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Preface

In 1953, Grothendieck [G] characterized locally convex Hausdorff spaces which
have the Dunford-Pettis property and used this property to characterize weakly
compact operators u : C(K) — F, where K is a compact Hausdorff space and F'
is a locally convex Hausdorff space (briefly, lcHs) which is complete. Among other
results, he also showed that there is a bijective correspondence between the family
of all F-valued weakly compact operators u on C'(K) and that of all F-valued
o-additive Baire measures on K. But he did not develop any theory of integration
to represent these operators.

Later, in 1955, Bartle, Dunford, and Schwartz [BDS] developed a theory of
integration for scalar functions with respect to a o-additive Banach-space-valued
vector measure m defined on a o-algebra of sets and used it to give an integral
representation for weakly compact operators u : C'(S) — X, where S is a compact
Hausdorff space and X is a Banach space. A modified form of this theory is given
in Section 10 of Chapter IV of [DS1]. In honor of these authors, we call the integral
introduced by them as well as its variants given in Section 2.2 of Chapter 2 and
in Section 4.2 of Chapter 4, the Bartle-Dunford-Schwartz integral or briefly, the
BDS-integral.

About fifteen years later, in [L1,1.2] Lewis studied a Pettis type weak integral
of scalar functions with respect to a o-additive vector measure m having range in
an lcHs X . This type of definition has also been considered by Kluvének in [K2]. In
honor of these mathematicians we call the integral introduced in [L1,L2] as well as
its variants given in Section 2.1 of Chapter 2 and in Section 4.1 of Chapter 4, the
Kluvanek-Lewis integral or briefly, the (KL)-integral. When the domain of the o-
additive vector measure m is a g-algebra > and X is a Banach space, Theorem 2.4
of [L1] asserts that the (KL)-integral is the same as the (BDS)-integral. Though
this result is true, its proof in [L1] lacks essential details. See Remark 2.2.6 of
Chapter 2.

Let T be a locally compact Hausdorff space and K(T') (resp. K(T,R)) be the
vector space of all complex- (resp. real-) valued continuous functions on 7' with
compact support, endowed with the inductive limit locally convex topology as in
§1, Chapter III of [B]. In 1970, using the results of [G], Thomas [T] developed a
theory of vectorial Radon integration with respect to a weakly compact bounded
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(resp. a prolongable) Radon operator u on (T, R) with values in a real Banach
space and more generally, with values in a real quasicomplete 1cHs. ( Thomas [T
calls them bounded weakly compact (resp. prolongable) Radon vector measures.)
However, by making some modifications, it can be shown that his theory is equally
valid for such operators u defined on K(T") with range contained in a complex
Banach space or in a quasicomplete complex IcHs. See Section 7.1 of Chapter 7.
Functions f integrable with respect to u are called u-integrable and the integral
of f with respect to u is denoted by [, fdu in [T].

If S is a compact Hausdorff space, X a Banach space and u : C(S) — X is
a weakly compact operator, then by the Bartle-Dunford-Schwartz representation
theorem in [BDS] and in [DU] there exists a unique X-valued Borel regular o-
additive vector measure m, on the o-algebra B(S) of the Borel sets in S such
that uf = [¢ fdm, for f € C(S). If X is a real Banach space and if u : C"(S) —
X (where C"(S) = {f € C(S) : freal-valued}) is a weakly compact operator,
Thomas showed in [T] that a real function f on S is u-integrable if and only if
it is m,-integrable in the sense of Section 10 of Chapter IV of [DS1] and in that
case, fs fdu = (BDS) fs fdm,,. Moreover, such f is m,-measurable in the sense
of Section 10 of Chapter IV of [DS1] though it is not necessarily B(S)-measurable.

On the other hand, in [P3, P4] we have shown that there is a bijective cor-
respondence I' between the dual space K(T')* and the family of all §(C)-regular
complex measures on §(C) such that I'0 = pg|sc) for 6 € K(T')*, where pg is the
complex Radon measure determined by 6 (in the sense of [P4]) and §(C) is the
d-ring generated by the family C of all compact sets in T'. As observed in [P13], the
scalar-valued prolongable Radon operators on K(T') are precisely the continuous
linear functionals on K(T') (i.e., the elements of K(T')*).

From the above results of Thomas [T] and of Panchapagesan [P3, P4, and
P13] the following questions arise:

(Q1)  Similar to Section 10 of Chapter IV of [DS1], can a theory of integration of
scalar functions be developed with respect to a o-additive quasicomplete
IcHs-valued vector measure m defined on a o-algebra or on a o-ring &
of sets, permitting the integration of scalar functions (with respect to m)
which are not necessarily S-measurable?

2 The same as in (Q1), excepting that the domain of m is a d-ring P of sets
g g
and the S-measurability of functions is replaced by o(P)-measurability
(where o(P) denotes the o-ring generated by P).

(Q3) The Bartle-Dunford-Schwartz representation theorem has been general-
ized in [P9] for weakly compact operators on Co(7T') and hence for weakly
compact bounded Radon operators v on K(T') with values in a quasicom-
plete lcHs X asserting that u determines a unique B(T')-regular X-valued
o-additive vector measure m,, on B(T'), the o-algebra of Borel sets in T
The question is: Is it possible to give a similar representation theorem for
X-valued prolongable Radon operators u on K(7T')?
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(Q4) If (Q3) has an affirmative answer, does the prolongable operator u deter-
mine a o-additive §(C)-regular (suitably defined) vector measure m, on
4(C)? (This question is suggested by the scalar analogue in [P13].)

(Q5)  Suppose (Q1) has an affirmative answer and suppose u : K(T) — X, X a
quasicomplete 1cHs, is a weakly compact bounded Radon operator deter-
mining the o-additive vector measure m,, on B(7T'). Can it be shown that
a scalar function f is u-integrable in T if and only if it is m,-integrable in
T (in the sense of integration given for (Q1))? If so, is [, fdu = [, fdm,?

(Q6) If (Q2), (Q3) and (Q4) are answered in the affirmative and if u : K(T') —
X, X a quasicomplete IcHs, is a prolongable Radon operator determining
the o-additive vector measure m, on §(C), then can it be shown that a
scalar function f with compact support is u-integrable in 7" if and only if
it is my-integrable in 7?7 If so, what is the relation between fT fdu and

fT fdm,?

In the literature, integration of scalar functions with respect to a Banach-space-
valued or a sequentially complete lcHs-valued o-additive vector measure defined
on a o-algebra ¥ of sets has been studied for »-measurable scalar functions in
several papers such as [C4], [Dell, Del2, Del4], [FNR], [FMNP], [FN1,FN2], [JO],
[K1, K2, K4], [KK], [L1], [N], [O], [OR1, OR2, OR3, OR4, OR5, OR6], [Ril, Ri2,
Ri3, Ri4, Ri5, Ri6] and [Shul, Shu2]. A similar study has been done in [BD1], [L2],
[Del3], and [MN2] for a o-additive vector measure defined on a é-ring P. Recently,
the vector measure integration on o-algebras has been used to study the repre-
sentation of real Banach lattices in [C1,C2, C3, C4]. Also see [CR1, CR2, CR3],
[FMNSS1,FMNSS2], [MP], [OSV], [SP1,SP2,SP3,SP4] and [St]. Some other papers
which can also be referred for various aspects of vector measures defined on rings,
d-rings and o-rings are [Br], [BD1], [BD2] and [Del4]. None of the above papers
considers the possibility of integrating non-Y-measurable or non-o(P)-measurable
functions and hence the integration theory developed in the literature is not suit-
able for answering the above questions. Though the paper [BD2| treats the in-
tegration of non-o(P)-measurable functions, its results do not answer the above
questions.

However, adapting some of the concepts and techniques used by Dobrakov in
[Dol, Do2] and by Dobrakov and Panchapagesan in [DP2] (in the study of integra-
tion of vector functions with respect to an operator-valued measure), the present
monograph answers all the questions raised above in the affirmative. Moreover, a
nice theory of Ly-spaces, 1 < p < o0, is also developed for a o-additive Banach
space-valued (resp. quasicomplete or sequentially complete lcHs-valued) vector
measure m defined on a §-ring P of sets and results similar to those known for the
abstract Lebesgue and Bochner L,-spaces are obtained. Compare with [FMNSS2]
and [SP1].

The monograph consists of seven chapters. Chapter 1 is on Preliminaries and
has two sections. Section 1.1 is devoted to fixing the notation and terminology and
to give some definitions and results from the literature on Banach space-valued
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measures defined on a §-ring P of subsets of a non-void set T" and includes the
theorem on interchange of limit and integral with proof. (See Proposition 1.1.21.)
Moreover, motivated by [DP2], we introduce the concept of m-measurability for
functions f : T — K or [-00,00] where IK = R or C and this concept of m-
measurability is suitably generalized in Section 4.1 of Chapter 4 when m assumes
values in an lcHs. This concept plays a crucial role in developing the theory of
integration which permits integration of certain non-o(P)-measurable functions
too. Moreover, when T is a locally compact Hausdorff space and the vector measure
m satisfies certain regularity conditions, it turns out that a scalar function f is m-
measurable if and only if f is Lusin m-measurable with N(f) = {t € T : f(t) # 0}
suitably restricted. (See Theorems 6.2.5 and 6.2.6 of Chapter 6.) Section 1.2 is
devoted to giving some definitions and results on lcHs which are needed in the
sequel.

In Section 2.1 of Chapter 2 we introduce the concept of (KL) m-integrability
for m-measurable functions and study the properties of the integral. We give an m-
a.e. convergence version of the Lebesgue dominated (resp. bounded) convergence
theorem for m and we briefly refer to it as LDCT (resp. LBCT). This theorem has
been given in [L2] with an incorrect proof (see Remark 2.1.12 below). In Section 2.2
we define the (BDS) m-integral and show that an m-measurable function is (BDS)
m-integrable in T if and only if it is (KL) m-integrable in T" and in that case, both
the integrals coincide. Hence we use the terminology of m-integrability (resp. the
symbol fT fdm) to denote either integrability (resp. either of the integrals). When
P is a o-algebra, this result is given in Theorem 2.4 of [L1], but, as mentioned
above, its proof lacks essential details (see Remark 2.2.6 below). Proposition 1.1.21
is generalized to the (BDS) m-integral in Theorem 2.2.8.

Chapter 3 consists of Sections 3.1-3.5 and is devoted to the study of the
spaces £,(m), 1 < p < oo, for a Banach space-valued o-additive measure m defined
on a d-ring of sets. Similar to [Do2], in Section 2.1 we introduce a seminormed
space L, M(m) of m-measurable scalar functions with its seminorm being denoted
by mp(-,T') for 1 < p < oo and define the subspaces £,Z(m), £,Zs(m) and £,(m)
of £, M(m) and show that all these subspaces are linear and coincide with

I,(m) = {f : T — K, f m-measurable and | f|’is (KL)m-integrable inT'}

for 1 <p < oo. If L(o(P),m) = {f € L,(m) : fo(P)-measurable}, then Sec-
tion 3.2 deals with the completeness of the spaces £,(m) and £,(c(P), m) for
1 < p < oo where L(m) and L (c(P), m) are suitably defined (see Definition
3.2.10). Sections 3.3 and 3.4 study various versions of LDCT, LBCT and the Vi-
tali convergence theorem for £,(m), 1 < p < 0o, and Section 3.5 obtains relations
between the spaces Ep(m), 1 < p < o0, similar to those in the classical case. The
study of £,(c(P),m) for 1 < p < oo for a o-additive vector measure m defined
on a o-algebra with values in a real Banach space has recently been done in [SP1,
SP2, SP4] and in [FMNSS2], for their study of the representation theory of real
Banach lattices. Our results can also be compared with those in the literature for
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p =1 as noted in Remarks 2.1.6, 2.1.11, 2.1.12, 2.2.6, 3.1.5, 3.2.9, 3.3.5, 3.3.9 and
3.3.15. We would also like to emphasize the fact that the results of this chapter
are much influenced by the techniques adopted by Dobrakov in [Dol, Do2].

Chapter 4 consists of Sections 4.1-4.6. Let X be an IcHs and let m : P — X
be o-additive, P being a d-ring of subsets of a set T'. Sections 4.1-4.6 generalize
the results of Chapter 3 to such m when X is quasicomplete (resp. sequentially
complete). For such m, the concepts of (KL) m-integrability and (KL) m-integral
are generalized in Section 4.1; Theorem 4.1.8 generalizes (i)—(iv) and (viii) of The-
orem 2.1.5 while Theorems 4.1.9 and 4.1.11 (resp. Theorems 4.1.9" and 4.1.11" in
Remark 4.1.15) generalize (v)—(vii) of Theorem 2.1.5 and Theorem 2.1.7 (LDCT)
when X is quasicomplete (resp. sequentially complete with the functions consid-
ered being o(P)-measurable). In Section 4.2 we generalize (BDS) m-integrability
and (BDS) m-integral given in Section 2.2 to such X-valued m and by Theorems
4.2.2 and 4.2.3 (resp. by Theorem 4.2.2" in Remark 4.2.12) an m-measurable (resp.
o(P)-measurable) function f is (KL) m-integrable in 7" if and only if it is (BDS)
m-integrable in T (with values in X)) when X is quasicomplete (resp. sequentially
complete) and in that case, both the integrals coincide. In the light of this result, we
use the terminology of m-integrability (resp. the symbol fT fdm) to denote either
integrability (resp. either of the integrals). For 1 < p < oo, we introduce in Section
4.3 a locally convex space £, M(m) (resp. £, M (co(P), m)) of m-measurable (resp.
o(’P)-measurable) functions and introduce the subspaces £,Z(m) and £,(m) of
LM (m) (resp. L,Z(o(P), m) and L,(o(P), m) of L, M(c(P), m)) and show that
they are linear and coincide. When X is a Fréchet space, in Section 4.4 we show
that these subspaces are pseudo-metrizable and complete. Section 4.5 is devoted to
generalize the results in Sections 3.3, 3.4 and 3.5 when X is quasicomplete (resp.
sequentially complete). We introduce a subspace £,Zs(m) (resp. £,Zs(c(P), m))
of L, M(m) (resp. of £, M(0'P), m) and show that it coincides with £,Z(m) (resp.
L,Z(c(P),m)). Section 4.6 gives some sufficient conditions for the separability of
L,(m) and £,(c(P),m) for 1 < p < co. To compare with some of the results
in the literature for p = 1, see Remarks 4.1.16, 4.4.10, and 4.6.15. The theory of
the m-integral developed in Sections 4.1 and 4.2 for quasicomplete lcHs-valued
o-additive measures defined on P answers (Q1) and (Q2) in the affirmative.

Chapters 5 and 6 give a vector measure treatment of the results of [T]. Chap-
ter 5 consists of Sections 5.1, 5.2 and 5.3. Let T be a locally compact Hausdorff
space. Section 5.1 gives some generalizations of the Vitali-Carathéodory integra-
bility criterion for m-measurable (resp. o(R)-measurable) real functions where
R =B(T) or R =), m: R — X is o-additive and R-regular and X is a
quasicomplete (resp. sequentially complete) lcHs. These results play a key role in
the study of the duals of £1(m) and £;(n) in Section 6.5 of Chapter 6, where
m : B(T) — X is o-additive and B(T)-regular (resp. n : 6(C) — X is o-additive
and §(C)-regular) and X is a Banach space. Let {u,}5° be a sequence of Borel-
regular complex measures on 7. By proving that, for each open set U in T, there
exists an open Baire set V' C U such that u, (V) = pun(U) for all n, it is shown
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in Section 5.2 that the boundedness hypothesis in Corollary 1 of [P8] is redun-
dant. Using this result and adapting the proofs of [T] in the set-up of vector
measures, the improved version of Corollary 1 of [P8] is generalized in Theorem
5.2.21 (resp. Theorem 5.2.23) to Banach space-valued (resp. sequentially complete
lcHs-valued) o-additive regular Borel measures. Section 5.3 deals with the weakly
compact bounded and prolongable Radon operators on K(T') with values in a qua-
sicomplete IcHs X. In Theorem 5.3.9 of Chapter 5, the Bartle-Dunford-Schwartz
representation theorem is generalized to such an X-valued prolongable Radon op-
erator v on K(T) and it is shown that u determines a unique X-valued §(C)-regular
o-additive measure m,, on 6(C). Thus (Q3) and (Q4) are answered in the affir-
mative. Using the results of [P9], 22 characterizations are given for an X-valued
continuous linear map u on K(T') to be a prolongable Radon operator.

Chapter 6 consists of Sections 6.1-6.5. Let T" be a locally compact Hausdorff
space. Let m : B(T) — X (resp. n : §(C) — X) be o-additive and Borel regular
(resp. and 0(C)-regular). Section 6.1 deals with the generalized Lusin’s theorem
and its variants for m and for n with some applications. In Section 6.2 several char-
acterizations of the m-measurability (resp. n-measurability) of a set A in T are
given. The concepts of Lusin m-measurability and Lusin n-measurability for scalar
functions are introduced and they are characterized in terms of m-measurability
and n-measurability, respectively. The proofs of Lemmas 3.10 and 3.14, Proposi-
tions 2.17, 2.20 and 3.7 and Theorems 3.5, 3.13 and 3.20 of [T] are adapted here
in the set-up of vector measures to improve Theorem 2.2.2 (resp. Theorem 4.2.2)
when X is a Banach space (resp. a quasicomplete or complete lcHs) and when
m: 6(C) — X is o-additive and 6(C)-regular. See Theorems 6.3.4, 6.3.5 and 6.3.8.
Section 6.4 deals with some additional convergence theorems. Section 6.5 is de-
voted to the study of the duals of L;(m) and Li(n) and it is shown that L;(m)
and Lj(n) are weakly sequentially complete Banach spaces when X is a Banach
space with ¢y Z X.

Chapter 7 consists of Sections 7.1-7.6. In Section 7.1 we briefly indicate how
the results in Section 1 of [T] can be extended to complex functions in K(T').
Section 7.2 is devoted to integration with respect to a weakly compact bounded
Radon operator, improving the complex versions of Theorems 2.2, 2.7 and 2.7
bis of [T]. In Section 7.3 we improve most of the results such as the complex
versions of Theorems 3.3, 3.4, 3.11, 3.13 and 3.20 of [T]. Section 7.4 studies the
complex Baire versions of Proposition 4.8 and Theorem 4.9 of [T]. In Section
7.5 we introduce the concepts of weakly compact and prolongable Radon vector
measures and generalize the results of [P3,P4] to such Radon vector measures. If
u is a bounded Radon operator with values in a quasicomplete lcHs, we define
M,={ACT:xa€Li(u)}and p,(A) = [, du for A € M,. The Radon vector
measure induced by u is denoted by p,, and M, is called the domain of p,,. When
u is a weakly compact bounded Radon operator, we show that M, is a o-algebra
containing B(T') and p,, is the generalized Lebesgue completion of the representing
measure my |z(ry of u (in the sense of 5.2.10). We give several characterizations of
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a weakly compact bounded (resp. a prolongable) Radon operator u and study the
regularity properties of w, in both the cases. Following [Si] we define the outer
measure ), induced by p, and study its relation with p, when v is a weakly
compact bounded Radon operator. Introducing the concepts of Lebesgue-Radon
completion and localized Lebesgue-Radon completion, we generalize Theorems
4.4 and 4.6 of [P4]. (See Theorems 7.5.24 and 7.5.27.) Thus Theorems 9.13, 9.14
and 9.17 of [P13] are proved here. In Section 7.6, we show that when u is a
weakly compact bounded Radon operator on (T') with values in a quasicomplete
IcHs, £,(u) is the same as £,(m,,) for 1 < p < oo; f is u-integrable if and only
if f is m,-integrable in T" and when f is u-integrable, [ fdu = [, fdm,. (See
Theorem 7.6.13.) When wu is a prolongable Radon operator on IC(T") with values
in a quasicomplete IcHs and w is a relatively compact open set in T', we show that
Ly (ulwy) = Lp(my|p)) for 1 < p < oo and for f € £1(m,) with support K € C
and with K C w, fT fdm, = [ fxwdu. (See Theorem 7.6.19.). Thus questions
(Q5) and (Q6) are also answered in the affirmative.



Chapter 1

Preliminaries

1.1 Banach space-valued measures

In this section we fix the notation and terminology with respect to Banach space-
valued measures and state some definitions and results from the literature, often
with proof.

Let T be a nonempty set. A collection R of subsets of T is called a ring of
sets in T if ) € R and for A, B in R, AU B and A\B belong to R. Moreover, if
R is a ring of sets in T" and if T € R, then R is called an algebra of sets in 7. A
ring of sets R in T is called a o-ring if (J{° E,, € R whenever (E,)7® C R and a
o-ring R of sets in T" with T' € R is called a o-algebra of sets in T". A ring of sets
P in T is called a d-ring if (° E,, € P whenever (E,)° C P.

Let C be a nonvoid class of subsets of T. Then the smallest o-ring of sets
in T" which contains C is called the o-ring generated by C in T and is denoted
by o(C).If P is a é-ring of sets in T and if E € o(P), then ANE € P for
each A € P. A nonvoid class M of subsets of T' is called a monotone class in
T if for an increasing sequence (A4,)® C M, J7° 4, € M and for a decreasing
sequence (A4,)y € M, N A4, € M. For a sequence (4,)° of subsets of T,
limsup,, 4, is the set ()o—; Ups>, Ak and liminf, A, is the set U, Np>, Ak-
For a sequence (A4,)3° of subsets of T, we say that (A,)$° converges or lim,, A,
exists if liminf, A, = limsup,, A,. If (A,) is increasing, we denote it by A, 7,
and if (A4,) is decreasing, we denote it by A, \.. If A,  (resp. A, \.), then
lim, A, = J,—; A, (resp. lim, A,, = (., Ay). For more information see §1 of
[Din 1], where o-ring is called a tribe and d-ring is called a semitribe.

K denotes C or R. X and Y are Banach spaces over the same scalar field
K unless otherwise stated and | - | denotes their norm. L(X,Y") is the Banach
space of all continuous linear mappings u : X — Y with |u| = sup<; [uz|.

L(X,K)=X*is the dual of X. If E C T and f : T — K is bounded on FE, then
Iflle = sup;ep | f(E)].
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A set function m on a J-ring P with values in X is said to be an X-valued
additive set function if m(FUF) = m(E)+m(F) and E, F € P with ENF = (.
Such m is called an X-valued vector measure on P. Then its variation v(m) is
defined on o(P) by

v(m)(E) = sup {Z: lm(E;)| : (E;)] C P, mutually disjoint with U] E; C E}

for E € o(P). The semivariation ||m||||m|| of m is defined on o(P) by

[Im]|(E) = sup{ > aim(E:)

with U E; C E} for E € o(P).

o, € K, |ai| < 1,(E¢)§ CP,E;NE; =0,i#7,

Proposition 1.1.1. Let R be a ring of sets in T and let m : R — X be additive.
Then

lml|(E) = sup v(z*m)(E) (1.1.1.1)

for E € o(R).

Proof. Let m be a finite disjoint family (E;)?.; € R with UJE; C E and let
()7 C K with |a;| <1fori=1,2,...,r. Then

> aim(E)

- sup{’x* Z:(aim(Ei))’ L2t € X, |ot| < 1}
< sup {’Z < nolimits{aix*(m(Ei))‘ cxt e X' |zt < 1}

<sup {3 ' m(Ey)| 0" € X7, 2| <1}
<sup{v(z*m)(E): 2" € X", |z*| < 1}

and hence
Doy <1} < sup{v(z*m)(E) : 2" € X*, |z < 1}.

Sup{’z a;m
(1.1.1.2)

Conversely, let 2* € X* with |2*| < 1andlet 7 = {E;}} C R with E;,NE; =
for i # j and UJE; C E. Then

s

> ot m(E >|f2 Pratm(Ey) = |3 e @t m) (B

e (Y e m(Ey)| < \Z; e im(E)|
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where z*m(E;) = |z*m(F;)|e? and hence

sup {Z|x*m(Ej)| cat e X' jat| < 1} < sup {‘Zajm(Ej)‘ Hayl < 1}.

Ejern Ejem

Therefore,
sup v(z"m)(F) < ||m]|(E) (1.1.1.3)

o> [<1
for E € o(P). Then by (1.1.1.2) and (1.1.1.3) we have
|lml[(E) = sup v(z"m)(E)

o> |<1

for E € o(P). O
Definition 1.1.2. Let R be a ring of sets and let m : R — X be o-additive in the
sense that m(J;" E;) = >." m(E;) for each disjoint sequence (E;);° C R with
Ucfo E;, eR.

Then the results (i)—(v) in the following proposition are well known. See §2
of [Din2].
Proposition 1.1.3. Let R be a ring of sets and let m : R — X be additive. Then:

(i) Im(4)] <v(m)(A),AeR.

(ii) If AC B, A,B € 6(R), then v(m)(A) < v(m)(B). Thus v(m) is monotone
on o(R).

(ili) v(m) is additive on o(R). If m is o-additive on R, then v(m) is o-additive
on o(R).

(iv) If Sis ao-ring and m : S — X is o-additive, then m is bounded on S in the
sense that suppeg /M(E)| < 0o.

(v) If m: R — X is additive and if A € R, then

sup{{m(B)|: B€ R,B C A} <wv(m)(A) <4sup{|lm(B)|: B€ R,B C A}.

Let R be a ring of sets. If m : R — X is additive, then v(m)(N) = 0 for
N € o(R) if and only if ||m||(N) = 0. If v : R — K is additive on R, then
v(W)(E) = [[V|[(E), E € o(R).
Definition 1.1.4. Let R be a ring of sets and let A : R — [0, 00] be a set function.

Then X is called a submeasure if A(§) = 0 and if A is monotone and subadditive;
A is said to be continuous on R if A(E,) — 0 whenever E, \, 0 in R.

Proposition 1.1.5. Let ¥ be a o-ring of sets. If v : ¥ — X is o-additive and if
(Ey) is a convergent sequence in X with its limit E, then lim,, ||Y|[(E,) = ||7]|(E).

The proof of Theorem 1.3 of [L1] holds here to prove the above proposition.
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Proposition 1.1.6. Let P be a d-ring of subsets of T and let m : P — X be o-
additive. Then ||ml| is a o-subadditive submeasure on o(P) and ||ml|| is continuous
onP. For E € P,

sup |m(F)| <|m||(E)<4 sup |m(F). (1.1.6.1)
FCE,FEP FCE,FEP

We define ||ml||(T) = supgep lm(E)|. Then |m||(E) < oo for E € P and
[lm||(T) < co whenever P is a o-ring.

Proof. By Proposition 1.1.1, ||m)|| is subadditive on ¢(P). Let E € P. Then ENP =
{ENF : F € P} is a og-algebra and hence for E, \, 0 in P, (E,)* C Ey NP
and hence by Proposition 1.1.5, lim,, ||m||(E,) = 0. Hence ||m|| is continuous on
P. For E € P, (1.1.6.1) holds by Theorem I.1(f) of [Ri5] or by Proposition 4, §1,
capitulo 1 of [Bo| since E NP is an algebra of sets. Moreover, |m||(E) < oo by
Proposition 1.1.3(iv) since ENP is a o-algebra in F and m is o-additive on ENP.
Again by Proposition 1.1.3(iv), ||m||(T) < oo if P is a o-ring. O

Proposition 1.1.7. Let ¥ be a o-ring of sets and v, : ¥ — X be o-additive for
i € 1. (v,)ier is said to be uniformly o-additive on X if for any sequence (E,)$° of
pairwise disjoint members of ¥, lim,, |X°_ ~,(E,,)| = 0 uniformly in i € I. Then
the following statements are 6quwalent.

(i) ~v,,1 € I, are uniformly o-additive.
(il) Given E, \ 0 in %, limy, ||7v;||(En) = 0 uniformly in i € 1.
(i) Given E, \, 0 in X, then lim,, v,;(E,) = 0 uniformly in i € I.

Proof. (1)=(ii) Let E, \, 0 in ¥ and F,, = E,\E,+1. Clearly, (F},){° is a disjoint
sequence in ¥ and E, = (J;_,, Fi. Then for z* € X* with |z*| < 1, z*v; and
hence v(z*+;) is o-additive on ¥ for ¢ € I by Proposition 1.1.3(iii). Then by
(1), v(@*y;)(En) = Y, v(z*y;)(F)) converges to 0 uniformly in ¢ € I and
in z* € B(X*) = {&* € X* : |z*| < 1}. Consequently, by Proposition 1.1.1.
lim,, ||7;||(Ey) = 0 uniformly in ¢ € I and hence (ii) holds.

Since |y, (En)| < ||7;l|(En), (i1)=(iii).

(iii)=(i) If (F,) is a disjoint sequence in X, let F' = |J]° F,, and let Ej, =
F\U'_, F,. Then (E)° C X and Ej, \, 0. Hence by (iii), lim, v;(E,) =
lim, (v;(F) — > r—; ¥i(Fx)) = 0 uniformly in ¢ € I. Thus (i) holds. d

Proposition 1.1.8. (VHSN). Let ¥ be a o-ring of sets. Let v, : X — X,n € N, be
o-additive and let lim,, v, (E)=y(E) ezxist in X for each E € ¥. Then ~,,,n € N,
are uniformly o-additive on ¥ and v : ¥ — X is also o-additive.

Proof. The result holds for a o-algebra & by Theorem 1.4.8 of [DU] since X-valued
o-additive measures 7y, on a o-algebra are strongly additive in the sense that
limg, vy,,(Ex) = 0 whenever (Ej)$° is a disjoint sequence in S. Suppose (v,,)5° is
not uniformly o-additive on ¥. Then there exist an € > 0 and a sequence Ay, \ () in
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¥ such that |v,,, (Ax)| > € for a subsequence (ny) of (n). Without loss of generality
we can take ny = k,k € IN. Then

vk (Ar)| > € (1.1.8.1)

for all K € IN. Let A = A; NX. Then A is a o-algebra in A;. Clearly, ~v,, : A — X
is g-additive for n € IN and lim,, 7,,(F') € X for each F' € A. Then by VHSN for
o-algebras, (v,,|4)7° is uniformly o-additive and hence by Proposition 1.1.7, for
the sequence (Ay)$°, there exists ko such that |v,,(Ax)| < € for k > ky and for

n € IN. This contradicts (1.1.8.1) and hence VHSN holds for o-rings too. O
Remark 1.1.9. The above result is a particular case of Theorem 17, §3 of [Din2].

Definition 1.1.10. Let A be a submeasure on a o-ring ¥ and let v : ¥ — X
be o-additive. Then ~ is said to be absolutely continuous with respect to A (in
symbols, v < ) (resp. A-continuous) if A(E) = 0 implies v(E) = 0 (resp. if

Proposition 1.1.11. (Pettis). Let & be a o-ring of subsets of T. Let A : 3 — [0, 00]
be a o-subadditive submeasure and let v : ¥ — X be o-additive. Then v < X\ if
and only if 7 is A-continuous.

Proof. Clearly the condition is sufficient. Suppose v < A and ~ is not A-con-
tinuous. Then there exists an ¢ > 0 such that, for each n € IN, there exists a
set E, € ¥ with A(E,) < 3+ for which |y(E,)| > €. Let E = limsup E,, and
Ap = Upe,, Ee. Then A(E) = M0, An) < AMAn) < 300, AM(Er) < g for
each n and hence A\(E) = 0. Then by hypothesis, v(E) = 0. Clearly, A, \, F and
hence by the continuity of ||7v||, lim, ||7v||(4,\E) = 0. Thus there exists ny such
that [|v][(Ap\E) < € for n > ng. A(E) = 0 implies A(F) =0forall FC E, F € X
and hence by hypothesis, v(F) = 0 for all F C E, F € 3. Therefore, ||v||(E) = 0.
Consequently, ||v[[(An) = [[7/|(An) — [[7[[(E) < [[7]|(An\E) < € for n > no. This
is impossible since ||v|[(4n) > ||Y|[(En) > |Y(En)| > € for n € IN. Hence the
condition is also necessary. O

Proposition 1.1.12. A continuous submeasure A defined on a o-ring S is o-sub-
additive.

Proof. Since \ is monotone, it suffices to show that A(J" E,) < > oo A(E,) for
any disjoint sequence (E,);° C S. For such a sequence (E,){°, let E = |J" E),
and let F;, = |Jg—,, Ex. Then (F,)3* C S and F, \, 0 so that by hypothesis

lim A(F,) = 0. (1.1.12.1)

As ) is finitely subadditive, we have A(E) < S7—1 A(Ex) + A(F,). Taking the
limit as n — oo, we have

ANE) < iA(En) by (1.1.12.1). O
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Proposition 1.1.13. Let ¥ be a o-ring of sets and let F = {~, : ¥ — X,i € I} be
a family of uniformly o-additive vector measures. Then there exists a o-additive
finite positive measure p on %, called a control measure of the family F, such that

W(E) <swpllvll(B)  and  lim sup|lv,lI(E) =0, E €.
iel Hw(E)=0 je1

Proof. The above result is proved on pp. 13-14 of [DU] for a o-algebra ¥ when

the family F is bounded and the proof clearly holds for all Banach spaces X over

C. Then by Proposition 1.1.12, Theorem 1.2.1 of [DU] holds for o-rings, since for

any o-additive X-valued measure v on a o-ring ¥, v < ||7||. If F is not bounded,

as observed by Dobrakov on p. 690 of [Do2], one can replace

1 n(m)
"\FE
s D V()
Jj=1
on p. 13 of [DU] by
A
B
where
1 n(m)
A= v(p(rm))(E and B =1+ supv(u)(F
D) ; (t(rm))(E) sup v(4})(F)
Then the result follows. o

In the proof of the classical Egoroff theorem with respect to a finite positive
measure u on a o-ring of sets, only the continuity from above in the sense of [H]
and the o-subadditivity of p are used. Thus, in the light of Proposition 1.1.12, we
can adapt the proof of the classical Egoroff theorem to generalize it to the case of
continuous submeasures. Thus we have

Proposition 1.1.14. (Egoroff). Let A : S — [0,00] be a continuous submeasure on
the o-ring S and let f, fr, : T — X,n € N, be S-measurable. If f, — fA—a.e. in
T, then given € > 0, there exists a set E. € S such that A(E,) < € and f, — f
uniformly on T\ E..

—

Let m : P — X be o-additive. We denote by o(P) the generalized Lebesgue-
completion of o(P) with respect to the semivariation ||m|| in the sense of Def-
inition 11 of [DP2]. That is, o(P) = {E = FUN : F € o(P), N C M €
o(P) with||m]||(M) = 0}. As ||m]| is a o-subadditive submeasure on o(P), it can
easily be shown that o(P) is a o-ring and that o(P) contains o(P). Let E € o(P)
and define ||m||(E) = ||m||(F U N) = ||m||(F) where E = F U N with F € o(P)
and N C M € o(P) with ||m]||(M) = 0. It can be shown that ||m]| is well defined

on o(P), extends the semivariation ||m|| and is a o-subadditive submeasure on
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0/(\/73) Hereafter we shall use the symbol ||m|| to denote ||m|| also. Sets N € U(P)
with ||m||(N) = 0 are called m-null.

If P is a o-ring S, then by Proposition 1.1.13 there exists a control measure
won S such that |m||(E) = 0 if and only if y(E) =0 for E € S and hence, the
generalized Lebesgue completion of S with respect to ||m|| is the same as the
Lebesgue completion of S with respect to .

Notation 1.1.15. For f : T — K or [—oo,00], N(f) = {t € T : f(t) # 0}. A
property P is said to be true m-a.e. in T if there exists N € o(P) with ||m||(N) =
such that P holds for all t € T\N.

