by 1.12 of [T] the conditions are also necessary.

This completes the proof of the theorem. �
Lemma 7.3.10. Let (θn)∞1 ⊂ K(T )∗ be such that for each ϕ ∈ K(T ),

∞∑
1

|θn(ϕ)| < ∞.

Let u(ϕ) = (θn(ϕ))∞1 for ϕ ∈ K(T ). Then u is a prolongable Radon operator with
values in �1(N). Let f be a complex function which is θn-integrable for each n ∈ N

such that ∞∑
1

|
∫

ω

fdμn| < ∞

for each open Baire set ω in T , where μn is the complex Radon measure induced by
θn in the sense of Definition 4.3 of [P3]. Then f ∈ L1(u). If s(ϕ) =

∑∞
1

∫
ϕdμn

for ϕ ∈ K(T ), then s ∈ K(T )∗, f is s-integrable and∫
ω

fds =
∞∑
1

∫
ω

fdμn

for each open Baire set ω in T .

Proof. The proof of Lemma 3.14 of [T] holds here for the complex case too. The
only change is that we have to use Corollary 5.2.5 in place of Appendix I, T4 of
[T]. The details are left to the reader. �



7.4. Baire versions of Proposition 4.8 and Theorem 4.9 of [T] 241

The following theorem improves the complex version of Theorem 3.13 of [T].

Theorem 7.3.11. Let u be a prolongable Radon operator on K(T ) with values in a
Banach space X and let H be a norm determining set in X∗. Suppose H has the
Orlicz property. Let ũ be the operator obtained from u on providing X with the
topology σ(X, H). Then a complex function f on T is u-integrable if and only if
f is ũ-integrable (i.e., if and only if f is ux∗-integrable for each x∗ ∈ H) and for
each open Baire set ω in T , the integral

∫
ω

fdũ belongs to X.

Proof. The proof of Theorem 3.13 of [T] holds here verbatim excepting that we
have to apply Corollary 5.2.5 instead of Appendix I T4 of [T]. The details are left
to the reader. �

The following theorem improves the complex version of Theorem 3.20 of [T].

Theorem 7.3.12. Let u be a Radon operator on K(T ) with values in a complete lcHs
X. Let H be a subset of X∗ with the Orlicz property and let the topology τ of X
be the same as the topology of uniform convergence in the equicontinuous subsets
of H. Let ũ be the operator obtained from u on providing X with the topology
σ(X, H). Then a complex function f on T is u-integrable if and only if f is ux∗-
integrable for each x∗ ∈ H and for each open Baire set ω in T ,

∫
ω

dũ ∈ X (i.e.,
there exists xω ∈ X such that x∗(xω) =

∫
ω

fd(x∗u) for x∗ ∈ H).

Proof. The proof of Theorem 3.20 of [T] holds here verbatim excepting that we
have to use Theorem 7.2.19 in place of Theorem 2.7 bis of [T]. The details are left
to the reader. �

7.4 Baire versions of Proposition 4.8 and
Theorem 4.9 of [T]

Using the Baire version of the Dieudonné-Grothendieck theorem we give a complex
Baire version of Proposition 4.8 and Theorem 4.9 of [T] including that of the
remark on p. 128 of [T]. For this we start with the following two lemmas.

Lemma 7.4.1. Let u be a prolongable Radon operator on K(T ) with values in a
Banach space X and let f ∈ L1(u). Then the operator Ψ : C0(T ) → X given by

Ψ(ϕ) =
∫

ϕfdu for ϕ ∈ C0(T )

is weakly compact.

Proof. By the complex version of Theorem 1.22 of [T], ϕf ∈ L1(u) for ϕ ∈ C0(T )
and hence Ψ is well defined. Clearly, Ψ is linear and

|Ψ(ϕ) ≤ ||ϕ||T u•(f)

for ϕ ∈ C0(T ). Hence Ψ is continuous.
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Since f ∈ L1(u), by the complex versions of Theorem 1.22 and Corollary 3.6
of [T], χωf ∈ L1(u) for each open Baire set ω in T and thus

xω =
∫

ω

fdu ∈ X. (7.4.1.1)

Then
x∗(xω) =

∫
ω

fd(x∗u) (7.4.1.2)

for each open Baire set ω in T .
Let F be the vector space spanned by the characteristic functions of open

Baire sets in T and let it be provided with the supremum norm. Then by (7.4.1.1),
for each g ∈ F there exists xg ∈ X such that

xg =
∫

gfdu (7.4.1.3)

so that
x∗(xg) =

∫
gfd(x∗u) (7.4.1.4)

for x∗ ∈ X∗.
Let Φ(g) = xg for g ∈ F . Then Φ : F → X is linear and

|Φ(g)| =
∣∣∣∣∫ gfdu

∣∣∣∣ ≤ ||g|||T u•(f).

Hence Φ is continuous. Therefore, Φ has a unique continuous linear extension Φ̂ on
the closure F̄ in the Banach space of all bounded complex functions on T with the
supremum norm. Then C0(T ) ⊂ F̄ by Claim 4 in the proof of Theorem 6.3.3 and
hence let Φ0 = Φ̂|C0(T ). Thus Φ0 : C0(T ) → X is continuous and linear and hence
by Theorem 1 of [P9] its representing measure η is given by Φ∗∗

0 |B(T ). Moreover,
by the same theorem, (x∗ ◦ η) ∈ M(T ) for each x∗ ∈ X∗ and

x∗Φ0(ϕ) =
∫

ϕd(x∗ ◦ η) (7.4.1.5)

for ϕ ∈ C0(T ) and for x∗ ∈ X∗.
Let ϕ ∈ C0(T ). Then by Claim 4 in the proof of Theorem 6.3.3 there exists

(gn)∞1 ⊂ F such that gn → ϕ uniformly in T so that Φ0(ϕ) = limn Φ(gn). Then
by (7.4.1.4) we have

x∗Φ0(ϕ) = lim
n

x∗Φ(gn) = lim
n

x∗(xgn ) = lim
n

∫
fgnd(x∗u) (7.4.1.6)

for x∗ ∈ X∗. Since f ∈ L1(u), f ∈ L1(x∗u) for x∗ ∈ X∗ and hence
∫

T |f |d|x∗u| <
∞ for each x∗ ∈ X∗. Moreover, by the complex version of Theorem 1.22 of [T],
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fϕ ∈ L1(u) and hence fϕ ∈ L1(x∗u) for x∗ ∈ X∗. Since f ∈ L1(u), f ∈ L1(x∗u)
for x∗ ∈ X∗ and hence ∫

|f |d|x∗u| < ∞. (7.4.1.7)

Consequently, by (7.4.1.7) we have∣∣∣∣∫ fϕd(x∗u) −
∫

fgnd(x∗u)
∣∣∣∣ ≤ |ϕ − gn||T

∫
|f |d|x∗u| → 0

as n → ∞ and therefore ∫
fϕd(x∗u) = lim

n

∫
fgnd(x∗u) (7.4.1.8)

for x∗ ∈ X∗. Then by (7.4.1.6) and (7.4.1.8) we have

x∗Φ0(ϕ) =
∫

fϕd(x∗u) for x∗ ∈ X∗and for ϕ ∈ C0(T ). (7.4.1.9)

Let ω be an open Baire set in T . Then by § 14 of [Din 1] there exists (ϕn)∞1 ⊂
C0(T ) such that ϕn ↗ χω. Consequently, by LDCT, by (7.4.1.2), by (7.4.1.5) and
by (7.4.1.9) we have

(x∗ ◦ η)(ω) =
∫

χωd(x∗ ◦ η) = lim
n

∫
ϕnd(x∗ ◦ η)

= lim
n

x∗Φ0(ϕn) = lim
n

∫
fϕnd(x∗u)

=
∫

χωfd(x∗u) = x∗(xω).

Thus
(x∗ ◦ η)(ω) = x∗(xω) for x∗ ∈ X∗

and for each open Baire set ω in T . Thus η(ω) = xω and hence by Theorem 3(vii)
of [P9], Φ0 is weakly compact.

On the other hand, by (7.4.1.9) and by the definition of Ψ (see the statement
of Lemma 7.4.1)) we have

x∗Ψ(ϕ) =
∫

fϕd(x∗u) = x∗Φ0(ϕ)

for ϕ ∈ C0(T ) and for x∗ ∈ X∗. Then by the Hahn-Banach theorem, Ψ = Φ0 and
hence Ψ is weakly compact. �
Lemma 7.4.2. Let u, f, X and Ψ be as in Lemma 7.4.1 and let MΨ = {A ⊂ T :
χA ∈ L1(Ψ)}. Then:

(i) MΨ is a σ-algebra in T .
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(ii) B(T ) ⊂ MΨ.
(iii) If μΨ(A) =

∫
A

dΨ for A ∈ MΨ, then μΨ(ω) =
∫

ω
fdu for each open Baire

set ω in T .
(iv) If λ(A) =

∫
A

fdu for A ∈ B(T ), then λ is σ-additive on B(T ) and for each
x∗ ∈ X∗, x∗λ(·) is Borel regular.

(v) μΨ(A) = λ(A) for A ∈ B(T ) and consequently, λ is Borel regular.
(vi) For a bounded complex Borel function g on T ,∫

gdΨ =
∫

gfdu. (7.4.2.1)

Proof. Since Ψ is weakly compact by Lemma 7.4.1, (i) and (ii) hold by Theorem
7.5.4 (see the next section).

(iii) For ϕ ∈ C0(T ), by Lemma 7.4.1 Ψ(ϕ) =
∫

fϕdu and hence

x∗Ψ(ϕ) =
∫

ϕfd(x∗u) (7.4.2.2)

for x∗ ∈ X∗. Then by § 14 of [Din 1], there exists (ϕn)∞1 ⊂ C0(T ) such that
ϕn ↗ χω. Then by Theorem 4.7 (LDCT) of [T] and by Proposition 7.2.5 we have

Ψ(ω) =
∫

χωdΨ = lim
n

∫
ϕndΨ (7.4.2.3)

and hence by (7.4.2.2) and (7.4.2.3) and by LDCT for complex measures we have

x∗Ψ(ω) = lim
n

∫
ϕnd(x∗Ψ) = lim

n
(x∗Ψ)(ϕn) = lim

n

∫
ϕnfd(x∗u) =

∫
χωfd(x∗u)

for x∗ ∈ X∗. Therefore

(x∗Ψ)(ω) =
∫

ω

fd(x∗u) for x∗ ∈ X∗.

Since f ∈ L1(u), by the complex analogue of Theorem 1.22 of [T], χωf ∈ L1(u)
and hence we have ∫

ω

fd(x∗u) = x∗
(∫

ω

fdu

)
.

Therefore,

(x∗Ψ)(ω) = x∗
(∫

ω

fdu

)
for x∗ ∈ X∗.

Then by the Hahn-Banach theorem and by the definition of μΨ we have

μΨ(ω) =
∫

ω

fdu

for open Baire sets ω in T . Hence (iii) holds.
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(iv) As u is prolongable, by the complex version of Corollary 3.6 of [T] χA is
u-measurable for each A ∈ B(T ). As |χAf | ≤ |f | for A ∈ B(T ) and as f ∈ L1(u), by
the complex version of Theorem 1.22 of [T], χAf is u-integrable for each A ∈ B(T ).
Let (An)∞1 be a disjoint sequence of Borel sets in T with A =

⋃∞
1 An. Then∑n

k=1 χAk
↗ χA and hence (

∑n
1 χAk

)|f | ≤ χA|f | ∈ L1(u) and (
∑n

1 χAk
)f → χAf

in T . Hence by the complex version of Theorem 4.7 of [T],

∞∑
1

∫
χAkfdu =

∞∑
k=1

∫
Ak

fdu =
∫

A

fdu

and hence λ(·) is σ-additive on B(T ). Moreover,

x∗λ(·) =
∫

(·)
fd(x∗u)

is Borel regular on B(T ) by Theorem 6.4.6 (see the beginning of the proof of
Theorem 6.4.6) and hence (iv) holds.

(v) By (iii), λ(ω) = μΨ(ω) for open Baire sets ω in T and hence by the Baire
regularity of λ|B0(T ) and μΨ|B0(T ) we conclude that λ(A) = μΨ(A) for A ∈ B0(T ).
For x∗ ∈ X∗, x∗λ(·) =

∫
(·) fd(x∗u) is Borel regular and σ-additive on B(T ) by

Theorem 6.4.6. Since μΨ is Borel regular and σ-additive on B(T ) by Theorem
7.5.4 (see Section 7.5), x∗μΨ is Borel regular and σ-additive on B(T ), and hence
by the uniqueness part of Proposition 1 of [DP1],

x∗λ(A) = x∗μΨ(A)

for A ∈ B(T ) and for x∗ ∈ X∗. Hence by the Hahn-Banach theorem, λ(A) =
μΨ(A) for A ∈ B(T ). Consequently, λ is Borel regular on B(T ).

(vi) By (iv) and (v), ∫
sdμΨ =

∫
sfdu (7.4.2.4)

for a Borel simple function s. Given a bounded complex Borel function g, there
exists (sn)∞1 of Borel simple functions such that sn → g uniformly in T . Then by
the complex version of 1.10 of [T] we have∣∣∣∣∫ snfdu −

∫
gfdu

∣∣∣∣ ≤ ||sn − g||T u•(f) → 0 (7.4.2.5)

as n → ∞. Since Ψ is a bounded Radon operator, by Proposition 7.2.3, Ψ•(T ) <
∞. Since | ∫ gdΨ − ∫ sndΨ| = | ∫ (g − sn)dΨ| ≤ ||g − sn||T Ψ•(T ) → 0, by (iv) and
(v) we have

∫
gdΨ = limn

∫
sndΨ = limn

∫
sndμΨ = limn

∫
fsndu =

∫
fgdu by

(7.4.2.4) and (7.4.2.5). Hence (vi) holds. �
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Theorem 7.4.3. Let u be a prolongable Radon operator on K(T ) with values in
a Banach space (resp. a quasicomplete lcHs) X. Let (fn)∞1 be a sequence of u-
integrable complex functions converging u-a.e. to a function f in T . If the sequence∫

ω fndu converges in τ (the topology of X) (respectively, converges weakly) in X
for all open Baire sets ω in T , then the function f is u-integrable and

∫
ω

fndu
converges in τ (resp. weakly) to

∫
ω fdu ∈ X for each open Baire set ω in T .

Moreover, for each bounded complex Borel function g on T ,∫
fngdu →

∫
fgdu in τ in X

(resp. ∫
fngdu →

∫
fgdu weakly in X.)

Proof. Let ω be an open Baire set in T . By hypothesis, there exists a vector
xω ∈ X such that

lim
n

∫
ω

fndu = xω in τ (7.4.3.1)

(resp.

lim
n

∫
ω

fndu = xω weakly. (7.4.3.1′))

In both the cases, by 1.34 of [T],

lim
n

∫
ω

fndux∗ = x∗(xω) (7.4.3.2)

for x∗ ∈ X∗. On the other hand, by hypothesis and by Theorem 6.4.6 we have

lim
n

∫
ω

fndux∗ =
∫

ω

fdux∗ (7.4.3.3)

for x∗ ∈ X∗, since ux∗ = x∗u ∈ K(T )∗. Then by (7.4.3.2) and (7.4.3.3) we have

x∗(xω) =
∫

ω

fdux∗ (7.4.3.4)

for each open Baire set ω in T and for each x∗ ∈ X∗. Consequently, by the
hypothesis that fn → f u-a.e. in T so that fn → f ux∗-a.e. in T for x∗ ∈ X∗ and
by Theorem 6.4.6 we have

f ∈ L1(x∗u) (7.4.3.5)

for x∗ ∈ X∗. Then by (7.4.3.4) and (7.4.3.5) and by Theorem 7.3.9, f is u-
integrable in both cases of X .