Definition 1.1.16. A function f: T — K or [—oo,00] is said to be m-measurable if

fis ;E\/P)—measurable; that is, if f~1(B)NN(f) € g(\/P) for all Borel subsets B of K
or of [—o0, 0], respectively. The concepts of m-essentially bounded functions and
esssup of an m-measurable function are given with respect to ||m|| as in the case of

positive measures. As ||m|| is a o-subadditive submeasure on o(P), it follows that
there exists N € o(P) with [|m|[(/V) = 0 such that esssup|f| = sup,ep\n |f(?)]
whenever the m-measurable function f is m-essentially bounded on T. (See the
proof of the claim in the proof of Theorem 4.1.9 of Chapter 4 for a more general
situation.)

e

Notation 1.1.17. Z, (resp. Is) denotes the family of all P-simple (resp. o(P)-
simple) scalar functions on T'.

Proposition 1.1.18. ! Let f : T — K or [~oo,00]. Then f is m-measurable if and
only if there exists a sequence (8,) C Is (resp. (sn) C Is) such that §,(t) — f(t)
and |5, ()] /| f(@)| fort € T (resp. sp(t) — f(t) m-a.e. in T and |s,(t)| /| f(t)]
m-a.e. in T so that there exists M € o(P) with |[m|[(M) = 0 such that fxp\ar is
o(P)-measurable).

Proof. f is m-measurable if and only if it is c;?ﬂ—measurable. Hence it is so if
and only if there exists a sequence (5,) C Zz such that |5,(¢)] 7 |f(t)] and

5p(t) — f(t) for t € T. Since each E € o(P) is of the foom E = FUN, F €
o(P), N C M € o(P) with ||m||(M) = 0, it is clear that, for each n, there
exist M,, € o(P) with ||m||(M,,) = 0 and a o(P)-simple function w, such that
5n(t) = wy(t) for t € T\M,. Let M = |J;° M,,. Then M € o(P), ||m||/(M) =0
and |w,(t)] /' |f(t)] and wy(t) — f(t) for t € T\M. Consequently, fxr\as is
o(P)-measurable and hence N(f) N (T\M) € o(P). Then there exists (E,) C P
such that E, / N(f) N (T\M) so that s, = wpXxg,, n € IN, belong to Z; and
satisfy the desired properties. The proof of the converse is left to the reader. [

IThe relationship between m-measurability and o(7)-measurability is explained in the end of
this section. See Example 1.1.23.
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We refer to Chapter II of [Dinl] for the theory of integration of scalar func-
tions with respect to a (o-additive) scalar measure defined on a d-ring P of sets.
The reader may also refer to [MN1].

Using Definition 1, §8 of [Dinl] and modifying the argument in the proof of
Theorem II1.2.20(a) of [DS1], we obtain the following result. See also Theorem 2,
§2 of [Din2].

Proposition 1.1.19. Let P be a §-ring of subsets of T and let v be a (o-additive)
scalar measure on P. If f : T — K is v-integrable, let v(E) = fE fdv, E € o(P).
Then v is o-additive on o(P) (by Proposition 5, §7 of [Dinl]), and

o()(E) = /E fldv(), E € o(P).

Proposition 1.1.20. (Egoroff-Lusin theorem). Let P be a 0-ring of subsets of T and
let XA : o(P) — [0,00] be a continuous submeasure. Let f, f, : T — K,n € N, be
o(P)-measurable. Suppose fn(t) — f(t) fort € T. If F =, N(fn), then there
exist N € o(P) N F with A(N) = 0 and a sequence (F})3° C P with F, /' F\N
such that f, — f uniformly in every Fy.

Proof. By hypothesis A is a continuous submeasure and hence the Egoroff theo-
rem holds by Proposition 1.1.14. Consequently, by applying the Egoroff theorem
successively with ¢ = % in the nth step, we can construct a decreasing sequence
(Gn)$° C o(P) such that A(G,,) < L and fi, — f uniformly on G,,—1\Gp, Go = F.
Let N = (" Gy. Then N € o(P) and A(N) = 0. Moreover, F\N = [J7°(F\G,)
and F\G, /. Clearly, fi — f uniformly on F\G, = ;_,(Gk—1\Gx) for each n.
As F\G,, € o(P), there exists an increasing sequence (H,, ,)%_; C P such that
Uy Hnm = F\G. Let F,, = U;mzl H,,,. Then F,, € P for all n, F,, /* F\N
and fr — f uniformly on each F,. O

The following result plays a key role in the proof of Theorem 2.2.2 and will
be generalized to the case of g-additive vector measures in Theorem 2.2.8. For the
case of g-algebras or o-rings, it is an immediate consequence of the Vitali-Hahn-
Saks theorem (see the proof of Lemma 2.3 of [L1]). However, in the case of d-rings
we have to give a different argument as v(v) need not be finite-valued on o(P).
We adapt the proof of the first part of Theorem 9 of [DP2] to prove the following

Proposition 1.1.21. (Theorem on the interchange of limit and integral). Let P
be a d-ring of subsets of T and let v be a (o-additive) scalar measure on P.
Let f : T — K and let f,, n € N, be v-integrable scalar functions on T. Let
Yn(E) = [, fndv, E€o(P), ne€N. If fo(t) — f(t) v-a.e. in T, then the follow-
ing statements are equivalent:

(i) lim, v, (E) = v(E) exists in K for each E € o(P).

(il) Yn, n € N, are uniformly o-additive on o(P).

(iii) limy, v, (F) = v(F) exists in K uniformly with respect to E € o(P).
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If any one of the above statements holds, then f is v-integrable in T and

/fdu: lim [ f.dv, E€o(P), (1.1.21.1)
E E

n—oo

the limit being uniform with respect to E € o(P). Consequently, f is v-integrable
in T and (1.1.21.1) holds if and only if any one of (i), (ii) or (iil) holds.

Proof. (i)=-(ii) by VHSN and (iii)=-(i) obviously.

(ii)=-(iii) By hypothesis there exists M € o(P) with v(v)(M) = 0 such that
fn — f pointwise in T\M and f,xr\ar, 7 € IN, are o(P)-measurable (see the
proof of Proposition 1.1.18). Then f,x7\ar — fX7\m Pointwise in T and hence

fxm\m is o(P)-measurable. Let F' = " N(faxr\m) = U7 N(fa) N (T\M).
Then F' € o(P). Let € > 0. By (ii) and by Proposition 1.1.13 there exists a finite

control measure y on o(P) such that lim,gy_osup, v(v,)(E) = 0 for £ € o(P).
Thus there exists 0 > 0 such that v(v,)(E) < § for all n whenever u(E) < 0.

By the Egoroff-Lusin theorem there exist N € F' N o (P) with u(N) =0 and
a sequence (Fy)$° C P with Fy, / F\N such that f,, — f uniformly in each F}.
Since u(N) = 0, v(y,)(NNE) = 0 for all n and for all E € o(P). As p is continuous
on o(P) and as F\N\F} \, 0, there exists ko such that u(F\N\Fy,) < . Then

V() (F\N\F, ) < % for all n € IN. (1.1.21.2)
Let E € o(P). By Proposition 1.1.19,
[ Ilao) = o) (E 0 N) =0
ENN

for all k € N as u(N) = 0. Moreover, [, |feldv(v) = 0 for all k € N as
v(v)(M) = 0. Consequently, by Proposition 4, §8 of [Dinl], we have

/f"d”_/frd” /Ifn foldv(v)
/Ekao| = frldv(v) + /EW(F\N\F%) | fnldv(v)

+ / | frdv(v) (1.1.21.3)
EN(F\N\Fy,)

since [,y |frldv(v) =0and [, |feldv(v) =0 all all k € N.

Since f, — f uniformly in Fj, and since v(v)(Fk,) < oo (as Fy, € P), we
can choose ng such that |[f, — frl|r,, - v(v)(Fk,) < § for n,r > ng. Then by
Proposition 1.1.19 and by (1.1.21.2) we have

| feldv(v) = v(v)(E N (F\N\Fy,) < < (1.1.21.4)

/Em(F\N\Fw 3

for all kK € IN.
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Let us recall Corollary 3 of Proposition 8, §8 of [Dinl] which essentially says
that for f € £1(v) and for A € o(P),

/A Fldo() < |If]av()(A). ()

Then by (1.1.21.3) and (1.1.21.4) and by (*), we have

@f/ﬁ@

for n,r > ng and for all E € o(P). Hence (iii) holds.

If (i), (ii) or (iii) holds, then (ii) holds and hence by the above argument
there exists ng such that

/ fn— Foldo(v)

2
= an 7fr||F’€0 'U(V)(Fk0)+ ge <€

/thﬁMMW<e (1.1.21.5)
E

for all n,r > ng and for all E € o(P). Hence N1(fn — fr) = [1|fn — frldv(v) < e
for n,r > ng, where N1(f) = [|f|dv(v) as on p. 127 of [Dinl] and hence by
Proposition 17, §8 of [Dinl], f is v-integrable in 7. Moreover, by (1.1.21.5) and
by Fatou’s lemma (Proposition 21, §8 of [Dinl]), we have

/E fv /E fudy| < /E 1 = faldo(v)

_ j/ liminf | f, — foldo(v)
E T—00

< liminf/ |fr = fnldo(v) <€
T—00 E
for n > ng and for all E € o(P). Hence

/fduf lim fndl/

n—oo

the limit being uniform with respect to E € o(P). The last part is evident from
the previous parts. O

The reader may compare Proposition 1.1.13 with the result in the following
remark.
Remark 1.1.22. Let R be a ring of sets and m : R — X be finitely additive.

m is said to be strongly bounded if for each disjoint sequence (E,)5° C R,
lim, m(E,) = 0. Theorem 1 of [Br] says that m : R — X is finitely additive and
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strongly bounded if and only if there exists a positive finitely additive bounded
set function v on R such that

lim m(FE)=0
v(E)—0

and
v(E) <sup{lm(F)|: FCE,FeR},EcR.

The relationship between m-measurability (in Definition 1.1.16) and Propo-

sition 1.1.18 plays a crucial role throughout the book. Since o(P) contains o(P),
o(P)-measurability implies m-measurability. But, m-measurability does not imply
o(P)-measurability as is shown in the following example.

Ezample 1.1.23. Let T = [0,1], and A be the Lebesgue measure on [0,1], P=
B([0,1]), the o-algebra of the Borel sets in [0,1] and m(-) = A(-)xg, where xq is
a nonzero vector in a Banach space X. Since ||m|[(E) = sup,. <; v(z"m)(E),
[|lm|| = Azo|. If C is the Cantor ternary set, then ||m||(C) = 0 and C € o(P).
Consequently, ||m||(E) = 0 for all E C C and the cardinality of P(C) is 2° > ¢
=the cardinality of B([0, 1])=the cardinality of B(C). Hence there exist sets E C C
with E & o(P). Therefore, such F is not o(P)-measurable, even though it is m-
measurable.

1.2 lcHs-valued measures

As observed by Kluvének in [K4], the study of spectral operators motivated the
paper [BDS]. The o-additivity of a spectral measure E(-) is considered in the
strong operator topology which is a locally convex Hausdorff topology. See [DS2].
By the Orlicz-Pettis theorem (Theorem 1.4 of [Ri5]) the study of o-additive vector
measures m on a o-algebra 3 with values in a Banach space X is based on the
o-additivity of complex measures x*m on X for each z* € X*. See Proposition
I.1 of [Ri5]. In fact, m : ¥ — X is o-additive if and only if z*m is a (o-additive)
complex measure on Y for each z* € X*. The proof of this result uses the Orlicz-
Pettis theorem (see Theorem 1.4 of [Ri5]) which says that the series > ° z, of
elements (z,,)° in the Banach space X is unconditionally norm convergent in
X whenever it is weakly subseries convergent. Thus the study of lcHs-valued o-
additive measures is indispensable in the study of Banach space-valued o-additive
vector measures. Hence the present section and Chapters 4-7 are devoted to the
study of the integral in IcHs. See [KK],[K1], [K2],[L2], [OR3], [Ril] and [Ri4]. [Ri5]
has a 28 page Appendix which is just the references on vector- and operator-valued
measures. [LC] treats an important case of o-additive (for the strong operator
topology) projection-valued measures (with unbounded range) on a d-ring.

In the rest of this chapter X denotes an lcHs with topology 7 and X denotes
its completion with the lcHs topology 7 unless otherwise mentioned. I' is the
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family of continuous seminorms on X so that I' generates the topology 7 on X.
X* denotes the topological dual of X.

For g € T, let I, : X — X, = X/q *(0) be the canonical quotient map. If
we define |z +¢7(0)|, = q(x), z € X, then | - |, is a well-defined norm on X, and
the Banach space completion of X, with respect to |- |, is denoted by )A(; whose
norm is also denoted by | - |-

In the sequel, m : P — X, P a é-ring of subsets of T', is o-additive. For ¢ € T',
let m, : P — X, C X, be defined by my(A) = II; om(A), A € P. Then clearly
m, is o-additive on P and the semivariation of my on ¢(P) is denoted by both
[lmg|| and ||m||,; v(mg) is the variation of m, on o(P). Note that for defining
[lm||, and v(my) it suffices that m be only additive on P.

Definition 1.2.1. Let ¢ € T be fixed. o(P), is the generalized Lebesgue completion
of o(P) with respect to ||m||4 so that o(P)y = {A =By UNy : By € o(P),N, C
M, € o(P)with|lm||,(M,) = 0}. Then o(P) C o(P), and o(P), is a o-ring.
We define ||m||4(A) = ||m||4(Bg) if A, B4 are as in the above and clearly ||m]|,

is well defined, extends ||ml|, to o(P), and is a o-subadditive submeasure on

o(P)q. We shall use the symbol ||m||, to denote ||m||, also. Sets N € o(P), with
[lm||4(N) = 0 are called m,-null . (See Section 1.1 above.)

By Proposition 1.1.6 we have the following

Proposition 1.2.2. Let ¢ € I'. Then ||ml||, is a continuous submeasure on P. If P
is a o-ring S, then ||m||4(T) < co.

—_—

Definition 1.2.3. Let o(P) = {A = BUN : B € o(P), N C M € o(P) with
[lm||g(M) = 0 for all ¢ € T'}. Then o(P) is called the generalized Lebesgue
completion of o(P) with respect to m. A set N in T is said to be m-null if
N € Nyer 0(P)g and if |[ml[4(N) =0 for all g € T.

e~ ——~——

Clearly, o(P) C 0(P) C 0(P)q for ¢ € I and o(P) is a o-ring.

Definition 1.2.4. Let ¢ € I'. A property P is said to be true m-a.e. (resp.mgq-a.e.)
in T if there exists an m-null (resp. mg-null) set N € o(P) such that P holds for
all t € T\N.

Remark 1.2.5. All the definitions and results in the sequel hold good if I is replaced
by any subfamily of seminorms which generates the topology 7 on X.

Definition 1.2.6. A function f : T — K or [—oo, o0] is said to be m-measurable if,

for each ¢ € T, f is mg-measurable (i.e., o(P),-measurable). In that case, there
exists N, € o(P) with ||m]|,(N,) = 0 such that fx7\n, is o(P)-measurable. (See
Proposition 1.1.18 above.)
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If X is a Banach space, (X, X™*) is the weak topology on X and (X,0(X,X™))
is an IcHs. If m : P — X is o-additive, then m : P — (X,0(X, X™*)) is also o-
additive. If N € ¢(P) with ||m||(N) =0, i.e., if N is m-null, then

lm||(N) = sup v(z*m)(N) =0 (1.2.6.1)

o> |<1

by Proposition 1.1.1 and hence v(z*m)(N) = 0 for each z* € X*. Thus N is
weakly m-null.

Conversely, if N is weakly m-null (i.e., v(z*m)(N) = 0 for each z* € X*)
then by Proposition 1.1.1., N is m-null and hence N is m-null if and only if N is
weakly m-null.

Ezxample 1.2.7. Let X be a non-reflexive Banach space so that X C X** and
X # X** where we identify X as a subspace of X** (in the norm topology). Thus
X is a proper closed subspace of X**. if m: P — (X*, o(X*, X**)) is o-additive
and if g,(2*) = |2*(z)| for x € X and 2* € X*, then let ||m||,, (N) = 0 for
some N € o(P) for each € X. Then by the Hahn-Banach theorem there exists
x* € X** such that z3*(z) = 0 for z € X and a§* # 0. Then Hqumg* (N) #£0.
Thus N is not m-null for the topology o(X*, X**) even though it is m-null for the
topology o(X™*, X). Consequently, if f : T'— K is m-measurable for the topology
o(X*, X), it need not be m-measurable for the topology o(X™*, X**). Note that
m: P — (X* 0(X* X)) is also o-additive.

Thus the above example shows that the concept of a scalar function f being
o(P)-measurable is algebraic (nothing to do with the topology on X) while that
of being m-measurable is topological.

Definition 1.2.8. Let X be an IcHs and m : P — X be oc-additive. An m-
measurable function f : T — K or [—oo, 00] is said to be m-essentially bounded
in T if there exists an m-null set N € o(P) such that f is bounded in T\N.
Then we define esssup,cp|f(t)] = inf{a > 0 : |f(t)] < afort € T\Nqy, Ny €
o(P), No m-null}.

Notation 1.2.9. I(;@D—)/ denotes the family of all o(P),-simple functions on T for
q € I'. However, as in Notation 1.1.17 above, Z; is the family of all P-simple

functions.

The proof of Proposition 1.1.18 above can be adapted to prove the following
Proposition 1.2.10. Let f : T — K or [—o00,00]. For ¢ € T, f is m,-measurable if

and only if there exists a sequence (55{1));":1 C Z/(T’)/ (resp. (555))3” C Zs) such
o )a

that s — f and |5£1q)| /" |f| pointwise in T (resp. s = f and |5£Lq)| yaurl
pointwise in T\N, where N, € o(P) with ||m||,(N;) = 0 - so that fxp\n, is
o(P)-measurable). The function f is o(P)-measurable if and only if there exists a
sequence (8,)5° C Iy such that s, — [ and |s,| /" |f| pointwise in T.
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Notation 1.2.11. £ denotes the family of equicontinuous subsets of X* and for
each E € £, qp(z) =sup.cplz™(z)|,z € X. Te ={qp : E € £}.

By Proposition 7, §4, Chapter 3 of [Hol], we have the following
Proposition 1.2.12. T'¢ CT' and T'c generates the topology T on X.
Proposition 1.2.13. Let n: P — X be additive and let E € €. Then:

(i) For a* € E, Uy : Xy, — K given by Uu-(z + q5"(0)) = 2*(2), © € X, is
well defined, linear and continuous. Thus ¥y (Ily, (x)) = z*(x) for z* € E
and for x € X.
(ii) {Ty« : x* € E} is a norm determining subset of the closed unit ball of (X4, )*.
(iii) [T, 07l|(A) = sup,.ep v(z™n)(A), A € o(P).
(iv) ff(E): {27}, 27 € X, then [[Ty, o nl[(A) = v(z"n)(A) = [lz"n[|(A), A €
o(P).

Proof. (i) Clearly, ¥~ is well defined and linear for 2* € E. Moreover, for z* € E
we have |U,«(x + qgl(O))| = |z*(2)| < qe(z) = |z + qgl(0)|qE, x € X and hence
U, € (X,,)* with

W] < 1. (1.2.13.1)

(i) & + 45" 0)lgy = 45(@) = Sup.cp " (2)] = sup,- s [ o (2 + g5 (0))
and hence by (1.2.13.1), (ii) holds.

(iii) Note that the proof of Proposition I.1.11 of [DU] holds for any additive
set function v on P with values in a normed space Y and for any norm determining
subset of the closed unit ball of Y*. Moreover, by replacing 7 on p. 5 of [DU] by
7={(4); cP,ANA; =0,J] A4 C A} for A € o(P), continuing with the
proof of 1.1.11 of [DU] and using (i) and (ii) above we have

[Mgs 0 nll(A4) = sup v(¥e- (Mg, 0 n))(A) = sup v(z"n)(4), A € o(P).

(iv) This is immediate from (iii) and from the fact that ||u||(4) = v(p)(A),
A € o(P) for a scalar-valued additive set function p on P. O

Notation 1.2.14. For q € ', U, denotes the set {z € X : g(z) < 1} and Uy is the
polar of U, which is given by U = {z* € X* : [*(x)| < 1for allz € U,}.

Proposition 1.2.15. For g € T' the following hold:

(i) g(z) = SUD,+ 70 lz*(z)], z € X.
(ii) If n: P — X is additive, then the following hold:
(a) Forz* e U, Wue : Xg — K given by Wp-(24¢71(0)) = 2*(x), z € X,
is well defined, linear and continuous. Thus (Vg o Ily)(z) = z*(z), x €
X andz* € Uy.



1.2. IcHs-valued measures 15

(b) {Wu 1 2* € UJ} is a norm determining subset of the closed unit ball of
(Xq)™.

(©) [[Hg onl[(A) = supy-cye v(z™n)(A), A € o (P).

Proof. (i) If g(x) = 0, then ¢(nz) = 0 for n € IN so that nz € U,. Then, for
z* € U, we have |z*(nz)| = n|z*(x)| < 1 so that [z*(x)| < L for all n. Hence
L |z*(x)] = 0 = g(z). Thus (i) holds if ¢(z) = 0.

If g(z) # 0, then % € U, and hence SUP,~ g |z*(x)] < q(z). We claim that
SUP,+ |z*(x)] = q(x). Otherwise, a = SUD,-epe |z*(z)| < q(x). Then ¢($) > 1
and hence £ ¢ U,. As Uy is 7-closed, it is weakly closed. Moreover, U, is absolutely
convex. Hence by the bipolar theorem (see Theorem 1, §3, Chapter 3 of [Ho]),
U, = Ug°. Consequently, there exists x* € U7 such that [z*(Z)| > 1 and hence
|z*(x)] > «, a contradiction. Thus (i) holds if g(z) # 0. Therefore, (i) holds.

(ii) By Proposition 6, §4, Chapter 3 of [Ho], E = U} € £ and hence, by (i)
and by Notation 1.2.11, ¢ = gg. Then (ii) holds by Proposition 1.2.12. O

Notation and Convention 1.2.16. The lcHs completion (X,7) of the lcHs (X, 7)
is unique up to a topological isomorphism, X is 7 dense in X and 7|x = 7. Each
¢ € T has a unique continuous extension ¢ to X and § is thus a 7-continuous
seminorm on X. Moreover, {§ : ¢ € I'} generates the topology 7 on X. By an
abuse of notation, we denote its continuous extension to X also by ¢ itself and by
an abuse of language we also say that T' generates the topology of X. See Theorem

1, 89, Chapter 2 of [Ho] and pp. 134-135 of [Ho].

Notation 1.2.17. Let T and T's be directed by the partial order ¢; < g9 if g1(x) <
g2(x) for x € X and qg, < qg, if By C Es, for ¢1,q2 € T and Ey,Ey € £.
For g1 < ¢z, Agqiqo * Xg, — Xg, defined by Ag g, (z + qgl(o)) =T+ QIl(O) is
a continuous onto linear mapping. Similarly, Agy ¢p, @ Xqs, — Xgp, is defined
if B4 C E» (so that gg, < ¢g,) and is a continuous onto linear mapping. Then
Oy, = Aqugelly, (vesp., Iy, = Agp gp, s, ). Let Y = X, the completion of X.
Letf‘:{(j:qef}beasin1216 ForgeT',Il; : Y — Y; and Il x = II; so that
X, =14X) C X As X is dense in Y, it follows that X, C II;(Y) = Y; C )?q
and hence the completion of II5(Y") is equal to Y~ X forqe . If g1,q0 € T
with g1 < gg, then clearly, g1 < ¢ and hence by 5.4, Chapter 1T of [Scha], Y
is topologically isomorphic to the projective limit lim A ¢ Yq If Aq1q2 is the

continuous extension of Ag, 4, to YN (= )?q:) with values in qu, then agam by 5.4,

Chapter II of [Scha], Y is topologically isomorphic to lim Aq1q2 = lim Aqlqu
Thus each y € Y is written as y = limzy with x5 = H i(y) € Yq, q 6 T and is

also written as y = lim 2§, q € I' with 25 € 5( (without mentioning the partial

order in I' and the transformations Ag, 4, and Aq1q2) A similar description holds
in terms of (¢g : E € £). For details, see pp. 53-54 of [Schal.



Chapter 2

Basic Properties of the
Bartle-Dunford-Schwartz
Integral

2.1 (KL) m-integrability

In [L1,1L2] Lewis studied a Pettis type weak integral of scalar functions with respect
to an lcHs-valued o-additive vector measure. As noted on p. 27 of [KK], this type
of definition has also been considered by Kluvdnek in [K2]. In honor of these
mathematicians, we call the integral introduced in [L1, L2] the Kluvdnek-Lewis
integral or briefly, the (KL)-integral. For a Banach space-valued o-additive vector
measure m defined on a J-ring P of sets, we define the (KL) m-integrability and
the (KL) m-integral of a scalar function f, study the basic properties of the (KL)
m-integral and show that the Lebesgue dominated convergence theorem (briefly,
LDCT) is valid for the integral. When P is a o-ring S, the Lebesgue bounded
convergence theorem (briefly, LBCT) is also valid. The reader can note that the
version of LDCT given here is much stronger than the Banach space versions of
Theorem 2.2(2) of [L1] and of Theorem 3.3 of [L2] (whose proof is incorrect — see
Remark 2.2.12 below) and of Theorem I1.5.2 of [KK]. The version of LDCT given in
[Ri5] is the same as ours except that the domain of m in [Ri5] is a o-algebra ¥ and
the functions considered there are ¥-measurable. (See Remark 2.1.12.) In Chapter
4 we define (KL) m-integrability in T of m-measurable functions (resp. o(P)-
measurable functions) when m is a quasicomplete (resp. sequentially complete)
lcHs-valued o-additive measure on P and the arguments and results of this section
play a key role in generalizing them in Chapter 4.

Definition 2.1.1. Let f: T — K or [—oo,00].
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(i) Let f be o(P)-measurable. Then f is said to be Kluvének-Lewis integrable
with respect to m in T or simply, (KL) m-integrable in T if f is 2*m-
integrable in T for each x* € X* and if, for each E € o(P), there exists a
vector g € X such that z*(zg) = [, fd(z*m) for z* € X*. In that case, we
define (KL) [}, fdm = xp for E € o(P) and (KL) [, fdm = (KL) fN(f) fdm.
(See Notation 1.1.15 for N(f).) Note that by the Hahn-Banach theorem these
integrals are well defined and unique.

(ii) ! If f is m-measurable, then there exists M € o(P) with |[m||(M) = 0 such
that fxp\a is o(P)-measurable (by Proposition 1.1.18). If fxp\ s is (KL)
m-integrable in 7', then we say that f is (KL) m-integrable in 7', and in that
case, we define

(KL) /E fdm = (KL) /E fxr\avdm for E € o(P)

and

(1) [ fim = (1) [ frysoim.

Let f be m-measurable and let it be (KL) m-integrable in T" with M as in
(ii) of the above definition. If M; € o(P) with |[m[|(M1) = 0 is such that fx7\ar,
is o(P)-measurable, then it can easily be shown that fxp\a, is also (KL) m-
integrable in 7" and (KL) [, fx7\mdm = (KL) [, fx1\ar, dm for E € o(P)U{T}.
Consequently, (KL) [ p fdm is well defined and does not depend on the particular
choice of the m-null set M in (ii) of the above definition.

Notation 2.1.2. Z(m) denotes the class of all m-measurable scalar functions on T
which are (KL) m-integrable in T'.

Remark 2.1.3. Let f : T — [—o00,00] be (KL) m-integrable in 7. Then E = {t €
T :|f(t)] = oo} € o(P). We claim that ||m]||(E) = 0. In fact, let E = F U N,
F € o(P), N C M € o(P) with ||m||(M) = 0. Then by Proposition 1.1.1,
|lm[|(E) = ||ml|(F) = supj,.j<; v(z*m)(F). If f = f m-a.e. in T with f o(P)-
measurable, then f is (KL) m-integrable in T, and hence f is *m-a.e. finite in
T for each z* € X*. Therefore, v(z*m)(F) = 0 for each z* € X*. Consequently,
||lm][|(E) = 0.

Notation 2.1.4. Functions integrable in the sense of [L1, L2] or [KK] (when m

has range in a Banach space), are clearly (KL) m-integrable in T with the same
integrals. Hence we shall also refer to them as (KL) m-integrable functions.

Theorem 2.1.5. Let f : T — K or[—o0,00] and let s be a P-simple function.
Then the following hold:

(i) If s = Y. aixg, is P-simple with ()] C K ,(E;))] € P and E; N
E; =0 for i # j, then s is (KL) m-integrable in T and (KL) [, sdm =

IPart (ii) is really needed and useful in general. See Remark 2.1.14.
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(viii)

Yl am(E;NE) for E € o(P). We write [,, sdm instead of (KL) [, sdm.
Consequently, |lm||(E) = sup{| [, sdm| : sP-simple, |s(t)] < xe(t),
teT}.
If f is (KL) m-integrable in T, then ~(-) : o(P) — X given by v(-) =
(KL) f(') fdm is o-additive (in norm).
If v(°) is as in (ii), then:

(a) [VI(E) = supjye <y [ [ fldv(z™m), E € o(P).

(b) 1imyjm||(m)—0 Y(E) = limyjmyj(m)—o [|V|[(E) = 0, E € o(P).
Z(m) is a vector space over K with respect to pointwise addition and
scalar multiplication. Moreover, for E € o(P) fized, the mapping f —
(KL) [ fdm is linear on Z(m). Consequently, [, sdm =", a;m(E;N
E) for E € o(P) and for s = Y| a;xE, with (E;)7 C P not necessarily
mutually disjoint.
Foraset AinT,let PNA={BNA:Be€P} If {f is an m-measurable

function on T and if f is m-essentially bounded in a set A € P, then [ is
(KL) m-integrable in each B € PN A and

|(KL)/dem| < (ess§1€1£|f(t)|) “|m||(B), Bed(P)NA=PnNA.

Consequently, if P is a o-ring S and if f is m-essentially bounded in T ,
then f is (KL) m-integrable in T and

(1) [ fim] < (esssup 7)) - m(4) < (esssup £0)) - [l (T)

for each A € S. (Note that ||m||(T) < oo by Proposition 1.1.6.)

If ¢ is an m-essentially bounded m-measurable scalar function on T and
if f € Z(m), then ¢ - f is (KL) m-integrable in T. In particular, if f is
(KL) m-integrable in T and if E € o(P), then xgf is (KL) m-integrable
in T and (KL) fE fdm = (KL) fT YEfdm.

(domination principle). If f is an m-measurable scalar function on T and
g € Z(m) with |f(t)] <|g(t)| m-a.e. in T, then f € T(m). Consequently,
an m-measurable function f : T — K or [—oo, 00| is (KL) m-integrable
in T if and only if |f| is (KL) m-integrable in T. Moreover, for an m-
measurable function f : T — K, the following statements are equivalent:
(a) f € Z(m); (b) |f| € Z(m); (c) f € Z(m); (d) Ref € I(m) and Imf €
I(m); (e) (Ref)™,

(Imf)*,(Ref)™ and (Imf)~ belong toZ(m). Further, if fi,fo : T — R
are m-measurable and m-integrable in T, then max(f1, f2) and min(f1, f2)
are m-measurable and belong to I(m).

If w € L(X,Y), then um : P — Y is o-additive, and f is (KL) um-
integrable in T whenever [ is (KL) m-integrable in T. In that case,
u((KL) [, fdm) = (KL) [, fd(um) for E € o(P).
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Proof. In the light of Definition 2.1.1, without loss of generality we shall assume
that all the m-measurable functions considered here are further o(P)-measurable.

(i) and (iv) are obvious. (ii) is due to the Orlicz-Pettis theorem. (See the first
paragraph of Section 1.2.)

(iii)(a) By (ii) and by Propositions 1.1.1 and 1.1.19,

I7II(E) = sup v(a*y)(E) = sup / fldv(z'm) for E € o(P).

|o*|<1 |z |<1

(iii)(b) If ||ml||(E) = 0,E € o(P), then v(z*m)(E) = 0 for each z* € X*
and hence by (iii)(a), ||7v|[(E) = 0. As ||m|| and ||7|| are nonnegative, monotone
and o-subadditive on the o-ring o(P) and as ||y|| is further continuous on o(P)
(by (ii) and by Proposition 1.1.5), the second equality holds by Propositions 1.1.11
and 1.1.12. As |[v(E)| < |¥||(E), E € o(P), the first equality also holds.

(v) Let A € P and let a = esssup,¢ 4 | f(t)|. Then there exists M € o(P)NA =
PN Awith [[m|[(M) = 0 such that sup,c 4\ as | f(t)| = a. (See the proof of (4.1.9.1)
for a more general situation.) Let ¥4 = P N A. Then ¥4 C P and is a o-algebra
of subsets of A. Clearly, fxa\a is X a-measurable and bounded. Hence there
exists a sequence (s,)7° of ¥ 4-simple functions (so that (s,)° C Z,) such that
sp — fxa\nm uniformly in A with |s,| 7 [f] in A.

Let B € ¥ 4. Then, given € > 0, there exists ng such that |[s, — s;||a -
||m||(A) < € for n,r > ng. Then by the last part of (i), we have

[ sum— [ sedm] < s, = sl lallm|(8) < [1sn . |Lallml|(4) <

B B

for n,r > ng. Hence, for each B € X 4, there exists a vector xg € X such that
lime Spdm = xg.

n

On the other hand, by LDCT for scalar measures on the o-algebra ¥4, we

have
x:z:thrn/snxm /fd:z:rn

for each z* € X* and for each B € ¥ 4. Thus f is (KL) m-integrable in A and

(K1) [ fam =

for each B € ¥ 4. Moreover, again by the last part of (i), we have

(K1) [ im| = o) -

lim/ sndm‘ < a-||ml||(B)
" JB

for B € X4.
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The last part is immediate from the first part.

(vi) Let esssup,er |¢(t)] = o and let v(-) = (KL) f(') fdm on o(P). By (ii),
v is g-additive on o(P) and by (iii)(b), the o(P)-measurable function ¢ is also v-
essentially bounded. Then by the last part of (v), ¢ is (KL) v-integrable in T'. Let
(KL) [, ¢dv =z, for E € o(P). Then 2*(xg) = [, ¢d(z*v) = [, ¢fd(z*m) for
E € o(P) and z* € X*. (The last equality can be proved for P-simple functions
© and then by applying Proposition 1.1.18 above and Theorem 3 (LDCT), §8 of
[Dinl], it can be extended to a general o(P)-measurable z*v-integrable function
. Also see Theorem 30, §2 of [Din2], which holds for KK also.) Hence ¢ - f is (KL)
m-integrable in 7.

If E € o(P) and if f is (KL) m-integrable in T, then by the first part xg [ is
(KL) m-integrable in 7. If (KL) [}, fdm = 2p € X, then a*(zg) = [, fd(z*m) =
Jr xefd(z*m) for £* € X* and hence the last part also holds.

(vii) Let h(t) = %, t € N(g) and h(t) = 0 otherwise. Then h is o(P)-
measurable and |h(t)| < 1 m-a.e. in T. Moreover, f = gh m-a.e. in T and conse-
quently, by (vi), f € Z(m). If f : T — K or [—o0, o¢0] is (KL) m-integrable in T
then by Remark 2.1.3 there exists an m-null set N € o(P) such that f is finite
in T\N and g = fxr\n € Z(m) and |f| < |[g| m-a.e. in T'. Hence by the above
case, |f| is (KL) m-integrable in T'. Conversely, if |f| is (KL) m-integrable in T
then by Definition 2.1.1 and Remark 2.1.3, there exists an m-null set N € o(P)
such that g = [f|xp\n is a scalar-valued o(P)-measurable (KL) m-integrable
function. Since |f| < |g| m-a.e. in T, by the above part, f is (KL) m-integrable
in T. The other parts follow from the first, from (iv) and from the fact that
max(f1, f2) = 5(fi + f2 + |fr = f2|) and min(f1, fo) = 3(fi + fo — |f1 = fal).