By the complex analogue of Theorem 1.22 of [T] fχω is u-integrable for each
open Baire set ω in T and hence by (7.4.3.4) we have

x∗
(∫

ω

fdu

)
=
∫

ω

fd(x∗u) =
∫

ω

fdux∗ = x∗(xω)



7.4. Baire versions of Proposition 4.8 and Theorem 4.9 of [T] 247

for each x∗ ∈ X∗. Since
∫

ω fdu ∈ X , by the Hahn-Banach theorem we have∫
ω

fdu = xω

and hence by (7.4.3.1) (resp. by (7.4.3.1′))∫
ω

fndu →
∫

ω

fdu in τ (7.4.3.6)

(resp. ∫
ω

fndu →
∫

ω

fdu weakly.)

Let x∗ ∈ X∗, X a quasicomplete lcHs and g be a bounded u-measurable
complex function. Then g is an x∗u-measurable function. Clearly, θ = x∗u ∈ K(T )∗

and hence by Theorem 6.4.6 we have

lim
n

∫
gfnd(x∗u) =

∫
gfd(x∗u). (7.4.3.7)

On the other hand, by the complex version of Theorem 1.22 of [T], gfn and gf
belong to L1(u) and hence by (7.4.3.7) we have

lim
n

(
x∗
∫

gfndu

)
= lim

n

∫
gfnd(x∗u) =

∫
gfd(x∗u) = x∗

(∫
gfdu

)
for each x∗ ∈ X∗. Hence ∫

gfndu →
∫

gfdu weakly.

To prove the result for the convergence in τ , let Ψn : C0(T ) → X be given
by Ψn(ϕ) =

∫
ϕfndu for ϕ ∈ C0(T ) and let Ψ : C0(T ) → X be given by Ψ(ϕ) =∫

ϕfdu for ϕ ∈ C0(T ). Then by Lemma 7.4.1, Ψn and Ψ are weakly compact. By
hypothesis, by Lemma 7.4.2(iii) and by (7.4.3.6) we have∫

ω

dΨn =
∫

ω

fndu →
∫

ω

fdu =
∫

ω

dΨ in τ. (7.4.3.8)

Case 1. X is a Banach space.

By (7.4.3.8), by Theorem 7.2.15 and by Lemma 7.4.2,

lim
n

∫
gdΨn = lim

n

∫
gfndu →

∫
gdΨ =

∫
fgdu

in τ for each bounded complex Borel function g on T .
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Case 2. X is a quasicomplete lcHs.

For each q ∈ Γ, by Lemma 7.4.1 and by the continuity of Πq, Πq ◦ Ψ and
Πq ◦ Ψn are weakly compact. By hypothesis and by the first part of the theorem,∫

ω
fndu → ∫

ω
fdu in τ for each open Baire set in T . Then by Lemma 7.4.2,

Πq

(∫
ω

dΨn

)
= Πq

(∫
ω

fndu

)
=
∫

ω

fnd(Πq ◦ u) →
∫

ω

fd(Πq ◦ u) in X̃q.

Hence by the case of Banach spaces, we have

lim
n

∫
gd(Πq ◦ Ψn) = lim

n

∫
gfnd(Πq ◦ u) →

∫
gfd(Πq ◦ u) =

∫
gd(Πq ◦ Ψ).

Hence

q

(∫
gfndu −

∫
gfdu

)
=
∣∣∣∣∫ gd(Πq ◦ Ψn) −

∫
gd(Πq ◦ Ψ)

∣∣∣∣
q

→ 0

for each q ∈ Γ and hence ∫
gfndu →

∫
gfdu in τ.

This completes the proof of the theorem. �
Theorem 7.4.4. Let X be a Banach space with topology τ . Let u be a prolongable
Radon operator on K(T ) with values in X. Let (fn)∞1 be a sequence of u-integrable
complex functions and suppose the sequence (

∫
ω fndu)∞1 converges in τ (resp. con-

verges weakly) in X for each open Baire set ω in T . Then there exists a function
f ∈ L1(u), u-essentially unique, such that

∫
ω

fndu → ∫
ω

fdu in τ (resp. weakly)
for each open Baire set ω in T . Moreover, when (

∫
ω fndu) converges in τ for each

open Baire set ω in T , then for each bounded complex Borel function g,∫
fngdu →

∫
fgdu in τ

as well as ∫
fngdu →

∫
fgdu weakly

in X.

Proof. Let x∗ ∈ X∗. By hypothesis, in both the cases of convergence,
∫

ω
fnd(x∗u)

converges in K for each open Baire set ω in T . Hence by the Baire version of the
Dieudonné-Grothendieck theorem (i.e., Theorem 5.2.6),

the sequence (fn) converges weakly in L1(ux∗) (7.4.4.1)

for each x∗ ∈ X∗.
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Then by the complex version of Lemma 1 on p. 126 of [T] one can suppose
that the fn are null in the complement of

⋃∞
1 Kp, where (Kp)∞1 ⊂ C. By the

complex version of Lemma 2 on pp. 126–127 of [T], with the sequence (Kp)∞1 we
can associate a sequence (x∗

i )∞1 ⊂ X∗ with the property mentioned in the lemma.
Then by the complex version of Lemma 3 on p. 127 of [T], there exists a sequence
of barycenters gn of the fn given by

gn =
N(n)∑
i=n

α
(n)
i fi, α

(n)
i ≥ 0, and

N(n)∑
i=n

α
(n)
i = 1 (7.4.4.2)

such that (gn) converges in mean in L1(x∗
i u) and converges (x∗

i u)-a.e. in T for
each i ∈ N. Thus, for each i ∈ N, there exists Ni ⊂ T such that |x∗

i u|•(Ni) = 0
and (gn(t))∞1 is convergent in T \Ni. (Compare with the proof of Theorem 6.4.12.)
Thus, if N =

⋂∞
1 Ni, then (gn(t))∞1 is convergent in T \N =

⋃∞
1 (T \Ni) and

|x∗
i u|•(N) = 0 for i ∈ N. Therefore, by the complex version of Lemma 2 on pp.

126–127 of [T], gn converges u-a.e. in T . Let f be the u-a.e. limit of the sequence
(gn). As (fn) converges weakly in L1(ux∗) for each x∗ ∈ X∗ by (7.4.4.1) and as
(gn) is given by (7.4.4.2), it follows that (gn) also converges weakly in L1(ux∗) for
each x∗ ∈ X∗. Then by Theorem 6.4.6 (taking θ = x∗u ∈ K(T )∗), f ∈ L1(ux∗) for
each x∗ ∈ X∗ and

lim
n

∫
gfndux∗ =

∫
gfdux∗ (7.4.4.3)

for x∗ ∈ X∗ and for every bounded complex Borel function g on T . Thus f is
weakly u-integrable and by (7.4.4.3) we have

lim
n

∫
ω

fnd(x∗u) =
∫

ω

fd(x∗u) (7.4.4.4)

for each open Baire set ω in T and for x∗ ∈ X∗. But by hypothesis, in both cases
of convergence, there exists xω ∈ X such that

lim
n

∫
ω

fnd(x∗u) = x∗(xω) (7.4.4.5)

for each x∗ ∈ X∗. Thus by (7.4.4.4) and (7.4.4.5) we have∫
ω

fd(x∗u) = x∗(xω) (7.4.4.6)

for x∗ ∈ X∗. Then by Theorem 7.3.9, f ∈ L1(u) and by (7.4.4.6) we have

x∗(
∫

ω

fdu) =
∫

ω

fd(x∗u) = x∗(xω) (7.4.4.7)

for x∗ ∈ X∗. Then by (7.4.4.5) and (7.4.4.7),
∫

ω fndu → ∫
ω fdu weakly.
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If
∫

ω fndu converges to xω in τ , then
∫

ω fdu = xω by (7.4.4.7) and by the
Hahn-Banach theorem and hence∫

ω

fndu →
∫

ω

fdu in τ.

Suppose there exists h ∈ L1(u) such that∫
ω

fndu →
∫

ω

hdu

in τ (resp. weakly). Then ∫
ω

fndux∗ →
∫

ω

hdux∗

and hence by Theorem 6.4.6, f = h ux∗-a.e. in T for each x∗ ∈ X∗. Then by
the complex version of Proposition 3.7 of [T], f = h u-a.e. in T and hence f is
u-essentially unique.

Let Ψn : C0(T ) → X be given by

Ψn(ϕ) =
∫

ϕfndu, ϕ ∈ C0(T ).

Then by Lemma 7.4.1, Ψn is weakly compact for each n and by hypothesis and
by Lemma 7.4.2(iii), limn

∫
ω

dΨn ∈ X in τ for each open Baire set ω in T . Then
by Theorem 7.2.15 and by Lemma 7.4.2 there exists a bounded weakly compact
operator Ψ on K(T ) with values in X such that

lim
n

∫
gdΨn = lim

n

∫
gfndu =

∫
gdΨ (7.4.4.8)

in τ for each bounded complex Borel function g on T . Then by the fact that
f ∈ L1(u) and g is bounded, gf ∈ L1(u). Moreover, by (7.4.4.3) and (7.4.4.8) and
by Theorem 6.4.12 we have

lim
n

∫
gfn du =

∫
gfdu

and consequently, limn x∗ ∫ gfndu = limn

∫
gfndux∗ =

∫
gfdux∗ = x∗ (∫ gfdu

)
=

x∗ (∫ gdΨ
)

for x∗ ∈ X∗. Consequently, by the Hahn-Banach theorem∫
gdΨ =

∫
gfdu

and hence by (7.4.4.8) we have

lim
n

∫
gfndu =

∫
gfdu in τ
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for each bounded complex Borel function g. Since gfn and gf are u-integrable,
(7.4.4.3) implies

lim
n

x∗
(∫

gfndu

)
= lim

n

∫
gfdux∗ =

∫
fgdux∗ = x∗

(∫
gfdu

)
and hence ∫

fngdu →
∫

fgdu weakly .

This completes the proof of the theorem. �

7.5 Weakly compact and prolongable Radon
vector measures

If u is a bounded Radon operator with values in a quasicomplete lcHs, we define
Mu = {A ⊂ T : χA ∈ L1(u)} and μu(A) =

∫
A du for A ∈ Mu. When u is

a weakly compact bounded Radon operator, we show that Mu is a σ-algebra
containing B(T ) and μu = m̃u, where mu is the representing measure of u in the
sense of 5.2.10, and m̃u is the generalized Lebesgue completion of mu = u∗∗|B(T )

with respect to B(T ). In Theorem 7.5.7 (resp. Theorem 7.5.8) we give several
characterizations of a weakly compact bounded Radon (resp. a prolongable Radon)
operator u. Theorems 7.5.9 and 7.5.11 study the regularity properties of μu when
u is a weakly compact bounded Radon operator or a prolongable Radon operator,
respectively. Then we study the outer measure μ∗

u of μu in the sense of [Si] when
u is a weakly compact bounded Radon operator and give the relation between Mu

and μ∗
u-measurable sets in Theorem 7.5.20, where we also show that Mu = Mμ∗

u

and μ∗
u(E) = μu(E) for E ∈ Mu. We introduce the concepts of Lebesgue-Radon

completion and localized Lebesgue-Radon completion and in terms of them we
generalize Theorems 4.4 and 4.6 of [P4].

Definition 7.5.1. Let X be a quasicomplete lcHs and u : K(T ) → X be a Radon
operator. Let Mu = {A ⊂ T : χA ∈ L1(u)} and let μu(A) =

∫
A du for A ∈ Mu.

Then μu is called the Radon vector measure induced by u and Mu is called the
domain of μu. μu is called a weakly compact (resp. prolongable) Radon vector
measure if u is a weakly compact bounded (resp. a prolongable) Radon operator
on K(T ).

Theorem 7.5.2. Let X, u, Mu and μu be as in Definition 7.5.1. Then Mu is a ring
of u-measurable sets and μu is σ-additive on Mu.

Proof. Since 0 ∈ L1(u), ∅ ∈ Mu. Let q ∈ Γ. For A1, A2 ∈ Mu and K ∈ C, by
the complex version of Proposition 1.21 of [T] and by Theorem 7.1.14 there exist
disjoint sequences (Ki,n)∞n=1 ⊂ C, i = 1, 2 and sets N1 and N2 with u•

q(N1∪N2) = 0
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such that

K =
∞⋃

n=1

Ki,n ∪ Ni

with Ki,n ⊂ K ∩ Ai or Ki,n ⊂ K\Ai, i = 1, 2.
Let Ji = {n : Ki,n ⊂ K ∩ Ai} and Ii = {n : Ki,n ⊂ K\Ai}, i = 1, 2. Then

K ∩ (A1\A2) =

( ⋃
n∈J1

K1,n ∪ F1

)⋂( ⋃
n∈I2

K2,n ∪ F2

)

and

K\(A1\A2) =

( ⋃
n∈I1

K1,n ∪ F3

)⋃( ⋃
n∈J2

K2,n ∪ F4

)
with u•

q(Fi) = 0, i = 1, 2, 3, 4. Consequently, A1\A2 is uq-measurable. As χA1\A2 ≤
χA1 ∈ L1(u), by the complex version of Theorem 1.22 of [T], A1\A2 ∈ Mu. Since
χA1∪A2 = χA2 + χA1\A2 , A1 ∪A2 ∈ Mu. Hence Mu is a ring of u-measurable sets.

For x∗ ∈ X∗, x∗u ∈ K(T )∗ and hence by the complex version of Proposition
1.30 of [T], L1(u) ⊂ L1(x∗u). Then μx∗u is the complex Radon measure induced
by x∗u in the sense of Definition 4.3 of [P3]. Thus

μx∗u(A) = (x∗u)(χA) = x∗μu(A) (7.5.2.1)

for A ∈ Mu. Let (Ai)∞1 be a disjoint sequence in Mu with A =
⋃∞

1 Ai ∈ Mu.
Then by (7.5.2.1) we have

x∗μu(A) = μx∗u(A) =
∞∑
1

μx∗u(Ai) =
∞∑
1

x∗μu(Ai)

for each x∗ ∈ X∗, since μx∗u is σ-additive on Mx∗u and since Mu ⊂ Mx∗u. Now by
the Orlicz-Pettis theorem which holds for lcHs by McArthur [McA] we conclude
that

μu(A) =
∞∑
1

μu(Ai)

and hence μu is σ-additive on Mu. �
Remark 7.5.3. It is possible that Mu = {∅}. For example, let u be the identity
operator on K([0, 1)). Then by Example 7.2.6, C0([0, 1)) = L1(u) and clearly, 0 is
the only idempotent function in C0([0, 1)).

Theorem 7.5.4. Let X be a quasicomplete lcHs and let u : K(T ) → X be a weakly
compact bounded Radon operator. Then the following statements hold:

(i) Mu is a σ-algebra in T .
(ii) B(T ) ⊂ Mu.
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(iii) If mu is the representing measure of the continuous extension of u on C0(T )
(see 5.2.10 of Chapter 5), then μu|B(T ) = mu and hence μu|B(T ) is B(T )-
regular.

(iv) For each A ∈ Mu,

μu(A) = lim
K∈C

μu(A ∩ K)

where C is directed by the relation K1 ≤ K2 if K1 ⊂ K2, K1, K2 ∈ C.

Proof. Let q ∈ Γ. Then U0
q = {x∗ ∈ X∗ : |x∗(x)| ≤ 1 forx ∈ Uq} is equicontinuous

in X∗. As u is a weakly compact operator on C0(T ) (see Convention 7.2.4 and
Definition 7.2.7), by Corollary 9.3.2 of Edwards [E], by 5.2.10 and by Lemma 2 of
[P9], u∗(U0

q ) = {u∗x∗ : x∗ ∈ U0
q } = {x∗ ◦u : x∗ ∈ U0

q } is relatively weakly compact
in M(T ). Let ε > 0. Then by Theorem 4.22.1 of [E] there exists a compact set Kq

in T such that

sup
x∗∈U0

q

|x∗ ◦ u|(T \Kq) < ε (7.5.4.1)

and by Proposition 1 of [P9], given an open set U in T there exists a compact
Cq ⊂ U such that

sup
x∗∈U0

q

|x∗ ◦ u|(U\Cq) < ε. (7.5.4.2)

(i) By Theorem 7.5.2, Mu is a ring of u-measurable sets. By (7.5.4.1) and by
Lemma 7.2.17, u•

q(T \Kq) < ε. By Urysohn’s lemma there exists ϕq ∈ K(T ) such
that χKq ≤ ϕq ≤ χT so that u•

q(1 − ϕq) ≤ u•
q(T \Kq) < ε. As q is arbitrary in Γ,

this shows that 1 ∈ L1(u) and hence T ∈ Mu.