(viii) Clearly, um : P — Y is o-additive. For y* € Y*, y*u € X* and hence
the result holds. O

Remark 2.1.6. The proofs of (vi) and (vii) of Theorem 2.1.5 are respectively similar
to those of Lemma I1.3.1 and Theorem II.3.1 of [KK] given for a real lcHs-valued
o-additive measure on a o-algebra of sets. A lengthy argument using the Banach
space version of Theorem 3.3 (LDCT) of [L2] is given on pp. 145-147 of [MN2]
to prove Theorem 2.1.5(vii) for o(P)-measurable functions f. But, the result is
not really established there since the proofs of the results of [L2] used in their
argument are incorrect. See Remark 2.1.12 below.

Theorem 2.1.7. (Lebesgue dominated convergence theorem-(LDCT- m-a.e. con-
vergence version)). Let f,, n € IN, be m-measurable with values in K or in
[—00,00] and let g : T — K be (KL) m-integrable in T. Suppose | f,(t)| < |g(t)| m-
ae. inT for all n. If f : T — K and if f,(t) — f(t) m-a.e. in T, then
fs fny, n € N, are (KL) m-integrable in T and

(KL) /E fdm = lim(KL) /E fndm, E € o(P)
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where the limit is uniform with respect to E € o(P). Moreover,

lim sup / |fn — fldv(z"m) = 0.
nozx|<1JT

Proof. In the light of Definition 2.1.1, without loss of generality we shall assume

that all the m-measurable functions considered here are further o(P)-measurable.

Let v(E) = (KL) [, gdm, E € o(P). Then by Theorem 2.1.5(ii), v is o-additive

on o(P). By hypothesis and by Theorem 2.1.5(vii), fn, n € IN, are (KL) m-

integrable in T. As f, — f m-a.e. in T, clearly f is o(P)-measurable and hence
is m-measurable. Then in view of Definition 2.1.1 we shall assume that f is also
o('P)-measurable. Moreover, | f| < |g| m-a.e. in T and hence by Theorem 2.1.5(vii),
f is also (KL) m-integrable in T'. By hypothesis and by Remark 2.1.3 there exists
M € o(P) with ||m]||(M) = 0 such that g is finite on T\M and f,(t) — f(t) for
t € T\M. Let F = 2, N(f,) N (T\M) = U, N(fuxz\11)- Then F € o(P)
and foxr\m — fxr\a pointwise in T. By Proposition 1.1.13, v has a control
measure u : o(P) — [0,00). Thus, given € > 0, there exists § > 0 such that
w(E) < ¢ implies ||v|[(E) < 5. Now by the Egoroff-Lusin theorem there exist a
set N € o(P)NF with u(N) = 0 and a sequence (F3)$° C P with Fy, / F\N such
that f, — f uniformly in each F}. As u(F\N\F}y) \, 0, there exists ko such that
w(F\N\F}) < ¢ for k > k. Since u(N) =0, ||v||(N) = 0 and since ||m||(M) = 0,
by Theorem 2.1.5(iii) we have |[v||(M) = 0. As f, — f uniformly in Fj,, there
exists ng such that ||f, — fl|r,, - ||ml|[(Fy,) < § for n > ng. Then, for E € o(P)
and for |x*| < 1, by Proposition 4, §8 of [Dinl], we have

o (L) [ fudm =1 [ fdm’= [ = Dyt
gLUh—NMﬁm)
< /}MO | fr — fldv(z*m) +/ |fn = fldv(z"m).

EN(T\F,)

Now, by Proposition 8, §8 of [Dinl],

/ o — fldo(a*m) < |[fu — fllm, - v(e"m)(Fry) <
ENFy,

Wl m

for n > ng since v(x*m)(Fy,) < ||m||(Fg,) for |z*| < 1.
By (iii)(a) of Theorem 2.1.5 we have

/ \fu — fldvo(z*m)
EN(T\Fy,)

<2 f lgldv(a*m) + 2 ( - |g|dv<w*m>)
EN(F\N\Fy,) ENN  JEnM
2e

< 2|MI[(FAN\Fk, ) + 2[|#[|(N) + 2[]|(M) < 3
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since p(F\N\Fy,) < ¢ and ||v||(N) = ||v||(M) = 0. Consequently, we have
’(KL)/ frndm — (KL)/ fdm’ < sup / |fr — fldv(z*m) < e
E E lz*|<1 /B

for n > ng and for all E € o(P). O

Corollary 2.1.8. (Lebesgue bounded convergence theorem)-(LBCT-m a.e. conver-
gence version)). Let P be a o-ring S. Let f,, n € N, be m-measurable with values
in K or in [—00, 00| and let K be a positive constant such that | f,(t)] < K m-a.e.
inT foralln. If f: T — K and if f,(t) — f(t) m-a.e. in T, then f, f,, n € N,
are (KL) m-integrable in T and

(KL) /E fdm = lim(KL) /E fodm

for E € S, the limit being uniform with respect to E € S.

Proof. Since P = S is a o-ring, by the last part of Theorem 2.1.5(v) constant
functions are (KL) m-integrable in 7" and hence the result follows from Theorem
2.1.7. 0

Corollary 2.1.9. Let f be (KL) m-integrable in T. Then there exists a sequence
(sn) C Is such that sp(t) — f(t) m-a.e. in T and |s,(t)| / |f(t)] m-a.e. in T.
Then for any such (s,), (KL) [, fdm = lim, [, s,dm for E € o(P), and the
limit is uniform with respect to E € o(P). Consequently, for E € o(P),

||m]|(E) sup{’(KL)/Ehdm’ :h € Z(m), |h(t)] <1 m-a.e. mE}
:sup{’(KL)/Ehdm’  h e I(m), h(t)] < 1 mE}

Proof. The existence of such (s, ) is guaranteed by Proposition 1.1.18. The second
result is due to Theorem 2.1.7(LDCT). By the last part of Theorem 2.1.5(i) and
by the fact that Z, C Z(m), we have

||m||<E>sup{/Esdm‘:sezs,me}
Ssup{ (KL)/ fdm‘ s feI(m),|f| < XE}
E

< sup{ (KL)/ fdm‘ : f €Z(m),|f] < xg m-a.e. inT}.
E

But, by the last part of Theorem 2.1.5(i) and by the second part of the present
corollary, |(KL) [ fdm| < ||m|[(E) for f € Z(m) with |f| < xg m-a.e. in T.
Hence the last part of the corollary also holds. U
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Corollary 2.1.10. (Simple function approximation). Given f € Z(m), there exists
a sequence (8,)5° C Zs such that s, — f m-a.e. in T and such that

lim sup /|ffsn|dv(x*m) =0.
T

" le*]<1

(In other words, in terms of Definition 3.1.1 and Theorem 3.1.3 of Chapter 3,
lim, m}(f — s,,7) =0.)

Proof. This follows from the first part of Corollary 2.1.9 and the last part of
Theorem 2.1.7. O

Remark 2.1.11. The hypothesis of (KL) m-integrability of the dominated functions
in Theorem 2.2(2) of [L1] is redundant due to Theorem II.3.1 of [KK] which holds
for complex 1cHs too. If P is a o-ring, the proof of the said theorem of [L1] can be
adapted here. Theorem 2.1.5(vii) and the proof of the said theorem in [L1] have
been used in [Ri5] to obtain LDCT in the case of o-algebras. If P is a d-ring,
[lm||(E) can be infinite for some E € o(P) and hence the argument in the proof
of Theorem 2.2(2) of [L1] cannot be used here.

When m is an operator-valued measure on P as in [Dol], for an m-integrable
vector function f we can find a sequence of X-valued P-simple functions (s,,) such
that s,(t) — f(t) m-a.e. in T and |s,(¢t)] " |[f(t)] m-a.e. in T and such that
lim, [, sp,dm = [,fdm, E € o(P), the limit being uniform with respect to
E € o(P). But, this result cannot be asserted for all sequences (w,,) of X-valued
P-simple functions with w, — f m-a.e. in T" and with |w,| " |f| m-a.e. in T'. See
Remark 9 of [DP2] and [P5]. However, the analogue of Corollary 2.1.9 holds for
m-integrable vector functions f if and only if f € £1(m). See [P5].

Remark 2.1.12. Theorem 3.3 of [L2] gives LDCT (with the hypothesis of (KL) m-
integrability for the dominated o(P)-measurable functions) for o-additive vector
measures 4 defined on a J-ring 7 of subsets of a set .S with values in a sequentially
complete lcHs E. Its proof is based on Lemma 3.4 of [L2] which states as follows.
Lemma 3.4 (of [L2]). If g is p-integrable, U is a zero neighborhood in F and € > 0,
there is an A € 7 such that

sup / IOV (2w, dt) < e.
z’'eU% JS\A

Unfortunately, the proof of the said lemma is incorrect as it is impossible to have
An C Apyr, V(2N Ay) > € and V(2 A\, Anq1) < § (in the notation of [L2]).
Therefore, LDCT for the case of d-rings remains unestablished in [L2].

However, we can provide a correct proof of Lemma 3.4 of [L2] as follows.
Following the notation of [L2], let 7 be a J-ring of subsets of a set S, C(7) the

o-algebra of sets locally in 7, E a sequentially complete IcHs, p : 7 — E a o-
additive vector measure and g a (KL) p-integrable function (see Notation 2.1.4).
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From Definition 3.1 of [L2], it follows that all (KL) m-integrable functions are

o(7)-measurable and hence N(g) € o(7). Let E’ be the topological dual of E.
For a neighborhood U of 0 in E, let pyo be the seminorm on F given by

pue(x) = sup,cpo |2/ ()], where UY = {2/ € B’ : |a/(z)| < 1 for x € U}. Let

AC) jf)gdu

on C(7). Then X is o-additive on C(7) with values in E and the semivariation of
A with respect to the seminorm pg., denoted by |||, ., is given by

Nl () = sup [ |g@IV(@/n,db).
z'eUe ()

Then ||A||p,. is continuous on C(7) and vanishes on S\N(g). As N(g) € o(7),
there is an increasing sequence (A,,)° C 7 such that N(g) = (J;°~ An. Then, given
€ > 0, there exists no such that [|Al[,0 (N(9)\An) < € for n > ng. Let A = A,,.

Then
swp [ gV @) = s [ @IV @pan
z'elUe Js\A a'eU° JN(g)\A

= [Mllpye (N(9)\A) <€

Hence Lemma 3.4 of [L2] (where |f ()| should be replaced by |g(¢)|) holds
and consequently, Theorem 3.3 of [L2] also holds.

The claim in line 3 from the top on p. 298 of [L2] implies that the (KL) p-
integrable function g is bounded on A and this is not true in general, even though
A € 7. Hence the proof of Theorem 3.5 of [L.2] is also incorrect.

Now we shall prove Theorem 3.5 of [L2]. Let ¢ > 0. By Lemma 3.4 of [L2]
(which has been proved above) there exists A € 7 such that

€
swp [ gV i) = s [ gV md) < 5.
weve Js\a +'eU° N (g)\A

As g is o(7)-measurable, there exists a sequence (s,,) of 7-simple functions
such that s, — g and |s,| /" |g| pointwise in S. As p is o-additive on the o-algebra
o(7) N A, by an argument similar to that on p. 161 of [L1] we can choose ngy such
that

€
sup / lg(t) — Sno (8)|V (2", dt) < 3
z'eue
Let f = sp,. Then
sup [ 10 =gV @ty = sup [ 150 = g0V (' dt)
@' eUe @'eU° JN(g)

§2sm>/ I(HVWMdt+sm>/Lf OV (a1, dt) <
z'€U% JN(g)\A z'elUe
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and hence Theorem 3.5 of [L2] holds. i.e., If g is p-integrable, U is a zero neigh-
borhood in E and € > 0, then there is a T-simple function f satisfying

sup [ 17(6) = g0)1V (/) < e

z'eUo

Masani and Niemi use the Banach space versions of Theorems 3.3 and 3.5
and Lemma 3.4 of [L2] in Section 4 of [MN2]. Since we have proved them above,
their results in the said section are restored.

Remark 2.1.13. In Chapter 3 we give not only several versions of LDCT (mean?)
and LBCT(mean?) but also those of the Vitali convergence theorems in (mean?)
for 1 < p < co. See Theorems 3.3.1, 3.3.2, 3.3.6, 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and
Corollary 3.4.11 of Chapter 3. Further generalizations to quasicomplete ( resp.
sequentially complete) 1cHs-valued m are given in Section 4.5 of Chapter 4.

Remark 2.1.14. By Part (ii) of Definition 2.1.1, the m-a.e. limit of a sequence of
m-measurable functions is also m-measurable.

In fact, let f, : T — K be m-measurable for n € IN and let f : T — K
be such that f, — f m-a.e. in T. Then by hypothesis, there exist M,, € o(P)
with [|m||(M,) = 0 such that f,Xxp\, is o(P)-measurable for n € IN and a set
My € o(P) with ||m]|(Mo) = 0 such that fnx1\m, — X1\ M, Pointwise in T'. Let
M =J;_ oy M,. Then M € o(P), ||m||(M) = 0 and fnx1\mr — fx1\ M POintwise
in T'. Consequently, fxp\as is o(P)-measurable and hence f is m-measurable.

2.2 (BDS) m-integrability

In this section we give the definition of m-integrability (in the sense of Bartle-
Dunford-Schwartz [BDS] even in the case of m defined on a d-ring of sets unlike
the original work in [BDS]) and show that the concepts of (KL) m-integrability
and of (BDS) m-integrability and the respective integrals coincide (see Theorem
2.2.2). (This result was first mentioned in Theorem 2.4 of [L1] for the case of
o-algebras, but its proof lacks essential details. See Remark 2.2.6 below.) Hence
Theorems 2.1.5 and 2.1.7 and Corollaries 2.1.8, 2.1.9 and 2.1.10 remain valid for m-
integrable functions. Following Dobrakov [Dol], we characterize m-integrability in
Theorem 2.2.4 and then give necessary and sufficient conditions in Theorem 2.2.8
for the validity of the interchange of limit and integral. The proof of the latter
result is based on Theorem 2.2.2 and Proposition 1.1.13 and is much simpler
than that of the corresponding result known for the Dobrakov integral of vector
functions as given in [Dol] and [DP2]. Finally we deduce Theorem IV.10.9 of [DS1]
as a simple corollary of Theorem 2.2.8. In Chapter 4 we study the (BDS)-integral
of scalar functions with respect to a o-additive quasicomplete (resp. sequentially
complete) lcHs-valued measure and generalize the results of this section and those
of Sections 3.2, 3.3, 3.4 and 3.5 of Chapter 3 in Chapter 4.
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Before concluding the chapter we give some examples of g-additive Banach
space-valued measures defined on a §-ring of sets. See Examples 2.2.13-2.2.16
below.

Definition 2.2.1. Let m : P — X be o-additive and let f : T — K or [—o0, 0] be
m-measurable. Then there exists N € o(P) with ||m||(N) = 0 such that fxp\x is
o(P)-measurable. If there exists a sequence (s,,) C Z, such that s, xp\n — fX1\N
pointwise in 7" and such that lim, [, s,dm = lim,, [ g\ S exists in X for each
E € o(P), then f is said to be integrable in the sense of Bartle-Dunford-Schwartz
with respect to m in T or (BDS) m-integrable in T" or simply, m-integrable in T,
where [, sdm, s € I, is the same as that in Theorem 2.1.5(i). In that case, we
define

n

(BDS)/ fdm = lim Spdm = lim/ s$pdm, E € o(P)
E E\N " JE

and

(BDS)/ fdm = (BDS)/ fdm = lim Spdm.
T N(H\N " IN(ONN

(Note that N(f)\N = N(fxm\n) € o(P) and fN(f)\N spdm is well defined
for all n.)

Theorem 2.2.2. Let f be an m-measurable function on T with values in K or in
[—00,00]. Then f is (KL) m-integrable in T if and only if it is m-integrable in T
and in that case, (BDS) [, fdm = (KL) [, fdm for E € o(P). Thus if f is m-
integrable in T, then (BDS) [, fdm is well defined for E € o(P) and hereafter,
we shall denote either of the integrals of f over E € o(P) by | p fdm. Moreover,
if P is a o-algebra, then the concepts of m-measurability and m-integrability and
the value of the (BDS) m-integral coincide with the corresponding ones given in

Section IV.10 of [DS1].

Proof. By the first part of Corollary 2.1.9, (KL) m-integrability of f implies that
[ is m-integrable in T and that (KL) [, fdm = (BDS) [, fdm for E € o(P).
Conversely, let f be m-integrable in 7. Then by the hypothesis of m-measurability
and of m-integrability of f, there exist an m-null set M € o(P) such that fxr\
is o(P)-measurable and a sequence (s,) C Zg such that s,xm\m — fX1\m
pointwise in 7" and such that lim,, f pSndm = rp (say) exists in X for each
E € o(P). Then (BDS) [, fdm = zg for E € o(P). On the other hand, z*(zg) =
lim, [}, spd(z*m) for each E € o(P) and for each 2* € X*. Consequently, by
Proposition 1.1.21 we have

" (zg) :li7Iln/Esnd(:1c*m) = [Efd(x*m) = li};n/EfxT\Md(gc*m)

for z* € X* and for E € o(P). Thus by the second part of Definition 2.1.1, f is
(KL) m-integrable in 7" and (KL) [, fdm = zg. Hence (BDS) [, fdm = 25 =
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(KL) [, fdm, E € o(P). Since (KL) [, fdm is well defined, (BDS) [,, fdm is also
well defined and does not depend on the particular choice of the sequence (s,) in
Definition 2.2.1.

The last part follows from the first and from the paragraph preceding Nota-
tion 1.1.15. O

Remark 2.2.3. In the light of Theorem 2.2.2, Theorems 2.1.5 and 2.1.7 and Corol-
laries 2.1.8, 2.1.9 and 2.1.10 hold for m-integrable functions and moreover, Z(m)
is the same as the family of all m-measurable scalar functions on 7' which are
m-integrable in 7'. Consequently, Theorem 2.1.7 gives a stronger version of The-
orem IV.10.10 of [DS1] since in Theorem 2.1.7 not only the dominated functions
are not assumed to be m-integrable but also the domain of m is only a -ring of
sets. Moreover, the reader can note that the original proof of Theorem IV.10.8(a)
in [DS1] to show that the (BDS) m-integral is well defined is very lengthy, while
ours is immediate through its equivalence with (KL) m-integral.

The following theorem plays a key role in the proof of Theorem 3.2.7 in
Chapter 3, and the latter is used to prove many important results in Chapter 3.
For example, one can mention an analogue of the Riesz-Fischer theorem (Theorem
3.2.8) and the theorem of characterizations of £,Z7(m), 1 < p < oo, (Theorem
3.3.6) in Chapter 3, which are needed to obtain several versions of the Vitali
convergence theorem and LDCT for £,7(m) for 1 < p < co. See also Remark 2.2.9.

Theorem 2.2.4. Let f be an m-measurable function on T with values in K. Let
(80)3° C Zs be such that s, — f m-a.e. in T and let ~,, : o(P) — X be given by
¥,(:) = f(.) spdm, n € N. Then the following statements are equivalent:

(i) lim, v, (E) =~(E) exists in X for each E € o(P).
(ii) v,(-), n € N, are uniformly o-additive on o(P).
(iii) limy,~,,(E) ezists in X uniformly with respect to E € o(P).

If any one of (i), (ii) or (iii) holds, then f is m-integrable in T and fE fdm =
Y(E) for E € o(P).

Proof. Since «,, is o-additive on o(P) for each n € N, (i)=(ii) by VHSN and
(iii)=(i) obviously.

(ii)=-(iii) By the hypothesis (ii) and by Proposition 1.1.13 there exists a
control measure p : o(P) — [0,00) for (v,,)5°. Thus, given € > 0, there exists
d > 0 such that sup, |[v,[|[(F) < § whenever u(E) < 6. As s,(t) — f(t) m-
a.e. in T, there exists M € o(P) with ||m]||(M) = 0 such that s,(t) — f(t) for
t € T\M. Clearly, by the definition of semivariation, ||v,,||(M) = 0 for all n. Let
F =U,;_; N(sp) N (T\M). Then F € o(P) and spxm\mr — [X7\m Pointwise
in T. Therefore, by the Egoroff-Lusin theorem, there exist N € o(P) N F with
#(N) =0 and a sequence (Fy) C P with F), / F\N such that f, — f uniformly
in each Fj. As FAN\F}, \, 0, there exists ko such that u(F\N\Fy) < § for k > k.
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Choose ng such that |[s, — sr||p,, - |[[m[|(F,) < § for n,r > ng. Then by the last
part of Theorem 2.1.5(i), for all E € o(P), we have

< |lsn = srllry, - [[ml[(EN Fy,) <

Wl m

/ Spdm — s,dm
ENFy, ENFy,

for n,r > ng. Moreover, ||v,|[(FAN\Fy,) < § foralln € N as u(F\N\Fy,) < 6.
As u(N) =0, ||7,/I(NNE) =0 for all n and for all E € o(P). As observed above,
[|7,I[(M N E)=0 for all n and for all E € o(P). Consequently,

/sndm—/ srdm' < / (8n, — $)dm
E E ENFy,

F Yl l(E N (FAN\Fi, ) + [[7,[|(E 0 (F\N\Fi,)) <€

for n,r > no and for all E € o(P). Hence (iii) holds.

If any one of (i), (ii) or (iii) holds, then (i) holds and hence by Definition 2.2.1,
[ is m-integrable in T and [}, fdm = ~v(E) = lim,, [, s,dm for E € o(P). O

Theorem 2.2.5. Let P be a o-ring S. Then an m-measurable function f is m-
integrable in T if and only if there exists a sequence (fy,) of bounded m-measurable
functions on T such that fn(t) — f(t) m-a.e. in T and such that lim,, [, fydm
exists in X for each E € S. (Note that by Theorem 2.2.2 and by the last part
of Theorem 2.1.5(v), such f, are m-integrable in T.) In that case, fE fdm =
lim,, fE fndm for E € S, the limit being uniform with respect to E € S.

Proof. The condition is necessary by Definition 2.2.1. As S is a o-ring, by Theorem
2.2.2 and by the last part of Theorem 2.1.5(v), bounded m-measurable functions
are m-integrable in T'. In the light of Definition 2.1.1, without loss of generality we
shall assume that all the functions f, and f are further S-measurable. Let F € S
and let lim,, [}, fndm = zp € X. For z* € X*,

o (zp) = 2 (lirlln /E fndm> = lim /E Fod(z*m) = /E fd(z*m)

by Theorems 2.2.2 and 2.1.5(viii) and by Proposition 1.1.21. Therefore, f is (KL)
m-integrable in 7" and hence m-integrable in 7. Moreover, fE fdm = zp =
lim, [, fndm for E € o(P). Let v(E) = [, fdm. By Theorem 2.1.5(ii),
¥, () = f(') fndm, n € N, are og-additive on o(P). Moreover, as observed above,
lim, v, (FE) = y(E) for E € o(P). Hence by VHSN ~,,,n € N, are uniformly
o-additive on o(P). Consequently, the proof of (ii)=-(iii) of Theorem 2.2.4 holds
here verbatim, if we replace s, by f,,. Therefore, the last part also holds. O

Remark 2.2.6. When the domain of m is a o-algebra, the equivalence of the (KL)-
integral and the (BDS)-integral was first obtained in Theorem 2.4 of [L1] and has
been cited by various authors like [C1],[JO],[KK], [Ri5], etc. Theorem 2.4 of [L1]
is as follows:
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Suppose X is a sequentially complete lcHs, p : S — X is o-additive where
S is a o-algebra of subsets of a set S and f is a complex-valued function on S
(S-measurable). Then the following are equivalent:

(1) f is p-integrable.
(2) There is a sequence (fn) of bounded measurable functions which converge

pointwise to f and for which ([ fn(t)p(dt)) is Cauchy uniformly with respect
to Ee€X.

(3) There is a sequence (fn) of simple functions which converge pointwise to f
and for which ([, fn(t)p(dt)) is Cauchy for each E € 3.

In the proof of the above theorem the author claims that (2) clearly implies
(3)in [L1]. But we do not see how it is so, since bounded measurable functions
need not be simple functions. However, by using Theorem 2.2(2) (LDCT) of [L1],
we can prove the said theorem as follows. It has been proved on p. 162 of [L1] that
(1) implies (2) and (3) implies (1). Using an argument similar to that in the proof
of (3) implies (1) in [L1], one can show that (2) implies (1). By Theorem 2(2)
(LDCT) of [L1], by Proposition 1.1.18 above and by the fact that simple functions
are (KL) m-integrable (even when m has values in an IcHs) (1) implies (3) and
hence Theorem 2.4 of [L1] holds.

Remark 2.2.7. The proof of Theorem 2.2.4 is similar to that of Theorem 7 of
[DP2], but here we use the control measure of (v,,)7° and invoke the Egoroff-
Lusin theorem with respect to it.

The next theorem generalizes Theorem 2.2.4 to m-integrable functions and
is also known as the closure theorem. Compare with Remark 4.2.10 of Chapter 4.

Theorem 2.2.8. (Theorem on the interchange of limit and integral). Let m : P —
X be o-additive. Let f, : T — K be m-measurable and m-integrable in T for
nelN,andlet f:T — K. If f, — f m-a.e. inT, then f is m-measurable. Let
¥, () = f(_) fndm, n € IN. Then the following statements are equivalent:

(i) lim, ~,,(F) = ¥(E) exists in X for each E € o(P).
(ii) v,,, n € N, are uniformly o-additive on o(P).
(iii) limy, v, (E) =~v(E) € X exists uniformly with respect to E € o(P).

If any one of (i), (ii) or (iii) holds, then f is m-integrable in T and

/fdm:/ limfndmzlim/ fndm, E € o(P),
E E " " JE

the limit being uniform with respect to E € o(P). Conversely, if f € T(m) and if

/ fdm:lim/ fndm, forE € o(P),
E n JE

then (i), (ii) and (iii) hold.
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Proof. Clearly, f is m-measurable. In the light of Definition 2.1.1, without loss of
generality we shall assume that all the functions considered here are further o(P)-
measurable. (i)=(ii) by Theorem 2.2.2, by Theorem 2.1.5(ii) and by VHSN and
(iii)=>(i) obviously. The proof of (ii)=-(iii) is almost the same as that of (ii)=-(iii)
of Theorem 2.2.4, with small modifications as below. Let us use the same notation
as in the proof of Theorem 2.2.4, changing s,, to f,,. By Theorem 2.2.2 and by the
last part of Corollary 2.1.9, we have the inequality

/ fndm — frdm
Eka() EkaO

Moreover, by Theorem 2.2.2 and by Theorem 2.1.5(iii)(a) we have ||v,,||(M) =
SUP <1 [ps [fnldv(z*m) = 0 for all n € IN since v(z*m)(M) < |[m|[(M) = 0 for
|z*| < 1. Then arguing as in the proof of Theorem 2.2.4 we have (ii)=>(iii).

If anyone of (i),(ii) or (iii) holds, then by the first part (i) holds and hence
lim, [, fndm = ~v(E) € X for each E € o(P). Thus, for 2* € X* and for
E € o(P), by Proposition 1.1.21, by Theorem 2.2.2 and by Theorem 2.1.5(viii) we

have
'y (E) = x* (hm/ fndm) = lirn/ fnd(z*m) :/ fd(z*m).
" JE " JE E

This shows that f is (KL) m-integrable in 7" and hence m-integrable in T, v(E) =
J fdm, and

< |lfn = Foll g - [l [(Fro)-

lim/ fndm = ~(E) :/ fdm, E € o(P).
n JE E

Then by (iii) the limit is uniform with respect to E € (P). Conversely, if f € Z(m)
and if lim, [, fpdm = [, fdm, E € o(P), then clearly (i) holds and hence by the
first part, (i) and (iii) also hold. O

Remark 2.2.9. The analogue of Theorem 2.2.8 is not valid for the Bochner integral.
See [P5]. In Section 4.3 of Chapter 4, Theorems 2.2.2, 2.2.4, 2.2.5 and 2.2.8 are
generalized to (BDS)-integrals with respect to a quasicomplete 1cHs-valued o-
additive m on P.

Remark 2.2.10. In the proof of the second part of the above theorem, we used the
fact that a function ¢ is (KL) m-integrable in T if and ouly if it is m-integrable
in T and this has reduced the arguments considerably in comparison with the
proof of the last part of Theorem 15 of [Dol] or of Theorem 9 of [DP2] for the
corresponding result on vector functions.

As an immediate corollary of Theorem 2.2.8, we deduce the following result
which is an improved version of Theorem IV.10.9 of [DS1] and the latter is used
to prove LDCT (Theorem IV.10.10) in [DS1]. When P is a o-ring, one can deduce
Proposition 1.1.21 ( which is used in the proof of Theorem 2.2.8) as an easy
consequence of the Vitali-Hahn-Sacks theorem (see the proof of Lemma 2.2 of
[L1]) and consequently, our proof of Theorem IV.10.9 of [DS1] given below is
undoubtedly much shorter and more elegant than that of [DS1].
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Corollary 2.2.11. Let ¥ be a o-ring of sets and let p : ¥ — X be o-additive. Let
fn:T — K, neN, be u-measurable and p-integrable in T and let f : T — K. If
fn— f p-a.e. inT and if

lim /fnd =0, E€X
(B0 f 5 T

uniformly for n € N, then f is p-integrable in T and

/ fdp = lim / fudp, E€ X,
E n JE

the limit being uniform with respect to E € .

Proof. Let ~,,() = f(_) fndp, n € IN. Let € > 0. Then by hypothesis there exists
§ > 0 such that sup,, |v,(E)| < € whenever ||p|[(E) < §, E € . Let Fj, \, 0
in ¥. As p is o-additive on ¥ and as X is a o-ring, ||p|| is continuous on ¥ by
Proposition 1.1.5 and hence there exists ko such that ||p||(F) < 0 for k > ko and
consequently, sup,, |7v,,(Fx)| < € for k > kq. Then, by Proposition 1.1.7,~,,, n € IN,
are uniformly o-additive on . Now the result holds by Theorem 2.2.8. (]

Now we give some examples of Banach space-valued o-additive measures on
a d-ring or on a o-ring.

Definition 2.2.12. A collection (z,) C X is said to be summable if the net
(>weca Ta) formed by sums over finite sets of indices and directed by inclu-
sion, is convergent in X . The collection (z,,) is said to be absolutely summable if
Y lTal < 00. (As X is a Banach space, it follows that (z,) is summable in X
whenever it is absolutely summable.) Finally, a sequence (z,,)3° C X is said to be
subseries convergent if °, ~ xa(k)x) exists in X for each A C IN. See [D].

Example 2.2.13. For a nonvoid set S, let Fis be the d-ring of all finite subsets of
S. A collection (z4)aes C X defines an X-valued o-additive measure m on Fg if
we define m(()) = 0 and m(A) = Y ., zo if A # 0. We refer to the measure m
defined in this manner as the measure defined by (24 )acs-
Ezample 2.2.14. Let (x,)$° be a summable sequence in X. Let m : P(N) — X
be defined by m(E) = >, x,. Then m is an X-valued o-additive measure on
P(IN).

By Theorem 2.2 of [L2] we have:
Example 2.2.15. Any X-valued o-additive measure m defined on a §-ring P of sets
is of finite variation if and only if (m(4,))?° is absolutely summable to m({J; 4,,)
for each pairwise disjoint sequence (A,)° C P with |J~ 4,, € P.

By Corollary 4.3 of [L2] we have:
Example 2.2.16. If m is an X-valued o-additive measure defined on a é-ring P of
subsets of T and if every summable sequence (x,,) in X is absolutely summable,
then every m-integrable function in T is v(m)-integrable in 7.



Chapter 3

Ly-spaces, 1 < p < oo

We develop the theory of £,-spaces (1 < p < 00) for the Bartle-Dunford-Schwartz
integral with respect to a Banach space-valued o-additive vector measure m de-
fined on a d-ring of sets and obtain results analogous to those known for such
spaces in the theory of the abstract Lebesgue and Bochner integrals. For this we
adapt some of the techniques employed by Dobrakov in the study of integration
with respect to operator-valued measures. Though a few of these results are al-
ready there in the literature for p = 1 (sometimes with incorrect proofs as observed
in Chapter 2)), they are treated here differently with simpler proofs.

3.1 The seminorms m>(-,7) on £L,M(m), 1 <p < oo

Dobrakov introduced a seminorm (-, T) in [Do2] to define and study exhaustively
the L£1-spaces associated with an operator-valued measure m which is o-additive
in the strong operator topology on a d-ring of sets and studied very briefly the
corresponding £,-seminorms, 1 < p < oo, indicating the difficulties in developing
analogous theory for the £,-spaces. Similar seminorms, for p = 1, were introduced
in [KK], [MN2], [Ri5], etc., for studying the space of (KL) m-integrable functions
when m is a o-additive Banach space-valued vector measure. In the present section,
we introduce the seminorms my (-, 7"), 1 < p < oo, similar to those in [Do2], define
the spaces £, M(m), Z,(m) and £,7(m) and study their basic properties. As in
[Dol, Do2] we introduce various notions of convergence similar to those used in
the theory of the abstract Lebesgue integral and study their interrelations. We
also study relations between the spaces £,(m) for 1 < p < oo, where Lo(m) is
suitably defined.

Hereafter, most often, without mentioning Theorem 2.2.2 of Chapter 2, we shall
directly apply Theorems 2.1.5 and 2.1.7 and Corollaries 2.1.8, 2.1.9, and 2.1.10 of
Chapter 2 to functions m-integrable in 7. (See Remark 2.2.3 of Chapter 2.)
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Definition 3.1.1. Let g : T — K or [—o0,00] be an m-measurable function. Let
1<p<ooandlet E € c(P). Then

(g, F) = sup {‘ /

is called the L,-gauge of g on E. We define

mp(g,T) = sup mp(g, E).
Eco(P)

1
15 € s, |s(t)] < |g()|P m—a.e.inE}

By Proposition 1.1.18, my(g, £) and m3(g,T) are well defined and belong
to [0, 00].

Lemma 3.1.2. Let g : T — K or [—o0,00] be m-measurable and let 1 < p < 0.
Let x* € X* and let E € o(P). Then:

(i) (z*m)3(g, E) :sup{|fE sd(z*m)|7 : s € T, |s(t)] < |g(t)]? m-a.e. mE}

(i) (z*m)p(g, E) = ([ l9/Pdv(z*m))¥.
Proof. (i) By Definition 3.1.1,

‘t!lH

/ sd(x*m)’p 15 € Ls, |s(t)] < |g(@)|P (x*m)-a.e. inE} .
E

(z*m)3 (g, E) = sup{

Let a = sup{|fE sd(w*m)ﬁ 18 €T, [s(t)] < |g(t)|P m-a.e. inE} Clearly, a <
(z*m)3 (g, E). To prove the reverse inequality, let 0 < ¢ < (z*m);(g, E). Then
there exist s9 € Zy and M € o(P) with v(w m)(M) = 0 such that [so(t)] <
lg(t)|P for t € T\M and ¢ < | [, sod(x “m)|7. If s = = S0XE\M) then s € Z, and
[s(t)] < |g(t)|P for t € E and hence [s(t)] < |g(¢)|P m-a.e. in E. Moreover, ¢ <
| [ sd(z*m)|7. Hence (i) holds.