Let (An)∞1 be a disjoint sequence in Mu with A =
⋃∞

1 An. Then
∑n

k=1 χAk
↗

χA ≤ χT ∈ L1(u). Since
∑n

1 χAk
= χ⋃n

1 Ak
∈ L1(u), by the complex version of

Theorem 4.7 of [T], χA ∈ L1(u) and hence A ∈ Mu. Therefore, (i) holds.

(ii) Let U be an open set in T . Then by Lemma 7.2.17 and by (7.5.4.2) there
exists a compact Cq in T such that Cq ⊂ U and u•

q(U\Cq) < ε. By Urysohn’s
lemma there exists ϕq ∈ K(T ) such that χCq ≤ ϕq ≤ χU and hence u•

q(χU −ϕq) ≤
u•

q(U\Cq) < ε. Therefore, U ∈ Mu. As Mu is a σ-algebra in T by (i), we conclude
that B(T ) ⊂ Mu.

(iii) By 5.2.10, x∗u = u∗x∗ = x∗ ◦ mu for x∗ ∈ X∗. Given an open set U
in T and an ε > 0, as in the beginning of the proof choose a compact Kq ⊂ U
for which (7.5.4.2) holds with Kq in place of Cq. Then by Urysohn’s lemma there
exists ϕq ∈ K(T ) such that χKq ≤ ϕq ≤ χU so that by (7.5.4.2) and by Lemma
7.2.17 we have

u•
q(χU − ϕq) ≤ u•

q(U\Kq) < ε. (7.5.4.3)
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Then

|mu(U) −
∫

T

ϕqdmu|q = sup
x∗∈U0

q

∣∣∣∣(x∗
(
mu(U) −

∫
T

ϕqdmu

)∣∣∣∣
= sup

x∗∈U0
q

∣∣∣∣∫
T

χUd(x∗u) −
∫

T

ϕqd(x∗mu)
∣∣∣∣

= sup
x∗∈U0

q

∣∣∣∣∫
T

χUd(x∗u) −
∫

T

ϕqd(x∗u)
∣∣∣∣

≤ sup
x∗∈U0

q

∫
T

|χU − ϕq|dv(x∗u)

≤ sup
x∗∈U0

q

|x∗u|(U\Kq)

= u•
q(U\Kq) < ε (7.5.4.4)

by Lemma 7.2.17 and (7.5.4.3). Consequently, by 5.2.10 we have

|mu(U) − u(ϕq)|q = sup
x∗∈U0

q

∣∣∣∣x∗
(
mu(U) −

∫
T

ϕqdmu

)∣∣∣∣
=
∣∣∣∣mu(U) −

∫
T

ϕqdmu

∣∣∣∣
q

< ε (7.5.4.5)

since ϕq is mu-integrable in T . On the other hand,

|μu(U) − u(ϕq)|q =
∣∣∣∣∫ χUdu − u(ϕq)

∣∣∣∣
q

= sup
x∗∈U0

q

∣∣∣∣∫
T

χUd(x∗u) − x∗u(ϕq)
∣∣∣∣

≤ sup
x∗∈U0

q

|
∫

T

|χU − ϕq|dv(x∗u)

≤ u•
q(U\Kq) < ε (7.5.4.6)

by (7.5.4.4).
Therefore, by (7.5.4.5) and (7.5.4.6) we have

|mu(U) − μu(U)|q < 2ε.

Since ε is arbitrary,
|mu(U) − μu(U)|q = 0.

Now, as q is arbitrary in Γ and as X is Hausdorff, mu(U) = μu(U).

If U1, U2 are open sets in T with U1 ⊂ U2, then

mu(U2\U1) = mu(U2) − mu(U1) = μu(U2) − μu(U1) = μu(U2\U1)
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and consequently, μu(E) = mu(E) for E in the ring generated by U , the family
of open sets in T .

Let M = {A ∈ B(T ) : μu(A) = mu(A)}. If (En)∞1 is a monotone sequence
in M, by the σ-additivity of μu on B(T ) by Theorem 7.5.2 and by (ii) above and
by the σ-additivity of mu on B(T ) by Theorem 2 of [P9] as u is weakly compact,
we have μu(limn En) = mu(limn En) and hence M is a monotone class. Then
by Theorem 6.B of [H], μu = mu on B(T ). Consequently, by Theorem 6 of [P9],
μu|B(T ) is Borel regular. Hence (iii) holds.

(iv) By (ii), C ⊂ Mu and hence A ∩ K ∈ Mu for A ∈ Mu and K ∈ C. Given
q ∈ Γ, by the lcHs complex version of Lemma 1.24 of [T] we have

lim
K∈C

u•
q(χA\K) = lim

K∈C
u•

q(A\(A ∩ K)) = 0.

As q is arbitrary in Γ, this shows that χA∩K → χA in the topology of L1(u) and
consequently, ∫

χAdu = lim
K∈C

∫
χA∩Kdu,

i.e.,μu(A) = lim
K∈C

μu(A ∩ K).

This completes the proof of the theorem. �

Theorem 7.5.5. Let X be a quasicomplete lcHs and let u : C0(T ) → X be a con-
tinuous linear mapping. As in 5.2.10, let mu = u∗∗|B(T ), the representing measure

of u and let ˜B(T ) be the generalized Lebesgue completion of B(T ) with respect to
mu in the sense of Definition 1.2.3. Let m̃u(A ∪ N) = mu(A) where A ∈ B(T )
and N ⊂ M ∈ B(T ) with ||mu||q(M) = 0 for all q ∈ Γ. Then m̃u is well defined
and σ-additive on ˜B(T ), ˜B(T ) is a σ-algebra containing B(T ) and m̃u|B(T ) = mu.

Proof. If A1 ∪ N1 = A2 ∪ N2, where Aj ∈ B(T ), Nj ⊂ Mj ∈ B(T ) with
||mu||q(Mj) = 0 for q ∈ Γ and for j = 1, 2, let M = M1 ∪ M2. Then obviously,
A1 ∪ M = A2 ∪ M and mu(A1) = mu(A1 ∪ M) − mu(M\A1) = mu(A1 ∪ M)
since |mu(M\A1)| ≤ ||mu||(M) = 0. Similarly, mu(A2) = mu(A2 ∪ M) =
mu(A1 ∪ M) = mu(A1). Hence m̃u is well defined.

Let (En)∞1 be a sequence in ˜B(T ). Let E =
⋃∞

1 En. Then there exist Fn, Nn

and Mn such that En = Fn∪Nn, Fn ∈ B(T ), Nn ⊂ Mn ∈ B(T ) and ||mu||q(Mn) =
0 for all q ∈ Γ and for n ∈ N. Let F =

⋃∞
1 Fn and M =

⋃∞
1 Mn. Then F and

M belong to B(T ),
⋃∞

1 Nn ⊂ ⋃∞
1 Mn and ||mu||q(M) = 0 for all q ∈ Γ. Then

E = F ∪ N , N ⊂ M and hence E ∈ ˜B(T ). If (En)∞1 are mutually disjoint, then
m̃u(E) = mu(

⋃∞
1 Fn) =

∑∞
1 mu(Fn) =

∑
m̃u(En) and hence m̃u is σ-additive

on ˜B(T ). Clearly, m̃u|B(T ) = mu. �
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Theorem 7.5.6. Let X be a quasicomplete lcHs, let u : K(T ) → X be a weakly com-
pact bounded Radon operator and let q ∈ Γ. By Convention 7.2.4, u : C0(T ) → X
is continuous and let mu be the representing measure of u with m̃u its general-
ized Lebesgue completion with respect to B(T ). By Theorem 6 of [P9] mu is Borel
regular on B(T ). Then:

(i) For M ∈ B(T ), u•
q(M) = ||mu||q(M). (Recall uq = Πq ◦ u from Lemma

7.2.17.)

(ii) For A ∈ ˜B(T ), the generalized Lebesgue completion of B(T ) with respect to
mu, let A = B ∪ N , B ∈ B(T ) and N ⊂ M ∈ B(T ) with ||mu||q(M) = 0 for
all q ∈ Γ. Then u•

q(N) = ||m̃u||q(N) = 0 for all q ∈ Γ.
(iii) A set A in T is u-integrable if and only if it is m̃u-integrable in T and hence

˜B(T ) = Mu. Consequently, for A ∈ Mu, μu(A) = m̃u(A). (See Definition
7.5.5.)

(iv) A function f : T → K is u-measurable if and only if it is mu-measurable.

Proof. (i) Since B(T ) ⊂ Mu by Theorem 7.5.4(ii), the set M is u-measurable
and u-integrable. Then by the complex version of Theorem 1.11(b) of [T], M is
Πq ◦ u- integrable and hence χM ∈ L1(uq) for q ∈ Γ. Let Ψx∗(x + q−1(0)) = x∗(x)
for x ∈ X and x∗ ∈ U0

q . Then Ψx∗ is well defined, linear and continuous and
{Ψx∗ : x∗ ∈ U0

q } is a norm determining subset of the closed unit ball of (Xq)∗ by
Proposition 1.2.15 of Chapter 1. Consequently, by the complex version of 1.13 of
[T], by 5.2.10, by Lemma 7.1.11 and by Proposition 1.2.15 we have

u•
q(M) = u•

q(χM ) = sup
x∗∈U0

q

|x∗u|•(χM )

= sup
x∗∈U0

q

|u∗x∗|∗(χM )

= sup
x∗∈U0

q

|u∗x∗|(χM )

= sup
x∗∈U0

q

|(x∗ ◦ mu)|(M)

= ||mu||q(M).

Hence (i) holds.

(ii) By (i), u•
q(M) = 0 implies ||mu||q(M) = 0. As N ⊂ M , u•

q(N) ≤ u•
q(M) =

0 and ||m̃u||q(N) ≤ ||mu||q(M) = 0. Thus u•
q(N) = ||m̃u||q(N) = 0 for all q ∈ Γ.

(iii) Suppose A ⊂ T is u-integrable. Then it is u-measurable and hence by
the analogue of Theorem 6.2.9, given a compact K in T and q ∈ Γ, there exists a
disjoint sequence (K(q)

n )∞1 of compact sets and a set N (q) contained in K such that
K\N (q) =

⋃∞
1 K

(q)
n , u•

q(N (q)) = 0 and K
(q)
n ⊂ K ∩ A or K

(q)
n ⊂ K\A for each n.

Then N (q) = K\(K\N (q)) = K\⋃∞
1 K

(q)
n ∈ B(T ). Consequently, by (i) we have
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||mu||q(N (q)) = 0. Then by Theorem 6.2.9 and by the arbitrariness of q ∈ Γ we
conclude that A is Lusin mu-measurable. Consequently, by Theorem 6.2.5, A is
mu-measurable and hence A ∈ ˜B(T ). (See Definition 1.2.6 of Chapter 1.) Thus
Mu ⊂ ˜B(T ).

Conversely, let χA be m̃u-integrable in T . Then A is mu-measurable. There-
fore, by Theorem 6.2.9, given a compact K and q ∈ Γ, there exist a disjoint se-
quence (K(q)

n )∞1 of compact sets and a set N (q) ⊂ K such that K\N (q) =
⋃∞

1 K
(q)
n

with K
(q)
i ⊂ A or K

(q)
i ⊂ (K\A) and with ||mu||q(N (q)) = 0. Then N (q) ∈ B(T )

and by (i), u•
q(N (q)) = 0. Since q is arbitrary in Γ, by the analogue of Theorem

6.2.9, A is u-measurable. Since 1 ∈ L1(u) by Theorem 7.5.4(i), by the domination
principle χA is u-integrable and hence A ∈ Mu. Thus ˜B(T ) ⊂ Mu. Therefore,
Mu = ˜B(T ).

For A ∈ Mu = ˜B(T ), μu(A) =
∫

χAdu and hence by 5.2.10 we have

x∗μu(A) =
∫

A

d(x∗u) =
∫

A

d(u∗x∗) =
∫

A

d(x∗ ◦ mu) = x∗m̃u(A)

for x∗ ∈ X∗. As m̃u(A) and μu(A) belong to X , by the Hahn-Banach theorem
μu(A) = m̃u(A) for A ∈ Mu. Hence (iii) holds.

(iv) If f is u-measurable, given a compact K in T and q ∈ Γ, then by Theorem
7.1.14 there exist a disjoint sequence (K(q)

i )∞1 ⊂ C and a set N (q) with u•
q(N (q)) = 0

such that K\N (q) =
⋃∞

1 K
(q)
i and with f |

K
(q)
i

continuous for each i. Since N (q) ∈
B(T ), by (i), ||mu||q(N (q)) = u•

q(N (q)) = 0 and hence by Theorem 6.2.4, f is
Lusin mu-measurable. Then by Theorem 6.2.5, f is mu-measurable. Conversely,
if f is mu-measurable, then by Theorem 6.2.5, f is Lusin mu-measurable and
hence reversing the above argument and using (i), one can easily show that f is
u-measurable.

This completes the proof of the theorem. �

The following theorem generalizes Theorem 3.3 of [P4] to weakly compact
bounded Radon operators on K(T ) and improves the first part of Theorem 9.13 of
[P13] by replacing open sets by open Baire sets. Moreover, Theorem 9.13 of [P13]
was announced earlier in [P6].

Theorem 7.5.7. Let X be a quasicomplete lcHs and let u : K(T ) → X be a bounded
Radon operator. Let Mu and m̃u be given as in Definitions 7.5.1 and 7.5.5, respec-
tively. Then the following statements are equivalent:

(i) u is a weakly compact bounded Radon operator.
(ii) Mu is a σ-algebra in T and C0 ⊂ Mu.
(iii) B(T ) ⊂ Mu.
(iv) Bc(T ) ⊂ Mu.
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(v) B0(T ) ⊂ Mu.

(vi) Every bounded u-measurable complex function f belongs to L1(mu).

(vii) Every bounded complex Borel function f belongs to L1(mu).

(viii) Every bounded complex σ-Borel function f belongs to L1(mu).

(ix) Every bounded complex Baire function f belongs to L1(mu).

(x) Every bounded u-measurable complex function f belongs to L1(u).

(xi) Every bounded complex Borel function f belongs to L1(u).

(xii) Every bounded complex σ-Borel function f belongs to L1(u).

(xiii) Every bounded complex Baire function f belongs to L1(u).

(xiv) For every open set U in T there exists a vector xU ∈ X such that the weak
integral

∫
U du = xU in the sense that

x∗(xU ) =
∫

U

d(x∗u)

for each x∗ ∈ X∗, where x∗u is treated as a complex Radon measure in T .

(xv) Similar to (xiv) except that the open set U is σ-Borel.

(xvi) Similar to (xiv) except that the open set U is an open Baire set.

(xvii) Every bounded u-measurable complex function f belongs to L1(μu).

(xviii) Every bounded complex Borel function f belongs to L1(μu).

(xix) Every bounded complex σ-Borel function f belongs to L1(μu).

(xx) Every bounded complex Baire function f belongs to L1(μu).

Proof. By Theorem 7.5.4, (i)⇒(ii) and (i)⇒(iii)⇒(iv)⇒(v). Obviously, (ii)⇒(v).

(v)⇒(i) Since B0(T ) ⊂ Mu, every open Baire set U is u-integrable and hence
there exists a vector xU ∈ X such that

∫
χUdu = xU . Consequently, the weak

integral
∫

U du belongs to X and therefore, by (vi)⇒(vii) of Theorem 7.2.10, (i)
holds.

Thus (i)⇔(ii)⇔(iii)⇔(iv)⇔(v).

(i)⇒(vi) By the hypothesis (i) and by Theorem 7.5.6, A ∈ Mu if and only if
A is m̃u-integrable in T . If f is a bounded u-measurable complex function, then
by Theorem 7.5.4(i), χT is u-integrable and hence by the complex lcHs version of
Theorem 1.22 of [T], f ∈ L1(u). Thus (i)⇒(x). Moreover, by (x) and by Theorem
7.6.13 (see Section 7.6) f ∈ L1(mu) and∫

fdu =
∫

f dmu. (7.5.7.1)

Hence (vi) holds. Thus (i)⇒(x)⇒(vi).
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Obviously, by the complex version of Corollary 2.18 of [T], (x)⇒(xi)⇒(xii)⇒
(xiii). Clearly, (xi)⇒(xiv) (resp. (xii)⇒(xv), (xiii)⇒(xvi)) and consequently, (xiv
(resp. (xv), (xvi)) implies by Theorem 7.2.18 that u is a weakly compact bounded
Radon operator. Clearly, by Theorem 7.5.6.(iv), (vi)⇒(vii) and obviously, (vii)⇒
(viii)⇒(ix). (ix) implies that

∫
U

dmu = xU ∈ X for each open Baire set U in T .
Then by (7.5.7.1),

∫
U du =

∫
U dmu = xu for each open Baire set U in T and hence

by Theorem (7.2.18), (ix)⇒(i).
Thus (i)⇔(vi)⇔(vii)⇔(viii)⇔(ix).
By (7.5.7.1),

∫
U du =

∫
U dmu = xU ∈ X for each open Baire set U in T and

hence by Theorem 7.2.18, (xiii)⇒(i).
Hence (i)⇔(x)⇔(xi)⇔(xii)⇔(xiii).
(iii)⇒(xiv)⇒(xv) (obvious) ⇒(xvi) (obvious) and (xvi)⇒(i) by Theorem

7.2.18.
Hence (i)⇔(iii)⇔(xiv)⇔(xv)⇔(xvi).

Since m̃u = μu on Mu by Theorem 7.5.6 and since for each ˜B(T )-simple
function s̃ there exists a B(T )-simple function s such that s = s̃ m-a.e. in T ,
(xvii)⇔(vi); (xviii)⇔(vii); (xix)⇔(viii) and (xx)⇔(ix).

Hence all the statements are equivalent.

This completes the proof of the theorem. �

The following theorem has been given without proof in Theorem 9.14 of [P13].
It was also announced earlier in [P6].

Theorem 7.5.8. Let X be a quasicomplete lcHs and let u : K(T ) → X be a Radon
operator. Then the following statements are equivalent:

(i) u is prolongable.
(ii) δ(C) ⊂ Mu.
(iii) δ(C0) ⊂ Mu.
(iv) Mu is a δ-ring containing all relatively compact open sets in T .
(v) Mu is a δ-ring containing C.

(vi) Mu is a δ-ring containing C0.
(vii) Every bounded complex Borel function with compact support belongs to

L1(u).
(viii) For every compact K in T , there exists xK ∈ X such that μx∗u(K) =

x∗(xK) for x∗ ∈ X∗, where μx∗u is the complex Radon measure induced
by x∗u in the sense of Definition 4.3 of [P3].

(ix) Similar to (viii) for each relatively compact open set U instead of K.
(x) Similar to (viii) with K compact Gδ.

Proof. (i)⇒(ii) Suppose u is prolongable. Let V ∈ V . Then by (i), u : K(V ) → X is
a weakly compact bounded Radon operator and hence by Theorem 7.5.4, B(V ) ⊂
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MuV where uV is u|K(V ). Since V is arbitrary in V and since δ(C) =
⋃

V ∈V B(V ),
by Lemma 7.3.3(iii), (ii)holds.

(ii)⇒(iii) Obvious.

(i)⇒(iv) Let (An) be a decreasing sequence in Mu with An ↘ A. Since
χAn → χA and χA ≤ χAn for all n, by the complex lcHs analogue of Theorem
4.7 of [T] χA ∈ L1(u) and hence A ∈ Mu. Since Mu is a ring of sets by Theorem
7.5.2, Mu is a δ-ring of sets. Since (i)⇒(ii), V ⊂ Mu by the complex analogue of
Theorem 1.22 of [T] and hence (i)⇒(iv).

(iv)⇒(v) If C ∈ C, then by Theorem 50.D of [H] there exists V ∈ V such
that C ⊂ V . Then C = V \(V \C) ∈ Mu by (iv). Hence (iv)⇒(v).

(v)⇒(vi) Obvious.

(vi)⇒(iii) Obvious.

(i)⇒(vii) Let f be a bounded complex Borel function with supp f = K ∈ C.
Let U ∈ V with K ⊂ U . By (i), u|K(U) is a weakly compact bounded Radon
operator and hence by Theorem 7.5.7(xi), f is u|K(U)-integrable. Therefore, given
ε > 0 and q ∈ Γ, there exists ϕ ∈ K(U) such that (u|K(U))•q(|f − ϕ|) < ε. Now
ϕ̂ = ϕ and f̂ = f in Lemma 7.3.3 and hence by the said lemma we have

u•
q(|f − ϕ|) = u•

q(|f̂ − ϕ̂|) = (u|K(U))•q(|f − ϕ|) < ε.

Hence f is u-integrable and thus (vii) holds.

(vii)⇒(viii) Let K ∈ C. Then by (vii), χK ∈ L1(u) and hence
∫

K du =
xK(say) ∈ X . Then x∗(xK) = x∗(

∫
K

du) =
∫

K
d(x∗u) = μx∗u(K).

(vii)⇒(ix) Let U ∈ V . Then by (vii), χU ∈ L1(u) and hence
∫

U
du =

xU (say) ∈ X . Then x∗(xU ) = x∗(
∫

U du) =
∫

U d(x∗u) = μx∗u(U).

(vii)⇒(x) The proof is similar to that of (vii)⇒(viii).

(viii)⇒(i) as (iv)⇔(i) of Theorem 5.3.13 and as (x∗ ◦ mu) = x∗u.

(ix)⇒(i) as (ii)⇔(i) of Theorem 5.3.13 and as x∗ ◦ mu = x∗u.

(x)⇒(i) as (ix)⇔(i) of Theorem 5.3.13 and as x∗ ◦mu = x∗u.

(iii) ⇒(i) By (iii), every K ∈ C0 belongs to Mu and hence is u-integrable.
Hence

∫
K du = xK (say) ∈ X . Then x∗(xK) =

∫
K d(x∗u) = μx∗u(K). But by

(5.3.4.3), μx∗u = x∗ ◦mu and hence μx∗u(K) = x∗ ◦mu(K) = x∗(xK) for x∗ ∈ X∗

and hence by Theorem 5.3.13(v), (i) holds.

Hence the statements (i)–(x) are equivalent and this completes the proof of
the theorem. �

Theorem 7.5.9. Let X be a quasicomplete lcHs and suppose u : K(T ) → X is a
weakly compact bounded Radon operator. Then:
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(i) μu is Mu-regular. That is, given A ∈ Mu and a neighborhood W of 0 in X,
there exist a compact C ⊂ A and an open set U ⊃ A such that μu(F ) ∈ W
for all F ∈ Mu with F ⊂ U\C.

(ii) For A ∈ Mu,

μu(A) = lim
K∈C(A)

μu(K) = lim
U∈U(A)

μu(U) = lim
K∈C(A)

mu(K) = lim
U∈U(A)

mu(U)

where C(A) = {K ∈ C : K ⊂ A} is directed by the relation K1 ≤ K2 if
K1 ⊂ K2 and U(A) = {U ∈ U : A ⊂ U} is directed by the relation U1 ≤ U2

if U2 ⊂ U1.

Proof. Let W be a neighborhood of 0 in X and let W0 be a balanced neighborhood
of 0 in X such that W0 ⊂ W . Then there exist an ε > 0 and a finite family (qi)n

1

in Γ such that
n⋂

i=1

{x : qi(x) < ε} ⊂ W0. (7.5.9.1)

Let A ∈ Mu. Then by Theorem 7.5.6(iii) A is of the form A = B ∪ N
with N ⊂ M ∈ B(T ) and u•

q(M) = 0. Since mu is Borel regular by Theorem
6 of [P9], there exist an open set Ui in T and a compact Ki in T such that
Ki ⊂ B ⊂ B ∪M ⊂ Ui with ||mu||qi(F ) < ε for all F ∈ B(T ) with F ⊂ Ui\Ki for
i = 1, 2, . . . , n. Consequently, for all F ⊂ Ui\Ki with F ∈ Mu we have |mu(F )|qi <

ε for i = 1, 2, . . . , n since Mu = ˜B(T ) by Theorem 7.5.6(iii). Hence mu(F ) ∈ W0

for such F ∈ Mu. Then by Theorem 7.5.6(iii) we conclude that μu is Mu-regular.
Hence (i) holds.

(ii) Given a neighborhood W of 0 in X , by (i) there exist K0 ∈ C and U0 ∈ U
such that K0 ⊂ A ⊂ U0 and μu(F ) ∈ W for all F ∈ Mu with F ⊂ U0\K0. Let
K ∈ C with K0 ⊂ K ⊂ A and U ∈ U with A ⊂ U ⊂ U0. Such K and U exist by
the regularity of μu in Mu. Then

μu(A) − μu(K) = μu(A\K) ∈ W (7.5.9.2)

as A\K ⊂ A\K0 ⊂ U0\K0 and

μu(U) − μu(A) = μu(U\A) ∈ W (7.5.9.3)

as U\A ⊂ U0\A ⊂ U0\K0.

Since μu = mu by Theorem 7.5.6(iii), (ii) holds by (7.5.9.2) and (7.5.9.3).
�

For studying the regularity properties of a prolongable Radon operator we
need the following lemma.
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Lemma 7.5.10. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
prolongable Radon operator. Let U be a relatively compact open set in T . Let
v = u|K(U). Then for each compact set K ⊂ U and E ∈ Mu, E ∩ K ∈ Mv.
Moreover, given q ∈ Γ and ε > 0, there exist open sets O and V in T such that
E ∩ K ⊂ O ⊂ V ⊂ V̄ ⊂ U , {F ⊂ O\(E ∩ K) : F ∈ Mu} = {F ⊂ O\(E ∩ K) :
F ∈ Mv}, μu(F ) = μv(F ) for such F and u•

q(F ) = v•q (F ) ≤ v•q (O\(E ∩ K)) =
u•

q(O\(E ∩ K)) < ε.

Proof. Since K ∈ C and K ⊂ U , by Theorem 50.D of [H] there exists an open set
V such that K ⊂ V ⊂ V̄ ⊂ U . Since E ∈ Mu and since δ(C) ⊂ Mu by Theorem
7.5.8(ii), E ∩ K ∈ Mu.

Claim. For each ϕ ∈ K(T ), ϕχK ∈ L1(v). (7.5.10.1)

In fact, as v is weakly compact on C0(U), given q ∈ Γ and ε > 0, by Theorem
6 of [P9] there exists an open set G in T such that K ⊂ G ⊂ V with

sup
x∗∈U0

q

|x∗ ◦ v|(G\K) <
ε

||ϕ||T .

Then by Lemma 7.2.17 we have v•q (G\K) < ε
||ϕ||T . By Urysohn’s lemma there

exists g ∈ K(U) such that χK ≤ g ≤ χG. Then ϕg ∈ K(U) and

v•q (|ϕχK − ϕg|) ≤ ||ϕ||T v•q (|χK − g|) ≤ ||ϕ||T v•q (G\K) < ε.

This shows that ϕχK ∈ L1(v).

As E ∈ Mu, there exists Ψ ∈ K(T ) such that u•
q(|χE −Ψ|) < ε. By the above

claim ΨχK ∈ L1(v) and v•q (|χE∩K − ΨχK |) = v•q (χK(|χE − Ψ|)) = u•
q(χK |χE −

Ψ|) ≤ u•
q(|χE − Ψ|) < ε by Lemma 7.3.3 since χK |χE − Ψ| has compact support

contained in U . Thus E ∩ K ∈ Mv.
Given q ∈ Γ and ε > 0, by Theorem 7.5.9 there exists an open set O in T

with O ∈ Mv such that E ∩ K ⊂ O ⊂ U with v•q (O\(E ∩ K)) < ε. Replacing
O ∩ V by O we have E ∩ K ⊂ O ⊂ V ⊂ V̄ ⊂ U and v•q (O\(E ∩ K)) < ε
and O ∈ Mv since B(U) ⊂ Mv by Theorem 7.5.7. Then each F ∈ Mv with
F ⊂ O\(E ∩ K) has compact support contained in U and hence by Lemma 7.3.3
F ∈ Mu, μu(F ) = μv(F ) and u•

q(F ) = v•q (F ) ≤ v•q (O\(E ∩ K)) < ε.

Conversely, let us suppose F ⊂ O\(E∩K) and F ∈ Mu. Then given q ∈ Γ and
ε > 0, let ϕ ∈ K(T ) such that u•

q(|ϕ−χF |) < ε. Clearly, as F ⊂ O ⊂ V ⊂ V̄ ⊂ U ,
we have

|ϕχV̄ − χF | = |ϕχV̄ − χV̄ χF | ≤ |ϕ − χF |,
ϕχV̄ ∈ L1(v) by the above claim with K replaced by V̄ and by Lemma 7.3.3 we
have

v•q (|χF − ϕχV̄ |) ≤ u•
q(|χF − ϕ|) < ε.

Thus χF ∈ L1(v) and hence F ∈ Mv. �
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Theorem 7.5.11. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
prolongable Radon operator. Then:

(i) μu is restrictedly Mu-outer regular in the sense that given E ∈ Mu, K ∈ C
and a neighborhood W of 0 in X, there exists a relatively compact open set
O in T such that E ∩ K ⊂ O with μu(F ) ∈ W for all F ⊂ O\(E ∩ K) with
F ∈ Mu.

(ii) μu is δ(C)-regular.
(iii) (a) For E ∈ δ(C),

μu(E) = lim
K⊂E,K∈C

μu(K) = lim
K∈C

lim
E∩K⊂O,O∈U∩δ(C)

μu(O);

and
(b) for E ∈ Mu,

μu(E) = lim
K∈C

lim
E∩K⊂O,O∈U∩δ(C)

μu(O)

where C is directed by the relation K1 ≤ K2 if K1 ⊂ K2 and U ∩ δ(C)
is directed by the relation O1 ≤ O2 if O2 ⊂ O1.

Proof. Let W0 be a balanced neighborhood of 0 in X such that W0 ⊂ W . Let
(qi)n

1 ⊂ Γ and ε > 0 such that
⋂n

i=1{x : qi(x) < ε} ⊂ W0.

(i) Let E ∈ Mu and K ∈ C. Let U be a relative compact open set in T such
that K ⊂ U . Then by Lemma 7.5.10 there exist open sets O and V in T such that
E ∩K ⊂ O ⊂ V ⊂ V̄ ⊂ U , {F ⊂ O\(E ∩K) : F ∈ Mu} = {F ⊂ O\(E ∩K) : F ∈
Mv}, μu(F ) = μv(F ) for such F and u•

qi
(O\(E ∩ K)) = v•qi

(O\(E ∩ K)) < ε for
i = 1, 2, . . . , n where v = u|K(U). This shows that

|μu(F )|qi ≤ u•
qi

(O\(E ∩ K)) < ε

for i = 1, 2, . . . , n and for F ∈ Mu with F ⊂ O\(E ∩K). Hence μu(F ) ∈ W0 ⊂ W
for such F and hence (i) holds.