(ii) Since | [, sd(z*m)| < [, |g/Pdv(z*m) for s € T, with [s(t)| < |g(t)[P
(z*m)-a.e. in B, we have (z*m)?(g, E) < ([, [g[Pdv(z*m)) 7. To prove the reverse

1
inequality, let 0 < ¢ < ([, |g[Pdv(2*m))?. Then by Proposition 1.1.18 of Chapter
1, there exists s = Y | aixe,, (Ei)] C P, E;NE; = 0 for i # j, with |s(¢)] <
1
lg(t)]P (z*m)-a.e. in E such that ¢ < (3] |ax|v(z*m)(E N Ey))?. Hence there
exist (Ekj)g’;l C P, pairwise disjoint, such that Uf’;l Ey CENE, kE=1,2,...,r
and such that

r Ly
<Y lanl 3| m) (B = [ hia'm)
k=1 j=1 E

where h = 22:1 2?;1 lax|sgn ((z*m)(Ek;)) XE,,;- Then h € Z; and [h(t)] < g(t)P
(z*m)-a.e. in E. Hence (ii) holds. O
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Theorem 3.1.3. Let g : T — K or [—oo,00] and let 1 < p < oo. If g is m-
measurable and E € o(P), then

1

w3t 2) = swp ([ laPaotam)” = swp @m0, )

> |<1 |z [<1

Sup{

Consequently, | [, |f|pdm|% <mp(f, E) for |f|P € Z(m) and for E € o(P).

Moreover,

/ fdm’; cfeZ(m), |f| <|gl’ m-a.e. in E}
E

/Efdm‘ <mi(f,E) (3.1.3.1)

for f € Z(m) and for E € o(P).

Proof. By Definition 3.1.1 and Lemma 3.1.2(i) we have

m) (g, F) = sup{ / sdm
E

= sup sup / sd(w*m)‘p
lo+1<1 |/ E

= sup (ac*m);(g, E).

o> |<1

14

15 €L, |s(t)] < |g(t)P m-a.e. inE}

) 18 €Iy, |s(t)] < |g(t)|P m-a.e. inE}

Then by Lemma 3.1.2(ii),

m?(g, E) = sup (/ |g|Pdv(z* m) . (3.1.3.2)

:v*\<1

Since Z, C Z(m), by (3.1.3.2) we have

m; (g, F) < sup{ /Efdm‘p , f€Z(m), |f] < g/’ m-a.e. inE}

=sup sup {/fdxm‘ , [ €Z(m), |f|§g|pm-a.e.inE}

|z*|<1

IN

swp [ JgPdo(a”m) = w39, E)

lz*|<1JB

and hence the first part holds.

The other parts are immediate from the first. O
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Definition 3.1.4. Let g : T — K or [—00,00] be m-measurable. Let E € o(P)
(see paragraphs preceding Notation 1.1.15 in Section 1.1 of Chapter 1), and let
1 <p < oo. Then E is of the form E = FUN, F € o(P), N C M € o(P) with
|[m||(M) = 0. We define m?(g, E) = m5(g, F'). We also define [, [g[Pdv(z*m) =
Jz lg/Pdv(z*m). Then

m(g,E) = sup (/ gl dv(z* m) . (3.1.4.1)

\w*\<1

To verify that mj(g, E) and [, |[g[Pdv(z*m) are well defined, let E = F} U
Ny = F, U Ny with F; € 0'(7)), N; C M; € U(P) and ||1’I’1||(MZ) =0 fori=1,2.
Let M = M; U M. Then ||m||(M) =0 and F; UM = F>, UM. Hence [, sdm =
fFluM sdm = szuM sdm = ng sdm for s € Z, and therefore, m?(g, E) is well
defined. Moreover, [ |g|Pdv(z*m) = [,/ |g|Pdv(z*m) = [,/ |g|Pdv(z*m) =
Jr, l9/Pdv(z*m) and hence [, |g|Pdv(2*m) is also well defined. Then (3.1.4.1) holds
by Theorem 3.1.3.

Remark 3.1.5. When P is a o-algebra S, the gauge in Definition 3.1.1 above is
given in [KK] for p = 1 and that too for (KL) m-integrable S-measurable functions
only. Of course, there m has values in a real IcHs. The analogue of Theorem 3.1.3
for p = 1 is given in Lemma I1.2.2 of [KK]. But our proof is more general and
elementary than that of the said lemma in [KK] and is adaptable to the case of
lcHs-valued vector measures defined on P (see Definition 4.3.1 and Theorem 4.3.2

of Chapter 4). A similar result for operator-valued measures is given in Theorem
4" of [Do2] without proof. Also see [SP1].

Theorem 3.1.6. Let 1 < p < oo. Let f : T — K or [—o00,00] be m-measurable
and let |f|P be m-integrable in T. Let v(-) = f() |f|pdm Then my(f, E) =

(IWI(E)* , E € a(P) and consequently, m p(f, T) = (|[7|(T))* < 0. Moreover,
my(f,-) is continuous on o(P) (in the sense of Definition 1.1.4 of Chapter 1).

Proof. For z* € X* and for E € o(P), v(z*v)(E) = [, |f[Pdv(z*m) by Theorem
2.1.5(ii) of Chapter 2 and Proposition 1.1.19 of Chapter 1. Therefore, by Theorem
3.1.3 and by (iii)(a) of Theorem 2.1.5 we have

(mp(f, E))" = sup v(@*y)(E) = ||¥/|(E).

> |<1

Consequently,

(my(£,7))" = sup (m}(f, )" = sup |Iy[|(E)=[l7]|(T) < o0
Eea(P) Eco(P)
as v is an X-valued o-additive vector measure on o(P) by Theorem 2.1.5(ii) of

Chapter 2. The continuity of m3(f,-) = (|[v|[(- ))% is due to Proposition 1.1.5 of
Chapter 1. O
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The converse of Theorem 3.1.6 is not true in general; ie., if f: T — K or

[—00, 00] is m-measurable with mp(f,7") < oo for some p, 1 < p < oo, then [f[P
need not be m-integrable in T'. In fact, we have the following counter-example (see
also p. 31 of [KK]).
Counter-example 3.1.7. Let T = IN and S = o-algebra of all subsets of T
Let X = ¢p. Let 1 < p < oo and let f(t) :t%,teT.ForEeS,let
m(E) = (an) € co, where a, = L if n € E and a,, = 0 otherwise. Clearly m
is o-additive on S. If 2* € ¢ = I3, let 2* = (x,). Then |z*| = {7 |zn] < cc.
Now (m3(f,T))" = supjyjcr fy |fPdv(a*m) = sup,. <y S5 no(zom)({n}) =
SUD| i+ <1 2oy N |Tn| <1 < o0o. But | f[P is not m-integrable in T'. In fact, on the
contrary we would have f{n} |f|Pdm = e, for n € T, where e, = (0,;)32; with
dp; = 1if j = n and = 0 otherwise; and if v(-) = f(_) |f|Pdm, then by Theo-
rem 2.1.5(ii) of Chapter 2, 4 would be o-additive on § with v(T") € ¢o so that
Y(T) =37 v{n}) => e, =(1,1,1,...) &€ co. This contradiction shows that
fP=1fP ¢ Z(m).

However, when ¢y ¢ X, we have the following characterization of m-integra-
bility of |f|P.

Theorem 3.1.8. Let ¢cg ¢ X and let 1 < p < oo. Then for an m-measurable
function f on T with values in K or [—oo,00], |f|P is m-integrable in T if and
only if mp(f,T) < oo. Moreover, if |f|P is (x*m)-integrable for each z* € X*,
then |f|P is m-integrable in T' and my(f,T) < oo.

Proof. In the light of Theorem 3.1.6, it is enough to show that the condition is
sufficient. Let m3(f,T) < oo. Then sup,,-|<; [, [f[Pdv(z*m) = (mp(f, T))P < oo
by Theorem 3.1.3. By Proposition 1.1.18 of Chapter 1 there exists a sequence
(sn) C Zs such that 0 < s, /" |f|P m-a.e. in T. If w,, = s,, — $p—1, for n > 1, where
so =0, then > " u, = |f|P m-a.e. in T. Let E € o(P). Then, for each z* € X*,
by the Beppo-Levi theorem for positive measures we have Y% [ [uy|dv(z*m) =
>0 [pundv(z*m) = [ |f|Pdv(z*m) < oo and consequently, by Proposition 4, §8
of [Dinl], >-7% |2* ([ undm)| < co. As ¢g ¢ X, by the Bessaga-Pelczynski theorem
there exists a vector zx € X such that g = 7% [, updm = lim, [}, s,dm. Since
this holds for each E € o(P), by Definition 2.1.1 and by Theorem 2.2.2 of Chapter
2 |f|P is m-integrable in T O

In the above proof we observe that (z*m)-integrability of |f|? for each z* €
X* implies that |f|P is m-integrable in T and hence the last part holds by Theorem
3.1.6.

Similar to [Do2] we give the following
Definition 3.1.9. Let 1 < p < co. Then we define
L,M(m) = {f:T — K, fm-measurable with m3(f,T") < oo};
Z,(m) ={f : T — K, f m-measurable and | f|” € Z(m)}
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(so that Z; (m) = Z(m) by Theorem 2.1.5(vii) of Chapter 2 — see Notation 2.1.2
of Chapter 2); and

LpyT(m) = {f € Zp(m) : my(f,T) < oo}
The following result is immediate from Theorems 3.1.6 and 3.1.8.
Theorem 3.1.10. Let 1 < p < co. Then L£,Z(m) =T,(m) C L,M(m). Ifeo & X,
then L,M(m) = £,7(m) = Z,(m).
As an immediate consequence of Definition 3.1.4 and Theorem 3.1.3 we have

the following theorem, whose easy proof is omitted.

Theorem 3.1.11. Let g: T — K or [—oo,00] be m-measurable and let E € O/'E\’])/).
Let 1 < p < oco. Then the following assertions hold:

(i
(ii

) my(g,-): 1;(7;) — [0, 00] is monotone and subadditive and vanishes on ().
)
(iit) (infrepg(t)]) - (|[m]|(E)> < mp(g, B) < (sup,ep lg(t)]) - (|[ml|(E))
)
)

my(ag, E) = |a|m3 (g, E) for a € K, where 0.00 = 0.

1

"

If h is m-measurable and if |h| < |g| m-a.e. in E, then m3(h, E) < mj3(g, E).
(v) mp(g, E) = mp (g, ENN(g)). (See Notation 1.1.15 of Chapter 1.)

(vi) m3(g, E) = 0 if and only if ||m|| (£ N N(g)) = 0.

Theorem 3.1.12. Let g : T — K or [—o0,00] be m-measurable, n a positive real

number and E € o(P). Let 1 < p < co. Then:

(iv

(i) (The Tschebyscheff inequality).

1 L]
|lml[ ({t € E': [g(t)] = n}) < pry (mp (g, E))".
(ii) If my(g, E) < oo, then g is finite m-a.e. in E. Consequently, if mp(g,T) <
oo, then g is finite m-a.e. in T.

Proof. (i) Let F = {t € E : |g(t)] > n}. Then F € o(P) and by (i) and (iii) of
Theorem 3.1.11 we have

(il < (jnf o(0)]) - (mll(F)? < mifo. F) <m0, )

and hence (i) holds.

(ii) Let F = {t € E : |g(t)| = oo}. Then F € o(P) and F C F,, = {t € E :
lg(t)] > n} € o(P), n € N. Now by (i), by Theorem 3.1.11(i) and by hypothesis,
we have ||m||(F) < ||m]||(F,) < (1)7- (m;(g,E))p — 0 as n — oo and hence
g is finite m-a.e. in E . Since my(g,7) = mjy (g, N(g)), the last part of (ii) also
holds. g
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Theorem 3.1.13. Let f, g be m-measurable on T with values in KX and let E € o(P).
Let 1 <p<ooand if 1 <p < oo, let%—i—%:l. Then:
(i) m3(f +g,E) <mj(f, E) + my(g, E).
(i) m8(f +9.T) < mS(f.T) + m3(g.T).
(iii) Let 1 < p < oo. Then m{(fg,T) < m3(f,T) - mf(g,T). Consequently, if
f e LpM(m) and g € LoM(m), then fg € L1 M(m). (The last part is

improved in Theorem 3.5.1.)

Proof. In the light of Definition 3.1.4, without loss of generality we shall assume
that E € o(P). Then by Theorem 3.1.3 we have

m)(f +g,E) = sup (/E|f+g|pdv(x*m))p

o> |<1

< s ( [E flPdv(e m)) - s ( /E gPdva m))
— m(/. E) + mS(g. E).

Consequently,
my(f+g,7)= sup my(f+g,FE)
E€o(P)

< sup mpy(f,E)+ sup mp(g, E)
Eco(P) Eco(P)

=my(f,T)+my(g,T).
Hence (i) and (ii) hold.
(iii) By Theorem 3.1.3 and by Hélder’s inequality we have
mi(fo.T) = sw [ |fgldam)

|z*|<1,E€o(P)JE

= e EGU(P){U | FPdo(am) )’1’ . (/E |g|qdv(x*m>>3}

< mp(f’ ) : mq(g’T)
Consequently, if f € £, M(m) and g € L,M(m), then fg € L M(m). O

Theorem 3.1.14. If 1 < p < oo, then (L,M(m), m3 (-, 7)) and (L,Z(m), m(-,T))
are seminormed spaces.

Proof. By Theorems 3.1.11(ii) and 3.1.13(ii), (£, M(m), m3 (-, T')) is a seminormed

space. Let f, g € £,Z(m) and let a be a scalar. Then |f|? € Z(m) and |g[” € Z(m).
Since |f + g[P < 2P max(|f|?,]g|?) < 2P(|f|” + |g|P), by (iv) and (vii) of Theorem
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2.1.5 of Chapter 2 |f 4 ¢g|P € Z(m) and hence f+g € £,Z(m) by Theorem 3.1.10.
Clearly, |af|? € Z(m) and hence £,7(m) is a vector space. Then by Theorem
3.1.10 and by the fact that (£, M (m), m,(-,T)) is a seminormed space, it follows

that (£,Z(m), mj(-,7")) is also a seminormed space. O

Notation 3.1.15. By L, M(m) and £,Z7(m), 1 < p < 0o, we mean the seminormed

spaces (EpM(m),m;,(~,T)) and (EpI(m),m;(~,T)), respectively.

In Chapter 4 we generalize Theorems 3.1.10 and 3.1.14 to IcHs-valued o-
additive m on P. See Definition 4.3.7 and Theorem 4.3.8 of Chapter 4.

Similar to [Dol, Do2] we give the following concepts of convergence for m-
measurable functions.

Definition 3.1.16. Let f, (fn)new, (fa)ac(p,>) be m-measurable scalar functions
on T where (D, >) is a directed set. Then:

(i) The sequence (f,,)5° is said to converge in measure to f in T (resp. to be
Cauchy in measure in T') with respect to m (when there is no ambiguity of
the measure in question we drop m) if, for each n > 0,

lim [[m([ ({t € T = [fu(t) = f(E)| = 0}) =0

(resp.
n,lrlgloo ||m|| ({t eT: |fn - frl > 77}) = O)

Similarly we define convergence in measure to f in £ and Cauchy in measure
in E for E € o(P). Similar definitions are given for the net (fa)ac(n,>)-

(ii) The sequence (f,)3° is said to converge to f almost uniformly (resp. to be

Cauchy for almost uniform convergence) in 7' (with respect to m) if, given e >
0, there exists a set E. € o(P) with ||m||(E,) < € such that the sequence (f,)
converges to f uniformly in T\ E, (resp. is Cauchy for uniform convergence
in T\ E,). Similarly we define almost uniform convergence and Cauchy for
almost uniform convergence in E € o(P).

(iii) Let 1 < p < oo. If we further assume that f, f,,, n € IN (resp. fq,a € (D,>)),
are in £, M(m), then the sequence (resp. the net) is said to converge to f in
(mean”) (with respect to m) if lim,, oo m3(fr—f,T) = 0 (resp. lim, mp(fo—
f,T) =0). It is said to be Cauchy in (mean”) if limy, ;oo m3(fr — fr, T) = 0
(resp. if limy, g—0o M3 (fo — f53,T) = 0).

Definition 3.1.17. Two functions f,g € £, M (m) are said to be m-equivalent or

simply, equivalent if f = g m-a.e. in T'. In that case, we write f ~ g.

Theorem 3.1.18. Let 1 < p < oo. Let f,g,(fu)new and the net (fa)ac(n,>) be
m-measurable scalar functions on T. Then:

(i) ‘~’is an equivalence relation on L,M(m) and we denote L,M(m)/~ by

L,M(m).
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(ii) For f,g € LyM(m), f ~ g if and only if my(f —g,T) = 0.
(iii) For f € L,M(m), my(f,T) =0 if and only if ||ml|(N(f)) =0 and hence
if and only if f =0 m-a.e. in T.

(iv) If (fn) (resp. (fa)ae(p,>)) converges in measure to f and g in T, then
f=gm-ae inT.If (fn) (resp. (fa)) converges in measure to f, then
(fn) (resp. (fo)) is Cauchy in measure.

(V) Let (fa)3® C LoM(m) (resp. (fudacipizy © LpM(m)). If (fu) (resp.
(fa)ae(p,>)) converges in (mean”) to f and g, then f = g m-a.e. in T. If
(fn) (resp. (fo)) converges to f in (mean?), then it is Cauchy in (mean?).

(vi) Let (fn)® C LyM(m) (resp. (fa)ac(p,>) C LpM(m)). If (fn) (resp.
(fa)ae(p,>)) converges to f in (mean”), then it converges to f in measure
m T.

(vii) If fr — f in measure in T (resp. if (fn)3° C LM (m) and if f,, converges
to f in (mean’)), then every subsequence of (f,) also converges to f in
measure in T (resp. in (mean?)).

(viii) (Generalized Egoroff’s theorem). Let P be a o-ring S and let (h,)$° be
m-measurable scalar functions on T. Let h : T — K. If h, — h m-a.e.
in T, then h is m-measurable, h,, — h in measure in T and also almost
uniformly in T .

Proof. The easy verification of (i)—(iii) (using Theorem 3.1.11) is left to the reader.
Since ||m|| is nonnegative, monotone and o-subadditive, the classical proof holds
here to prove (iv). For example, see the proof of Theorem 22C of [H].

(v) Since myp(-,T) is subadditive by Theorem 3.1.13(ii), mp(f — ¢,7) <
my(f = fn, T) +mp(fn —g,T) = 0 as n — oo (resp. <myp(f — fo, T) + mp(fo -
g,T) — 0 as &« — 00). Hence the first part holds by (ii). Similarly the second part
is proved.

(vi) is immediate from the hypothesis and the Tschebyscheff inequality (see
Theorem 3.1.12(i)) while (vii) follows from the respective definitions of conver-
gence.

(viii) Clearly, h is m-measurable. By hypothesis and by Proposition 1.1.18 of
Chapter 1, there exists N € o(P) = S with ||m]|(N) = 0 such that h,(t) — h(t)
for t € T\N and such that h,xpr\n, n € IN, and hxp\n are o(P)-measurable.
Then, given n > 0, let E, = {t € T\N : |hno(t) — h(t)| > n}. Then (E,)° C S.
As h, — h pointwise in T\ N, lim,, £, = 0. Then by the hypothesis that S is a
o-ring and by Proposition 1.1.5 of Chapter 1, lim,, ||jm||(E,) = 0. If E,(n) = {t €
T : |hy(t) — h(t)| > n}, then E,(n) C E, UN and hence lim, ||m]|| (E,(n)) = 0.
Therefore, h, — h in measure in 7. Since ||m|| is continuous and o-subadditive
on S, the proof of Theorem 1 in §21 of [Be| can be adapted here to show that
hy, — h almost uniformly in T'. Hence (viii) holds. O
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As ||m)]| is nonnegative, monotone and o-subadditive on o(P), the following
theorem can be proved by an argument similar to the numerical case (for example,
see [H, pp. 92-94 ]). The proof is left to the reader.

Theorem 3.1.19. Let (f,)° be a sequence of m-measurable scalar functions on
T. If it is Cauchy in measure in T, then there exists a subsequence (fn, )52, of
(fn)5° such that (fn, )32 is almost uniformly Cauchy in T, thus there exists an m-
measurable scalar function f on T such that limy, fn, (t) = f(t) almost uniformly
in T, and hence f, — f in measure in T and f,, — f m-a.e. inT.

3.2 Completeness of £,M(m) and £,Z(m),1 < p < oo,
and of £, (m)

We first give a generalized Fatou’s lemma in Theorem 3.2.1 and then use it to show
that the seminormed space £,M (m) is complete for 1 < p < co (Theorem 3.2.3).
Then, similar to the spaces given in Dobrakov [Do2| (for p = 1), we introduce the
spaces LpZs(m) and £,(m) for 1 < p < oo and show that £,(m) is complete.
By proving that £,7(m) = £,(m), we deduce that £,Z(m) is complete for 1 <
p < oo. When p = 1 we also give an alternative proof for the completeness of
L1 (m); this proof is based on inequality (3.1.3.1) and is similar to the proof of the
corresponding part in Theorem 7 of [Do2]. The proof of Theorem 3.2.3 is analogous
to that of the Riesz-Fischer theorem given in [Rul] and can be adapted to give an
alternative simpler proof of Theorem 7 of [Do2]. Finally we define (Loo(m), ||+ |]o0)
and show that it is also a complete seminormed space.

Theorem 3.2.1. Let f, f,,, n € N, be m-measurable on T with values in K or in
[-00,00]. Let 1 < p < co. Then:

—_—

(i) (The Fatou property of m;(,E)) If |fnl /7 |f| m-a.e. in E € o(P), then
mp(.f7 E) = Supn mp(f’ﬂ? E) = hmn mp(.f’ﬂ? E)
(ii) (Generalized Fatou’s lemma). m3 (lim inf|f,|, £) < lim infm3(f,, E) for £ €

o(P).
Proof. In the light of Definition 3.1.4, without loss of generality we shall assume
that E € o(P).

(i) By hypothesis and by Proposition 1.1.18 of Chapter 1, there exists M €
o(P) with ||m||(M) = 0 such that |f,(t)|xe\n(t) | f(t)[xE\n(t) for t € T and
fnXea, n € N, and fxg\ar are o(P)-measurable. Now, by Theorem 3.1.3 and
by MCT for positive measures we have

D=

ms(f, B) = m(f, E\M) = sup ( /| \lelpdv(w*m)>

|z*[<1
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1

= swp sup ([ (ppdverm) ) —swp s ([ g et
lz*|<1 n E\M n |zx)<1 \JE\M

:Sgpm;(me\M) :Slrllpm;(fm )_hmm (fn, E)

as my(fn, E) /
(ii) Let g, = infg>y|fk|. Then g, " and liminf|f,| = limg, = supg,.
Therefore, by (i) we have

m;(limninf |fnl, E) = m;(lirrlngn,E) = lirrlnm;(gn,E) < lin}linf m (fn, E)

asgn:|gn|§‘fn|vn€IN- O

Remark 3.2.2. When p = 1, the generalized Fatou’s lemma for operator-valued
measures is stated without proof in Lemma 1 on p. 614 of [Do4].

Theorem 3.2.3. Let 1 < p < co. Then:

(i) LyM(m) is a complete seminormed space.

11 Co , then m) is a complete seminormed space. 18 result holds
i) I X, then L1 ) l ) d Thi It hold
even if X is arbitrary. See Theorem 3.2.8.)

Proof. (i) Let (f,)$° be Cauchy in (mean”) in £, M(m). Then we can choose
a subsequence (fn,) of (fn) such that m$(fn,,, — fn.,T) < 3, k € N. Let
hi = fu,, k€ N. Let

k 9]
gk = Z |hit1 — hi| and g = Z |hiv1 — hil.
i=1 =1

Then by Theorem 3.1.13(ii), mp (gx, T') < Yoo, m s(hit1—h;, T) < 1fork € IN and
gr /" ginT. Hence by the Fatou property we have my (g, T') = sup, my (g, T) < 1.
Then by Theorem 3.1.12(ii), g is finite m-a.e. in T By this fact and by Definition
2.1.1 of Chapter 2, we can choose N € ¢(P) with ||m||(N) = 0 such that g is
finite in T\ N and such that h;xp\n, i € IN, are o(P)-measurable. Then the series
S22 (hix1 — hy) is absolutely convergent in T\ N. Let ho = 0. Define

1) = { B0 (e (0) = (V) =l ha(0) - for £ € TAN

Then f is finite in T, is o(P)-measurable and is m-a.e. pointwise limit of (h%)$° in
T. Let € > 0. By hypothesis there exists ng such that m;,(fn —fr,T) < eforn,r >
no and hence m3(hy —hg, T) < € for ng,ng > ng. Let F = (U=, N(hx)) N (T\N).
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Then F € o(P) and N(f) C F. Now by the generalized Fatou’s lemma we have
my (f = he, T) = my(|f = hel, T) = mp(|f — x|, T\N)
=m; (hgn |he — hk|,T\N) =m; (lillggolf |he — hk|,T>

< lirgg)lfm;(hg —h, T) < e
for ny > ng. Then by the triangle inequality, f € £, M(m) and moreover,
limy, m3(f — hg, T') = 0. Consequently, my (f — fn, T) < my(f — fn,, T)+mp(fn, —
fn, T) — 0 as ng,n — oo and hence lim, m3(f, — f,T") = 0. Thus (i) holds.

(ii) As cg ¢ X, by Theorem 3.1.10 we have £,Z(m) = L, M(m) and hence
the result holds by (i). O

The following corollary is immediate from the last part of the proof of The-
orem 3.2.3(1).

Corollary 3.2.4. Let 1 < p < oo. If (fn)° C LpM(m) is Cauchy in (meanP)
and if there exist a scalar function f on T and a subsequence (fyn,) of (fn) such
that fn,(t) — f(t) m-a.e. in T, then f is m-measurable, f € L,M(m) and
my(fn — f,T) — 0 asn — oco.

Similar to the spaces in Dobrakov [Do2], we define two more spaces as below.

Definition 3.2.5. Let 1 < p < co. Then we define £,Z,(m) = the closure of Z, in
L, M(m) with respect to mj(-,T); and

Ly(m) = {f € LM(m) : mp(f,-) is continuous on o(P)}.
If we consider equivalence classes of functions, then we shall write L,, instead of L,,.

Clearly, £,Zs(m) is a linear subspace of L, M(m). If f,g € £,(m), then by
Theorem 3.1.13(i), mp(f +g,-) < mp(f,-) + mp(g,-) and hence f + g € L,(m).

Obviously, af € £,(m) for f € £,(m) and for any scalar «. Hence £,(m) is also
a linear subspace of £, M (m).

Notation 3.2.6. By £,Zs(m) and £,(m) we mean the seminormed spaces

(Epls(m),m'(~,T)) and (Ep(m),m;(~,T)) ,

P
respectively.

Theorem 3.2.7. Let 1 < p < oo. If f : T — K is m-measurable and m;,(f,~)
is continuous on o(P), then f € L,M(m) and hence f € L,(m). Moreover,
£pZ(m) = L,(m).

Proof. Let mp(f,-) be continuous on o(P). By Proposition 1.1.18 of Chapter 1
there exists a sequence (s,) C Z, such that 0 < s,(t) / |f(t)|? m-a.e. in T.
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Let v,() = fi,sndm, n € N. Then [J7,/|(-) = supj,. <y (f(_) sndv(x*m)> <
SUP |, |<1 (f(') |f|pdv(x*m)> = (m3(f,-))" by Theorem 2.1.5(iii)(a) of Chapter 2
and by Theorem 3.1.3 above and hence ||7v,||,n € N, are uniformly continuous on
o(P). Then, by Proposition 1.1.7 of Chapter 1, v,,,n € IN, are uniformly o-additive
on o(P). Consequently, by Theorem 2.2.4 of Chapter 2, |f|P is m-integrable in
T. Then by Theorem 3.1.6, m3(f,7T") < oo and hence f € £, M(m). Then by
hypothesis and by Definition 3.2.5, f € £,(m). Moreover, as |f|P € Z(m), by
Theorem 3.1.10 f € £,Z(m). This also proves that £,(m) C £,Z(m).
Conversely, let f € £,Z(m)(= Z,(m)). Then |f|? is m-integrable in T and
hence by Theorem 3.1.6, not only f € £, M(m) but also m3(f, ) is continuous on
o(P). Hence f € L,(m). Thus £,Z(m) = L,(m). O

Theorem 3.2.8. (Analogue of the Riesz-Fischer theorem) Let 1 < p < oo.
Then L,(m) is closed in L,M(m) and hence L,Z(m) (= L,(m)) is a complete
seminormed space. If L,(c(P),m) = {f € L,(m) : fo(P)-measurable}, then
Ly(0(P),m) is closed in L,(m) and hence is a complete seminormed space. Con-
sequently, L,(m) and Ly(c(P), m) are Banach spaces and are treated as function
spaces in which two functions which are equal m-a.e. in T are identified.

Proof. Let (fn)7® C £,(m) and let lim, mp(f, — f,T) = 0 for some f € £, M(m).
Let € > 0. Then there exists ng such that mp(f, — f,7) < § for n > ng. Let
(Er)5° \\ 0 in o(P). As fn, € L,(m), by Definition 3.2.5 m?(f,,,) is contin-
uous on ¢(P) and hence there exists ko such that my(f,,, Ex) < 5 for k > ko.
Consequently,

~S e

m;(f7Ek) < m;(f _fno?Ek) +m;7(fno?Ek) < m;;(f_ fno,T) +m;7(fnank) <€

for k > ko. Hence f € £,(m) and thus £,(m) is closed in £, M(m). Now by
Theorems 3.2.3(i) and 3.2.7, £,Z(m) is a complete seminormed space.

Clearly, £,(o(P), m) is a seminormed space. Now, let (f,)° C £L,(c(P), m)
be Cauchy in (mean?). As £,(c(P), m) C L,(m) and as £,(m) is complete, there
exists f € L£,(m) such that my(f, — f,T) — 0 as n — co. As f is m-measurable,
there exists N € o(P) with [[m|[(N) = 0 such that fxp\y is o(P)-measurable
and clearly fxp\n € Ly(0(P),m) and lim,(m)s(fn — fxr\~,T) = 0. Hence
Ly(0(P),m) is closed in £,(m) and thus is a complete seminormed space. Then
the last part is immediate from the previous parts. O

For p = 1, we give below an alternative proof similar to that in the proof of
Theorem 7 of [Do2].

By Theorem 3.1.10, £;Z(m) = Z(m) C £, M(m). Let (f,)?* C Z(m) and let
f € L1M(m) be such that lim, m$(f, — f,T) = 0. We shall show that f € Z(m).
By the proof of Theorem 3.2.3(i) there exist a subsequence (fy, )52, of (fn)T®
and a function ¢ € £ M(m) such that f,, — g m-a.e. in T as k — oo and



46 Chapter 3. L,-spaces, 1 <p < oo

limg m$ (fn, —g,T) = 0. Then, by Theorem 3.1.18(v), f = g m-a.e. in T'. Moreover,
by inequality (3.1.3.1),

/fnkdmf/ fwdm‘ <mi(fn, — frn,, T) — 0as k,{ — o
E E

for E € o(P). Thus ([, fn,dm) is Cauchy and hence converges to a vector zp
(say) in X for each E € o(P). Consequently, by Theorem 2.2.8 of Chapter 2, f is
m-integrable in T' and hence f € Z(m). Thus £1Z(m) is closed in £;M(m) and
hence £1Z(m) is complete by Theorems 3.2.3(i).

Remark 3.2.9. When P is a o-algebra X and X is a real Banach space, the com-
pleteness of £1(c(P), m) follows from Theorems IV.7.1 and IV.4.1 of [KK], where
the proof is indirect and complicated. A somewhat direct proof of the complete-
ness of £1(o(P), m) when P is a o-algebra ¥ and when m has values in a com-
plex Fréchet space is given in [FNR]. Under the o-algebra hypothesis for a Ba-
nach space-valued o-additive m, [Ri5] gives a nice proof of the completeness of
L1(c(P), m) where the Rybakov theorem plays a vital role. In our case we cannot
use his argument as the Rybakov theorem is not available for o-additive vector
measures defined on d-rings. The completeness of £1(o(P), m) is treated in The-
orem 4.7 of [MN2] for the d-ring case, and his proof is based on Lemma 3.4 and
Theorem 3.5 of [L2]. As noted in Remark 2.1.12 of Chapter 2, the proofs of these
results as given in [L2] are incorrect. However, we have provided a correct proof
of these results in the said remark and hence Theorem 4.7 of [MN2] is restored.
The proof of the first part of Theorem 3.2.3 for p = 1 is similar to that of Lemma
3.13(a) of [MN2]. Now let m : P — X be o-additive where X is an lcHs. When X
is a metrizable lcHs, Theorem 3.2.3(i) is generalized in Theorem 4.4.2(i) of Chap-
ter 4 ; the first part of Definition 3.2.5 is generalized in Definition 4.5.4 of Chapter
4 for a quasicomplete (resp. sequentially complete) lcHs-valued m on P and for
such m, Theorem 3.3.6 is generalized in Theorem 4.5.5 (resp. in Theorem 4.5.6) of
Chapter 4. When m has values in a Fréchet space, Theorem 3.2.8 is generalized in
Theorem 4.4.8 of Chapter 4. (Also see Remark 4.4.10 of Chapter 4.) Also see [SP1].

Definition 3.2.10. Let m : P — X be o-additive. We define L (m) = {f :
T — K, f m-essentially bounded inT} (see Definition 1.1.16 of Chapter 1) and
[|fllo = esssup,cq |f(t)] for f € Loo(m). We define Lo(c(P),m) = {f €
Loo(m) : f o(P)-measurable } with the seminorm || - ||oo-

Theorem 3.2.11. Let m: P — X be o-additive. Then (Loo(m), || ||oc) or simply,
Loo(m) is a complete seminormed space. Consequently, Loo(m) = Loo(m)/ ~ is
a Banach space. (Also see Theorem 4.5.11.)

Proof. Since ||m|| is a o-subadditive submeasure on o(P), the last part of the
proof of Theorem 3.11 of [Rul] holds here and hence the theorem. O

Remark 3.2.12. Relations between the spaces £,(m), 1 < p < oo, are studied in
Section 3.5 below.
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3.3 Characterizations of £,7(m), 1 <p < 0o

Let 1 < p <oo. If (fn)f° C L,(m), fo: T — K and if f, — fo m-a.e. in T,
then Theorem 3.3.1 gives a characterization for (f,,) to converge to fy in (mean?).
Theorem 3.3.2 gives the analogue of an improved version of the Vitali convergence
theorem in Halmos ([H], Theorem 26C) for £,(m). From Theorems 3.3.1 and
3.3.2 are deduced a.e. convergence (mean?)-versions as well as convergence in
measure (mean”)-versions of LDCT and LBCT for £,(m). Using the present a.e.
convergence (mean?)-version of LDCT it is shown that an m-measurable scalar
function f on T belongs to £,7(m) if and only if f belongs to £,Z;(m) (see
Definition 3.2.5). In other words, by this result and by Theorems 3.1.10 and 3.2.7
it follows that Z,(m) = £,Z7(m) = £,Zs(m) = L,(m) for p € [1,00) and this
is the main result of this section. As in the cases of the abstract Lebesgue and
Bochner integrals (see [DS1],[H]), it is also shown that the class of m-integrable
functions f can be defined in terms of convergence in measure to f of a sequence
(sn) C Zs which is Cauchy in (mean). This result does not hold for the general
Dobrakov integral. See Remark 3.3.15.

To obtain the analogue of an improved version of the Vitali convergence
theorem in Halmos ([H], Theorem 26C) for £,(m) we prove the following

Theorem 3.3.1. Let 1 < p < oo. Let (f,)° C L,(m) and let fo: T — K. Suppose
(fn)$° converges to fo m-a.e. inT. Then m;,(fn—fo,T) — 0 asn — oo if and only
if mp(fn,-), n € N, are uniformly continuous on o(P). In that case, fo € L,(m).
Moreover, in such case, for p =1,

/ fodm = lirn/ fndm, E € o(P)
E nJE

the limit being uniform with respect to E € o(P).