(ii) Let E ∈ δ(C). Then there exists a relatively compact open set U0 in T
such that E ⊂ U0. By hypothesis, v = u|K(U0) is a weakly compact bounded Radon
operator and hence by Theorem 7.5.9(i) there exist a compact set C and an open
set U1 in T such that C ⊂ E ⊂ U1 ⊂ U0 and such that for all F ⊂ U1\C with
F ∈ Mv we have μv(F ) ∈ W . Clearly, χ̂F = χF for such F where χ̂F is given as
in Notation 7.3.2 and consequently, by Lemma 7.3.3.(iii) we have F ∈ Mu and

μv(F ) =
∫

χF dv =
∫

χ̂F du =
∫

χF du = μu(F ). (7.5.11.1)

Then for F ⊂ U1\C with F ∈ δ(C) we have F ∈ Mv∩Mu and μu(F ) = μv(F ) ∈ W
by (7.5.11.1). Hence μu|δ(C) is δ(C)-regular.



264 Chapter 7. Complements to the Thomas Theory

(iii) Let E ∈ δ(C) (resp. E ∈ Mu). Then E is u-integrable as δ(C) is contained
in Mu by Theorem 7.5.8 (resp. by Definition 7.5.1 ) and hence by the complex
lcHs version of Lemma 1.24 of [T] there exists K0 ∈ C such that

u•
qi

(E\(E ∩ K)) < ε

for K0 ⊂ K ∈ C and for i = 1, 2, . . . , n. Then

|μu(E) − μu(E ∩ K)|qi = |μu(E\(E ∩ K)|qi ≤ u•
qi

(E\E ∩ K) < ε

for i = 1, 2, . . . , n and hence

μu(E) = lim
K∈C

μu(E ∩ K). (7.5.11.2)

By (i), μu(F ) ∈ W for all F ⊂ O\(E ∩ K) with F ∈ Mu and hence by (i)

μu(E ∩ K) = lim
E∩K⊂O,O∈U∩δ(C)

μu(O). (7.5.11.3)

Then by (7.5.11.2) and (7.5.11.3) we have

μu(E) = lim
K∈C

μu(E ∩ K) = lim
K∈C

lim
K∩E⊂O∈U∩δ(C)

μu(O)

and hence (iii) (b) holds for E ∈ Mu. As μu|δ(C) is δ(C)-inner regular by (ii),

μu(E) = lim
K∈C,K⊂E

μu(K)

for E ∈ δ(C) and hence (iii)(a) also holds.

This completes the proof of the theorem. �

Definition 7.5.12. Let X be a quasicomplete lcHs and let u : K(T ) → X be a
weakly compact bounded Radon operator with μu as in Definition 7.5.1. For each
open set U in T , by Theorem 7.5.9(ii),

μu(U) = lim
K∈C,K⊂U

μu(K) (7.5.12.1)

since U ∈ Mu by Theorem 7.5.4. Let A ⊂ T and let

μ∗
u(A) = lim

A⊂U∈U
μu(U)

whenever the limit exists, where U is directed by the relation U1 ≤ U2 if U2 ⊂ U1.

Theorem 7.5.13. Let X, u and μ∗
u be as in Definition 7.5.12. Then μ∗

u(A) exists
in X for each A ⊂ T .
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Proof. μu is σ-additive on Mu by Theorem 7.5.2 and Mu is a σ-algebra in T by
Theorem 7.5.4(i). Therefore, the range of μu is relatively weakly compact in X by
the Theorem on Extension of [K3] (or by Corollary 2 of [P7] ) and hence is bounded
in the lcHs topology τ of X . Since B(T ) ⊂ Mu by Theorem 7.5.4(ii) and since μu

is σ-additive on Mu, for each increasing sequence (Kn)∞1 ⊂ C, limn μu(Kn) ∈ X .
Moreover, by Theorem 7.5.9(i), μu is Mu-regular and hence, given K ∈ C and a
neighborhood W of 0 in X , there exists U ∈ U such that K ⊂ U and for each
compact C with K ⊂ C ⊂ U , μu(C)−μu(K) ∈ W . Thus conditions 6.1 of Sion [Si]
are satisfied by T, C,U and μu, excepting that X is a quasicomplete lcHs so that
every bounded closed set in X is complete. Since μu is σ-additive on Mu and since
U ⊂ Mu, for every monotone sequence (Un)∞1 of open sets in T , limn μu(Un) ∈ X .
Consequently, by Lemma 2.5 of Sion [Si], {μu(U)}A⊂U∈U is a Cauchy net in X .
Since X is quasicomplete and since the range of μu is bounded, limA⊂U∈U μu(U)
exists in X and hence μ∗

u(A) ∈ X for each A ⊂ T . �
Theorem 7.5.14. Let X be a quasicomplete lcHs and let u : K(T ) → X be a weakly
compact bounded Radon operator. Then a subset A of T is u-integrable if and only
if, for each q ∈ Γ and ε > 0, there exist a compact C and an open set U in T such
that C ⊂ A ⊂ U and u•

q(U\C) < ε.

Proof. Suppose A is u-integrable.

Claim 1. x∗μu(E) = μx∗u(E) for E ∈ Mu and for x∗ ∈ X∗. (7.5.14.1)
In fact, as E ∈ Mu, E ∈ Mx∗u. If f ∈ L1(u), then f ∈ L1(x∗u) and hence

μx∗u(f) =
∫

fd(x∗u) = x∗(
∫

fdu) and hence μx∗u(E) = x∗μu(E). Therefore,
Claim 1 holds.

By Theorem 7.5.9(i), given q ∈ Γ and ε > 0, there exist C ∈ C and U ∈ U
such that C ⊂ A ⊂ U and such that q(μu(F )) < ε

4 for all F ∈ Mu with F ⊂ U\C.
Then by Lemma 7.2.17, by Lemma 1.2.15(i), by Proposition 1.1.6 and by Claim 1
we have

u•
q(U\C) = sup

x∗∈U0
q

|x∗ ◦ u|(U\C) ≤ 4 sup
x∗∈U0

q ,F∈B(T ),F⊂U\C

|μx∗u(F )|

= 4 sup
x∗∈U0

q ,F⊂U\C,F∈B(T )

|x∗μu(F )| = 4 sup
F⊂U\C,F∈B(T )

q(μu(F ))

< 4
ε

4
= ε

since B(T ) ⊂ Mu by Theorem 7.5.4(ii).

Conversely, let us suppose that the conditions are satisfied for each q ∈ Γ
and for each ε > 0. For q ∈ Γ and ε > 0, let C ⊂ A ⊂ U , C ∈ C, U ∈ U
with u•

q(U\C) < ε. Then by Urysohn’s lemma, there exists ϕ ∈ K(T ) such that
χC ≤ ϕ ≤ χU . Then |χA − ϕ| ≤ χU − χC and hence we have

u•
q(χA − ϕ) ≤ u•

q(χU\C) = u•
q(U\C) < ε.

Therefore, χA ∈ L1(u) and hence A ∈ Mu. �
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Definition 7.5.15. Let X , u and μ∗
u be as in Definition 7.5.12. Let Mμ∗

u
= {E ⊂

T : μ∗
u(A) = μ∗

u(A ∩ E) + μ∗
u(A\E) for all A ⊂ T }. Members of Mμ∗

u
are called

Carathéodory-Sion μ∗
u-measurable sets.

Theorem 7.5.16. Let X, u and μ∗
u be as in Definition 7.5.12. Then Mμ∗

u
⊂ Mu

and μ∗
u(A) = μu(A) for A ∈ Mμ∗

u
. Consequently, each A ∈ Mμ∗

u
is u-measurable

and u-integrable.

Proof. Since the range of μu is bounded and since X is quasicomplete, Theorem
6.3 of Sion [Si] holds here and hence B(T ) ⊂ Mμ∗

u
. Let A ∈ Mμ∗

u
, q ∈ Γ and

ε > 0. Then by (3) of Theorem 6.3 of Sion [Si] there exist K ∈ C and U ∈ U
such that K ⊂ A ⊂ U and q(μ∗

u(F )) < ε
4 for all F ∈ Mμ∗

u
with F ⊂ U\K. As

B(T ) ⊂ Mu by Theorem 7.5.4(ii), by Definition 7.5.12 and by Theorem 7.5.9(ii) we
have μ∗

u(A) = limA⊂U∈U μu(U) = μu(A) for A ∈ B(T ) and hence q(μu(F )) < ε
4

for all F ∈ B(T ) with F ⊂ U\K. Since U\K is open, by Lemma 7.2.17 and by
Claim 1 in the proof of Theorem 7.5.14 and by Propositions 1.1.6 and 1.2.15(i) we
have

u•
q(U\K) = sup

x∗∈U0
q

|x∗ ◦ u|(U\K) ≤ 4 sup
x∗∈U0

q ,F⊂U\K,F∈B(T )

|μx∗u(F )|

= 4 sup
x∗∈U0

q ,F⊂U\K,F∈B(T )

|(x∗μu)(F )| = 4 sup
F⊂U\K,F∈B(T )

q(μu(F ))

< 4
ε

4
= ε

as B(T ) ⊂ Mu by Theorem 7.5.4(ii).
Consequently, by Theorem 7.5.14, A ∈ Mu and hence Mμ∗

u
⊂ Mu. Then by

Theorem 7.5.9(ii) it follows that μ∗
u(A) = μu(A) for A ∈ Mμ∗

u
. The last part is

evident from Definition 7.5.1.

This completes the proof of the theorem. �

To prove that Mμ∗
u

= Mu, we proceed as below and prove the following
lemmas.

Let θ be a positive linear functional on K(T ). For E ⊂ T , let

μ∗
θ(E) = inf

χE≤g∈I+
sup{θ(Ψ) : Ψ ≤ g, Ψ ∈ C+

c (T )}.

Then by Rudin [Ru1], μ∗
θ is an outer measure on P(T ), the family of all subsets

of T . Let Mμ∗
θ

= {E ⊂ T : E is μ∗
θ -measurable − that is, μ∗

θ(A) = μ∗
θ(A ∩ E) +

μ∗
θ(A\E) for all A ⊂ T }. Then Mμ∗

θ
is a σ-algebra in T and contains B(T ). (See

Theorem 2.2 of [P3]).

Lemma 7.5.17. Let θ ∈ K(T )∗. For A ⊂ T with μ∗
|θ|(A) < ∞, let

μ∗
θ(A) = {(μ∗

θ+
1
− μ∗

θ−
1

) + i(μ∗
θ+
2
− μ∗

θ−
2

)}(A)
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where θ = Reθ + iImθ, Reθ = θ+
1 −θ−1 , and Imθ = θ+

2 −θ−2 . Let E ∈ Mθ = {A ∈
Mμ∗

θ
+
1

∩ Mμ∗
θ
−
1

∩ Mμ∗
θ
+
2

∩ Mμ∗
θ
−
2

with μ|θ|(A) < ∞}. Then

μ∗
θ(A) = μ∗

θ(A ∩ E) + μ∗
θ(A\E). (7.5.17.1)

Proof. Let E ∈ Mθ. Then for A ⊂ T , we have

μ∗
θ+

i

(A) = μ∗
θ+

i

(A ∩ E) + μ∗
θ+

i

(A\E) (7.5.17.2)

and
μ∗

θ−
i

(A) = μ∗
θ−

i

(A ∩ E) + μ∗
θ−

i

(A\E) (7.5.17.3)

for i = 1, 2. If μ∗
|θ|(A) < ∞, then μ∗

θ+
i

(A) < ∞ and μ∗
θ−

i

(A) < ∞ for i = 1, 2

and hence by (7.5.17.2) and (7.5.17.3) and by the definition of μ∗
θ(A), (7.5.17.1)

holds. �
Lemma 7.5.18. If θ ∈ K(T )∗ and is bounded, (i.e., θ ∈ K(T )∗b of [P4]), then for
A ⊂ T ,

μ∗
θ(A) = lim

A⊂U∈U
μ∗

θ(U)

where for U1, U2 ∈ U , U1 ≥ U2 if U1 ⊂ U2.

Proof. By Theorem 2.2 of [P3],

μ∗
θ+

i

(A) = inf{μ∗
θ+

i

(U) : A ⊂ U ∈ U}
= lim

A⊂U∈U
μ∗

θ+
i

(U)

for i = 1, 2 and for A ⊂ T . A similar expression holds for μ∗
θ−

i

(A) for i = 1, 2.

Then by the definition of μ∗
θ(A) as given in Lemma 7.5.17, the lemma holds. �

Lemma 7.5.19. Let θ, Mθ, θ1 and θ2 be as in Lemma 7.5.17 and let μ1 = μθ+
1
, μ2 =

μθ−
1

, μ3 = μθ+
2

and μ4 = μθ−
2

. For A ⊂ T and E ∈ Mθ,

μ∗
j (A ∩ E) = inf

A∩E⊂U∈U
μ∗

j (U) = lim
A∩E⊂U∈U

μ∗
j (U)

= inf
A⊂U∈U

μ∗
j (U ∩ E) = lim

A⊂U∈U
μ∗

j (U ∩ E) (7.5.19.1)

and

μ∗
j (A\E) = inf

A\E⊂U∈U
μ∗

j (U) = lim
A\E⊂U∈U

μ∗
j (U)

= inf
A⊂U∈U

μ∗
j (U\E) = lim

A⊂U∈U
μ∗

j (U\E) (7.5.19.2)

for j = 1, 2, 3, 4. Consequently,

μ∗
θ(A ∩ E) + μ∗

θ(A\E) = lim
A⊂U∈U

μ∗
θ(U ∩ E) + lim

A⊂U∈U
μ∗

θ(U\E). (7.5.19.3)
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Proof.

μ∗
j (A ∩ E) = inf

A∩E⊂U∈U
μ∗

j (U) ≥ inf
A⊂U∈U

μ∗
j (U ∩ E) ≥ μ∗

j (A ∩ E)

and since {μ∗
j (U) : A∩E ⊂ U ∈ U} ⊂ {μ∗

j(U) : A ⊂ U ∈ U}, inf{μ∗
j (U) : A∩E ⊂

U ∈ U} ≥ inf{μ∗
j (U) : A ⊂ U ∈ U} ≥ inf{μ∗

j (U ∩ E) : A ⊂ U ∈ U}. Hence

μ∗
j (A ∩ E) = inf

A∩E⊂U∈U
μ∗

j (U) = lim
A∩E⊂U∈U

μ∗
j (U)

= inf
A⊂U∈U

μ∗
j (U ∩ E) = lim

A⊂U∈U
μ∗

j (U ∩ E)

for j = 1, 2, 3, 4 and hence (7.5.19.1) holds. Similarly, (7.5.19.2) holds. Then
(7.5.19.3) holds by (7.5.19.1) and (7.5.19.2). �
Theorem 7.5.20. Let X be a quasicomplete lcHs and let u : K(T ) → X be a weakly
compact bounded Radon operator. Then Mμ∗

u
= Mu and μ∗

u(A) = m̃u(A) = μu(A)
for A ∈ Mu.

Proof. In the light of Theorem 7.5.16, to prove the first part it suffices to show
that Mu ⊂ Mμ∗

u
. Let E ∈ Mu. Then x∗u ∈ K(T )∗ and is bounded. Moreover,

E ∈ Mx∗u for each x∗ ∈ X∗ (7.5.20.1)

since E is u-integrable and hence is x∗u-integrable for each x∗ ∈ X∗. Then by
Definition 7.5.12 we have

μ∗
u(A) = lim

A⊂U∈U
μu(U) for A ⊂ T. (7.5.20.2)

Then by (7.5.20.2) and by (7.5.14.1) we have

x∗μ∗
u(A) = lim

A⊂U∈U
x∗μu(U)

= lim
A⊂U∈U

μx∗u(U)

= lim
A⊂U∈U

μx∗u(U ∩ E) + lim
A⊂U∈U

μx∗u(U\E) (7.5.20.3)

by (7.5.20.1) since E belongs to Mx∗u. Then by (7.5.20.3) and by (7.5.19.3) we
have

x∗μ∗
u(A) = μ∗

x∗u(A ∩ E) + μ∗
x∗u(A\E). (7.5.20.4)

On the other hand, by (7.5.19.1) and (7.5.14.1) we have

μ∗
x∗u(A ∩ E) = lim

A⊂U∈U
μx∗u(U ∩ E) = lim

A⊂U∈U
x∗μu(U ∩ E) (7.5.20.5)

since U ∈ B(T ) ⊂ Mu by Theorem 7.5.4 and since E ∈ Mu by hypothesis.
Similarly,

μ∗
x∗u(A\E) = lim

A⊂U∈U
μx∗u(U\E) = lim

A⊂U∈U
x∗μu(U\E) (7.5.20.6)
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and hence by (7.5.20.3), (7.5.20.4), (7.5.20.5), (7.5.20.6), by Definition 7.5.12 and
by Lemma 7.5.19 we have

x∗μ∗
u(A) = lim

A⊂U∈U
μx∗u(U ∩ E) + lim

A⊂U∈U
μx∗u(U\E)

= lim
A∩E⊂U∈U

μx∗u(U) + lim
A\E⊂U∈U

μx∗u(U)

= x∗ lim
A∩E⊂U∈U

μu(U) + x∗ lim
A\E⊂U∈U

μu(U)

= x∗μ∗
u(A ∩ E) + x∗μ∗

u(A\E)

for x∗ ∈ X∗. Therefore, by the Hahn-Banach theorem we have

μ∗
u(A) = μ∗

u(A ∩ E) + μ∗
u(A\E)

for A ⊂ T and hence E ∈ Mμ∗
u
. Then by Theorem 7.5.16, Mu = Mμ∗

u
. Moreover,

μu(E) = m̃u(E) = μ∗
u(E) for E ∈ Mu by Theorems 7.5.6 and 7.5.16.

This completes the proof of the theorem. �
Theorem 7.5.21. Let X be a quasicomplete lcHs. Let u : K(T ) → X be a weakly
compact bounded Radon operator and let q ∈ Γ. Given A ∈ Mu, there exist a σ-
compact set F and a Gδ set G such that F ⊂ A ⊂ G and u•

q(G\F ) = 0. Conversely,
given A ⊂ T , suppose for each q ∈ Γ there exist a σ-compact F and a Gδ G such
that F ⊂ A ⊂ G and u•

q(G\F ) = 0. Then A ∈ Mu.

Proof. Let A ∈ Mu. Let q ∈ Γ be given. For ε = 1
n , by Theorem 7.5.14 there exist a

compact Kn and an open set Un in T such that Kn ⊂ A ⊂ Un with u•
q(Un\Kn) <

1
n . Then F =

⋃∞
1 Kn is σ-compact, G =

⋂∞
1 Un is Gδ and F ⊂ A ⊂ G. Clearly,

u•
q(G\F ) = 0, since u•

q(G\F ) ≤ u•
q(Un\Kn) < 1

n for all n ∈ N.

Conversely, let A ⊂ T be such that for each q ∈ Γ there exist a σ-compact F
and a Gδ G such that F ⊂ A ⊂ G with u•

q(G\F ) = 0. Without loss of generality
we shall assume that F =

⋃
Cn, (Cn)∞1 ⊂ C, Cn ↗ F , G =

⋂∞
1 Un, (Un)∞1 ⊂ U

and Un ↘ G. Since Un\Cn ↘ G\F , (Un\Cn)∞1 ⊂ Mu and u•
q(·) = ||mu||q(·) on

B(T ) by Theorem 7.5.6(i) and since ||mu||q is continuous as mu is σ-additive, we
have

0 = u•
q(G\F ) = ||mu||q(G\F ) = lim

n
||mu||q(Un\Cn).

Thus, given ε > 0, there exists n0 such that ||mu||q(Un\Cn) < ε for n ≥ n0.
Let U = Un0 and C = Cn0 . Then u•

q(U\C) = ||mu||q(U\C) < ε and hence by
Theorem 7.5.14, A ∈ Mu.

This completes the proof of the theorem. �
Definition 7.5.22. Let X be a quasicomplete lcHs. Let D be a δ-ring containing C
and let μ : D → X be σ-additive. If μ is the restriction of an X-valued weakly
compact Radon vector measure μu (see Definition 7.5.1), then the Lebesgue-Radon
completion D̃ of D with respect to μu is defined as the family {E ⊂ T : given q ∈
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Γ there exist a σ-compact F and a Gδ G such that F ⊂ E ⊂ G with u•
q(G\F ) =

0} and the Lebesgue-Radon completion μ̃u of μu with respect to D is said to exist
on D̃ if

μ̃u(E) = lim
K∈C,K⊂E

μ(K)

exists in X for each E ∈ D̃.

The following theorem generalizes the bounded case of Theorem 4.4 of [P4].

Theorem 7.5.23. Let X be a quasicomplete lcHs. Let μ : δ(C) → X be σ-additive.
Then μ is the restriction of an X-valued weakly compact Radon vector measure
μu if and only if μ is δ(C)-regular and its range is relatively weakly compact. In
that case, u is unique and is called the weakly compact bounded Radon operator
determined by μ. Moreover, Mu = δ̃(C), the Lebesgue-Radon completion of δ(C)
with respect to μu. The Lebsesgue-Radon completion μ̃u of μu with respect to δ(C)
exists on δ̃(C) and coincides with μu.

Proof. Suppose u : K(T ) → X is a weakly compact bounded Radon operator and
suppose μ = μu|δ(C). Then μu is Mu-regular by Theorem 7.5.9(i) and δ(C) ⊂ Mu

by Theorem 7.5.4(ii) since δ(C) ⊂ B(T ). Let E ∈ δ(C). As μu is Mu-regular, given
a neighborhood W of 0 in X , there exist a compact K ⊂ E and an open set U in T
such that U ⊃ E and such that μu(F ) ∈ W for all F ∈ Mu with F ⊂ U\K. Since
u is also prolongable, μu|δ(C) is δ(C)-regular by Theorem 7.5.11(iii). Therefore, μ
is δ(C)-regular. Since Mu is a σ-algebra in T by Theorem 7.5.4(i) and since μu

is σ-additive on Mu by Theorem 7.5.2, the range of μu and hence that of μ is
relatively weakly compact by the Theorem on Extension of [K3] or by Corollary 2
of [P7].

If μ is also equal to μv|δ(C) for another weakly compact bounded Radon
operator v on T , then by the uniqueness part of Theorem 4.4(i) of [P4] and by
Claim 1 in the proof of Theorem 7.5.14, μx∗u = μx∗v on δ(C) and hence x∗u = x∗v
on K(T ) for each x∗ ∈ X∗. Then by the Hahn-Banach theorem, u = v. Therefore,
u is unique.

Conversely, let μ be σ-additive and δ(C)-regular on δ(C) with its range rela-
tively weakly compact. Then by the Theorem on Extension of [K3] or by Corollary
2 of [P7], μ has a unique σ-additive extension μc on Bc(T ) with values in X . If
μ0 = μc|B0(T ), then by Theorem 1 of [DP1] , μ0 has a unique X-valued Borel
(resp. σ-Borel) regular σ-additive extension μ̂ (resp. μ̂c) on B(T ) (resp. on Bc(T ))
and μ̂|Bc(T ) = μ̂c. Since μ̂c and μc are σ-additive and extend μ to Bc(T ), by
the uniqueness part of Proposition 1 of [DP1] x∗μc = x∗μ̂c for x∗ ∈ X∗ and
consequently, by the Hahn-Banach theorem μ̂c = μc on Bc(T ). Therefore, μc

is Bc(T )-regular. Thus μ has a unique Bc(T )-regular σ-additive extension μc on
Bc(T ) and μc = μ̂c = μ̂|Bc(T ).

Let
uf =

∫
T

fdμc, f ∈ C0(T ). (7.5.23.1)
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Clearly, u : C0(T ) → X is linear and continuous. Then by Theorem 1 of [P7], u is
weakly compact and let mu be the representing measure of u in the sense of 5.2.10
of Chapter 5. Then mu has range in X by Theorem 2 of [P9] and by Theorem 1
of [P9] and by (7.5.23.1) we have

x∗uf =
∫

T

fd(x∗mu) =
∫

T

fd(x∗μc)

for f ∈ C0(T ) and for x∗ ∈ X∗. Moreover, mu|B(T ) is Borel regular. Then by
Theorem 6.1.12, mu|Bc(T ) is Bc(T )-regular. Consequently, by the uniqueness part
of the Riesz representation theorem (σ-Borel version) we conclude that x∗μc =
x∗mu on Bc(T ) for each x∗ ∈ X∗ and hence by the Hahn-Banach theorem, μc =
mu|Bc(T ). Since μc|δ(C) = μ, μ is the restriction of mu to δ(C). Then by Theorem
7.5.6(iii), μ is the restriction of μu to δ(C).

Mu = δ̃(C), the Lebesgue-Radon completion of δ(C) with respect to μu by
Definition 7.5.22 and by Theorem 7.5.21. Then the Lebesgue-Radon completion
μ̃u of μu exists on δ̃(C) by Theorem 7.5.9(ii). Moreover, by the same theorem,
μ̃u = μu.

This completes the proof of the theorem. �

The following theorem generalizes the bounded case of Theorem 4.6 of [P4].

Theorem 7.5.24. Let X be a quasicomplete lcHs. Let μ0 : δ(C0) → X be σ-additive
with range relatively weakly compact. Then μ0 admits a unique X-valued δ(C)-
regular σ-additive extension μ : δ(C) → X. Moreover, the following assertions
hold:

(i) μ0 is the restriction of a weakly compact Radon vector measure μu and such
u is unique. We say that μ0 determines the weakly compact bounded Radon
operator u.

(ii) If μ is as above, then μ0 and μ determine the same weakly compact bounded
Radon operator u (see Theorem 7.5.23).

(iii) If u is as in (i) and (ii), then

Mu = the Lebesgue-Radon completion δ̃(C)with respect to μu

and
μu(E) = μ̃u(E) for each E ∈ Mu

where μ̃u is the Lebesgue-Radon completion of μu with respect to δ(C).

Proof. By Theorem on Extension of [K3] or by Corollary 2 of [P7], by Proposition
1 of [DP1] and by the Hahn-Banach theorem, μ0 has a unique σ-additive X-valued
Baire extension ν : B0(T ) → X . Let

uf =
∫

T

fdν, f ∈ C0(T ).
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Clearly, u : C0(T ) → X is linear and continuous. Then by Theorem 1 of [P7], u is
weakly compact and hence the Borel restriction of its representing measure (see
5.2.10 of Chapter 5) mu is the restriction of μu to B(T ) by Theorem 7.5.6(iii).
Moreover, by 5.2.10 of Chapter 5,

x∗uf =
∫

T

fd(x∗ν) =
∫

T

fd(x∗mu) for f ∈ C0(T ) and for x∗ ∈ X∗.

Then by the uniqueness part of the Riesz representation theorem (Baire version)
we have x∗ν = (x∗mu)|B0(T ) for each x∗ ∈ X∗. Consequently, by the Hahn-Banach
theorem we have ν = mu|B0(T ). Since mu = μu|B(T ) by Theorem 7.5.6(iii), we have
ν = μu|B0(T ). Let μ = μu|δ(C). Then by Theorem 7.5.11(ii), μ = μu|δ(C) = mu|δ(C)

is σ-additive and δ(C)-regular and extends μ0. If μ1 : δ(C) → X is σ-additive, δ(C)-
regular and extends μ0, then by the uniqueness part of Theorem 4.1(i) of [P4],
x∗μ1 = x∗μ for each x∗ ∈ X∗ and hence by the Hahn-Banach theorem, μ1 = μ.
Hence μ0 admits a unique δ(C)-regular σ-additive extension μ : δ(C) → X .

(i) If there exists another weakly compact bounded Radon operator v :
K(T ) → X such that μv|δ(C0) = μ0, then by the uniqueness part of Theorem 1
of [DP1] and by the uniqueness of σ-additive extension of μ0 to B0(T ), μu = μv,
and hence this implies that x∗μu = x∗μv for x∗ ∈ X∗. Consequently, by (7.5.14.1)
and by Theorem 7.5.4 we have μx∗u = μx∗v on B(T ) for each x∗ ∈ X∗. Thus
x∗u(ϕ) = x∗v(ϕ) for ϕ ∈ K(T ) and for x∗ ∈ X∗. Consequently, by the Hahn-
Banach theorem, u = v. Hence u is unique.

(ii) Let ω be the X-valued σ-additive extension of μ to Bc(T ). This exists
by hypothesis and by Corollary 2 of [P7]. Then ω also extends μ0 to Bc(T ). Then
uf =

∫
T fdν =

∫
T fdω for f ∈ C0(T ). Then μ and μ0 determine the same weakly

compact bounded Radon operator u. Hence (ii) holds.

(iii) By Theorem 7.5.23, Mu = δ̃(C), the Lebesgue-Radon completion of δ(C)
with respect to μu. Hence (iii) holds.

By Theorem 7.5.9(ii) and by Theorem 7.5.6(iii), for E ∈ Mu we have

μu(E) = m̃u(E) = lim
K∈C,K⊂E

μu(K) = μ̃u(E).

This completes the proof of the theorem. �
Theorem 7.5.25. Let u1 and u2 be prolongable Radon operators on K(T ). If
μu1

|δ(C0) = μu2
|δ(C0), then u1 = u2 so that Mu1 = Mu2 .

Proof. Let U be a relatively compact open Baire set in T . Then by Theorem
7.5.8(iii), B0(U) ⊂ δ(C0) ⊂ Mui , i = 1, 2. Then μu1

|B0(U) = μu2
|B0(U) = mU

(say). Then mU : B0(U) → X is σ-additive and the linear transformation ωU :
C0(U) → X given by

ωUf =
∫

U

fdmU , f ∈ C0(U)
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is continuous and linear and hence weakly compact by Theorem 1 of [P7]. Then
for f ∈ C0(U),

ωUf =
∫

U

fdmU =
∫

U

fdμui
|B0(U) =

∫
T

fdμui
|B0(U) = uif for i = 1, 2.

Thus
u1f = u2f, f ∈ Cc(U).

Since each f ∈ K(T ) belongs to Cc(U) for some relatively compact open Baire set
U in T by Theorem 50.D of [H], we conclude that u1 = u2 on K(T ).

This completes the proof of the theorem. �
Remark 7.5.26. One can also use Theorem 4.6(i) of [P4] and (7.5.4.1) to prove the
above result since μx∗u1 = μx∗u2 on δ(C0) for each x∗ ∈ X∗.

The following theorem generalizes Theorem 4.4 of [P4].

Theorem 7.5.27. Let X be a quasicomplete lcHs. Let μ : δ(C) → X be σ-additive.
Then μ is the restriction of an X-valued prolongable Radon vector measure μu

if and only if μ is δ(C)-regular. In that case, u is unique and u is called the
prolongable Radon operator determined by μ. Moreover, the Radon vector measure
μu on Mu is given by

μu(E) = lim
K∈C

lim
E∩K⊂O,O∈U∩δ(C)

μu(O) (7.5.27.1)

for E ∈ Mu, where C is directed by the relation K1 ≤ K2 if K1 ⊂ K2 and
U ∩ δ(C) is directed by the relation O1 ≤ O2 if O2 ⊂ O1. The localized Lebesgue-
Radon completion �( ˜δ(C)) of δ(C) with respect to μ is defined by �(δ̃(C)) = {E ⊂
T : E ∩ K ∈ Mufor each K ∈ Cand given q ∈ Γ, limK∈C u•

q(E\(E ∩ K)) = 0}.
The localized Lebesgue-Radon completion μ̂ of μ with respect to δ(C) is said to
exist on �(δ̃(C)) if μ̂(E) = limK∈C limE∩K⊂O,O∈U∩δ(C) μu(O) exists in X for each

E ∈ �(δ̃(C)). Then �(δ̃(C)) = Mu and μ̂(E) exists in X for each E ∈ �(δ̃(C)) and
μ̂(E) = μu(E) for E ∈ Mu.