Proof. Clearly fo is m-measurable. If my(f, — fo,T) — 0, then, given € > 0, there
exists ng such that my(f, — fe, T') < § for n, £ > ng. Let Ej, \ () in o(P). Then by
Definition 3.2.5, there exists kg such that m;(fn, Ey) < §forn=1,2,...,n9 and
for k > k0~ Consequent1Y7 m;.)(fna Ek) < m;.)(fnf.fnm Ek)+m;)(fnov Ek) < m;)(fn*
fnos T) +m3(fry, Ex) < € for n > ng and for k > ko. Hence mp(fn,-), n € IN, are
uniformly continuous on o(P).

Conversely, let m3(f,,:), n € IN be uniformly continuous on o(P). Let
Er N\, 0 in o(P) and let ¢ > 0. By hypothesis there exists kg such that
mp(fn, Bx) < € for all n € N and for k > ko. Consequently, by the gener-
alized Fatou’s lemma (Theorem 3.2.1(ii)), mj(fo, Ex) = my(liminf|f,|, ) <
liminfm?(f,, Ex) < € for k > ko. Hence m3(fo,-) is continuous on o(P) and
consequently, by Theorem 3.2.7, fo € £,(m).

By Theorems 3.1.10 and 3.2.7, | f,|P, n € N, and | fy|P are m-integrable in T
Now, let 7,,(-) = [, |fal?dm for n € NU{0}. By Theorem 3.1.6, (|[,]/(-))# =
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mp(fn,+), n € NU{0}. Then by hypothesis and by the fact that fo € £,(m),
[|7,.1l; n € N U {0}, are uniformly continuous on o(P). Therefore, by Proposition
1.1.7 of Chapter 1, «,,, n € IN U {0}, are uniformly o-additive on o(P). Then
by Proposition 1.1.13 of Chapter 1 there exists a o-additive control measure p :
o(P) — [0,00) such that ||7v,||,n € IN U {0}, are uniformly p-continuous. Thus,
given ¢ > 0, there exists 6 > 0 such that [[ya||(E) < (5)P, for n € N U {0},
whenever u(E) < é. By hypothesis and by Proposition 1.1.18 of Chapter I, there
exists M € o(P) with ||m||(M) = 0 such that f,,(t) — fo(¢t) for t € T\M and such
that f,xr\a, n € N, and foxr\ ar are o(P)-measurable. Let F' = (U;—; N(fn))N
(T\M). Clearly, F' € o(P). Then by the Egoroff-Lusin theorem there exist a set
N € o(P)N F with u(N) = 0 and a sequence (Fy) C P with Fy, / F\N such
that f, — fo uniformly in each Fy. As F\N\Fy \, 0, there exists ko such that
u(F\N\Fy,) < 4. Then ||v,[[(F\N\F,) < (5)? for n € IN U {0}. Choose nog

such that |[f, — fl|r, - (HmH(FkO))% < 5 for n > ng. Note that ||v,[|(M U
N) = 0 for n € NU {0} . Then by (i) and (iii) of Theorem 3.1.11, by (i) of
Theorem 3.1.13 and by Theorem 3.1.6 we have my(f, — fo, T') < mp(fn— fo, Fk, )+
1 1 1 1
Jollrry - (Hm0f[(Fro ) 7 + (7 [[(EANN\Fi ) + (7ol (FNN\Fko ) 7 + ([, [[(N)) 7 +
Uoll(N))7 + (lvall(M)) 7 + ([0l [(M))7 < € for n > ng. Hence lim, m3(f, —
fo,T) = 0. The last part is immediate from inequality (3.1.3.1) since £;(m) =
L£1Z(m) = 7;(m) = Z(m) by Theorem 2.1.5(vii) of Chapter 2 and by Theorems
3.2.7 and 3.1.10. O

Theorem 3.3.2. (Analogue of an improved version of the Vitali convergence theo-
rem in Halmos ([H], Theorem 26C) for £,(m)) Let 1 < p < oo and let fo: T — K
be m-measurable. A sequence (fn)3° C L,(m) converges to fo in (meanP) if and
only if (fn) converges to fo in measure in T, fo € LyM(m) and my(fn,-),n € N,
are uniformly continuous on o(P). In that case, fy € L,(m). Moreover, in such
case, for p =1, the result in the last part of Theorem 3.3.1 holds here verbatim.

Proof. Let lim,, mj(f,— fo,T) = 0. Then by the triangle inequality fo € £, M (m)
and then by Theorem 3.1.18(vi), f,, — fo in measure in T. Moreover, by the ne-
cessity part of Theorem 3.3.1, my(fn, ), n € IN, are uniformly continuous on o(P).

Conversely, let f, — fo in measurein T, fo € £, M(m) and mp(fn,-),n € N,
be uniformly continuous on o(P). If possible, let my(f, — fo,T) # 0 as n —
oo. Then there would exist an € > 0 and a subsequence (g,) of (fy) such that
my(gn — fo,T) > € for n € IN. On the other hand, by Theorem 3.1.18(iv), by
the first part of Theorem 3.1.18(vii) and by Theorem 3.1.19, there would exist a
subsequence (gy, ) of (gn) such that g,, — fo m-a.e.in T'. Then, as mp(gn,, ), k €
IN, are uniformly continuous on o(P), by Theorem 3.3.1 there would exist ko
such that mp(gn, — fo,7) < € for all k > ko. This is a contradiction and hence
lim, m3(f, — fo,T) = 0. O
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Remark 3.3.3. In the light of Theorem 3.3.2, Theorem 26C of [H] can be improved
as below.

Let 3 be a o-ring of subsets of T and let 11 : ¥ — [0, 0o] be a positive measure.
Let P={E € ¥: u(F) < oo}. Then P is a d-ring. If f is X-measurable and inte-
grable with respect to y, then [ fdu = [ fxn(pdp, N(f) is of o-finite measure
and fxn(y) is o(P)-measurable and integrable with respect to u|p. Consequently,
by Theorem 3.3.2, a sequence (f,) of X-measurable scalar functions on 7" which
are integrable with respect to i, converges in the mean to the integrable function f
if and only if (f,,) converges in measure to f in T and (v, (+)){° are equicontinuous
from above at 0 (in the sense of p. 108 of Halmos [H]), where v, (-) = f(.) | frldp.
(Note that in our terminology, v, (-) is the same as u}(f,,-) and equicontinuity of
(vp)$° from above at 0 is the same as uniform continuity of (u3(fn, ")) on o(P).)
Clearly, this is an improved version of Theorem 26C of Halmos [H].

The following versions of LDCT and LBCT are immediate from Theorems
3.3.1 and 3.3.2.

Theorem 3.3.4. (a.e. convergence and convergence in measure versions of LDCT
and LBCT for £,(m)) Let 1 < p < co. Let f,, n € IN, be m-measurable scalar
functions on T and let g € L,(m) such that | fn(t)| < |g(t)| m-a.e. in T (resp. let
P be a o-ring S and let M be a finite constant such that |f,(t)] < M m-a.e. in
T) for all n. If f,(t) — f(t) m-a.e. in T where f is a scalar function on T or if
f is an m-measurable scalar function on T with f € L,M(m) and if f, — f in
measure in T, then f, fn, n € N, belong to L,(m) and lim, m3(f, — f,T) = 0.
When p =1,

lirrln/Efndm:/Efdm, Ee€o(P) (resp. E€S8)

where the limit is uniform with respect to F € o(P) (resp. E € S).

Proof. As g € Ly(m), my(g,-) is continuous on o(P). By hypothesis and by
Theorem 3.1.11(i), mp(fn, ) < mj(g,-) for all n and hence m3(fy,,-),n € N, are
uniformly continuous on o(P). If f,, — f m-a.e. in T (resp. if f, — f in measure
in T with f € £L,M(m)), then LDCT holds by Theorem 3.3.1 (resp. by Theorem
3.3.2).

Now let P be a o-ring S and let |f,,(t)] < M m-a.e. in T for n € IN. As
L,(m) = Z,(m) by Theorems 3.1.10 and 3.2.7, and as S is a o-ring, by the last
part of Theorem 2.1.5(v) of Chapter 2 the constant function M € L,(m) and
hence the present versions of LBCT follow from the corresponding versions of
LDCT obtained above. O

Remark 3.3.5. For K = R and P a o-algebra, the case of m-a.e. convergence of
Theorem 3.3.4 is Proposition 2.1 of [FMNSS2].

Using Theorem 3.3.4 we prove the following main theorem of the present
section.
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Theorem 3.3.6. (Characterizations of £,Z(m)) Let 1 <p < oo andlet f: T — K
be m-measurable. Then the following statements are equivalent:

(i) f €Zp(m).
(ii) mp(f,-) is continuous on o(P) (so that f € L,(m) by Theorem 3.2.7).

(iii) (Simple Function Approximation). There exists a sequence (sp) C I, such
that s, — f m-a.e. in T and lim, m3(s, — f,T) =

Consequently,

L£,I(m) = I,(m) = £,Z,(m) = L, (m).
If co ¢ X, then

LyM(m) = £,7(m) = T, (m) = L£,T;(m) = L, (m).

Proof. (1)< (ii) by Theorems 3.1.10 and 3.2.7.

(ii)=-(iii) By Proposition 1.1.18 of Chapter 1 there exists (s,) C Z, such that
sp — fmrace. in T and |s,| /' |f| m-a.e. in T. As f € £,(m) by hypothesis and
by Theorem 3.2.7, Theorem 3.3.4 implies lim, mp(f — s,,T’) = 0. (For p = 1, one
can use (i) and Theorem 2.1.7 of Chapter 2.)

(ii))=>(ii) Let € > 0 and let Ej \, 0 in o(P). By hypothesis, there exists
no such that mp(s, — f,7) < § for n > ng. By Theorem 3.1.6, m3(sn,,") is
continuous on ¢(P) and hence there exists kg such that ms(s,,, Bx) < 5 for
k > k0~ ConsequentIY7 m;)(fv Ek) < m;.y(.f - Snoka) + m;)(’snmEk) < m;.y(.f -
Sngs T') +my(sp,, Ei) < € for k > ko. Hence m3(f,) is continuous on o(P).

Thus (i) (if) < (iii). O

Since I, C I,(m) = L£,Z(m) by Theorem 3.1.10, £,Zs(m) C closure of
Lp,Z(m)in L, M(m) = closure of £,(m) in £, M(m) (by Theorem 3.2.7) . But by
Theorem 3.2.8, £,(m) is closed in £, M(m ) and hence £,7,(m) C £,(m). On
the other hand, Z,(m) is dense in £,(m) by (iii) and hence £,Z,(m) D L£,(m).
Therefore, £,7;(m) = £,(m). Consequently, by Theorems 3.1.10 and 3.2.7 we
have

£,7(m) = T,(m) = £,T,(m) = £, (m).

If cg ¢ X, use the second part of Theorem 3.1.10 along with the previous part.

Notation 3.3.7. In the light of Theorem 3.3.6, we shall hereafter use the symbol
L, (m) not only to denote the space given in the second part of Definition 3.2.5 but
also any one of the spaces £,7;(m), £,Z(m) or Z,(m). The quotient £,(m)/ ~
is denoted by L,(m), and is treated as a function space in which two functions
which are equal m-a.e. in T" are identified.

The following theorem is immediate from Theorem 3.3.6.

Theorem 3.3.8. T, is dense in L,(m) for 1 <p < co.
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Remark 3.3.9. For K = R and P a o-algebra, Theorems 3.2.8 and 3.3.8 occur as
Proposition 4 of [SP1].

Remark 3.3.10. For p = 1, Theorem 3.3.8 subsumes Theorem 4.5 of [MN2], which
is assumed valid by Theorem 3.5 in [L2]. But the proof of the said theorem in [L2]
is incorrect as observed in Remark 2.1.12 of Chapter 2 , where a correct proof for
the said theorem of [L2] (with the vector measure having values in a sequentially
complete IcHs) is also given.

Remark 3.3.11. Let X be an IcHs and let m : P — X be o-additive. Definition
3.2.5 is generalized to such m in Definition 4.5.4 of Chapter 4 where Theorems
3.3.1, 3.3.2, 3.3.4 and 3.3.6 are generalized in Theorems 4.5.1, 4.5.2, 4.5.3 and
4.5.5, respectively, when X is quasicomplete (resp. sequentially complete and the
functions considered are o(P)-measurable).

Convention 3.3.12. Let m : P — X be c-additive. If f € L.(m), then there
exists M € o(P) such that |[ml|(M) = 0 and such that ||f||ec = sup,er\as [f ()]
If we define g(t) = f(¢t) for t € T\M and g(t) = 0 for t € M, then f = g m-
a.e. in T and ||f||oo = sup,e |g(t)|. Thus, for the equivalence class f determined
by f € Lo (m), there exists a bounded m-measurable function g; € f such that
supser |97(t)] = || flloc and hence we make the convention to define Loo(m) = {g;

only one representative from f for f € Lo, (m)}. Thus, for f € Loo(m), ||f|le =
supscr | f(t)]. Similarly, the spaces L,(m), 1 < p < oo, are treated as function
spaces (see the last part of Notation 3.3.7).

Theorem 3.3.13. Let m : P — X be o-additive. Let £(m) = {f € L,(m), f real-
valued} for 1 < p < oo. Then Ly(m)and Ly(o(P),m), 1 < p < oo, are Banach
lattices under the partial order f < g defined by f(t) < g(t) m-a.e. in T.

Proof. Under the given partial order, clearly L7 (m) is a vector lattice. If |f| <

9l 9 € Lig(m), then [|flloc = super [f(#)] < supser [9(t)] = |lg/lco (see Con-
vention 3.3.12). Then by Theorem 3.2.11, L,_(m) is a Banach lattice.

Let 1 < p < oo. Then Lj(m) is a lattice by the facts that L} (m) is a vector
space and that max(f, g) = 5(f + ¢+ |f — ¢|) and min(f,g) = 5(f + ¢ — [ — g])
belong to Lj(m) whenever f,g € Lj(m) (see Theorem 2.1.5(vii) of Chapter 2).
Clearly, f < g implies f +h < g+ h and af < ag for f,g,h € Lj(m) and a > 0.
Hence Lj(m) is a vector lattice. Consequently, by Theorems 3.1.11(iv) and 3.2.8,
L;(m) is a Banach lattice.

Similarly, the results for Ly (c(P), m) are proved for 1 < p < oo. O
Using the convergence in measure of a sequence of simple scalar (resp. vector)
functions which are Cauchy in mean, the abstract Lebesgue integral (resp. the

Bochner integral) is defined in [H] (resp. in [DS1]). The following theorem asserts
that an analogous result holds for m-integrable functions.

Theorem 3.3.14. Let f : T — K be m-measurable and let 1 < p < oo. Then a
scalar function f € L,(m) if and only if there exists a sequence (s,) C Iy (resp.
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(fn) C Lp(m)) such that s, — f (resp. fn — f) in measure in T and (sy)
(resp. (fn)) is Cauchy in (meanP). In that case, lim, m3(s, — f,T) = 0 (resp.
lim, m3(f, — f,T) =0). Whenp =1, f € L1(m), and

/ fdm:lim/ Spdm (resp. lim/ fndm), E € o(P)
E " JE " JE
the limit being uniform with respect to E € o(P).

Proof. Let f € L£,(m). Then by Theorem 3.3.6 there exists a sequence (s,) C
Is C Lp(m) such that s, — f m-a.e. in T and mp(s, — f,7) — 0 as n — oo.
Then by Theorem 3.1.18(vi), (s,) converges to f in measure in 7. Clearly, (s,,) is
Cauchy in (mean?).

Conversely, let (s,)3° C Zs (resp. (fn)5° C L£,(m)) satisfy the hypothesis.
Let u, = s, for all n or u, = f, for all n, as the case may be. By hypothesis,
U, — f in measure in T and (uy) is Cauchy in (mean?). Then by Theorem 3.1.19
there exist a subsequence (un, )52 of (u);° and an m-measurable scalar function
g on T such that u,, — ¢g m-a.e.in T and u,, — ¢ in measure in 7. Then by (vii)
and (iv) of Theorem 3.1.18, f = g m-a.e. in T. Consequently, by Corollary 3.2.4,
f € LiM(m) and mp(up, — f,T) — 0 as n — oo. As L,(m) is closed in £, M(m)
by Theorem 3.2.8, f € £,(m).

Now let p = 1. Given € > 0, there exists ng such that m$(u, — f,T) < € for
n > ng. Then, by inequality (3.1.3.1) we have

/Eundm—/Efdm‘ <mi(u, — f,T) <e

for n > ng and for all E € o(P). Hence the last part also holds. o

Remark 3.3.15. The above theorem (for p = 1) fails for the Dobrakov integral of
vector functions. See p. 530 of [Dol].

Following [Del3] we give some examples of o-additive Banach space-valued
vector measures defined on a J-ring.

Ezample 3.3.16. (See Example 2.1 of [Del3]). Let P be the d-ring of Borel subsets
of R having finite Lebesgue measure which is denoted by A. Let 1 < p < oo and
let X = L,(R ) with respect to A\. Let m : P — X be given by m(A) = x4 € X
for A € P. Clearly, m is a o-additive vector measure. m is not bounded since

=

i, = (foarar)” = oy

for A€ P.Let s=>] aixr, € L.
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By Definition 3.1.1,
/ s'dm|| s €Is,|s'| <|s|]A —a.e.
R P

- </R > am(E) pd)\>% = (/}R)ZZ_l aixe, ,,dA)% = [Isllp-

Since Z; is dense in L (m) by Theorem 3.3.8 and since Z; is also dense in L1 (R ),
we conclude that L;(m) = L,(R ). Since X = L,(R ) does not contain a copy of
¢o, by Theorem 3.1.10 and Notation 3.3.7 we have Li(m) = L;M(m) and hence
Ezample 3.3.17. (see Example 2.2 of [Del3]). Let ' be a non-void abstract set and
let P be the d-ring Fr of all finite subsets of I' (see Example 2.2.13 of Chapter
2). Given 1 < p < o0, let X, = £,(T') and let m : P — X, be defined by
m(A) = > . 4ey, where e, is the characteristic function of the point v € I
Clearly, m is o-additive on P. The only m-null set is the empty set.

Claim. Li(m) = X, = {,(T).
In fact, for s € Zg,

mj(s, R ) =sup {

/ sdm =Y " s(7)ey = s € X, (3.3.17.1)
r

Each z* € X, is identified with some (2,),er € £4(T), where %Jr % = 1. So
z'm(A) = 3 c,zy and [z*m|(A) = 3, |z,| for A € P. As X, does not
contain a copy of ¢g, by Theorem 3.1.10 and by Notation 3.3.7 we have L1 M (m) =
Li(m). Given s € T, for each #* = (2)yer € X;; = X, we have

/FISIde*mI =D IsOllzy| < lsllpllz"ll,

yel

and so
mj (s, ) <||s]|p- (3.3.17.2)

On the other hand, by (3.1.3.1) and (3.3.17.1) we have
‘/ sdm’ — lsll, < m?(s,T). (3.3.17.3)
r

Hence by (3.3.17.2) and (3.3.17.3) we have

[Is]lp = mi(s,T).
Since Z; is dense in X, and since Z; is dense in L;(m) by Theorem 3.3.8, we
conclude that Li(m) = X, = £,(T).
Ezample 3.3.18. (see Example 2.2 of [Del3]). In Example 3.3.17, let p = co and
let Xoo = co(I). Let P = Fr and let m(A) = 3, ey. Then m is o-additive on
P and the only m-null set is the empty set. Let 2" = (z)yey € co(T)* = £1(7) so
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that 2* has countable support. If f is a o(P)-measurable scalar function, then

/Flfldlw*ml = > 1l < 1 f Mol |21
and hence

sup { / Ifldlw*ml} = m3(£.T) < || fl]oo-

> |<1

On the other hand,
|f(n] = / |fld|e;m| < mi(f,T)
2l

for each v € T" and hence
Iflloc = sup [f(7)] < mi(f,T).
~el

Therefore, || f||co = m$(f,T). Hence £o (T') = Li M(m).

).

Since Z is dense in ¢o(T") and since Z; is dense in L;(m) by Theorem 3.3.8,
we conclude that ¢g(I') = Li(m). Hence L;(m) is a proper closed subspace of
Remark 3.3.19. For further examples of o-additive Banach space-valued vector
measures defined on J-rings which arise from the Hilbert transform on the real
line and the Volterra convolution operators, see Section 4 of [Del3].

Remark 3.3.20. See Chapter V of [KK] for examples of Banach space-valued o-
additive vector measures defined on g-algebras.

3.4 Other convergence theorems for £,(m), 1 < p < 0o

In this section we give two versions of the Vitali convergence theorem analogous to
Theorems I11.3.6 and II1.6.15 of [DS1]. We also give LDCT for nets analogous to
Theorem II1.3.7 of [DS1]. Finally we include some results of Dobrakov [Do3,Do4]
specialized to vector measures.

Notation 3.4.1. For f € L,M(m), 1 < p < oo, my(f,T\A) = mj (f, N(f)\A)
for A € o(P). (See Notation 1.1.15.)

For p = 1, the following lemma is essentially the Banach space version of
Lemma 3.4 of [L2] whose proof is corrected in Remark 2.1.12 of Chapter 2.

Lemma 3.4.2. Let 1<p<oo. If f€L,(m), then, for each €>0, there exists A. € P
such that sup ;- < fT\A |fIPdv(z*m) < € or equivalently, my(f, T\ A.) < €v.

Proof. Let f be a o(P)-measurable function such that f = f m-a.e. in 7. Then
f € L£,(m) and [, |f[Pdm = [, |f[Pdm for E € o(P). Let v : o(P) — X be
given by ~¥(-) = f(') |f[Pdm. As N(f) € o(P), there exists an increasing sequence
(E,) C P such that N(f) = U E,. By Theorem 2.1.5(ii) of Chapter 2, ~ is
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an X-valued o-additive vector measure on o(P), and hence by Proposition 1.1.5
of Chapter 1, ||v||[(N(f)\Ern) \, 0 as n — oo. Thus, there exists ng such that

H'yH(N(f)\En) < € for n > ng. Let A, = E,,,. Then by Definition 3.1.4, Notation
3.4.1 and Theorem 3.1.3, we have

mp(f, T\Ac) = mj (f, N(f)\Ac)

1 1
= sup (/ |f|pdv(:x*m)> = sup (/ |f|pdv(:1c*m)>
lz*[<1T \JN(f)\Ae o<1 \JT\A.
» 1
= sup ( | |f|pdv<x*m>> = (IMIV(NA9)” < e
lz=|<1 \/N(f)\A.
and hence
sup / |fIPdv(z"m) < e. O
|z [<1JT\A.

Definition 3.4.3. A set function A : o(P) — [0, o] is said to be m-continuous on
o(P) if, given € > 0, there exists § > 0 such that A(E) < ¢ whenever ||m||(E) <
d, E€o(P).

Lemma 3.4.4. Let 1 <p < oo. For f € L,(m), my(f,-) is m-continuous on o(P).
Proof. By Theorem 3.3.6 there exists a sequence (s,) C Zs such that s, — f
m-a.e. in T" and such that m;,(f — $p,T) — 0 as n — oco. Thus, given ¢ > 0, there
exists ng such that m®(f — sn,,T) < §. Let s = s, = > aixm, With (E;)] C P,
and let M = ||s||r. Let Ac = U] E;. Let E € o(P) with ||m]|(E) < (sarm)7-
Then by Theorem 3.1.11(iii) we have mp (s, E) < [|s||g-(|/m]|(E))? < 2(JJVVI[i1) < 5.
Consequently, by Theorems 3.1.11(i) and 3.1.13(ii) we have

m;(fv E) < m;(f - 57E) +m1.7(57E) < m;(f - SnovT) +m1.7(57E) <€
Hence m3(f, ) is m-continuous on o(P). O

The following theorem is an analogue of Theorem II1.3.6 of [DS1] for £,(m).

Theorem 3.4.5. (Analogue of the convergence in measure version of the Vitali
convergence theorem of [DS1] for £,(m)) Let 1 < p < oo. Let (fn)7° C Lp(m)
and let f : T — K be m-measurable. Then f € L,(m) and lim, mp(f, — f,T) =0
if and only if the following conditions hold:

(i) fn — f in measure in each E € P.

(i) mp(fn,-), n € N, are uniformly m-continuous on o(P), in the sense that,
given € > 0, there exists 6 > 0 such that my(fn, E) < € for all n € N
whenever E € o(P) with ||m||(E) < 4.

(iii) For each € > 0, there exists Ac € P such that my(fn, T\Ae) < € for all
n € IN. (See Notation 3.4.1.)
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In such case, when p =1, [, fdm = lim, [, fodm for E € o(P) and the limit is
uniform with respect to E € o(P).

Proof. Let f € L,(m) and let lim,, m3(f,,— f,T) = 0. Then by Theorem 3.1.18(vi),
fn — f in measure in T and hence (i) holds. Let € > 0 and let fo = f. By
hypothesis there exists ng such that m;(fn — fo,T) < § for n > ng. By Lemma
3.4.4 there exists 6 > 0 such that my(f;, E) < § for i = 0,1,2,...,n9, whenever
E € o(P) with ||m||(E) < 6. Consequently, for such E we also have

for n > ng. Hence (ii) holds. By Lemma 3.4.2 there exists Ac € P such that
my(fn, T\Ac) < § forn =0,1,2,...,n9. For n > ng, m3(f,,, T\Ac) < mp(fr —
fo, T\Ae) + m3(fo, T\Ac) < mp(fn — fo,T) + mp(fo,T\Ac) < €, by Definition
3.1.4 and Theorems 3.1.13(i) and 3.1.11(i). Hence (iii) holds.

Conversely, let (i), (ii) and (iii) hold and let ¢ > 0. By (iii) there exists
Ac € P such that mp(f,, T\A:) < § for n € IN. By (ii) there exists 6 > 0
such that mp(f,, ) < § for n € N whenever £ € o(P) with |[m||(E) < §. Let

50 = % Let En,r = {t € Ae : |fn(t) - fr(t)| > 60} By (1)7 fn - f
3(||lm][(Ae)+1) P

in measure in A, and hence by Theorem 3.1.18(iv), (f,) is Cauchy in measure
in A.. Then there exists ng such that ||m||(E, ) < d for n,r > ng. Therefore,
my(fy, Enr) < § for k € N and for n,7 > ng. Since ||fn — frl[la\E,., < do, by
Theorem 3.1.11(iii) we have

1
m;(fn — frs A\En ) < 0o(|[ml|(A\En,))» <€/3
for all n,r € IN. Then by Definition 3.1.4 and by Theorem 3.1.13(i) we have

m;;(fn_fr,T) < m;;(fn_fraT\Ae)+m;(fn_fr,Ae\En,r)+m;(fn_fr,En,r) <e€

for n,r > ng and hence lim, , m3(f, — f;,T) = 0. Therefore, (f,) is Cauchy
in (mean”) and consequently, by Theorem 3.2.8 there exists g € £,(m) such
that lim, m$(f, — g,7) = 0. Then by (vi) and (iv) of Theorem 3.1.18, f = g
m-a.e. in each E € P. As N(f) € o(P), there exists (E,);° C P such that
N(f) =U; E,. For each n, {t € E,, : f(t) # g(t)} € o(P) and is m-null. Hence
N(f—g)=U{t € E, : f(t) —g(t) # 0} is m-null and f = g m-a.e. in 7. Hence
f € Lp(m) and lim, mp(f, — f,T) = 0.

The last part is due to the first, Theorem 3.1.11(i) and inequality (3.1.3.1). O

The following theorem is an analogue of Theorem I11.6.15 of [DS1] for £,(m).

Theorem 3.4.6. (Analogue of the a.e. convergence version of the Vitali conver-
gence theorem of [DS1] for £,(m)) Let 1 < p < co. Let (f,) C L,(m) and let f :
T — K. Suppose f, — f m-a.e. inT. Then f € Ly(m) and lim,, m3(f,—f,T) =0
if and only if the following conditions are satisfied:

(a) m3(fn,-), n € IN, are uniformly m-continuous on o(P).
(b) For each e > 0, there exists A. € P such that mp(fn, T\Ac) < € for all n.
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In such case, for p =1, [, fdm = lim, [, fodm for E € o(P) and the limit is
uniform with respect to E € o(P).

Proof. Let f € L,(m) and let lim,, m3(f, — f,7") = 0. Then (a) and (b) hold by
Theorem 3.4.5.

Conversely, let (a) and (b) hold. By hypothesis, f is m-measurable. Let € > 0.
By (b) there exists A € P such that

m(f, T\A) < (3.4.6.1)

Wl m

for all n. Let ¥ = o(P)NA. Then ¥ is a o-algebra of subsets of A and by hypothesis
fn — f m-a.e. in A. Therefore, by Theorem 3.1.18(viii), f,, — f in measure in A.
Moreover, (a) implies that m3(f,,), n € IN, are uniformly m|s-continuous on X.
Hence conditions (i) and (ii) of Theorem 3.4.5 are satisfied with P and ¢(P) being
replaced by X. Further, as ||m||(A4) < oo, condition (iii) of the said theorem also
holds with A, = A. Hence by Theorem 3.4.5, there exists ng such that my(f, —
[, A) < § forn > ng. By (3.4.6.1) and by the generalized Fatou’s lemma (Theorem

3.2.1(i1)), mp(f, T\A) = m;(limninffn,T\A) < lin}linfm;(fn,T\A) < % Conse-
quently, by (3.4.6.1) we have m%(f, — f,7) < m}(f. — f, A) + m(fn, T\A) +
my(f, T\ A) < e for n > ng and hence lim,, m3(f,,— f,T') = 0. Then by the triangle
inequality, f € L,M(m). As £L,(m) is closed in L, M(m) by Theorem 3.2.8, it
follows that f € £,(m). The last part is due to the first part, Theorem 3.1.11(i)
and inequality (3.1.3.1). O

Theorem 3.4.7. LDCT and LBCT as given in Theorem 3.3.4 are deducible from
Theorems 3.4.5 and 3.4.6.

Proof. For the dominating function ¢g in LDCT, Lemmas 3.4.2 and 3.4.4 hold and
hence (ii) and (iii) of Theorem 3.4.5 (resp. (a) and (b) of Theorem 3.4.6) hold.
Thus, if f,, — f in measure in T' (resp. m-a.e. in T'), then LDCT holds by Theorem
3.4.5 (resp. by Theorem 3.4.6). If P is a o-ring, then constant functions belong
to £,(m) by the last part of Theorem 2.1.5(v) of Chapter 2 and hence both the
versions of LBCT follow from the corresponding versions of LDCT. O

Now we define a translation invariant pseudo metric p (similar to that in Sec-
tion 2, Chapter IIT of [DS1]) in the set of all m-measurable scalar functions. Then
the following lemma says that f, — f in measure in 7T if and only if p(f,, f) — 0.
Using this lemma, we obtain an analogue of Theorem II1.3.7 of [DS1] in Theorem
3.4.10.

Definition 3.4.8. Let M(a/(\/P)) be the set of all o(P)-measurable (i.e., m-measur-

able) scalar functions on 7. For f € M(o(P)) and ¢ > 0, c real, let {t € T :
[f(&)] > ¢} = T(|f] > ¢). Let ¢ be a continuous strictly increasing real func-
tion on [0,00) such that p(0) = 0, p(x +y) < @) +(y) if 0 <z <y
and p(00) = limg_,o ¢(x) exists as a real number. (For example, ¢ given by
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olx) = 715 satisfies these conditions.) For f,g € M(o/(\/P)), we define p(f,g) =
infesof{c + o ([lml[ (T(|f — g| > )}

It is easy to verify that p is a translation invariant pseudo metric on M (o (P)).
(See p. 102 of [DS1].)

Lemma 3.4.9. Let (fo)ae(p,>) be a net of m-measurable scalar functions on T and
let f: T — K be m-measurable. Then fo, — f in measure in T if and only if
p(fa, f) — 0 as @ — 0.

Proof. Let f, — f in measure in T. Let € > 0. By the continuity of ¢ in t = 0,
there exists § > 0 such that 0 < ¢(t) < e if 0 <t < §. As f, — f in measure in
T (see Definition 3.1.16(i)), there exists o such that ||m||(T(|fo — f| > €)) < o
for @« > ap so that ¢ (|lm||(T|fo — f]| > €)) < € for @ > ap. Thus p(fa, f) <
e+ o (|lml|| (T(|fa — f| > €))) < 2€ for a > p. This shows that lim, p(fa, f) = 0.

Conversely, let lim,, p(fo, f) = 0. Let € > 0 and let ¢ (||m|| (T(|fa — f| > €)))
> 6 > 0. Then, for 0 < n < ¢, T(|fa — f| > n) D T(|fa — f| > €) and hence
o (llml (T(fa— F> ) > 6 and thus 1+ o(|lml|(T(fa — | > 1)) > 6 for
0<n<elfn>e then n+ o([m||[(T(|fo — f[ > n))) =1 > e Thus p(fa, f) >
min{e, §}. If (fo) does not converge to f in measure in 7', then there would exist
e > 0, § > 0 such that for each « € (D, >) there would exist 3, € (D,>) with
Bo > a such that o(||lm||(T(|fs, — f| > €))) > d. Then by the above argument
we would have p(fs,,f) > min{e, §} for each ,. This is a contradiction since
by hypothesis there exists an «g € (D, >) such that p(fa, f) < min{e,d} for all
a > ag. Hence the lemma holds. O

Theorem 3.4.10. (LDCT for net-convergence in measure version for £,(m)) Let
1 < p < o0. Let (fa)ac(n,>) be a net of m-measurable scalar functions on T
and let f : T — K be m-measurable. Let g € Ly,(m). If |fo(t)] < |g(t)| m-a.e.
in T for each a, then fo — f in measure in T if and only if f € L,(m) and
limae(p,>) (fa f,T) =0. Under the above hypothesis, if p=1 and if fo — f
in measure in T, then f € L1(m) and

/Efdm: lién/Efadm, E € o(P)

the limit being uniform with respect to E € o(P).

Proof. First let us consider the case of a sequence (f,) satisfying |f,,(¢)| < |g(t)]
m-a.e. in T, with g € L,(m). If f, — f in measure in T, then by Theorem
3.3.4 or by Theorem 3.4.7, f € L,(m) and lim, my(f, — f,T) = 0. Conversely,
if lim,, my(f, — f,T) = 0, then by Theorem 3.1.18(vi), f, — f in measure in 7.
Hence the first part of the theorem holds for sequences.

Now let us pass on to the case of nets. Let (fa)ac(p,>) satisfy the hypothesis
of domination and let f, — f in measure in 7. Then mp(fo,T) < my(g,T)
for all o and hence (fa)ac(p,>) C L£p(m) by Theorem 2.1. 5(V11) of Chapter 2. If
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my(fo — f,T) /> 0, then there would exist an € > 0 such that for each o € (D, >)
there would exist 3, > « in (D, >) such that mp(fg, — f,T) > €. As fo — f in
measure in T, (fg,) also converges to f in measure in 7. Then by Lemma 3.4.9,
for each n € IN, there exists fg, with p(fs, ,f) < L and hence p(fs, ,f) — 0
as n — oo. Therefore, again by Lemma 3.4.9, fs, — f in measure in 7" and
consequently, by the previous case of sequences mp(fs, — f,T) — 0, which is a
contradiction. Hence

limm(f. - £,7) = 0. (3.4.10.1)

As (fo) C Lp(m), by (3.4.10.1) and by the triangle inequality we have f €
L,M(m). As L,(m) is closed in £, M(m) by Theorem 3.2.8, it follows from
(3.4.10.1) that f € £,(m). Thus the necessity part of the theorem holds.