Proof. If u is a prolongable Radon operator on K(T ), then by Theorems 7.5.2, 7.5.8
and 7.5.11(ii), δ(C) ⊂ Mu and μ|δ(C) is σ-additive and δ(C)-regular. Conversely,
let μ : δ(C) → X be σ-additive and δ(C)-regular. Let U be a relatively compact
open set in T and let mU = μ|B(U). Let VU : C0(U) → X be given by

VUf =
∫

U

fdmU , f ∈ C0(U).

Then by Theorem 1 of [P7], VU is weakly compact. On the other hand, if uf =∫
T

fdμ for f ∈ K(T ), then u|K(U) = VU |K(U) is continuous and hence the unique
continuous extension of u|K(U) to C0(U) coincides with VU which is weakly com-
pact. Hence u is prolongable.
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Let μ : δ(C) → X be σ-additive and δ(C)-regular and let U ∈ V with mU =
μ|B(U). Since mU is B(U)-regular by the hypothesis, by Lemma 5.2.19 mU is the
representing measure of the weakly compact operator VU given above and since
u|C0(U) = VU , it follows by Theorem 7.5.4 that μu|B(U) = mU = μ|B(U). Since U
is an arbitrary relatively compact open set in T , it follows that μu|δ(C) = μ. In
fact, given E ∈ δ(C), let U be a relatively compact open set such that E ⊂ U .
Then E ∈ B(U) and hence μu(E) = μ(E).

The uniqueness of u follows from Theorem 7.5.25 and thus u is uniquely
determined by μ. Moreover, by Theorem 7.5.11(iii)(b),

μu(E) = lim
K∈C

lim
E∩K⊂O,O∈U∩δ(C)

μu(O)

for E ∈ Mu. Hence μu is given by (7.5.27.1).
Let

R = {E ⊂ T : for each K ∈ C, E ∩ K ∈ Mu

and for q ∈ Γ lim
K∈C

u•
q(E\(E ∩ K) = 0}.

Let E ∈ Mu. Let K ∈ C and q ∈ Γ. Then by Theorem 7.5.8, E ∩ K ∈ Mu. Since
χE ∈ L1(u), by the complex lcHs version of Lemma 1.24 of [T],

lim
K∈C

u•
q(χE\K) = lim

K∈C
u•

q(E\(E ∩ K)) = 0

for each q ∈ Γ. Hence Mu ⊂ R.

To prove the reverse inclusion, let E ∈ R. Then E∩K ∈ Mu for each K ∈ C.
Moreover, given q ∈ Γ, by hypothesis limK∈C u•

q(E\(E ∩ K)) = 0. Since L1(u) is
closed in F0(u) by Definition 7.1.20, it follows that E ∈ Mu and hence Mu = R.
Thus Mu = �(δ̃(C)), the localized Lebesgue-Radon completion of δ(C). Finally,
μ̂ = μu is immediate by the definition of μ̂ and from (7.5.27.1).

This completes the proof of the theorem. �

The following theorem generalizes Theorem 4.6 of [P4].

Theorem 7.5.28. Let X be a quasicomplete lcHs. Let μ0 : δ(C0) → X be σ-additive.
Then μ0 is the restriction of a unique X-valued prolongable Radon vector measure
μu and u is called the prolongable Radon operator determined by μ0. Then μ0

admits a unique δ(C)-regular σ-additive extension μ : δ(C) → X and μ and μ0

determine the same prolongable Radon operator u.

Proof. By Theorem of Dinculeanu and Kluvánek [DK], μ0 has a unique σ-additive
δ(C)-regular extension μ : δ(C) → X .

Since each f ∈ K(T ) is μ0-integrable in T ,

uf =
∫

T

fdμ0, f ∈ K(T )
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is well defined, linear and has values in X . Moreover, for a relatively compact open
set U in T , by Theorem 50.D of [H] there exists a relatively compact open Baire
set U0 such that U ⊂ U0. Then for f ∈ Cc(U) and for q ∈ Γ,

q(uf) = q(
∫

T

fdμ0) ≤ ||f ||U ||μ0||q(U0)

and hence u is a Radon operator. Moreover, the operator

v : C0(U) → X

given by

vf =
∫

U

fdμ0, f ∈ C0(U)

is continuous and is the restriction of

uU : C0(U0) → X

given by

uUf =
∫

U

fdμ0 =
∫

U

fdμ, f ∈ C0(U0)

which is weakly compact by Lemma 5.2.19. Therefore, u is prolongable. Since μ
is uniquely determined by μ0 and since μ determines u, μ0 and μ determine u
uniquely.

This completes the proof of the theorem. �

7.6 Relation between Lp(u) and Lp(mu),
u a weakly compact bounded Radon operator

or a prolongable Radon operator

Let X be a Banach space (resp. a quasicomplete lcHs) and let u : K(T ) → X be a
weakly compact bounded Radon operator. Then by Convention 7.2.4, u : C0(T ) →
X is continuous and weakly compact. Let mu : B(T ) → X be the representing
measure of u in the sense of 5.2.10 of Chapter 5. Then mu is σ-additive on B(T ),
Borel regular and

u(ϕ) =
∫

T

ϕdmu, ϕ ∈ C0(T )

where the integral is a (BDS)-integral. See Definition 3 and Theorems 2 and 6 of
[P9]. Hereafter, mu will denote the representing measure of u. In the first part of
this section, we show that f ∈ L1(u) if and only if f ∈ L1(mu) and in that case,∫

fdu =
∫

T fdmu. For such u, we also show that Lp(u) is the same as Lp(mu) for
1 ≤ p < ∞. (See Theorems 7.6.7, 7.6.9, 7.6.13 and 7.6.15.)
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In the second part we consider a prolongable Radon operator v on K(T ) with
values in a quasicomplete lcHs X . If ω is a relatively compact open set in T and
1 ≤ p < ∞, then we show that Lp(v|K(ω)) = Lp(mv|B(ω)). (See Theorem 7.6.19.)
Thus questions (Q5) and (Q6) mentioned in the Preface are also answered in the
affirmative.

Let X be a Banach space and u : K(T ) → X be a weakly compact bounded
Radon operator. Let g : T → K be mu-measurable. Then by Theorem 3.1.3 of
Chapter 3 we have

(mu)•p(g, T ) = sup
|x∗|≤1

(∫
T

|g|pdv(x∗mu)
) 1

p

(∗)

for 1 ≤ p < ∞.

Definition 7.6.1. Let X be a Banach space and u : K(T ) → X be a weakly compact
bounded Radon operator. Let g : T → K be u-measurable. For 1 ≤ p < ∞, let

u•
p(g) = sup

|x∗|≤1

(∫
T

|g|pd|x∗u|
) 1

p

(7.6.1.1)

where |x∗u| is given by (12) on p. 55 of [B].

The following theorem gives the relation between (mu)•p(g, T ) and u•
p(g) for

1 ≤ p < ∞.

Theorem 7.6.2. Let Xbe a Banach space and u : K(T ) → X be a weakly compact
bounded Radon operator. Let mu be the representing measure of u as in 5.2.10
of Chapter 5. Then a function g : T → K is u-measurable if and only if g is
mu-measurable. Moreover, for a u-measurable scalar function g,

u•
p(g) = (mu)•p(g, T ) (7.6.2.1)

for 1 ≤ p < ∞. Also we have

u•
p(f + g) ≤ u•

p(f) + u•
p(g), (7.6.2.2)

u•
p(αf) = |α|u•

p(f), α ∈ K, (7.6.2.3)

and
u•

1(fg) ≤ u•
p1

(f) · u•
p2

(g) (7.6.2.4)

for u-measurable scalar functions f and g on T whenever 1 < p1, p2 < ∞ with
1
p1

+ 1
p2

= 1.

Proof. By Theorem 7.5.6(iv), g is mu-measurable if and only if it is u-measurable.
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By (7.6.1.1) and by 5.2.10 of Chapter 5 we have

u•
p(g) = sup

|x∗|≤1

(∫
T

|g|pd|x∗u|
) 1

p

= sup
|x∗|≤1

(∫
T

|g|pd|u∗x∗|
) 1

p

= sup
|x∗|≤1

(∫
T

|g|pd|x∗ ◦ mu|
) 1

p

= sup
|x∗|≤1

(∫
T

|g|pdv(x∗ ◦ mu)
) 1

p

by Notation 4.4, Theorem 4.7(vi) and Theorem 4.11 of [P3] and by Theorem 3.3
of [P4] where v(x∗ ◦mu) = v(x∗ ◦ mu,B(T )) on B(T ). Hence by (∗) we have

u•
p(g) = (mu)•p(g, T ).

Now by (7.6.2.1) and by Theorem 3.1.13 we have

u•
p(f + g) = (mu)•p(f + g, T )

≤ (mu)•p(f, T ) + (mu)•p(g, T )

= u•
p(f) + u•

p(g)

and
u•

p(αf) = |α|u•
p(|f |)

for 1 ≤ p < ∞ and for α ∈ K whenever f, g : T → K are u-measurable. Moreover,
if 1 < p1, p2 < ∞ with 1

p1
+ 1

p2
= 1, then by Theorem 3.1.13(iii) and by (7.6.2.1)

we have

u•
1(fg) = (mu)•1(fg, T )

≤ (mu)•p1
(f, T ) · (mu)•p2

(g, T )

= u•
p1

(f) · u•
p2

(g).

This completes the proof of the theorem. �
Definition 7.6.3. Let X be a Banach space and let 1 ≤ p < ∞. Let u : K(T ) → X
be a weakly compact bounded Radon operator. Let F0

p (u) = {f : T → K, fu-
measurable and, u•(|f |p) < ∞}. Let Ip(u) = {f : T → K, f u-measurable and
|f |p ∈ L1(u)}. Let

I(u) = {f : T → K, fu-measurable and u-integrable}.
Theorem 7.6.4. Under the hypothesis of Definition 7.6.3, I1(u) = I(u).
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Proof. If f ∈ I(u), then f ∈ L1(u). Thus, given ε > 0, there exists ϕ ∈ K(T ) such
that u•(|f − ϕ|) < ε. Since u•(|f | − |ϕ|) ≤ u•(|f − ϕ|) < ε, |f | ∈ L1(u) and hence
f ∈ I1(u). Conversely, if f ∈ I1(u), then f is u-measurable and |f | is u-integrable.
Then by the complex analogue of Theorem 1.22 of [T], f is u-integrable. Hence
I1(u) = I(u). �

Definition 7.6.5. Let X be a Banach space, u : K(T ) → X be a weakly compact
bounded Radon operator and 1 ≤ p < ∞. Let Lp(u) = {f ∈ Ip(u) : u•(|f |p) < ∞}.

Theorem 7.6.6. Let X, u and p be as in Definition 7.6.5. Then Lp(u) = Ip(u) ⊂
F0

p (u).

Proof. If f ∈ Ip(u), then f is u-measurable and |f |p ∈ L1(u). Then by the complex
analogues of Definition 1.6 and Lemma 1.5 of [T], u•(|f |p) < ∞. �

Theorem 7.6.7. Let X be a Banach space and u : K(T ) → X be a weakly compact
bounded Radon operator. Then a function f : T → K is u-integrable if and only if
f is mu-integrable in T and in that case∫

fdu =
∫

T

fdmu.

Moreover, for f ∈ L1(u), u•
1(f) = (mu)•1(f, T ).

Proof. Let ϕ ∈ C0(T ). Then by the proof of Lemma 5.2.19, ϕ is mu-integrable in
T . Then by 5.2.10 of Chapter 5 we have

x∗u(ϕ) =
∫

T

ϕd(x∗u) =
∫

T

ϕd(u∗x∗) =
∫

T

ϕd(x∗ ◦ mu) = x∗(
∫

T

ϕdmu)

for x∗ ∈ X∗. Hence by the Hahn-Banach theorem

u(ϕ) =
∫

ϕdu =
∫

T

ϕdmu (7.6.7.1)

for ϕ ∈ C0(T ).
Let f be u-integrable. Then there exists (ϕn)∞1 ⊂ Cc(T ) such that

u•(|f − ϕn|) → 0 as n → ∞ and hence by the complex analogue of 1.10 of
[T] we have ∣∣∣∣∫ fdu − u(ϕn)

∣∣∣∣ =
∣∣∣∣∫ (f − ϕn)du

∣∣∣∣ ≤ u•(|f − ϕn|) → 0

as n → ∞ and hence ∫
fdu = lim

n
u(ϕn) = lim

n

∫
ϕndu. (7.6.7.2)
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Then by Proposition 7.1.10, by Lemma 7.1.11 and by 5.2.10 we have

u•(|f − ϕn|) = sup
|x∗|≤1

|ux∗ |•(|f − ϕn|)

= sup
|x∗|≤1

|ux∗ |(|f − ϕn|)(by 7.1.11)

= sup
|x∗|≤1

|x∗u|(|f − ϕn|)

= sup
|x∗|≤1

|u∗x∗|(|f − ϕn|)

= sup
|x∗|≤1

∫
|f − ϕn|d|x∗ ◦ mu|

= sup
|x∗|≤1

∫
|f − ϕn|dv(x∗ ◦ mu) (∗∗)

by Notation 4.4 and by Theorems 4.7(vi) and 4.11 of [P3] and by Theorem 3.3 of
[P4] where v(x∗ ◦ mu) = v(x∗ ◦ mu,B(T )).

Therefore, by (∗∗) we have

u•(|f − ϕn|) = sup
|x∗|≤1

∫
T

|f − ϕn|dv(x∗ ◦ mu) = (mu)•1(f − ϕn, T ). (7.6.7.3)

As u•(|f − ϕn|) → 0, by (7.6.7.3) we have (mu)•1(f − ϕn, T ) → 0. Con-
sequently, by Theorem 6.1.10, f ∈ L1(mu). Moreover, by (7.6.7.1), (7.6.7.3),
(3.1.3.1) and (7.6.7.2) we have∫

T

fdmu = lim
n

∫
T

ϕndmu = lim
n

∫
ϕndu =

∫
fdu.

Thus f is mu-integrable in T if f is u-integrable and∫
fdu =

∫
T

fdmu. (7.6.7.4)

Conversely, let f be mu-integrable in T . Then by Theorem 6.1.10 there exists
(ϕn)∞1 ⊂ Cc(T ) such that (mu)•1(f − ϕn, T ) → 0 so that by (3.1.3.1) we have∫

T

fdmu = lim
n

∫
T

ϕndmu.

But by (7.6.7.1) we have ∫
T

ϕndmu =
∫

ϕndu

and hence ∫
fdmu = lim

n

∫
ϕndu. (7.6.7.5)
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As (mu)•1(f −ϕn, T ) = u•(|f −ϕn|) by (7.6.2.1), u•(|f −ϕn|) → 0 and hence
f ∈ L1(u) by the complex version of Definition 1.6 of [T]. Then by the complex
analogue of 1.10 of [T] we have∣∣∣∣∫ fdu −

∫
ϕndu

∣∣∣∣ ≤ u•(|f − ϕn)|) → 0

as n → ∞ and hence by (7.6.7.1) and (7.6.7.5) we have∫
fdu = lim

n

∫
ϕndu = lim

n

∫
T

ϕndmu =
∫

T

fdmu.

Thus L1(u) = L1(mu) and for f ∈ L1(u),∫
fdu =

∫
T

fdmu

whenever u is a weakly compact bounded Radon operator on K(T ) with values in
a Banach space X . Moreover, for f ∈ L1(u), u•

1(f) = (mu)•1(f, T ) by (7.6.2.1).