Conversely, if f € L,(m) and if m)(f, — f,7) — 0 as @ — oo, then by
Theorem 3.1.18(vi) fo — f in measure in T as a — o0.

Let p = 1. Then f € £y(m) and given € > 0, there exists ag such that
m}(fo — f,T) < € for @ > ag. Then, by inequality (3.1.3.1) and by Theorem
3.1.11(i), we have | [, fdm — [, fodm| <m$(f — fo, E) <m(f — fo,T) < € for
all & > ap and for all E € o(P). Hence the last part also holds. O

Corollary 3.4.11. (LBCT for net-convergence in measure version for £,(m)) Let
1 <p < oo Let P beaoc-ringS and let 0 < M < oo. Let (fa)ac(p,>) e a
net of m-measurable functions on T with values in KK and let f : T — K be m-
measurable. If | fo(t)] < M m-a.e. in T for each o, then fo — f in measure in T
if and only if f € L,(m) and lim, mp(fo — f,T) = 0. Under the above hypothesis,
ifp=1and if fo — f in measure in T, then f € L1(m) and

/fdm:lim/ fodm, E €S,
E “ JE

the limit being uniform with respect to £ € S.

Proof. As P is a o-ring S, by the last part of Theorem 2.1.5(v) of Chapter 2,
constant functions are in Z,(m) =£,(m) (by Theorems 3.1.10 and 3.3.6) and
hence the result is immediate from Theorem 3.4.10. O

Remark 3.4.12. Theorems II1.3.6 and II1.3.7 of [DS1] hold for any complex-valued
or extended real-valued finitely additive set function u defined on a o-algebra
of sets 3, even though the spaces £,(1), 1 < p < oo, are not complete. But,
our proofs of the analogues of these theorems for m are based on the facts that
L,(m) is complete and that m is o-additive. When X is an lcHs and m: P — X
is o-additive, Theorems 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and Corollary 3.4.11 are
generalized in Theorem 4.6.12 of Chapter 4 for quasicomplete X (resp. sequential
complete X for o(P)-measurable scalar functions).

If ¢o ¢ X, then the hypothesis that P is a o-ring in LBCT can be weakened
as follows.
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Theorem 3.4.13. (LBCT) Let m : P — X be o-additive and let ||m||(T) < co. If
co ¢ X, then the versions of LBCT in Theorem 3.3.4 and Corollary 3.4.11 hold.

Proof. By hypothesis and by Theorem 2.2.2 of Chapter 2 and by Theorems
3.1.11(iii) and 3.1.8, constant functions are m-integrable in T and hence the results
hold. (See the proofs of Theorem 3.3.4 and Corollary 3.4.11). O

The following result is an analogue of Theorem 1 of [Do4] for £,(m), 1 <
p < oQ.

Theorem 3.4.14. (Extended Vitali convergence theorem) Let 1 < p < oo and let
(fn)$° C Lp(m). Suppose fn, — f m-a.e. in T where f is a scalar function on T,
or suppose there exists an m-measurable scalar function f on T such that f, — f
in measure in T. Then the following statements are equivalent:

(i) mp(fn — f,T) — 0 asn — oc.
(i) f € Lp(m) and m;(fn,E) - m;(f, E) as n — oo, for each E € o(P).

(iil) mp(fn,-), n € N, are uniformly continuous on o(P).

If any one of the above statements holds for p =1, then

lim /E fodm = [E fdm, E€o(P),

the limit being uniform with respect to E € o(P).

Proof. (i)=(ii) Let lim,, my(f, — f,7) = 0. Then by Theorem 3.1.13(ii), f €
L, M (m) and consequently, by Theorem 3.2.8, f € £, (m). Moreover, by Theorems
3.1.13(i) and 3.1.11(i) we have

for each E € o(P).

(ii)=(iil) Let E \, 0 in o(P) and let € > 0. As f € £,(m), by Definition 3.2.5
there exists kg such that m;,(f, Ey) < § for k > ko. By hypothesis, there exists
no such that |m;(fn,Ek0) — m;(f, Ey,)| < § for n > ng. Then m;(fn,Eko) <
|m3 (fn, Eky) — mp(f, Exy)| + mp(f, Ey,) < € for n > ng. As fn, € Ly(m) for
n=1,2,...,ng, there exists k; > ko such that mp(f,, Ex) < eforn=1,2,...,n9
and for k > k;. Then by Theorem 3.1.11(i), (iii) holds.

(iii)=(i) by Theorem 3.3.1 if f,, — f m-a.e in T and by Theorem 3.3.2 if
fn — f in measure in T.

The last part is immediate from (i), inequality (3.1.3.1) and Theorem 3.1.11(i).
O
The following result is an analogue of Theorem 2 of [Do4] for £,(m), 1 <

p < oQ.
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Theorem 3.4.15. (Monotone convergence theorem for £,(m)) Let ¢co ¢ X and
let 1 < p < oo. Let f,, n € N, be m-measurable scalar functions on T and let
f:T — K. Suppose fr, — f m-a.e. inT and |f,| / |f| m-a.e. in T. Then the
following statements are equivalent:

(i) sup, ms(f, T) < o0,

(i) f € £,(m).
If (i) or (ii) holds, then f, fn, n € N, belong to L,(m) and lim, mp(f, — f,T) = 0.
In such case, for p =1,

lin /E fodm = [E fdm, E€o(P),

the limit being uniform with respect to E € o(P).
Proof. By hypothesis and by Theorem 3.2.1(i),
supmy (fn, T) = my(f,T). (3.4.15.1)

Then (i)=>(ii) by (3.4.15.1) and by Theorem 3.1.8; (ii)=-(i) by Theorems 3.1.8
and by (3.4.15.1). If (i) or (ii) holds, then (ii) holds and hence the last part holds
by Theorem 3.3.4. O

The hypothesis that ¢o ¢ X in the above theorem cannot be omitted as
shown in the following counter-example.

Counter-ezample 3.4.16. Let T, S, X, m and f be as in Counter-example 3.1.7.

Let fn = fxqi<ny for n € N. Then f,(t) = |fu(t)] /7 |f(t)| = f(t) for t € T.
As shown in the discussion of the said counter-example, m;,( f,T) < oo and by

Theorem 3.2.1(i), sup,, my(fn,T) = my(f,T). But, by Counter-example 3.1.7,
fé&Ly(m)=17,(m) for 1 <p < oo.

The following result is an analogue of Theorem 6 of [Do3] for £,(m), 1 <
p < oQ.

Theorem 3.4.17. Let 1 < p < oco. Suppose m,, : P — X is o-additive for n €
IN. Let (fx)32, be m,-measurable scalar functions for n € N, let fo be a scalar
function on T and let limy, fr(t) = fo(t) for t € T\M, where M € o(P) with
sup,, |/my,||(M) = 0. Suppose sup,, ||m,||(E) < oo for each E € P. Then:

(1) If (my)y(fx,+), k, n € N, are uniformly continuous on o(P), then
dim sup(m)3 (fi — fo.T) = 0. (3.4.17.1)
Moreover, if p =1, then
liin/Efkdmn:/Efodmn, E € o(P),

the limit being uniform with respect ton € N and E € o(P).
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(ii) (Extended LDCT for £,(m)). Let g € (., Lp(m,) be such that m?(g,),
n € N, are uniformly continuous on o(P). If, for each n € N, |fr(t)] < |g(t)]
my-a.e. in T for all k € IN, then the conclusions of (i) hold.

Proof. (i) In the light of Definition 2.2.1 of Chapter 2, without loss of generality we
shall assume that the functions (f3)$° are o(P)-measurable. Then by hypothesis
and by Theorems 3.2.7 and 3.3.1, (fx)32y C £,(my,) and limg (my,)p (fx—fo,T) =0
for each n € IN. Let v, () = f(.) | fz|Pdm,, for k € INU {0}. Then by Theorem

3.1.6 and by hypothesis,
Yo, k1) = (M) 3 ()", k€ NU{0} (3.4.17.2)

are uniformly continuous on o(P) for each n € IN and hence, in particular, by
Proposition 1.1.7 of Chapter 1, (v,, ;)32 are uniformly o-additive on o(P) for
each n € IN. Then, for each n € IN, by Proposition 1.1.13 of Chapter 1 there exists a
control measure i, : 0(P) — [0, 00) for (v, )7 Let Ky = sup e o(py pin (E). Let

n(E) =3 2in <fi(f(i) for E € o(P).

n=1
Then p: o(P) — [0,00) is o-additive, and u(Np) = 0 implies
sup il (o) = 0
neN, kelN u{0}
so that, by (3.4.17.2),
(m,)5 (fx, No) =0 (3.4.17.3)
for all n € IN and for all £k € INU {0}.

Let F = UyZ; N(fx) N (T\M). Then F € o(P). By hypothesis, frxrm —
Joxr\m pointwise in T'. Then by the Egoroff-Lusin theorem (see Proposition 1.1.20
of Chapter 1) there exist N € o(P)NF with u(N) = 0 and a sequence (Fy)$° C P
with F; /" F\N such that fx — fo uniformly in each Fj.

Let € > 0. Since F\N\F; \, () and since by hypothesis (m,)5(f,), k €
N U {0}, n € N, are uniformly continuous on &(P), there exists ¢, such that
SUP,ew, ken ufo} (Mn)p (fi, F\N\Fy) < § for £ > £y. By hypothesis, there exists a
finite constant K such that sup,, ||m,||(Fy,) < K. As fi — fo uniformly in Fj,,

there exists ko such that || fx — fol[ s, K7 < g for all k > kq. Then, by Theorems
3.1.11 and 3.1.13 and by (3.4.17.3), we have

(my); (fr = fo. 1) = (m) 3 (fr = fo, F') = (mp) 3 (fr — fo, F\N)
S (mn);(fk —fO,FZO)+(mn);(fk _fO,F\N\Féo)
<1 = foll g - (][ (F2)) > + (000)5 (fies FAN\Fiy ) + (00, )p (fo, FAN\Fy, ) <

for k > ko and for all n € IN. Hence (3.4.17.1) holds. The last part of (i) is due to
(3.4.17.1) and inequality (3.1.3.1).

(ii) is immediate from (i). O
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3.5 Relations between the spaces £,(m)

In this section we obtain results analogous to those in Section 5, §12 of [Dinl] for
the spaces £,(m). The following theorem plays a key role in this section.

Theorem 3.5.1. (Holder’s inequality) Let m — X be o-additive. Let 1 < p < oo
and let % + % =1.If fe Ly(m) and g € Ly(m), then fg € L1(m) and

mi(fg,T) <my(f,T) -m3(g,T). (3.5.1.1)

Proof. By Proposition 1.1.18 of Chapter 1 there exist (s,){°, (wn)$° C Zs such
that s, — f and |s,| / |f| m-a.e. in T and w, — g and |w,| / |g| m-a.e.
in T. Then by hypothesis and by LDCT (Theorem 3.3.4), lim,, my(f — s,,T) =
0 and lim, m$(g — w,,T) = 0. Hence, given ¢ > 0, there exists no such that
my (s, — s, 1) -my(g,T) < 5 and m(wp, — w;, T) - my(f,T) < § for n,7 > ny.
Let E € o(P). Then by Theorems 3.1.3 and 3.1.13(iii) we have

snwndm / srwrdm‘

< sup / [$n (W, — wy)|dv(z*m) + sup / |wr (85, — 87)|dv(z"m)

o<1 o<1
<mji(sp(wp —wyp), T) + mi(wr(8n — 57), T
< m'(sn,T) ~my(wn, —wr, T) + mq(wT,T) ~my (s, — 5., 7T)

(f7 ) (wn WraT)+m;(gvT)'m.(Sn*SMT)

P
<e€

for n,r > mno and for all E € o(P). Thus there exists zg € X such that
lim,, fE, Spwpdm = xp for E € o(P). Since (spwn)$° C Zs and since spw, — fg
m-a.e. in T such that lim,, fE, Spwpdm = zp € X for E € o(P), by Definition 2.1.1
of Chapter 2, fg € £1(m). Inequality (3.5.1.1) holds by Theorem 3.1.13(iii). O

Theorem 3.5.2. Let m: P — X be o-additive. Then:

(i) If1<r<p<s<oo, then L,(m)(Ls(m) C L,(m).
(i) If f : T — K is m-measurable, then the set Ty = {p:1<p < oo, f € L,(m)}
1s either void or an interval, where singletons are considered as intervals.
(iii) For f in (ii) with Iy # 0, the function p — logmy(f,T) is convex on Iy and
the function p — my(f,T') is continuous on IntZy;.

Proof. The proof of Proposition 21, §12 of [Din1] holds here in virtue of Theorems
2.1.5(vi) and 2.2.2 of Chapter 2 and of Theorems 3.1.3 and 3.5.1. Details are left
to the reader. o

Theorem 3.5.3. Let m : P — X be o-additive and let A € c???j) such that x o is m-
integrable in T (so that by Theorem 3.1.6, m$ (A, T) = ||m||(A4) < o). Then the set
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Zi(A) ={p: 1 <p<o0, fxa € L,(m)} is either void or an interval containing
1 (Z(A) = {1} is permitted) and the function p — my(fxa,T) - (||m||(A))_% is
increasing in p(A), where mS (fxa,T) =1fxallcc-

Proof. By (vi) and (vii) (Domination principle) of Theorem 2.1.5 and by Theorem
2.2.2 of Chapter 2 and by Theorems 3.1.3 and 3.5.1, the proof of Proposition 22,
812 of [Dinl] holds here verbatim and the details are left to the reader. O

Corollary 3.5.4. Let m : S — X be o-additive, where S is a o-ring of subsets of
T. Then:

(i) If 1 <r < s < oo, then L;(m) C L.(m) and the topology of Ls(m) is finer
than that of L,(m).
(i) If f : T — K is m-measurable, then the set Ty = {p:1 <p < oo, f € L,(m)}
is either void or an interval containing 1 (Zy = {1} is permitted).
(iii) If Zy # 0, then the function p — ms(f,T) - (||m||(N(f))_% is an increasing
function on Iy.

Proof. By the hypothesis on § and by the last part of Theorem 2.1.5(v)of Chapter
2, Loo(m) C L,(m) for 1 < p < oco.Let s >randlet f € Ls(m). If E = {t €
T:|f(t)] >1}and F = {t € N(f) : |f(t) < 1}, then F and F belong to o(P),
Ifxel” <|fxe|® <|f|® € Li(m) and |fxr|” < xr € L£1(m). Hence by Theorems
2.2.2 and 2.1.5(vii) (Domination principle) of Chapter 2, fxg and fxr belong to
L,(m) and hence f € £,(m). Therefore, the first part of (i) holds. The second
part of (i) holds by Theorem 3.5.3, as |m||(N(f)) < ||m||(T) < oco.

(ii) is due to Theorem 3.5.2(ii) and (i) of the present corollary.

(iil) is immediate if we take A = N(f) in Theorem 3.5.3 since by the hypoth-
esis on S, ||m||(T) < occ. O

Remark 3.5.5. Theorems 3.5.2 and 3.5.3 and Corollary 3.5.4 are generalized to an
lcHs-valued m in Theorem 4.5.13 of Chapter 4.



Chapter 4

Integration With Respect to
IcHs-valued Measures

4.1 (KL) m-integrability (m lcHs-valued)

Let X be an IcHs and let m : P — X be o-additive. The concepts of m-measurable
functions and (KL) m-integrable functions given in Chapters 1 and 2 are suitably
generalized here to lcHs-valued o-additive measures. Theorem 4.1.4 below plays
a key role in the subsequent theory of (KL) m-integrability. While (i)—(iv) and
(viii) of Theorem 2.1.5 of Chapter 2 are generalized in Theorem 4.1.8 to an ar-
bitrary lcHs-valued o-additive measure m on P, the remaining parts of Theorem
2.1.5, Theorem 2.1.7 and Corollaries 2.1.8, 2.1.9 and 2.1.10 of Chapter 2 are gen-
eralized in Theorems 4.1.9 and 4.1.11 and in Corollaries 4.1.12, 4.1.13 and 4.1.14,
respectively, when X is quasicomplete. Finally, the above mentioned results are
also generalized to o(P)-measurable functions in Remark 4.1.15 when X is se-
quentially complete.

Let X be an IcHs and let m : P — X be o-additive. If * € X*, then g«
given by gz« (z) = |z*(z)|, x € X, belongs to I' and by Proposition 1.2.13(iv),
[lmg_.||(A) = v(z*m)(A) for A € o(P). Using this observation, we give the fol-
lowing

Definition 4.1.1. Let X be an IcHs and m : P — X be o-additive. Let f: T — K
or [—o0, 00] be m-measurable. Then, for each z* € X*, by Definition 1.2.6 there
exists N+ € o(P) with v(z*m)(Ng-) = 0 such that fxp\n,. is o(P)-measurable.
We say that f is x*m-integrable if fxp\n,. is ¥*m-integrable and in that case,
we define

[ fdrm) = [ e diam)
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for A € o(P) and

d(z*m) = d(z*m).
/Tf ( ) /N(f)\Nx*f ( )
(Note that N(f)\N.~ = N(fxr\n,.) € o(P).)

It is easy to check that the above integrals are well defined and do not depend
on the set N,«.

The following definition generalizes the second part of Definition 2.1.1 of
Chapter 2 to IcHs-valued o-additive m on P.

Definition 4.1.2. Let X be an IcHs and m : P — X be g-additive. Let f: T — K
or [—00, 00| be m-measurable. Then f is said to be (KL) m-integrable in T if it is
x*m-integrable for each z* € X* and if, for each A € o(P) U {T'}, there exists a
vector x4 € X such that

o*(oa) = [ faa'm)

for each * € X*. In that case, we define
(KL)/ fdm =1z, Aco(P)U{T}. (4.1.2.1)
A

By the Hahn-Banach theorem the integral in (4.1.2.1) is well defined for each
A € o(P) U {T}. Also note that the above definition includes the definition of
(KL) m-integrability given in [L2] when f is o(P)-measurable.

In the sequel, X is an IcHs and m : P — X is o-additive.

Proposition 4.1.3. If f: T — [—00, 00| is (KL) m-integrable in T, then f is finite
m-a.e. inT.

Proof. Let A = {t € T : |f(t)] = oo}. As f is m-measurable, for each ¢ € T,
there exist By, Ny, M, such that A = B, U N,,N, C My, B,, M, € o(P) and
[lm||q(M4) = 0. Then by Proposition 1.2.15(ii)(c),

[ml[q(A) = [[ml]4(Bg) = _Sup v(z"m)(Bg). (4.1.3.1)

ug
On the other hand, for each * € X*, by Definition 4.1.1 there exists N« €
o(P) with v(z*m)(N,~) = 0 such that fxp\n,. is o(P)-measurable and z*m-

integrable. Then fx7\n,. and hence f are (z*m)-a.e. finite in 7. Consequently,
by (4.1.3.1) we have ||m]|,(A) = 0 for all ¢ € T" and hence A is m-null. O

The second part of the following theorem and Remark 4.1.5 below play a key
role in the sequel.

Theorem 4.1.4. Let f : T — K or [—o00, 0] be m-measurable and let X be an lcHs.
Letm: P — X be o-additive. Then:
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i) If f is (KL) m-integrable in T, then f is (KL) m,-integrable in T with values
g q
in X4 (in the sense that the integrals of f assume values in X,) for each g € T
(resp. (KL) myg, -integrable in T with values in X4, for each E € £).

(ii) If f s (KL) mg-integrable in T with values in )?; (i.e., the integrals of f
assume values in Xq) for each ¢ € ' (resp. if f is (KL) mg, -integrable in T
with values in X » for each E € £), then f is (KL) m-integrable in T with
values in X and

(KL)/Afdm:l{iin(KL)/Afqu(resp.:{iin(KL)/AfquE)

for Ae o(P)U{T}.

Proof. (i) Suppose f is (KL) m-integrable in T. Let A € o(P) U {T'}. Then, for
each x* € X*, f is x*m—integrable and there exists x4 € X such that 2*(x4) =
J4 fd(z*m). Let ¢ € T and let y € (X,)*. Then y*II, € X* and hence f is
y*II,m-integrable and (y*II,)(z fA fd(y*Ilym) = [, fd(y*m,). Hence f is
(KL) mg-integrable in T' with values in X,. Slnce g € T for E € &, f is (KL)
m,,,-integrable in 7" with values in X, for Eekf.

(ii) Suppose
f is (KL) mg-integrable in T with values in )?q for eachq € I'. (4.14.1)

Let A € o(P)U{T} and let ¢ € T'. Then there exists y(q) € )?q such that

(') /fdy m,) (4.1.4.2)

for y* € (X4)* so that
y'0) = KL)/ fdm,. (4.1.4.3)
A

By the proof of Theorem 5.4, Chapter II of [Scha, there exists 24 € X such that
2 =1limy'?. (4.1.4.4)

(See Notation 1 2.17.)

Let z* € X* be arbitrary. Then g, given by ¢g«(z) = |z*(z)|, 2 € X,
belongs to T' and clearly, ¢;-(z) = |z*(z)| for z € X. (See Notation 1.2.16.)
In the representation of the dual of X given in §22, 6.(6) of [KO], take u =

(t1g)ger € X* where u,,, = U, € (Xg=)* = (Xg,.)" as in Proposition 1.2.13(i)

and uq = 0 for ¢ € I'\{gg+}. Then, taking £ = {u} € £, by (4.1.4.2) and (4.1.4.4)
and by Proposition 1.2.13(i) we have u(z4) = (hmy(q)) = U, (Ig,. (za)) =
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\I/z*(yff’*)) = / fd(¥g-II, , om) = / fd(um). Hence f is (KL) m-integrable
A _Ja
in T with (KL) [, fdm = x4 € X so that by (4.1.4.3) and (4.1.4.4) we have
(KL) [, fdm = 24 = limy? = lim (KL)/ fdm, for A € o(P)U{T}.
— — A

If condition (4.1.4.1) holds for {gg : E € £}, then it holds all ¢ € T by
Proposition 1.2.15(i) since ¢ = que and Ug € & by Proposition 6, §4, Chapter 3 of

[Ho]. Hence f is (KL) m-integrable in T with values in X and other results also
hold. O

Remark 4.1.5. By Theorems 4.2.2 and 4.2.3 below, (ii) of the above theorem can
be strengthened as follows:

If X is a quasicomplete IcHs and if f is (KL) m,-integrable (resp. (KL) m,,, -
integrable) in 7" with values in X, (resp. X, ) for each ¢ € I (resp. E € £), then f

is (KL) m-integrable in 7" with values in X and (KL) [, fdm = lim (KL) / fdm,
— A

(resp. = lim (KL)/ fdmyg, ) belongs to X for A € o(P) U{T}.
— A

Notation 4.1.6. Let X be an IcHs and let m : P — X be o-additive. Then Z(m)
denotes the class of all m-measurable scalar functions f on T' which are (KL)
m-integrable in 7' with (KL) [, fdm € X for all A € o(P) U{T}.

The following lemma is needed to generalize Theorem 2.1.5(viii) of Chapter
2 to lcHs.

Lemma 4.1.7. Let X, Y be IcHs over the same scalar field K and let L(X,Y) be
the vector space of all continuous linear mappings from X into Y. If m : P — X
is o-additive and v € L(X,Y), then um : P — Y is o-additive. If f : T — K or
[—00, 0] is m-measurable, then f is also um-measurable.

Proof. As u is linear and continuous, um is o-additive. Let F be the family of
equicontinuous subsets of Y*. Let F© € F. Then, given ¢ > 0, there exists a
neighborhood W of 0 in Y such that sup,.cp |y*(y)| < € for y € W. As u is
continuous and linear, there exists a neighborhood U of 0 in X such that w(U) C
W. Then sup,..p |y*(uz)| < € for x € U. Let u* be the adjoint of u. Then
sup,«ep [(w*y*)(x)] = supycp [(y*u)(z)| < € for € U and hence u*F € €. As f
is m-measurable, there exists Ny+p € o(P) with ||m]||q,. . (Nu+r) = 0 such that
IX1T\N, ., is 0(P)-measurable. Then by Proposition 1.2.13(iii) we have
[[umllor (Nur ) = ||y o uml[(Nur) = sup v(y”um)(Nu- )
y
= sup o(u'y' m)(Noep) = sup_o(a*m)(Nye ) = lmllg,. . (V- ) = 0
y*eF x*cEu*F

and hence f is (um)y, -measurable. Then, in the light of Remark 1.2.5 of Chapter
1, f is um-measurable. O
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We generalize below (i)—(iv) and (viii) of Theorem 2.1.5 of Chapter 2 to a
quasicomplete lcHs-valued o-additive m.

Theorem 4.1.8. Let X be a quasicomplete IcHs and m : P — X be o-additive.
Then:

(i) A P-simple function s =] aixa, with () C K, (4;)] C P and AiNA; =0
for i # j, is (KL) m-integrable in T and (KL)[, sdm = Y] cym(A; N A)
for A € o(P). We write [, sdm instead of (KL) J 4 sdm. Consequently,
|lml|q(A) = sup{q([, sdm) = | [, sdmy|q : s P-simple, |s(t)] < xa(t).t € T}
forqel.

(ii) If f:T—XK or [—o0,00] is (KL) m-integrable in T, then ’y('):(KL)f(.)fdm
is o-additive (in T) on o(P).

(i) If v is asin (ii), ¢ €T and E € &, then:

(@) [17llq(A) = sup,-cpe [4 | fldv(zm), A € o(P).
(b) [17llgs (A) = sup,cp [, [fldv(z*m), A€ o(P).
(¢) 1imyjmj|,(a)—0Vq(A) = limjjm), (a0 [[V]l¢(A) =0, A € o(P).

(iv) Z(m) is a vector space over KK with respect to pointwise addition and scalar
multiplication. For A € o(P) fized, the mapping f — (KL) [, fdm is linear
on I(m) with values in X by Remark 4.1.5. Consequently, if s in (i) is with
(Ai) not necessarily mutually disjoint, then also [, sdm = Y 7 a;m(A N
Ai), A € O'(P)

(v) Let Y, L(X,Y), u and f be as in Lemma 4.1.7. If f is m-measurable and
(KL) m-integrable in T, then f is um-measurable and (KL)um-integrable in
T and u((KL) [, fdm) = (KL) [, fdum, A € o(P)U{T}.

(vi) (i), (i), (ili) and (v) hold for an arbitrary lcHs X .

Proof. (i) and (iv) are obvious and (ii) is due to the Orlicz-Pettis theorem (for
example, see [McA]).

(iii)(a) (resp.(b)) By (ii) v is o-additive on o(P) and hence by Proposition
1.1.19 and by Theorem 2.1.5(iii) of Chapter 2, by Proposition 1.2.15(ii)(c) (resp.
by Proposition 1.2.13(iii)) and by the fact that v, = [T, oy (resp. v, = Il ; o)
the result holds.

(iii)(c) If |jm||4(4A) = 0, A € o(P), then by Proposition 1.2.15(ii)(c),
v(z*m)(A) = 0 for * € U7 and hence by (a), [|v]|¢(A) = 0. As [[m]|, is a o-
subadditive submeasure on o(P) and as v, = ll; oy : 0(P) — )?/q is o-additive,
the second equality holds by Proposition 1.1.11. As |y(E)|, < ||7]|4(E), E € o(P),
the first equality also holds.

(v) By Lemma 4.1.7, um is o-additive on o(P) and f is um-measurable.
Let A € o(P)U{T} and let (KL) [, fdm = x4 € X. For y* € Y*, u*y* € X*
and hence f is w*y*m-integrable and y*(uza) = u*y*(za) = [, fd(u*y*m) =
J4 fd(y*um). Hence the result holds. O
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The following theorem generalizes (v)—(vii) of Theorem 2.1.5 of Chapter 2 to
quasicomplete lcHs-valued o-additive vector measures.

Theorem 4.1.9. Let X be a quasicomplete lcHs and m : P — X be o-additive.
Then:

(i) Let f: T — K or [—o0,00] be m-measurable.

(a) If f is m-essentially bounded in A € P, then f is (KL)m-integrable in
A with values in X (in fact, with values in X by Remark 4.1.5) and, for
each g € T,

o(KE) [ fdm) = |(KL) [ fimyl, < (esssup 0] -], (B)

for Be ANP(=a(P)NA).

(b) If f is m-essentially bounded in T and if P is a o-ring S, then f is (KL)
m-integrable in T with values in X (in fact, in X by Remark 4.1.5) and,
for each q €T,

q((KL)/Afdm) = I(KL)/AfquM =< (essi»gglf(tﬂ) - |fmfl4(A)

< (essilg [F@®)]) - [m]]¢(T)

for Ae SU{T}.

(ii) If ¢ is an m-essentially bounded m-measurable scalar function on T and if
f € Z(m), then of € I(m). Consequently, for f € Z(m) and for A €
o(P)U{T}, fxa € I(m) and (KL) [, fdm = (KL) [,, fxadm.

(iii) (Domination principle). If f is an m-measurable scalar function on T and
if g € I(m) with |f| < |g| m-a.e. in T, then f € Z(m). Consequently, an
m-measurable function f : T — K or [—oo,00] is (KL) m-integrable in T
(with values in X) if and only if |f| is so. Moreover, for an m-measurable
scalar function f on T the following statements are equivalent:

(a) feZ(m); (b)|fl€Z(m); (c) feZ(m);
(d) Ref € Z(m) and Im f € Z(m);
(e) (Ref)*, (Imf)*, (Ref)™ and (Im f)~ belong to Z(m).
Moreover, if f1, fa: T — R belong to Z(m), then max(f1, fo) and min(f1, fa)
belong to I(m).
Proof. (i)(a) Let A € P and let o = esssup,¢ 4 | f(t)].

Claim. There is an m-null set M € o(P) such that

a= sup |f(¥)| (4.1.9.1)
teA\M
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In fact, for each n € IN, there exists M, € o(P) with |f(t)] < a + 1 for
t € A\M,, and ||m;||(M,,) = 0 ¢ € T. Then by Propositions 1.1.5 and 1.1.12,
|lm;||(UT° M,,) = 0 for for each i € I'. Moreover, |f(t)] < « for t € A\U;" M,).
Then it follows that o = sup;e 4\ = 4, |f(t)|. Hence (4.1.9.1) holds.

Thus by (4.1.9.1) there exists an m-null set M € o(P) such that a =
supsea\ar [f(2)|- Then fxa\a is a bounded m-measurable function on 7. Let
q € I'. Then there exists N, € o(P) with ||ml|,(N,) = 0 such that fxa\an\n,
is o(P)-measurable. Let ¥4 = AN P. Then ¥4 is a o-algebra of subsets of A,
¥4 C P and fxaan, is a bounded ¥ 4-measurable function. Therefore, there

exists a sequence (sﬁf))fo of ¥ 4-simple functions such that 55{]) — [Xa\a\N, uni-
formly in A with |s£,q)| /" |fxa\anw, |- Moreover, m, is o-additive on X4 with
values in X, C )?;, and hence by Proposition 1.1.6 of Chapter 1, ||jm]|,(4) < .
Then by an argument similar to that in the proof of Theorem 2.1.5(v) of Chapter
2, for each B € ¥4, f is (KL) mg-integrable in B and there exists xg) € )A(/q such

that (KL) [, fdm, = xg) = lim,, [, s dm, and

lim / 59 dm,
" JB

As g is arbitrary in I, by Theorem 4.1.4(ii), f is (KL) m-integrable in A with values
in X (and hence with values in X by Remark 4.1.5). Thus, if (KL) [ fdm = zp €
X for B € ¥4, then I1;(2p) = (KL) [ fdm, for ¢ € I" and for B € ¥ 4. Moreover,
by (4.1.9.2) we have

< of|m||,(B). (4.1.9.2)

q

’(KL) | #im,

q

o (1) [ fm) = gtem) = 1o,
~| 1) [ gam,

< (esssup 00 ) - Il (5)

for B € ¥ 4. Hence (i)(a) holds.

(i)(b) This is immediate from (i)(a) as ||m||4(T") < oo by the hypothesis that
P is a o-ring and by Proposition 1.1.6 of Chapter 1 and as fx7\a\n, is bounded
and o(P)-measurable.

(ii) Let v(-) = (KL) f(.) fdm on o(P). By Theorem 4.1.8(ii), v is o-additive
on o(P) and by Theorem 4.1.8(iii)(c), for ¢ € ', an mg-null set in o(P) is also
vg-null. Hence, the m-essentially bounded m-measurable function ¢ is also v-
measurable and v-essentially bounded. Therefore, by (i)(b), ¢ is (KL) v-integrable
in T with values in X. For A € o(P)U{T}, let (KL) [, pdv = x4 € X. Then, for
each z* € X*, by Definition 4.1.1 there exists Ny+ € o(P) with v(z*v)(Ny+) =
0 such that @x7\n,. is o(P)-measurable and z*(z4) = [, oxr\nN,.d(z*V). As
f is (KL) m-integrable in T, there exists Mg+ € o(P) with v(z*m)(My«) = 0
such that fxp\ar,. is o(P)-measurable and z*m-integrable. Then by Theorem
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4.1.8(iii)(b) and by Proposition 1.2.13(iv), 0 = v(z*v)(Ng«) = ||z*V||(Ng+) =
My, 2 [(No) = [llg,- (Vo) = [ |fldv(a"m) since £ = {2} € €. Hence
either f = 0 z*m-a.e. in Ny« or Ny« is 2*m-null. In either case, ox7\n,. X1\ M, .
is o(P)-measurable and is equal to ¢f z*m-a.e in T. Then

«T*(«TA):/SDXT\NI*d(x*V) =/ OXT\N,. [ X1\ M, . d(x"m)
A A

for A € o(P) U {T} and for z* € X*, since the last equality holds for P-
simple functions ¢ and then by Proposition 1.1.18 of Chapter 1 and by Theo-
rem 3 (LDCT), §8 of [Dinl], it holds for general o(P)-measurable z*v-integrable
©X1\N,.- Then by Definition 2.1.1(ii) of Chapter 2, 2*(z4) = [, pfd(z*m), as
OXT\N,. [XT\M,. = ¢f (z*m)-a.e. in T. Hence ¢f € Z(m). The second part fol-
lows from the first part by an argument similar to that in the proof of the second
part of Theorem 2.1.5(vi) of Chapter 2.

(iii) Let h(t) = % for t € N(g) and h(t) = 0 otherwise. Then h is clearly
m-measurable, |h(¢)] < 1 m-a.e. in T and f = gh m-a.e. in T. Then by (ii), f
is (KL) m-integrable in T" with values in X. If f : T — K or [—o0,00] is (KL)
m-integrable in T, then by Proposition 4.1.3 there exists an m-null set N € o(P)
such that f is finite in 7\ N and hence g = fx7\n € Z(m) and by the above part,
lg| is (KL) m-integrable in 7. Then |f| is also (KL) m integrable in T as |f| = |g|
m-a.e. in T. Conversely, if |f| is (KL) m-integrable in T with values in X, then
by Theorem 4.1.4(i), |f| is (KL) mg-integrable in T with values in X, for each
g € I and hence by Theorem 2.1.5(vii) of Chapter 2 , f is (KL) mg-integrable
in T with values in )?; for each ¢ € T'. Consequently, by Theorem 4.1.4(ii) and
by Remark 4.1.5, f is (KL) m-integrable in 7" with values in X. The other parts
follow from the first, and from the facts that max(fy, f2) = %(fl + fo+|fi— f2])
and min(f1, f2) = 3(f1 + f2 — [f1 — f2|) and that Z(m) is a vector space. O

Remark 4.1.10. The proofs of (ii) and (iii) of the above theorem are respectively
similar to those of Lemma II.3.1 and Theorem II.3.1 of [KK]. See Remark 2.1.11
of Chapter 2.

Theorem 4.1.11. (Generalization of Theorem 2.1.7 of Chapter 2 — (LDCT a.e.
version)) Let X be a quasicomplete lcHs and m : P — X be o-additive. For each

q el let f,(lq), n € N, be my-measurable on T with values in K or in [—oo, 0]
and let g9 : T — K be mg-measurable and (KL) mg-integrable in T with values
in )?; for each q € T. Suppose |f7(1q)(t)| < [g“9(t)| my-a.e. in T for each ¢ € T
and for each n € N and let f : T — K. If f},‘” — f mg-a.e. in T, then f is
mg-measurable, f, ,(Lq), n € IN, are (KL) mgy-integrable in T with values in )A(/q
and consequently, f is (KL) m-integrable in T with values in X. Moreover, for
each q €T,

(i) [ fam, ~ (k1) [ fi0am,

A A

lim
n

=0 for Aco(P)U{T} (4.1.11.1)
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the limit being uniform with respect to A € o(P) (for a fized ¢ € T') and

lim sup /|f(q) fldv(® m*mq)—hm sup /|fflq)—f|dv(x*m):0 (4.1.11.2)

noxreUg z*elUg JT
where Wy« is as in Proposition 1.2.15(ii)(a).

Proof. Let ¢ € T' be given. By hypothesis there exists an mg-null set NV @ ¢
o(P) such that £9 - f pointwise in T\N@. As g(@ is (KL) mg-integrable
in T, by Remark 2.1.3 of Chapter 2 there exists an mg-null set M(q) € o(P)
such that M(q) D {t € T : |¢g\9(t)] = oo} so that ¢g(@ is finite in T\M(q).
Let M@ = M(q) UN@. Then M@ € o(P) and is mynull. As £\ n € N,
are mg,-measurable for each n, by Proposition 1.1.18 of Chapter 1 there exists

M e o(P) with ||m||q(M7(Lq)) = 0 such that f"XT\MT(ﬂ) is o(P)-measurable. Let
M, = M@ U2, M?). Then M, € o(P) and ||m||,(M,) = 0 as ||m]|, is o-
subadditive on o(P). As fr(LQ)XT\Mq — fxr\m, pointwise in 7" and as f,(lq)XT\Mq,
n € IN, are o(P)-measurable, it follows that fxp\as, is o(P)-measurable so that
f is mg-measurable for each ¢ € I" and hence, f is m-measurable. Considering
mg,:P — )?;, the hypothesis of domination and Theorem 2.1.5(vii) of Chapter 2
imply that f, 7@, n € N, are (KL) mg-integrable in T with values in )?q. Since
q is arbitrary in T, by Theorem 4.1.4(ii) and by Remark 4.1.5 we conclude that f
is (KL) m-integrable in T with values in X.

Let g € . Let vy () = (KL) [, , g‘9dm,,. Then by Theorem 2.1.5(ii) of Chap-

ter 2, v, is o-additive on o(P) (v, assumes values in the Banach space )/(Vq) Then
by Proposition 1.1.13 of Chapter 1 there exists a control measure uq : o(P) —

[0,00) for v, so that, given € > 0, there exists §(2) > 0 such that ||vy[|(4) < &

whenever A € (P) with q(A) < 5@, Let F, = J°2, (N (fA)N(T\M,)). Clearly,
F, € o(P). Let A € o(P)U{T}. Then, arguing as in the proof of Theorem

2.1.7 of Chapter 2 with Fj, F,gq), My, Ny, ||vgll, pg, A, f,(ﬂ) and ||m||, replacing
F, F,, M, N, ||v]|, 1, E, f and ||m]|, respectively, and taking ¥, as in Propo-
sition 1.2.15(ii)(a) and taking no such that ||£{? — Hlgor  llmllg (F7) < & for

n > ng, we have for z* € U7, n > ng and for A € o (P)orA T,

/ |fr(7,q) - f|dv(‘llw*mq)
AN(T\F{D)

26
< 2|yl | (F \N\FL?) + 2[[1g || (Ny) + 2lwg||(M,) <

since [, £ — fldo(¥emy) < 2 [ |9@|dv(W,em,) = 2 [, ]g@|do(z*m) <
2||vg||(B) for B € o(P) by Proposition 1.2.15(i1) and Theorem 4.1.8(iii)(a).
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Moreover,

Wl m

/ £9D — fldo(¥,em,) <
AHFIEZ)

since v(W,-mg)(F?) = v(e*m)(F?) < ||lml|,(F{?) by Proposition 1.2.15(ii)(c)

and since |

A fHFéq) . ||m||q(F,£g)) < g for n > ng. Consequently, by the above

inequalities and by the(J fact that f is (KL) m-integrable in T" with values in X we
have IT;((KL) [, fdm) = (KL) [, fdm, and by Proposition 1.2.15 we also have

(1) [ i, - (k1) [ am,

q

_ '(KL) /A (f9 — f)dm,

q

IN

sup / £ = fldo(Upemy) < e (4.1.11.3)
zrelUg JA
for n > no and for all A € o(P) U {T}. Then (4.1.11.3) implies (4.1.11.2) and

hence (4.1.11.1) where the limit in (4.1.11.1) is uniform with respect to A € o(P)
(for a fixed g € T). O

Corollary 4.1.12. (Generalization of Corollary 2.1.8 of Chapter 2-(LBCT a.e.-
version)) Let X be a quasicomplete IcHs and m : S — X be o-additive, where S
is a o-ring. Suppose f, DT S K or [—00,00] forn € N and let 0 < K9 < oo
forq e T. If f,(lq), n € N, are mg-measurable, ,(Lq) — f mg-a.e. in T and if
|f7(lq)| < K@ my-a.e. for all n, then f, @ neN, are (KL) my-integrable in T

with values in X, and consequently, f is (KL) m-integrable in T with values in
X. Then, for each q € T,

=0
q

lim
n

(k1) [ fim, (kD) [ 70 dm,

for A € SU{T}, the limit being uniform with respect to A € S (for a fized g € T).
Moreover, for each q € T,

lim sup / |£9 — fldv(¥,-m,) =0
T

" oarely
where Wy« is as in Proposition 1.2.15(ii)(a).

Proof. The corollary is immediate from the above theorem and the second part of
Theorem 2.1.5(v) of Chapter 2 as S is a o-ring. O

The following theorem plays a key role in Section 4.3.



4.1. (KL) m-integrability (m IcHs-valued) 75

Theorem 4.1.13. (Generalization of Corollary 2.1.9 of Chapter 2) Let X be a
quasicomplete lcHs and m : P — X be o-additive. If f is an m-measurable (KL)

mg-integrable scalar function on T with values in )?/q for each q € T, then f is
(KL) m-integrable in T with values in X. (In fact, (KL) [, fdm € X by Remark
4.1.5.) Moreover, for each q € T, there exist a set Ny € o(P) with ||m||4(Ng) =0

and a sequence (55{1));’;1 C T, such that s — f and |5£Lq)| /" |f| pointwise in

T\Ngy. Then for any such sequence (35{1)), by 1.2.16,

117?1q< /A s\9dm — (KL) /A fdm)
/ 5@ dm, — (KL) / fdm,
A A

for A € a(P)U{T}, the limit being uniform with respect to A € o(P) (for a fized
gel).

Consequently, for A € o(P) and ¢ € T,

=0

q

= lim
n

q

[lm||4(A) = sup {‘(KL)/ hdmg,| :heZI(my),|h|<xamg-a.e. inT}.
A

Proof. Let ¢ € I'. By hypothesis, f is (KL) mg-integrable in 7' with values in )?q.

Then by Corollary 2.1.9 of Chapter 2 for my, there exists (sﬁf)) C Zs such that

s 5 f and |551q)| /" |flmg-a.e. in T so that by the same corollary we have

m (KL)/Afqu—/Ang)qu

the limit being uniform with respect to A € o(P). Thus

/ 59 dm,
A

Since f is (KL) mg-integrable in T for each ¢ € T', by Theorem 4.1.4(ii) f is (KL)
m-integrable in T with values in X and by (4.1.13.1) we have

1i£nq<(KL) /A fdm — /A 55{”dm> =0

where we use Notation 1.2.16 and where the limit is uniform with respect to
A € o(P) for a fixed g € T

=0, Aco(P)U{T}, (4.1.13.1)

forA € o(P)U{T}. (4.1.13.2)

ot | som,

= lim
n
q
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Consequently, by Theorem 4.1.8(i), by (4.1.13.2) and by Proposition 1.2.15(ii)

we have
[|m||,(A zsup{’/ squ 1s €1, |s|<x,4}
:sup{’/ squ : s €T, |s| < xamg-a.e. 1nT}
p{ hqu :heI(my), |h] < xamg-a.e. inT}
q
{ sug hd(¥,+my)| : h € IT(my), |h| < xa mg-a.e. inT}
zreUg
< sup o z*mq)(A)f sup v(z*m)(A)
@+ eUg z*eU?

= [lm]4(A4)

for A€ o(P) and for g € T. O

Corollary 4.1.14. (Simple function approximation) Let X be a quasicomplete lcHs
and m : P — X be o-additive. If f : T — K is m-measurable and (KL) mg-
integrable in T with values in )?; for each q € T, then f is (KL) m-integrable in T
with values in X (by Remark 4.1.5 with values in X). Moreover, for each q € T,

there exists (s ﬁf‘))n 1 C I such that s(q) — f mgy-a.e. in T with |5(q)| i
mg-a.e. in T and such that

lim sup /|f,5£{7)|dv(\11x*mq):lim sup /|f75£1q)|dv(x*m) =0.
noareUgJT noareUg JT

Proof. This follows from Theorems 4.1.9 and 4.1.11. O

In the following remark we include the analogues of Theorems 4.1.9, 4.1.11
and 4.1.13 and those of Corollaries 4.1.12 and 4.1.14 when m takes values in a se-
quentially complete IcHs and when the functions considered are o(P)-measurable.

Remark 4.1.15. ((KL)-integrability with respect to a sequentially complete lcHs-
valued m) Let X be an IcHs, m : P — X be o-additive and Z(c(P), m) be the
collection of all (KL) m-integrable o(P)-measurable scalar functions with values
in X.

Theorem 4.1.9’. This is the same as Theorem 4.1.9 excepting that X is a se-
quentially complete lcHs and all the functions considered are o(P)-measurable or
belong to Z(c(P), m).

(Proof. Let A € P and let a = esssup,c 4 |f(t)] < oco. Then there exists an m-
null set M € o(P) N A such that sup;e 4\a [f(t)] = . Let X4 = PN A. Then
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Y4 is a o-algebra of subsets of A. As fxa\a is 0(P)-measurable, it is also ¥a-
measurable and is moreover bounded. Hence there exists a sequence (s,)3° of ¥ 4-
simple functions such that s, — fxa\as uniformly in A and [s,,| /| fxa\am|in T
Let g € T. Arguing as in the proof of Theorem 2.1.5(v) of Chapter 2, replacing |-| by
¢q and ||m|| by ||m]||4, we can show that ¢( [, spdm— [, s,dm) — 0 as n,r — oo for
each B € ¥ 4. Hence ([ s,dm) is Cauchy in X and as X is sequentially complete,
there exists zp € X such that lim,, [ pSndm = zp and consequently, by LDCT
for scalar measures

#*(e5) = lim /B snd(z*m) = /B fd(z"m).

Hence f is (KL) m-integrable in A, (KL) [, fdm = zp and |[(KL) [, fdm|, =
|limy, [ spdml|; < af|lm||q(B) for B € o(P)NA and for ¢ € T'. Hence (i)(a) of The-
orem 4.1.9" holds. Theorem 4.1.9'(i)(b) is immediate from Theorem 4.1.9'(i)(a).
The proof of Theorem4.1.9'(ii) is similar to that of Theorem 4.1.9(ii). If | f| is (KL)
m-integrable in 7" with values in X, then by the last part of Proposition 1.2.10
there exists a sequence (s,)° C Z, such that s, — f and |s,| " |f| pointwise in
T. Then, given ¢ € I', by Theorem 4.1.4(i), | f| is (KL) mg-integrable in T' with val-
ues in X, C )?; and hence by Theorem 2.1.7 of Chapter 2 for mg, ([, s,dmg)5° is

Cauchy in )?q (in fact, Cauchy in X;) for each ¢ € I" and for each A € o(P). Thus
([, sndm)$° is Cauchy in X and as X is sequentially complete, lim,, [, s,dm € X
for each A € o(P). Thus f € (Z(c(P),m). The other parts are proved as in the
proof of Theorem 4.1.9(iii).) O

Theorem 4.1.11’. This is the same as Theorem 4.1.11 not only with the changes as
in Theorem 4.1.9’ but also with ¢(¢ = g for all ¢ € T, g € Z(c(P), m), @ = ¢,
for all ¢ € T' and for all n, f, being o(P)-measurable and |f,| < |g| m-a.e. in T
for all n and f,, — f m-a.e. in T with f o(P)-measurable.

(Proof. By Theorem 4.1.9', (f,,)° and f are (KL) m-integrable in T'. By hypothesis
and by Proposition 4.1.3, there exists an m-null set M in o(P) such that (f,)5°
and f are finite on T\M and f,(t) — f(t) for t € T\M. Then F = [J7°(N(fn) N
(T\M)) € o(P). Let ¢ € ' and let v(-) = (KL) [, gdm € X. By Theorem
4.1.8(ii), v is o-additive on ¢(P) and v, = I, o v is o-additive with values in X,
and hence with values in the Banach space )?;. Then arguing as in the proof of
Theorem 4.1.11, there exists a control measure pg on o(P) for v4 so that given
€ > 0 there exists § > 0 such that |[v|[,(4) < § if py(A) < . Moreover, by
the Egoroff-Lusin theorem, there exist N € o(P) N F with pue(N) = 0 and a
sequence (FIEQ))Cfo C P with F]Eq) /" F\N such that f, — f uniformly in each
F]Eq). Then there exists ko such that pg(F\N\Fy) < 6 for k > ky. Choose ng
such that [|f, — frllry, - [lm|[q(Fk,) < § for n,7 > ng. Then arguing as in the
proof of Theorem 4.1.11 one can show that ¢ ((KL) [, frdm — (KL) [, fadm) =
|(KL) fA(fn — fr)dmgy|, < SUPz+ev? fA |fn = frldv(¥ermy) = SUDPg+ ey fA |fn —
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frldv(z*m) < € (4.1.15.1) for n,7 > ng and for A € o(P). Since q is arbitrary
in T, it follows that ((KL) [, fndm)$® is Cauchy in X for each A € o(P) and
hence by the hypothesis that X is sequentially complete, there exists x4 € X
such that lim, (KL) [, fndm = x4 for A € o(P) U{T}. Then, for z* € X*, we
have z*(x4) = lim,, [, fod(z*m) = [, fd(z*m) by LDCT for scalar measures and
hence f is (KL) m-integrable in 7" with values in X. Then 24 = (KL) [, fdm =
lim,, (KL) fA fndm and ¢ ((KL) fA fdm — (KL) fA fndm) < SUP,-cpp |fA |fr —
fldv(Ter o my) = sup,.c o limr o Jalfr = faldv(¥er omy) < € for n > ng and
for A€ o(P)U{T} by (4.1.15.1). Hence Theorem 4.1.11" holds. O

(Note that Theorem 4.1.11' is essentially the version of LDCT given in The-
orem 3.3 of [L2], which remains unestablished as observed in Remark 2.1.12 of
Chapter 2 .))

Corollary 4.1.12'. This is the corresponding version of Corollary 4.1.12 (LBCT)
deduced from Theorem 4.1.11". If f is o(P)-measurable, then by Proposition 1.2.10
there exists a sequence (s,) C Zs such that s, — f and |s,| ' |f] pointwise in
T. Thus, if Theorem 4.1.13" and Corollary 4.1.14’ are the analogues of Theorem
4.1.13 and Corollary 4.1.14, respectively, with X sequentially complete, f o(P)-
measurable and (553));;0:1 being replaced by (s,,)3° for all ¢ € T, then they hold
by Theorem 4.1.11'.

Remark 4.1.16. LDCT for (KL) m-integrals with respect to a o-additive vector
measure defined on a §-ring 7 with values in a sequentially complete IcHs is given in
[L2] under the hypothesis that the dominated sequence converges pointwise, but,
as observed in Remark 2.1.12 of Chapter 2, its proof is incorrect and is corrected in
the said Remark. For the case of o-additive vector measures defined on o-algebras
with values in a sequentially complete lcHs, Theorems 4.1.8, 4.1.9" and 4.1.11’
are obtained in [KK] (for real IcHs) and [OR4] (for complex lcHs) by different
methods. Theorem 3.5 of [L2], whose incorrect proof is corrected in Remark 2.1.12
of Chapter 2, is easily deducible from Corollary 4.1.14’.

4.2 (BDS) m-integrability (m lcHs-valued)

Let X be a quasicomplete IcHs and m : P — X be o-additive. For an m-
measurable function f we define (BDS) m-integrability and the (BDS) m-integral
of f with values in X and show that f is (BDS) m-integrable in 7" if and only if
it is (KL) m-integrable in T" and that (BDS)[, fdm = (KL) [, fdm € X, A €
o(P)U{T} (Theorems 4.2.2 and 4.2.3). Also we generalize Theorems 2.2.4, 2.2.5
and 2.2.8 and Corollary 2.2.11 of Chapter 2. We define (BDS) m-integrability for
o(P)-measurable functions in Remark 4.2.12 when m assumes values in a sequen-
tially complete lcHs and Theorem 4.2.2" in Remark 4.2.12 gives an analogue of
Theorem 4.2.2 for such m.
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Definition 4.2.1. Let X be a quasicomplete IcHs and m : P — X be o-additive.
An m-measurable function f : T — K or [—o0o,o0] is said to be m-integrable in
T in the sense of Bartle-Dunford-Schwartz or (BDS) m-integrable in T, if f is
mg-integrable in T" with values in )N(q (considering my : P — X C )?;) for each
g € T (see Definition 2.2.1 and Theorem 2.2.2 of Chapter 2). In that case, using
Notation 1.2.17, we define

<BDS)/Afdm:h£l/Afqu’ Aeco(P)
and

(BDS) / fdm = lim / fdm, = lim / fdm,
T —Jr — NN,

with values in X, where N, € o(P) with ||m]|,(]N,) = 0 such that fxr\w, is o(P)-
measurable. (In the light of Theorem 4.2.3 below, these integrals indeed assume
values in X as X is quasicomplete.)

Theorem 4.2.2. Let X be a quasicomplete lcHs and m : P — X be o-additive. Let
f:T — K or [—o0,00] be m-measurable. Then:
(i) If f is (KL) m-integrable in T with values in X, then f is (BDS) m-integrable
in T and (BDS) [, fdm = (KL) [, fdm € X for A€ o(P)U{T}.
(ii) If f is (BDS) m-integrable in T', then f is (KL) m-integrable in T' and (KL)
S, fdm = (BDS) [, fdm € X for A€ o(P)U{T}.
(Moreover, as X is quasicomplete, by Theorem 4.2.3 below (BDS) [, fdm € X
for A € a(P)U{T} whenever f is (BDS) m-integrable in T.) Hereafter we shall
denote either of the integrals of f over A € o(P) U {T} by [, fdm and say that
f is m-integrable in 7.

Proof. (i) As f is (KL) m-integrable in T" with values in X, then, for A € o(P) U
{T}, there exists x4 € X such that z*(z4) = [, fd(z*m) for 2* € X* so that
(KL) [, fdm = z 4. Then by Theorem 4.1.4(i), for each ¢ € ', we have

I, (z4) = 11,((KL) /A fdm) = (KL) /A fd(Il;om)  (by Theorem 4.1.8(v))

= (KL) /A fdm, = (BDS) /A fdm,

by Theorem 2.2.2 of Chapter 2 (with X in Theorem 2.2.2 of Chapter 2 being
replaced by X, and m by my). Then by Definition 4.2.1, f is (BDS) m-integrable
in T and

(BDS) /A fdm = lim (BDS) /Afqu = @(KL) /A fdmy,
=lmll (z4) =24 = (KL)/ fdm
— A

belongs to X for A € o(P)U{T}.
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Conversely, let f be (BDS) m-integrable in 7. Then, for each ¢ € T, by
Definition 4.2.1 and by Definition 2.2.1 of Chapter 2 there exist (55{1))%0:1 C 7,
and an mg-null set Ny € o(P) such that s — f pointwise in T\N, and such
that lim,, [, s@dm, = 29 (say) exists in X, for each A € o(P) U {T}. Then by
Theorem 2.2.2 of Chapter 2 with respect to m, and )?;, f is (KL) m,-integrable
in T and (KL)[, fdm, = (BDS) [, fdm, = 2 € X, for A € o(P) U {T}.
Consequently, by Theorem 4.1.4(ii) and by Definition 4.2.1,

(KL) /A fdm = lim 2% = lim(KL) /A fdm,
= lim(BDS) /A fdm, = (BDS) /A fdm e X

for A€ o(P)Uu{T}. O

Theorem 4.2.3. Let X be a quasicomplete lcHs and m : 0(P) — X be o-additive. If
f:T — K or [—o0,00] is m-measurable and m-integrable in T, then fA fdm e X
for A€ o(P)U{T}.

Proof. Let A € a(P)U{T}. Let @ = {s € Iy : |s| < |f|inT} and let G4 =
{[,sdm : s € ®}. Let 2* € X*. Then by Theorem 4.2.2(ii), f is (KL) m-integrable
in T and hence f is z*m-integrable in T and therefore,

sup
sed

/ sd(x*m>\ < [ 1ot m) = M (say) < ox.

Thus G4 is weakly bounded. Then by Theorem 3.18 of [Ru2], G4 is T-bounded
in X.
(@)

Let g € T. Taking wi) = s\ 7 v, in Proposition 1.2.10, we have (wi)22; C

Ts, |w,(1q)| <|flinT forn € NN, w® = fand |w£Lq)| /" |f| pointwise in T\ N,. Then
by Theorems 4.1.13 and 4.2.2(ii) and by Notation and Convention 1.2.16 we have

limg (/A w(@dm — (KL)/Afdm) = limg (/A w,(ﬁ)dm—/Afdm) =0.

Hence, given € > 0, for each ¢ € I' there exists s, € ® such that q(fA sqdm —
[, fdm) < € and therefore, [, fdm belongs to the 7-closure of G4 (in X). Con-
sequently, there exists a net (zo) C G4 such that zo — [, fdm in 7. Therefore,
() is 7-Cauchy.

On the other hand, as G4 C X is 7-bounded and as X is quasicomplete, the
7-closure of G 4 is T-complete. Since 7|x = 7, it follows that (z,) is also 7-Cauchy.
Moreover, as the 7-closure of G 4 is T-complete, there exists xg in the 7-closure of
G 4 (so that zg € X) such that z, — ¢ in 7 and hence in 7. Since 7 is Hausdorff,
we conclude that [, fdm = z¢ € X. O
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Remark 4.2.4. The proof of Theorem 1.35 of [T] is modified in Section 7.1 of Chap-
ter 7 to prove the result for complex functions. See Theorem 7.1.24 of Chapter 7.

Remark 4.2.5. In Definition 4.2.1 one can take X to be an arbitrary lcHs and in
that case, the definitions of the (BDS) integrals with respect to m hold with values
of the integrals in X. For the validity of Theorem 4.2.3 we need the hypothesis
that X be quasicomplete. It is not known if Theorem 4.2.3 still holds if X is only
sequentially complete, and not quasicomplete. For an example of such an IcHs, see
pp- 295-296, 523 of [KO] Consequently, it is not known whether [ fdm belongs
to X if X is only sequentially complete in Theorems 4.2.4, 4.2.7, 4.2.8, and 4.2.9
and Corollary 4.2.11 below. Thus we are not able to answer the question raised
by the referee in this regard.

Remark 4.2.6. Let X be a quasicomplete IcHs and m : P — X be o-additive.
Then, in the light of Theorems 4.2.2 and 4.2.3, Z(m) in Notation 4.1.6 is the same
as the class of all m-measurable scalar functions on 7" which are m-integrable in 7'
with values in X. Then Theorems 4.2.7,4.2.8, and 4.2.9 and Corollary 4.2.11 hold
for functions f € Z(m).

We now generalize Theorems 2.2.4, 2.2.5 and 2.2.8 of Chapter 2 to quasicom-
plete IcHs-valued m in Theorems 4.2.7, 4.2.8 and 4.2.9, respectively.

Theorem 4.2.7. Let X be a quasicomplete lcHs and m : P — X be o-additive.

Let f : T — K or [—00,00] be m-measurable. For each q € T, let (s (q))n 1 C I

be such that 9 — fmg-a.e. in T and let ’y(q) co(P) — X4 C Xq be given by
~4 (. =J)s s\@dm,, n € N. Then:

(a) The following statements are equivalent:
(i) lim, ’y(q) (A) = ~D(A) exists in )A(; for each A € o(P).
(ii) 9 neWN, are uniformly o-additive on a(P).
(iii) limy, ~\0 (A) exists in )?; uniformly with respect to A € o(P) (for a
fized g € T).
(b) If any one of (i), (ii) or (iii),vz'n (a) holds for some q € T', then f is m,
integrable in T with values in X, and [, fdm, = VD (A) for A € o(P)U{T}.

Thus, if (i), (ii) or (iii) in (a) holds for each g € T', then f is m-integrable in
T with values in X and

/ fdm = lim~(? (A)
A —

for each A € o(P)U{T}.

Proof. (a) and the first part of (b) hold by Theorem 2.2.4 of Chapter 2 applied
to my, ¢ € I'. The last part of (b) holds by Definition 4.2.1 and by Theorem
4.2.3. O
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Theorem 4.2.8. Let X, m and f be as in Theorem 4.2.7 and let P be a o-ring S.
Then f is m-integrable in T if and only if, for each q € T, there exists a sequence
( (‘Z))oo (q)

n )peq of bounded mgy-measurable functions on T' such that fr"’ — fmg-a.e. in
T and such that lim,, fA f,(lq)qu exists in Xy for each A € o(P). In that case, f
is mq-integrable in T for each ¢ € I' and fA fdmg = lim, fA fy(,q)qu, A€ o(P)
and the limit is uniform with respect to A € o(P) (for a fized ¢ € T'). Moreover,

/ fdm = lim / fdm, € X (4.2.8.1)
A — Ja
for A€ o(P) and
/ fdm = lim fdm, € X (4.2.8.2)
T T JIN(H\Ng

where Ny is as in Definition 4.2.1.

Proof. The condition is necessary by Definitions 2.2.1 of Chapter 2 and by Defi-
nition 4.2.1. Let ¢ € I'. As § is a o-ring, by Theorem 2.2.2 of Chapter 2 and by
the last part of Theorem 2.1.5(v) of Chapter 2, bounded mg -measurable functions
on T are mg-integrable in 7' with values in )~(q. Let lim, [, f,(ﬂ)qu = xff) € )A(/q

() ()

and let z4 = lima{) for A € o(P) and let lim,, [y ;)\ . fi’dm, = 257 and

let zp = limx(Tq), where N, € o(P) with ||ml|,(Ny) = 0 such that fxp\n, is
o(P)-measurable. Let A € o(P) U {T}. Then 24 € X. By Theorem 2.2.5 of
Chapter 2, f is mg-integrable in 7" with values in X, and xff) = fA fdm, =
lim,, [, f,(lq)qu, A € o(P)U{T} and the limit is uniform with respect to A €

o(P)U{T} (for a fixed ¢ € T'). Consequently, 24 = lim / fdm, and hence by
— Ja

Definition 4.2.1, f is m-integrable in 7' and [, fdm = 24 € X for A € o(P)U{T}.
But by Theorem 4.2.3, [, fdm € X for A € o(P)U{T} and hence (4.2.8.1) and
(4.2.8.2) hold. O

Theorem 4.2.9. (Closure theorem) Let X and m, be as in Theorem 4.2.7 and let
f:T — K. For each q € T, let (f\9), C Z(m,). (Note that m, : P —
X, C )?;) If f,(lq) — fmg-a.e. in T for each ¢ € T', then f is m-measurable.
Let '75{1) (A = [, f,(lq)qu for A € o(P). Then, for each q € T, the following

statements are equivalent:

(i) lim, v (A) = v D (A) exists in X, for each A € o(P).

@ nen, (q fized), are uniformly o-additive on o(P).

(i)
(iii) lim, D (A) =~(A) € )?/q exists uniformly with respect to A € o(P) (for a
fized g € T).
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If any one of (i), (ii) or (iil) holds for each g € T, then f is mgy-integrable in T
with values in X, for each g € I" and

/ fdm, = lim / fl9dm, for A € o(P), (4.2.9.1)
A n A

the limit being uniform with respect to A € o(P) (for a fized q € T'). Moreover, f
1s m-integrable in T with values in X and

/ fdm = lim / fdmy for A € o(P)U{T}. (4.2.9.2)
A — Ja

Proof. Clearly, f is m,-measurable for each ¢ € I' and hence f is m-measurable.
By hypothesis and by Theorem 2.2.8 of Chapter 2, (i)<(ii)<(iii) for ¢ € T and
if any one of (i),(ii) or (iii) holds for each ¢ € T', then by the last part of the
said theorem, f is mgy-integrable in T" with values in )?q and (4.2.9.1) (with the
limit being uniform with respect to A € o(P)) holds for ¢ € T'. Consequently, by
Definition 4.2.1 and by Theorem 4.2.3, f is m-integrable in T" with values in X
and (4.2.9.2) holds. O

Remark 4.2.10. If we replace the simple functions in Definition 2.2.1 of Chapter 2
by functions mg-integrable in 7', then Theorem 4.2.9 above says that the process
described in Definition 4.2.1 yields functions which are already in Z(m) and no
new functions are rendered m-integrable in 7". Hence Theorem 4.2.9 is called the
closure theorem (compare Theorem 9 of [DP2]).

The following result generalizes Corollary 2.2.11 of Chapter 2 to quasicom-
plete lcHs-valued vector measures.

Corollary 4.2.11. Let X be a quasicomplete IcHs, P be a o-ring S andm : S — X

be o-additive. If X, f},q), n € N, g and f are as in Theorem 4.2.9 and if f,(lq) — f
mgy-a.e. in T for each ¢ € I' and if, for each q € T,

lim / f9dm, =0,A¢ S8
[Imll4(4)—0 ./ 4

uniformly for n € IN, then f is mg-integrable in T with values in 5(\; and

/fqu :lim/ f@Ddm,, AcS, (4.2.11.1)
A n A

the limit being uniform with respect to A € S (for a fized q € T'). Consequently, f
is m-integrable in T with values in X and

/fdm:hm/fqu, AecSU{T}. (4.2.11.2)
A — JA
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Proof. Let 75{”(-) = f(') fy(,q)qu, n € IN. Then by hypothesis and by Corollary

2.2.11 of Chapter 2, f is mg-integrable in T" and (4.2.11.1) holds (with the limit
being uniform with respect to A € §). Then by Definition 4.2.1 and by Theorem
4.2.3, f is m-integrable in T with values in X and (4.2.11.2) holds. d

Remark 4.2.12. (m-integrability of o(P)-measurable functions with respect to a
sequentially complete lcHs-valued m).

Definition 4.2.1’. Let X be a sequentially complete lcHs and let m : P — X be o-
additive. A o(P)-measurable function f : T — K or [—o0, 00| is said to be (BDS)
m-integrable in T if there exists a sequence (s,) C Zs such that s,(t) — f(t)
pointwise in 7" and such that lim,, [, s,dm exists in X for each A € ¢(P). In that
case, we define (BDS) [, fdm = lim,, [, sp,dm, A € o(P) and (BDS) [, fdm =
lim,, fN(f) Spdm.

Theorem 4.2.2'. If X is a sequentially complete IcHs and m : P — X is o-additive,
then a o(P)-measurable function f : T'— K or [—o0, o0] is (BDS) m-integrable in
T (with values in X) if and only if it is (KL) m-integrable in T' (with values in X)
and in that case, (BDS) [, fdm = (KL) [, fdm € X for A € o(P) U {T}. This
shows that [, fdm is well defined for A € o(P) U {T}.

Proof. If f is (BDS) m-integrable in T, then by hypothesis and by Proposi-
tion 1.1.21 of Chapter 1, it follows that f is (KL) m-integrable in 7' and that
(BDS) [, fdm = (KL) [, fdm for A € o(P)U{T}. Conversely, if f is (KL) m-
integrable in T', take (s,) C Zs as in the last part of Proposition 1.2.10. Then given
€ >0 and ¢ € T, by Theorem 4.1.11" in Remark 4.1.15, ¢( [, sndm — [, s,dm) <
q([4 sndm — (KL) [, fdm) + ¢((KL) [, fdm — [, s,dm) < ¢ for n,r sufficiently
large. Thus ([, spdm)f® is Cauchy in X and as X is sequentially complete,
there exists x4 € X such that x4 = lim, fA Spdm so that f is (BDS) m-
integrable in T and (BDS)[, fdm = z4. Then by LDCT for scalar measures,
z*(za) = [, fd(z*m) for 2* € X* so that f is (KL) m-integrable in T and
(KL) [, fdm = 24 = (BDS) [, fdm. Hence Theorem 4.2.2" holds. O

Consequently, when X is a sequentially complete lcHs, Z(o(P), m) in Re-
mark 4.1.15 is the same as the family of all o(P)-measurable (BDS) m-integrable
scalar functions on T’ with values in X and, for f € Z(o(P),m), (KL) [, fdm =
(BDS) [, fdm for A € o(P)U{T}. Hence, hereafter, when X is sequentially com-
plete, we shall denote either of the integrals by f 4 fdm for f € Z(0(P), m) and
for A € o(P)U{T}. Then in that case, Remark 4.2.6' is the same as Remark 4.2.6
in which Z(m) is replaced by Z(¢(P), m) and X is sequentially complete, reference
to Theorems 4.1.9, 4.1.11 and 4.1.13 is changed to Theorems 4.1.9', 4.1.11" and
4.1.13" in Remark 4.1.15respectively (in which no reference is made to Theorem
4.1.4 and reference to Theorem 4.1.8 remains unchanged) and reference to Corol-
laries 4.1.12 and 4.1.14 is changed to Corollaries 4.1.12" and 4.1.14" in Remark
4.1.15, respectively.
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Remark 4.2.13. If m : P — X is o-additive and X is quasicomplete, by Theorem
4.1.4(ii), an m-measurable function which is (KL) mg-integrable in T for each
q € I, is (KL) m-integrable in T with values in X, but in the light of Theorems 4.2.2
and 4.2.3, f is also (BDS) m-integrable in T and (KL) [, fdm = (BDS) [, fdm €
X for A € o(P)U{T}. Hence the concept of (BDS) m-integrability of m-measur-
able functions is needed here to show that (KL) [, fdm belongs to X for A €
o(P)U{T} whenever X is quasicomplete.

Remark 4.2.14. If X is quasicomplete and m : P — X is g-additive, then the
definitions of m-integrability and the m-integral for a o(P)-measurable function f
as given in Definitions 4.2.1 and 4.2.1’ coincide. In fact, if X is quasicomplete, it is
also sequentially complete. If f is o(P)-measurable, there exists (s,,)$° C Zs such
that s, — f and |s,| /| f| pointwise in T'. Then for each ¢ € I, by LDCT for m,
(Theorem 2.1.7 of Chapter 2) ([, sndm— [, s,dm) = | [, spdmy— [, s,dmgy|, —
0 as n — oo and hence ([, s,dm)$° is Cauchy in X. Since X is also sequentially

complete, there exists x4 € X such that fA spdm — x4 and hence by Definition
421, [, fdm =z, for A € o(P)U{T}. On the other hand,

/Afqu =TI, (/A fdm) = I, (za) € X,

za =lmll (z4) = lim/ fdmg, = / fdm

in the sense of Definition 4.2.1 for A € o(P) U {T'}. Hence the remark holds.

and

4.3 The locally convex spaces £, M (m), L, M (c(P),m),
L,Z(m)and £,7(0(P),m), 1 <p < o0

We generalize the results in Section 3.1 of Chapter 3 to an lcHs-valued o-additive
vector measure on P and this section plays a key role in the study of the £,-spaces
when X is quasicomplete (resp. sequentially complete).