This completes the proof of the theorem. �

Theorem 7.6.8. Let X, u and p be as in Definition 7.6.5. Then Lp(u) is a semi-
normed space.

Proof. Let f, g ∈ Lp(u) and α be a scalar. Then |f |p, |g|p ∈ L1(u). Since |f +
g|p ≤ 2p max(|f |p, |g|p) ≤ 2p(|f |p + |g|p), since |f + g|p is u-measurable and since
|f |p + |g|p ∈ L1(u), by the complex version of Theorem 1.22 of [T], |f +g|p ∈ L1(u)
and hence f + g ∈ Lp(u). Clearly, |αf |p ∈ L1(u) for α ∈ K and hence Lp(u) is a
vector space over K . Moreover, by (7.6.2.2) and (7.6.2.3) and by Theorem 7.6.6,
Lp(u) is a seminormed space. �

Theorem 7.6.9. Let X, u and p be as in Definition 7.6.5. Then Lp(u) = Lp(mu)
and hence is complete for 1 ≤ p < ∞.

Proof. By Definition 7.6.5 and Theorem 7.6.6, Lp(u) = Ip(u) for 1 ≤ p < ∞.
Moreover, by Theorem 7.6.2, for f ∈ Lp(u),

u•
p(f) = (mu)•p(f, T ). (7.6.9.1)

Then by Theorems 7.6.6 and 7.6.7, f ∈ Lp(u) if and only if f ∈ Lp(mu). Conse-
quently, by (7.6.9.1) and by Theorem 3.2.8 of Chapter 3, Lp(u) is complete.

This completes the proof of the theorem. �

Definition 7.6.10. Let X be a quasicomplete lcHs and u : K(T ) → X be a weakly
compact bounded Radon operator. A u-measurable function f : T → K is said
to be u-integrable in T if it is uq = Πq ◦ u-integrable in T with values in X̃q
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(considering uq : K(T ) → Xq ⊂ X̃q) for each q ∈ Γ (see Definition 7.1.18). In that
case, using Notation 1.2.17 of Chapter 1, we define∫

fdu = lim←−

∫
fduq.

Definition 7.6.11. Let X be a quasicomplete lcHs and u : K(T ) → X be a weakly
compact bounded Radon operator. Let 1 ≤ p < ∞. For q ∈ Γ and g : T → K

u-measurable, let

(uq)•p(g) = sup
x∗∈U0

q

(
∫

T

|g|pdv(x∗u))
1
p

where U0
q = {x∗ ∈ X∗ : |x∗(x)| ≤ 1 for x ∈ Uq}.

Theorem 7.6.12. Under the hypothesis of Definition 7.6.11,

(uq)•p(g) = ((mu)q)•p(g, T )

where mu is the representing measure of u in the sense of 5.2.10 of Chapter 5.

Proof. By Proposition 1.2.15(ii)(b) and by the definition of Ψx∗ as given in Propo-
sition 1.2.15(ii)(a) of Chapter 1, {Ψx∗ : x∗ ∈ U0

q } is a norm determining subset of
the closed unit ball of (Xq)∗ and for x∗ ∈ U0

q , x∗(Πq ◦ u) = Ψx∗uq = x∗uq = x∗u
by (ii)(a) of the said proposition. Then by 5.2.10 of Chapter 5 and by Lemma
3.1.2(ii) of Chapter 3 and by (7.6.2.1) we have

(Ψx∗uq)•p(g) =
(∫

T

|g|pdv(Ψx∗uq)
) 1

p

=
(∫

T

|g|pdv(x∗u)
) 1

p

=
(∫

T

|g|pdv(x∗ ◦mu)
) 1

p

for x∗ ∈ U0
q and hence

(uq)•p(g) = sup
x∗∈U0

q

(Ψx∗uq)•p(g) = sup
x∗∈U0

q

(∫
T

|g|pdv(x∗ ◦ mu)
) 1

p

= ((mu)q)•p(g, T )

by Theorem 4.3.2 of Chapter 4. �

Theorem 7.6.13. Let X be a quasicomplete lcHs and u : K(T ) → X be a weakly
compact bounded Radon operator. Then a function f : T → K is u-integrable if
and only if it is mu-integrable in T and in that case,∫

fdu =
∫

T

fdmu ∈ X.
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Proof. By Theorem 7.6.12, (uq)•1(g) = ((mu)q)•1(g, T ) for q ∈ Γ. Let f be u-
integrable. Then f is uq-integrable for each q ∈ Γ and hence by Theorem 7.6.7, f
is (mu)q-integrable in T and therefore, f is mu-integrable in T . Similarly, if f is
mu-integrable in T , then f is u-integrable. If f is u-integrable, then given ε > 0
and q ∈ Γ, there exists ϕ ∈ Cc(T ) such that u•

q(|ϕ − f |) < ε. Then by Theorem
7.6.12, ((mu)q)•1(f − ϕ, T ) < ε and hence f is (mu)q-integrable in T . Thus there
exists xq ∈ X̃q such that

∫
fduq =

∫
T

fd(mu)q = xq for each q ∈ Γ. Thus∫
fdu = lim←−

∫
fduq = lim←−xq = lim←−

∫
fd(mu)q =

∫
fdmu ∈ X

by Definition 4.2.1 and Theorem 4.2.3 of Chapter 4. Similarly, it can be shown
that if f is mu-integrable in T , then f is u-integrable and

∫
fdmu =

∫
fdu ∈ X .

Hence the theorem holds. �

Definition 7.6.14. Let X be a quasicomplete lcHs and u : K(T ) → X be a weakly
compact bounded Radon operator. Let 1 ≤ p < ∞. Let F0(u)

p = {f : T →
K, fu-measurable and (uq)•p(f) < ∞ for each q ∈ Γ}. Then we define Lp(u) =

{f ∈ F0(u)
p and |f |pu-integrable (with values in X)}.

Theorem 7.6.15. Under the hypothesis of Definition 7.6.14, Lp(u) = Lp(mu) for
1 ≤ p < ∞ and for f ∈ Lp(mu),

∫ |f |pdu =
∫

T |f |pdmu and conversely.

Proof. Let 1 ≤ p < ∞ and let f ∈ Lp(u). Then (uq)•p(f) < ∞ and |f |p is uq-
integrable for each q ∈ Γ. Then by Theorem 7.6.9, |f |p ∈ L1(muq ) and conse-
quently, by Theorem 7.6.7, |f |p ∈ L1(uq) and∫

|f |pduq =
∫

T

|f |pd(mu)q

for q ∈ Γ. Therefore, |f |p is mu-integrable in T and∫
|f |pdu = lim←−

∫
|f |pduq = lim←−

∫
T

|f |pd(muq ) =
∫

T

|f |pdmu.

Thus f ∈ Lp(mu) and
∫ |f |pdu =

∫
T
|f |pdmu. By reversing the argument, one can

prove the converse. �

Using Theorem 7.6.12 and adapting the proof of Theorem 4.5.3(i) of Chapter
4 one can prove the following theorem. The details are left to the reader.

Theorem 7.6.16. Let X be a quasicomplete lcHs, u : K(T ) → X be a weakly com-
pact bounded Radon operator and 1 ≤ p < ∞. Let f

(q)
n , n ∈ N, be uq-measurable

scalar functions on T for q ∈ Γ. Let K(q) be a finite constant such that |f (q)
n | ≤ K(q)

uq-a.e. in T for each n. If f
(q)
n → f uq-a.e. in T where f is a scalar function on
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T , then f, f
(q)
n , n ∈ N belong to Lp(uq) and limn(uq)•p(f (q)

n − f) = 0 for q ∈ Γ.
Consequently, f ∈ Lp(u). When p = 1, f is u-integrable and

lim
n

∣∣∣∣∣q
(∫

fdu

)
−
∣∣∣∣∫ f (q)

n duq

∣∣∣∣
q

∣∣∣∣∣ = 0.

Remark 7.6.17. By using the complex version of Lemma 2.21 of [T] and Theorem
7.1.24, one can give an alternative proof of the above theorem.

Now we consider the generalization of the above results when u is a pro-
longable Radon operator on K(T ).

Lemma 7.6.18. Let X be a Banach space and v : K(T ) → X be a prolongable
Radon operator. Let f ∈ L1(v) with suppf = K ∈ C. If ω is a relatively compact
open set in T with K ⊂ ω, then the following hold:

(i) ϕχω ∈ Cc(ω) for each ϕ ∈ Cc(T ).
(ii) There exists (ϕn)∞1 ⊂ Cc(ω) such that v•(|f − ϕn|) → 0 as n → ∞.
(iii)

∫
fdv = limn v(ϕnχω) = limn

∫
ϕnχωdmv = limn

∫
ω

ϕndmv.
(iv) limn(mv|B(ω))•(f − ϕnχω, ω) = 0.
(v) f is mv-integrable in T and

∫
fdv =

∫
T

fdmv.

Proof. (i) Let t ∈ ω and let (tα)α∈I ⊂ ω be a net converging to t. Then ϕ(tα) →
ϕ(t) and hence (ϕχω)(tα) = ϕ(tα) → ϕ(t) = (ϕχω)(t). Hence (i) holds.

(ii) Since f ∈ L1(v), by Definition 7.1.6 there exists a sequence (ϕn) ⊂
K(T ) such that v•(|f − ϕn|) → 0 as n → ∞. Then by (i), ϕnχω ∈ Cc(ω) and
v•(|f − ϕn|χω) ≤ v•(|f − ϕn|) → 0 as n → ∞. Hence (ii) holds.

(iii) By the complex analogue of 1.10 of [T] and by (ii) we have∣∣∣∣∫ fdv − v(ϕn)
∣∣∣∣ =
∣∣∣∣∫ (f − ϕn)dv

∣∣∣∣ ≤ v•(|f − ϕn|) → 0

as n → ∞ and hence we have∫
fdv = lim

n
v(ϕn) = lim

n

∫
ϕndv. (7.6.18.1)

Moreover, f = fχω and hence

|f − ϕnχω| = |fχω − ϕnχω| = |f − ϕn|χω ≤ |f − ϕn|.
Therefore,

v•(|f − ϕnχω|) = v•(|fχω − ϕnχω|) = v•(|f − ϕn|χω) ≤ v•(|f − ϕn|)
for n ∈ N . Therefore,

v•(|f − ϕnχω|) ≤ v•(|f − ϕn|) → 0 (7.6.18.2)
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as n → ∞. Then by the complex analogue of 1.10 of [T] and by (7.6.18.2) we have∣∣∣∣∫ fdv − v(ϕnχω)
∣∣∣∣ =
∣∣∣∣∫ (f − ϕnχω)dv

∣∣∣∣ ≤ v•(|f − ϕnχω|) → 0

as n → ∞. Hence ∫
fdv = lim

n
v(ϕnχω). (7.6.18.3)

As ϕnχω ∈ K(ω) by (i), by (7.6.18.3) we have∫
fdv = lim

n

∫
ϕnχωdv. (7.6.18.4)

As v|K(ω) is a weakly compact bounded Radon operator by Definition 5.3.8,
by Theorem 7.6.7 and by (7.6.18.4) we conclude that∫

fdv = lim
n

∫
ϕnχωdv = lim

n

∫
ω

ϕndmv. (7.6.18.5)

Hence (iii) holds.

(iv) By Proposition 7.1.10, by Lemma 7.1.11 and by 5.2.10 of Chapter 5 we
have

v•(|f − ϕnχω|) = sup
|x∗|≤1

|vx∗ |•(|f − ϕnχω|) = sup
|x∗|≤1

|vx∗ |(|f − ϕnχω|)

= sup
|x∗|≤1

|v∗x∗|(|f − ϕnχω|)

= sup
|x∗|≤1

∫
|f − ϕnχω|dv(x∗ ◦ mv|B(ω))

= (mv|B(ω))•1(f − ϕnχω, ω). (7.6.18.6)

Hence by (7.6.18.2) and (7.6.18.6), (iv) holds.

(v) By (iv) and by Theorem 6.1.10 applied to ω in place of T we conclude
that f ∈ L1(mv|B(ω)). As (ϕnχω)∞1 ⊂ K(ω) and as v|K(ω) is a weakly compact
bounded Radon operator by the hypothesis on v, by Theorem 7.6.7 we conclude
that

v(ϕnχω) =
∫

ω

ϕnd(mv|B(ω)) =
∫

ω

ϕndmv (7.6.18.7)

for n ∈ N, since ϕn(t) = 0 for t ∈ T \ω. Then by (3.1.3.1), (7.6.18.5), (7.6.18.6)
and (7.6.18.7) we have∫

ω

fdmv = lim
n

∫
ϕnχωdmv = lim

n
v(ϕnχω) = lim

n

∫
ϕnχωdv =

∫
fdv

and hence
∫

fdv =
∫

ω fdmv. Thus (v) holds. �
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Theorem 7.6.19. Let X be a quasicomplete lcHs and v : K(T ) → X be a prolongable
Radon operator. If ω is a relatively compact open set in T and 1 ≤ p < ∞, then
Lp(v|K(ω)) = Lp(mv|B(ω)) so that for f ∈ Lp(mv) with suppf = K ∈ C and with
K ⊂ ω, ∫

ω

|f |pdmv =
∫

|fχω|pdv.

For p = 1, and for f ∈ L1(mv),
∫

ω
fdmv =

∫
fχωdv.

Proof. Let 1 ≤ p < ∞ and let f ∈ Lp(mv). Then for each q ∈ Γ, f ∈ Lp(mvq ) and
hence |f |p ∈ L1(mvq ). Consequently, |f |pχω ∈ L1(mvq ). Therefore, by Theorem
7.6.16, |f |pχω is vq-integrable and consequently, by Lemma 7.6.18 we have∫

|f |pχωdvq =
∫

ω

|f |pd(mvq ) =
∫

ω

|f |pd(mv)q

for each q ∈ Γ. Therefore, |f |pχω is v-integrable and∫
|f |pχωdv = lim←−

∫
|f |pχωdvq = lim←−

∫
ω

|f |pd(mv)q =
∫

ω

|f |pdmv.

The proof of the second result is similar and is left to the reader. �

The following theorem is analogous to Theorem 7.6.16 for prolongable Radon
operators.

Theorem 7.6.20. Let X be a quasicomplete lcHs, v : K(T ) → X be a prolongable
Radon operator and 1 ≤ p < ∞. Let f

(q)
n , n ∈ N , be vq-measurable scalar functions

on T for q ∈ Γ. Let g(q) ∈ Lp(vq) such that |f (q)
n | ≤ g(q) vq-a.e. in T for each n.

If f
(q)
n → f vq-a.e. in T where f is a scalar function on T , then f, f

(q)
n , n ∈ N ,

belong to Lp(vq) and limn(vq)•(f (q)
n − f) = 0 for q ∈ Γ. Consequently, f ∈ Lp(v).

When p = 1, f is v-integrable and

lim
n

∣∣∣∣∣q
(∫

fdv

)
−
∣∣∣∣∫ f (q)

n dvq

∣∣∣∣
q

∣∣∣∣∣ = 0.

Remark 7.6.21. In Examples 1.36, 1.37 and 1.38 of [T] with the scalar field C

instead of R,
∫

fdμ is described for a μ-integrable function f . Example 2.8 of [T]
gives a characterization for μ to be a weakly compact bounded Radon operator.
Example 2.9 of [T] says that any Radon operator with values in l1(I) is always
weakly compact. Example 3.9 of [T] deals with prolongable or weakly compact
Radon operators on lp(I) for 1 ≤ p < ∞. Example 3.12 of [T] deals with the
discrete Radon operators. Example 3.16 of [T] deals with the characterization of
μ-integrability of f where μ = (μi)i∈I is a measure with values in lp(I), 1 ≤ p <
∞. Example 3.17 of [T] deals with Radon operators in a real Hilbert space and
Example 3.18 of [T] deals with Radon operators in C(S), S a compact Hausdorff
space.
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