Let X be an IcHs and m : P — X be o-additive. Then m; =II;om : P —
X4 C )?q is o-additive for ¢ € T'.
Definition 4.3.1. Let X be an IcHs and m : P — X be o-additive. Let g : T — K
or [—00, 00] be m-measurable, 1 < p < co and A € o(P). For ¢ € ', we define

<mq>;(g,A>sup{‘ [ sam,

15 €T, |s| < |g|P mg-ae. inA}
q

and

(mg)y(9,T) = sup (my)r(g,A).
Aeo(P)
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By Definition 3.1.4 of Chapter 3, for A € (;(\P/)q with A = B, UN,, B, € o(P),
Ny, C M, € o(P) with ||m||,(M,) = 0, we define

(my); (9, A) = (my); (9, By)
and it can be shown to be well defined by an argument as in the paragraph

preceding Remark 3.1.5 of Chapter 3.
Theorem 4.3.2. Let g,p and q be as in Definition 4.3.1. For A € o(P),

magto )= sy ([ tpaerm)’
z*eUg

= sup (‘llw*mq)p(g, A)
x*GU;’

sup{‘ (KL)/Afqu ’ cfeZ(o(P),my),|f| < |g|P my-a.e. z'nA}

Bl R

c feI(my), |f] <|g/’ my-a.e. inA}

a0 s,

q

where Z(my) is as in Notation 2.1.2 of Chapter 2 (with values of the integrals in
Xy), Z(o(P),my) is as in Remark 4.1.15 for m, (with values in X,) and Uy is
as in Proposition 1.2.15. Consequently, for A € o(P),

< (my);(f, 4)

| (wz) | |sipam,

if s an my-measurable scalar function with |f|P € I(my). Moreover, for A €

a(P),
< (mg)7(f, 4) (4.3.2.1)

’(KL) | s, q

if feZ(myg).

Proof. By Proposition 1.2.15(ii)(b), {W.~ : * € U} is a norm determining subset
of the closed unit ball of (X,)* and for z* € Ug, z*(Il; om) = ¥,.m, = 2*m by
(ii)(a) of the said proposition. Then by Lemma 3.1.2(ii) of Chapter 3 for m, we
have

(W-my)%( </ lg1Pdo(,m,) )i _ (/A |g|pdv(x*m)>% (4.3.2.2)

for x* € Ug. Arguing as in the proof of Theorem 3.1.3 of Chapter 3, using Lemma
3.1.2(i) of Chapter 3 for m,, and using Proposition 1.2.15(ii)(b), by (4.3.2.2) we
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have

P
sup sup / sd(¥p+my)
z*eUg |J A

= sup (Vg-my)3(g, A) = sup (/ |g[Pdv(z m)

x*GU; x* €U°

(my)5 (g, A)

) 18 €, |8 < glP mq—a.e.inA}

for A € o(P).

Let ¢ € T. Note that Z, C Z(o(P),my) C Z(m,). Given f € Z(my), by
Proposition 1.1.18 of Chapter 1 there exists a sequence (s% )) C Zs such that s(q) —
fmgae inT and |s(q)| /" |f] mg-a.e. in T" and hence by Corollary 2.1.9 of Chap-

ter 2 applied to my : P — X, we have |(KL) [, fdmg|, = lim, | [, s dmg|,.
This proves the other equalities in the first part. The second part is evident from
the first. O

Remark 4.3.3. The above proof is more general and elementary than that of
Lemma I1.2.2 of [KK]. Also compare Remark 3.1.5 of Chapter 3.

The following theorem generalizes Theorem 3.1.6 of Chapter 3 to lcHs-valued
o-additive vector measures on P.

Theorem 4.3.4. Let X be an lcHs, m : P — X be o-additive and 1 < p < oo.
Let f : T — K or [—o0,00] be m-measurable and let |f|P be (KL) m-integrable
in T (with values in X). Let v(-) = (KL) f(_) |f|Pdm. Then v : o(P) — X is
o-additive. For ¢ € T', (my)5(f, A) = (||'y|\q(A))% for A € o(P). Consequently,

(my)5(f,T) = (||‘y||q(T))% < 00 and (my)5(f,-) is continuous on o(P) for each
qgel’

Proof. By (ii) of Theorem 4.1.8, « is o-additive on o(P) and hence, v, = II; o
~v:0(P) = X, C )?; is o-additive. Then by Theorems 4.1.8(iii)(a) and 4.3.2,

(my)s(f, A) = (||‘y||q(A))%, A € o(P). By Proposition 1.1.5 of Chapter 1 for m,
other results hold. O

Theorem 4.3.5. Let X be a quasicomplete IcHs, m : P — X be o-additive, 1 <
p<ooand f: T — K or[—o00,00]. Then:

(i) If f is m-measurable and cy ¢ 3\( for each g € T, then |f|P is m-integrable in
T with values in X if and only if (mq) (f,T) < oo for each q € T'. Moreover,
if | fIP is (z*m)-integrable for each x* € X*, then |f|P is m-integrable in T
with values in X and hence (mg)s(f,T) < oo for each g € T'.

(ii) If f is o(P)-measurable and co ¢ X, then |f|P is m-integrable in T (and hence
(KL) m-integrable in T') with values in X if and only if (my);(f,T) < oo for
each q € T'. Moreover, if | f|P is is (x*m)-integrable for each x* € X*, then
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|f|P is m-integrable in T with values in X and hence (mgy)s(f,T) < oo for
each g € T.

Proof. (i) The condition is necessary by Theorems 4.3.4 and 4.2.2 (note that this
part holds for any quasicomplete lcHs). Conversely, let (m,);(f,7") < oo for each

g €T and let ¢y ¢ )?; for each ¢ € T. For 2* € X*, let ¢ (z) = |2* ()|, € X.
Then by Theorem 4.3.2 and by hypothesis,

(/A |f|pdv(x*m)>% < (mg,. )5(f,T) < o0 (4.3.5.1)

for each A € o(P).

Let ¢ € T'. Then by Proposition 1.2.9 there exists a sequence (sﬁf)) C I

such that 0 < sﬁ{" | fIP mg-ae. in T. If u£{1> = s£,‘0 — sglqzl for n > 1,

where séq) = 0, then as in the proof of Theorem 3.1.8 of Chapter 3 we have

S [yl |do(y*mg) = [, |fPdv(y*Tl,;m) < oo by (4.3.5.1) for y* € (X,)",
since y*Il; € X*. As ¢y ¢ )?; by hypothesis, arguing as in the proof of Theo-
rem 3.1.8 of Chapter 3 we observe that there exists a vector x4 € )?; such that
T4 = lim, fA sﬁ,‘oqu and this holds for each A € o(P). Then by Definition 2.2.1

of Chapter 2, | f|P is mg-integrable in T with values in )/(vq. Since ¢ is arbitrary in T’
and since X is quasicomplete by hypothesis, by Definition 4.2.1 and by Theorem
4.2.3, | f? is m-integrable in T" with values in X.

Now let | f[? be (z*m)-integrable for each 2* € X*. Let ¢ € " and let y* € X.
Then y*II; € X* and hence by hypothesis, |f|? is (y*II;m)-integrable; i.e., | f|P is
y*mg-integrable. As ¢y ¢ )?;, by the last part of Theorem 3.1.8 of Chapter 3, |f|P
is mg-integrable in 7" with values in )/(Vq. As ¢ is arbitrary in I', by Definition 4.2.1

and by Theorem 4.2.3, |f|P is m-integrable in T" with values in X and moreover,
(my)5(f,T) < oo for each ¢ € I' by Theorems 3.3.2 and 4.3.4.

(ii) The condition is necessary by Theorems 4.3.4 and 4.2.2 (this part holds
for any quasicomplete 1cHs X ). Conversely, let f be o(P)-measurable, let cog ¢ X
and let (mg)5(f,T) < oo for each ¢ € I'. Then particularly (4.3.5.1) holds for
x* € X*. Now by the last part of Proposition 1.2.9 there exists (s,)7° C Zs such
that 0 < s, /" |f|P pointwise in T. Then arguing as in the proof of Theorem 3.1.8
of Chapter 3 and using (4.3.5.1), we have Y. ° |z*([, undm)| < oo for A € o(P)
and for each z* € X*, where u,, = s, — Sn_1 for n > 1 and sqg = 0. Then, as
co ¢ X, by Theorem 4 of [Tu] there exists a vector x4 € X such that x4 =
>0 [ undm = lim, [, spdm for A € o(P) and hence by Definition 4.2.1" in
Remark 4.2.12 and by Remark 4.2.14, |f|? is m-integrable in T with values in
X. Then by Theorem 4.2.2" in the said remark, |f|P is also (KL) m-integrable
in T with values in X. When |f|P is (z*m)-integrable for each z* € X*, then
Jr | fIPdv(z*m) < oo so that (4.3.5.1) holds for #* € X* and hence the above
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argument holds to prove that | f|P is m-integrable in 7" with values in X and hence
by Theorem 4.3.4, (my)5(f,T) < oc for each g € T. O

Remark 4.3.6. Let X be a sequentially complete lcHs. By Theorem 4.3.4,
(my)s(f,T) < oo if f is o(P)-measurable, and |f|? is (KL) m-integrable in T
with values in X. Conversely, if f is o(P)-measurable and if ¢ ¢ X and if
(my)5(f,T) < oo for each g € T, then the proof of Theorem 4.3.5(ii) holds here
verbatim as Theorem 4 of [Tu] holds for weakly sequentially complete lcHs. Thus
this result generalizes Theorem 1, Chapter IL.5 of [KK] to J-rings and Theorem
5.1 of [L2] to sequentially complete lcHs. Moreover, the question of the referee
about the validity of Theorem 4.3.5(ii) for sequentially complete 1cHs is answered
in the affirmative.

Definition 4.3.7. Let X be an IcHs, m : P — X be o-additive and 1 < p < oo. We
define LM(m) = {f : T — K, f m-measurable with (m,)s(f,7) < oo for each
geT}h Z,(m) = {f : T — K, f m-measurable and |f|?(KL) m-integrable in T'
with values in X} and £,Z(m) = L,M(m)(Z,(m). Let M(c(P)) ={f:T —
K, f o(P)-measurable}. Then we define:

LyM(0(P),m) = LM(m) (| M(o(P));
Z,(0(P),m) = T, (m) (| M(a(P));
L,Z(o(P),m) = L£,Z(m)[ | M(a(P)).

Theorem 3.1.10 of Chapter 3 is generalized to lcHs-valued m as follows.

Theorem 4.3.8. Let X be an lcHs, m : P — X be o-additive and 1 < p < oo.
Then:

(i) L,Z(m) = Z,(m) C L,M(m) and L,Z(c(P),m) = Z,(c(P),m) C
LpM(o(P),m).
(ii) If X is quasicomplete, then Z:(m) = Z(m) (see Notation 4.1.6).
(ili) If X is sequentially complete, then I;(o(P),m) = Z(c(P), m). (See Remark
4.1.15.)
(iv) If X is quasicomplete and ¢y ¢ )/5; for each g € T, then £,7(m) = Z,(m) =
L, M(m).
(v) If X is a quasicomplete lcHs and if ¢ ¢ X, then L,Z(c(P),m) =
Zp(o(P),m) = L,M(o(P), m).
Proof. (i) holds by Theorem 4.3.4. (ii) (resp. (iii)) is due to Theorem 4.1.9(iii)

(resp. due to Theorem 4.2.9" in Remark 4.1.15. (iv) is due to (i) and Theorem
4.3.5(i) while (v) is due to (i) and Theorem 4.3.5(ii). O

If X is an IcHs and m : P — X is o-additive, then by Definition 4.3.1 and
by Theorem 4.3.2, it is clear that Theorems 3.1.11-3.1.13 of Chapter 3 hold for



90 Chapter 4. Integration With Respect to IcHs-valued Measures

m-measurable functions on 7" and hence for o(P)-measurable functions on 7" with
values in K or in [—00, 0] for each ¢ € I, if we replace mp(g,-) by (m,);(g,-),
[[m| by [[mll,, m3(ag, - by (m,)3(ag, -) and m3(f+g,-) by (m,)3(f+g. ). Hence,
when these results are used, we simply make references analogous to those for
Theorem 3.1.11 of Chapter 3 for m,, etc.

(i)—(iv) of the following theorem generalize Theorem 3.1.14 of Chapter 3 to an
lcHs-valued m on P with Notation 3.1.15 of Chapter 3 being suitably interpreted
here.

Theorem 4.3.9. Let X be an IcHs, m : P — X be o-additive, 1 < p < oo and
W = {(my)3(~T) : g € T}. Then:

(i) LyM(m) (resp. L,M(c(P), m)) is a vector space over K.

(ii) flgp) is a family of seminorms on LM (m). If P is the locally convex topol-

ogy generated by the family fl(fj) on L,M(m), then by L, M(m) we mean the

locally convez space (L, M (m), 7‘1(15))-

(i) If X is quasicomplete, then L,Z(m) is a linear subspace of L,M(m). In that
case, by L,7(m) we mean the locally convex space (EPI(m),T,(f)|£pI(m)).

(iv) If X s sequentially complete, then L,Z(c(P),m) is a linear subspace of
L, M(c(P),m). In that case, by L,Z(c(P), m) we mean the locally convex
space (L,Z(o(P), m), 7k |2, Z(o(P),m))-

(v) For f,g € LyM(m), we write f ~ g if f = g m-a.e. in T (see Definition
1.2.4). Then ‘~’is an equivalence relation and we denote LoM(m)/ ~ by
L,M(m); when X is quasicomplete, £L,Z(m)/ ~ by L,Z(m) and when X
is sequentially complete, L,Z(o(P),m)/ ~ by L,Z(c(P),m). Then f ~ g
if and only if (my)y(f —g,T) = 0 for all ¢ € T. If F = L,M(m) and
if Np = {f € F: f ~ 0}, then Nr is a closed linear subspace of F. If
X is quasicomplete and F = L,Z(m), then Ny = {f € F: f ~ 0} is a
closed linear subspace of L,Z(m). If X is sequentially complete and F =
L,M(c(P),m) (or =L,Z(c(P,m)), then Np ={f € F: f ~0} is a closed
linear subspace of F. Consequently, L,M(m), L,Z(m), L,M(c(P),m) and
L,Z(c(P),m) are lcHs.

Proof. By Theorems 3.1.11(ii) and 3.1.13(ii) of Chapter 3 for m,, ¢ € I and by
Definition 4.3.7, (i) and (ii) hold. Arguing as in the proof of Theorem 3.1.14 of
Chapter 3, using Theorems 4.1.8(iv) and 4.1.9(iii) (resp. and 4.1.9/(iii) in Remark
4.1.15) for my, ¢ € T in place of (iv) and (vii) of Theorem 2.1.5 of Chapter 2 and
invoking Theorem 4.3.8(i), one can show that (iii) (resp. (iv)) holds.

(v) Clearly, ‘~’ is an equivalence relation. By Definition 1.2.4, f ~ g if
and only if there exists M € o(P) with ||m]||;(M) = 0 for all ¢ € ' such that
ft)—g(t) =0fort € T\M. Let f ~ g with M as above and let ¢ € T'. Then by
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Theorem 4.3.2,

(mg)3(f — ¢, T)P = sup / f — gPdv@m) = suwp [ |f - gPdo(*m) =0
xT* GUO x* GU" M

since by Theorem 1.2.15(ii)(c), v(z*m)(M) < |[ml|,(M) = 0 for 2* € U7. Hence
(my)s(f —g,T) =0 for all g € T'. Conversely, if (my)5(f —g,7) =0 for all ¢ € T,
let A={teT: f(t)—g(t) #0}. ForqeTl, AlbOftthOI‘mA:BqUNq,
where B, € 0(P), Ny C M, € o(P) with ||m]|,(M,) =0 if f, g are m-measurable
and A = B, € o(P) if f,g are o(P)-measurable. Then by hypothesis and by
Theorem 4.3.2, ((mg);(f — g,By))” = sup,.cps [, |f — glPdv(z*m) = 0 and
hence v(z*m)(B,) = 0 for 2* € UJ. Then by Proposition 1.2.15(ii)(c) we have
[lm||q(A) = ||m]|4(Bq) = 0 (in both cases). Since g € T is arbitrary, it follows that
A is m-null. Using this characterization, it is easy to check that Nz is a closed
linear subspace of F and hence the last part of (v) holds. O

Definition 4.3.10. Definition 3.1.16 of Chapter 3 is suitably modified for m-measur-
able (resp. o(P)-measurable) scalar functions on T' to define (i) convergence in
measure (resp. Cauchy in measure) in 7' or in A € o(P) with respect to m, for g €
T'; (ii) almost uniform convergence (resp. Cauchy for almost uniform convergence)
inT orin A € o(P) with respect to m, for ¢ € I'; and (iii) convergence to f in
(mean”) with respect to m, for ¢ € I' and for 1 < p < .

Then for functions in £, M (m) (resp. for m-measurable scalar functions on
T) (iv)—(viii) of Theorem 3.1.18 (resp. Theorem 3.1.19) of Chapter 3 hold (resp.
holds) with m being replaced by mg, ¢ € I'. Hence when these results are used, we
simply make references analogous to those for (vii) of Theorem 3.1.18 of Chapter
3 for my, etc.

Remark 4.3.11. If the topology 7T of X is generated by another family I'y of semi-
norms on X, then it is easy to show that the topology 72 in Theorem 4.3.9(ii) is

the same as the locally convex topology generated by 5& ) on the space £, M (m)
for 1 <p < 0.

4.4 Completeness of L, M(m),L,Z(m), L,M(c(P), m)
and £,7Z(c(P), m), for suitable X

If X is a metrizable IcHs and m : P — X is o-additive, then we show that £, M (m)
and £, M(o(P), m) are complete pseudo-metrizable locally convex spaces so that
L,M(m) and L,M(c(P),m) are Fréchet spaces for 1 < p < oo. Similar to
the case of Banach space-valued measures in Chapter 3, we introduce the lo-
cally convex spaces L,(m) (resp. L£,(c(P),m)) for 1 < p < oo, when X is
quasicomplete (resp. sequentially complete) and show that (i) £,(m) = £,Z(m)
(resp. (') Lp(o(P),m) = L,Z(c(P),m)) and (ii) L,(m) is closed in £, M (m)
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(resp. (ii") Lp(c(P), m) is closed in L, M(c(P), m)). Consequently, L,(m) (resp.
L,(c(P),m)) is a Fréchet space for 1 < p < co whenever X is a Fréchet space.
See Remark 4.4.10 for the existing literature on the completeness of L1Z(o(P), m)
and Remark 4.4.15 for comments on the recent developments.

The following theorem is obtained by adapting the proof of Theorem 3.2.1
of Chapter 3 with the use of Theorem 4.3.2 in place of Theorem 3.1.3 of Chapter
3. Details are left to the reader.

Theorem 4.4.1. Let X be an lcHs, m : P — X be o-additive and 1 < p < co. Let
fs fnym € N, be m-measurable on T with values in K or in [—00, 0] and let g € T.
Then:

(i) (The Fatou property of (my)s(-, A)). If [fu| / |f| mg-a.e. in A € ;?ﬂ
then

(mq);(fa A) = Slrllp(mq);(fna A) = h?Iln(mq);.a(fmA)-

—_—

(i) (Generalizad Fatou’s lemma). For A € o(P),,

(0 )3l inf | ], A) < Timn inf (m,)3( . )

Theorem 4.4.2. Let X be a metrizable lcHs with its topology generated by the
seminorms (gn)3°, m: P — X be o-additive and 1 < p < co. Then:

(i) LypM(m) (resp. L,M(0(P), m)) is a complete pseudo-metrizable locally con-
vex space so that LypM(m) (resp. LybM(o(P),m)) is a Fréchet space.

(ii) Let X be a Fréchet space. If co ¢ )?; for each g € T (resp. if co ¢ X), then
L,I(m) (resp. L,Z(c(P), m)) is a complete pseudo-metrizable locally convex
space so that LpyZ(m) (resp. LyZ(o(P),m)) is a Fréchet space.

Proof. (i) By Theorem 4.3.9 and Remark 4.3.11, £, M(m) (resp. L, M (c(P), m))

is pseudo-metrizable with respect to 7 which is generated by ((mg, )5 (-, T))5% ;-

Suppose (f)° C L,M(m) (resp. (f)° C L,M(c(P),m)) is Cauchy in s
Proceeding as in the proof of Theorem 3.2.3(i) of Chapter 3, we can choose a
subsequence (f1,,)22; of (f;)5° such that (mg,)*(fie+1 — fie,T) < 5%, k € IN.
Let

k oo
g1,k = Z |fire1— fir] and g1 = Z |fire1 = frrl
r=1

r=1

Then g1 %, k € IN and g1 are m-measurable (resp. o(P)-measurable) and g1 5 /" g1
Moreover, by Theorem 3.1.13(ii) of Chapter 3 for mg,, (mg, )5(g1.%,7) < 1 for all
k € N so that by Theorem 4.4.1(i), (mg,)(g1,7) = sup(mg, )5 (91,6, T) < 1.
Then by Theorem 3.1.12(ii) of Chapter 3 for m,,, g is finite mg, -a.e. in T and
hence there exists N1 € o(P) with ||m||q, (V1) = 0 such that g; is finite in T\ V;.
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Arguing similarly with (f1 )72, and mg,, there exist a subsequence (f2 )72, of
(f1,r)22 and a set Ny € o(P) with ||m||g, (N2) = 0 such that

o0
92 = Z | fo,r41 — for]
r=1

is m-measurable (resp. o(P)-measurable), (mg,)p(g92,7) < 1 and gz is finite in
T\ N. Proceeding successively, in the (k + 1)""-step we shall have a subsequence
(fregr,r)i2y of (frr)pe, and a set Npy1 € o(P) with [jmllg,,, (Nxt1) = 0 such
that

o0
Ger1 = D frstrit = frair
r=1
is m-measurable (resp. o(P)-measurable), (mg,,,)5(gk+1,7) < 1 and gx11 is fi-
nite in T\ Nj41. Then the diagonal sequence (fx )72, is a subsequence of each
subsequence (fr )22 starting with the term fy r; and if

oo
9= frsrhrr — frxl;

k=1

then g is m-measurable (resp. o(P)-measurable). Moreover, (mg,)s(g9,7) < oo
for all n since, for a fixed n, (my,)p(9n,T) < 1 and (mg, )3 (fii, T) < oo for
i=1,2,...,n

Let N = N°N,. Then N € o(P) and ||m||,, (N) = 0 for all n. Given
t € T\N, there exists ng such that ¢ € T\N,, so that gy,(t) is finite. As each
fr is finite-valued in T and as all but a finite number of terms of (fx x)° belong
t0 (fro,r)oeq, it follows that g(t) is finite. Hence g is finite in T\N. By Remark
1.2.5 of Chapter 1 and by the hypothesis that (¢,,)7° generate the topology of X,
it follows that N is m-null and hence g is finite m-a.e. in T

Then the series
o

> (Ferrksr — i)
k=1

[e.9]

is absolutely convergent in T\N. As (fxx)° is a subsequence of (f,)7°, let f,, =
fri- Let hy = fr,, for k> 1 and hg = 0. Define

f(t) { Ozz.;o(hjﬁ_l(t) — hk(t)) = limy, hk(t), fort € T\N,

- otherwise.

Then f is K-valued in T, is m-measurable (resp. o(P)-measurable) and is the
m-a.e. pointwise limit of (hg)$°. Let € > 0 and let ng be given. By hypothesis,
there exists ro such that (my, )5 (f-— fe,T) < e for r,£ > 1o so that (mg, )5 (ki —

e

he, T) < € for ny,ng > ro. Let F = J7° N(hg)\N. Then F € o(P), (resp. F €
o(P)) and N(f) C F. Then, arguing as in the proof of Theorem 3.2.3(i) of Chapter
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3 with m,, - in place of m, we have (my, )5 (f—hk,T) < € for ny > ro. Then by the
triangle inequality, (myg, )5 (f,T) < co. As ng is arbitrary in IN, we conclude that
f € LyM(m) (vesp. f € L, M(c(P), m)). Moreover, limy,(my, )5(f — hi,T) = 0.
Consequently,

(mg, ) (f = fr,T) < (mg, )3 (fr — fr, T) + (mg,, )5 (f —he,T) — 0

as ng,r — oo and hence lim,(mg, )5 (f- — f,T) = 0. As ng is arbitrary in IN, it

follows that f, — f in 7). Hence £, M(m) (resp. £, M(c(P), m)) is complete.
Consequently, by the last part of Theorem 4.3.9(v) and by Theorem 5.7 of Chapter
2 and Lemma 11.3 of Chapter 3 of [KN], L,M(m) (resp. L,M(c(P), m)) is a
Fréchet space.

(ii) is immediate from (i) and from (iv) (resp. (v)) of Theorem 4.3.8. O

The following corollary is immediate from the proof of the last part of The-
orem 4.4.2(i) and it holds even if X is not metrizable.

Corollary 4.4.3. Let X be an IcHs, m : P — X be o-additive and 1 < p < oo.
If (fn)?° C LyM(m) (resp. LyM(o(P),m)) is Cauchy in (mgy)y(-,T) for each
q € T, and if there exist a scalar function f on T, a subsequence (fp,) of (fn) and
an m-null set N € o(P) such that f,, — f in T\N (resp. and such that f(t) =0
fort € N), then f is m-measurable (resp. o(P)-measurable), f € L,M(m) (resp.
f € LyM(a(P),m)) and lim, (mg)y(fn — f,T) =0 for each g €T.

Similar to the second part of Definition 3.2.5 of Chapter 3 we give the fol-
lowing

Definition 4.4.4. Let X be an IcHs, m : P — X be o-additive and 1 < p < oco.
Let £,(m) = {f € LM(m) : (mgy)3(f,-)is continuous ono(P)for eachq € T'}
(resp. Ly(0(P),m) = L,(m)(\M(c(P)) (see Definition 4.3.7) be provided with
the relative topology induced by I~ s given as in Theorem 4.3.9(v), then
L,(m)/ ~ is denoted by L,(m) and £,(c(P), m)/ ~ by L,(c(P), m).

Since (mg)p(f,-) is subadditive and positively homogeneous, £,(m) (resp.
L,(0(P),m)) is a linear subspace of L, M(m) (resp. of L,M(c(P),m)) so
that £,(m) (resp. L,(c(P),m)) is a locally convex space and L,(m) (resp.
L,(c(P),m)) is an IcHs when X is quasicomplete (resp. sequentially complete).
(See Theorem 4.3.9(v).)

The following result generalizes Theorem 3.2.7 of Chapter 3 to quasicomplete
lcHs-valued m.

Theorem 4.4.5. Let X be a quasicomplete IcHs, m : P — X be o-additive and
1 <p<oo. Let f be an m-measurable scalar function on T such that (my)s(f,)
is continuous on o(P) for each ¢ € T'. Then f € L,M(m), and hence f € L,(m).
Moreover, L,Z(m) = L,(m).
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Proof. Let (my);(f,-) be continuous on o(P) for each ¢ € I'. Then by Theorem
3.2.7 of Chapter 3 for my, (mg);(f,T) < oo and |f|? is mg-integrable in 7" with

values in ),(Vq for each ¢ € I' (where m, has values in X, C )?;) Then, in particular,
f € LzM(m) and moreover, by Theorems 2.2.2 of Chapter 2 and by Theorems
4.1.4(ii), 4.2.2 and 4.2.3, | f|? is (KL) m-integrable in T" with values in X so that
f € Z,(m). Consequently, by Theorem 4.3.8(i), f € £,Z(m). This also proves that
Ly(m) C £,7(m).

Conversely, let f € £,7(m) (= Z,(m) by Theorem 4.3.8(i)). Then, by Theo-
rem 4.2.2 and Remark 4.2.6, |f|? is (KL) m-integrable in T with values in X and
hence by Theorem 4.3.4, f € L, M(m) and (mg)5(f,-) is continuous on o(P) for
each g € T'. Hence f € £,(m). Therefore, £,Z(m) = £,(m). O

The following theorem is an analogue of Theorem 2.2.8 of Chapter 2 for
sequentially complete lcHs and plays a key role in the study of L,-spaces of a
sequentially complete lcHs-valued m (see Theorem 4.4.7 below). Also one can
compare with Theorem 4.2.7.

Theorem 4.4.6. Let X be a sequentially complete lcHs and m : P — X be o-
additive. Let (fn)7° C Z(o(P),m) (see Remark 4.1.15) and let f be a o(P)-
measurable scalar function on T. If f,, — f m-a.e. in T and if

Yn() = (KL) | fndm, n € N,
)

then the following are equivalent:
(i) limy, II; 07, (A) ezists in )A(/q for each A € o(P) and for each g € T.
(i) I, o7, n € N, are uniformly o-additive on o(P) for each q fized in T.
If any one of (i) or (ii) holds, then lim,, v, (A) = v(A) (say) exists in X for

A€ o(P), lim, I, 09, (A) =1, 0v(A) € Xy, v : 0(P) — X is o-additive, f is
m-integrable in T with values in X and

~(A) = /Afdm = (KL) /A fdm = liyl;n(KL) /A fndm, A € o(P).

Proof. Suppose (i) holds. Then by Theorem 4.1.8(ii), v,,, » € IN, are o-additive
on o(P) and hence II; o v,,, n € IN, are o-additive on o(P) for each ¢ € I'. Then,

as lim, I, o v, (4) € ),(Vq, by VHSN (Proposition 1.1.8 of Chapter 1 applied to
(Il 0 v,)5%, as II; o, are X, -valued for each ¢ € '), (i) implies (ii).
Conversely, let (ii) hold. Then by Theorem 2.2.8 of Chapter 2 for my,

lim/ fadm, =1limIl, 0, (A) = 71, € X,
n A n

exists uniformly with respect to A € o(P) (for a fixed ¢ € I"). Therefore, given
€ > 0, there exists no(q) € IN such that |II; o v,,(4) — II; 0 v,.(4)|q = ¢(v,(4) —
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~v,.(A)) < € for n,r > ng(q) and for all A € o(P). Since ¢ is arbitrary in T, it
follows that (v,,(A4))5%; is 7-Cauchy in X (in fact, uniformly 7-Cauchy in X)) for
each A € o(P). Consequently, as X is sequentially complete, there exists x4 € X
such that v,,(4) — x4 in 7. Then I (z4) = lim, I, 0 v,,(A) = 4,4 and hence

Za,q=14(za) € Xq. Thus, particularly, (i) holds.

Let (i) or (ii) hold. Then (ii) holds and as shown above lim,, v,,(A) = z4 € X
exists in 7 for each A € o(P). Hence y(A4) = za.

Now, for z* € X* and for A € o(P), we have
x*(xa) =2"y(4) = liinx*’yn(A) = liinx*((KL) /A frndm)
= 1i7rln/A frnd(xz*m)  (by Theorem 4.1.8(v))
= 1i7rln/A fd(z*m) (by Proposition 1.1.21 of Chapter 1)

and hence f is (KL) m-integrable in 7" with (KL) [, fdm = z4 € X so that f is
m-integrable in T (i.e., (BDS)-integrable) with values in X by Theorem 4.2.2" in
Remark 4.2.12 and v(A) = (KL) [, fdm = [, fdm € X for A € o(P). Then by
Theorem 4.1.8(ii), v : 0(P) — X is o-additive. O

For a sequentially complete IcHs-valued m, (i) (resp. (ii)) in the following
theorem is an analogue of Theorem 4.4.5 (resp. of Theorem 4.1.4 combined with
Remark 4.1.5) for o(P)-measurable scalar functions. The following theorem plays
a key role in Section 4.5 for generalizing the results in Sections 3.3, 3.4 and 3.5 of
Chapter 3 to o-additive vector measures with values in such spaces.

Theorem 4.4.7. Let X be a sequentially complete lcHs, m : P — X be o-additive
and 1 <p < co. Let f be a o(P)-measurable scalar function on T. Then:

(i) If (my)s(f,-) is continuous on o(P) for each q € T, then f € Ly(c(P), m) as
well as | f|P is m-integrable in T with values in X . Moreover, L,Z(o(P), m) =
Ly(o(P), m).

(ii) f € Ly(c(P),m) if and only if | f|? is my-integrable in T with values in )?;
for each q €T.

Proof. (i) Let (mg)y(f,-) be continuous on o(P) for each ¢ € I'. Then by Theorem
3.2.7 of Chapter 3, (my);(f,T) < oo for each ¢ € T and hence f € £, M(o(P), m,)
for each ¢ € T'. Then by hypothesis and by Definition 4.4.4, f € L,(c(P), m).
As |fIP is o(P)-measurable, by the last part of Proposition 1.2.10 there exists a
sequence (s,)$° C Z, such that 0 <s,, " |f|P pointwise in T. Let ¢ € I. Then by
hypothesis and by Theorem 3.2.5 of Chapter 3 for my, | f|? is (KL) m,-integrable in

T with values in )?;. Therefore, by Theorem 2.1.7 of Chapter 2 for myg, ('yslq) (A))s°
is Cauchy in X, where A0 (A) = J 4 sndmy for A € o(P). Let v, (A) = [, sndm
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for A € o(P). Since II,(v,(A)) = v (A) and since (v\¥(A))% is convergent in
),(Vq for each ¢ € T, (i) of Theorem 4.4.6 holds and hence by Theorem 4.4.6 |f|P
is (KL)m-integrable in 7" with values in X. Therefore, f € Z,(c(P), m). Then
by Theorem 4.3.8(i), f € £,Z(c(P), m). This also proves that L£,(c(P),m) C
LpyZ(o(P), m).

Conversely, if f € £,Z(c(P),m) (= Z,(c(P), m) by Theorem 4.3.8(1)), then
|f|P is (KL) m-integrable in T' with values in X and hence f € £,(c(P), m) by
Theorem 4.3.4 and Definition 4.4.4. Therefore, £,Z(c(P), m) = L,(o(P), m).

(ii) If f € Lp(o(P),m), then by (i), f € L,Z(0(P),m) and hence by Defi-
nition 4.3.7, |f|? is (KL) m-integrable in 7" with values in X. Then by Theorem
4.1.8(v), |f|P is (KL) mg-integrable in T" with values in )?q for each ¢ € T since
m, = II; om has range in X, C )?;. Then the condition is necessary by Theorem

2.2.2 of Chapter 2. Conversely, if | f|? is mg-integrable in T with values in )?q for
each g € I', then by Theorem 3.3.6 of Chapter 3, (my)5(f,) is continuous on o(P)
for each ¢ € " and hence by (i), f € £,(c(P), m). Thus (ii) holds. O

Theorem 4.4.8. Let X be an lcHs, m : P — X be o-additive and 1 < p < oo.
Then:

(i) Lp(m) is closed in L,M(m). Consequently, when X is quasicomplete,
Lp,Z(m) is closed in L, M(m).

(i) If X 4s a Fréchet space, then L,Z(m) is a complete pseudo-metrizable locally
convez space. Consequently, L,Z(m) is a Fréchet space.

(ili) L,(o(P),m) is closed in L M(c(P), m). Consequently, if X is sequentially
complete, then L,Z(c(P),m) is closed in L,M(c(P), m).

(iv) If X is a Fréchet space, then L,Z(c(P), m) is a complete pseudo-metrizable
locally convex space. Consequently, L,Z(c(P), m) is a Fréchet space.

Proof. (i) (resp. (iii)) Let f be an element in the closure of £,(m) in £, M(m)
(resp. in the closure of £,(c(P),m) in L, M(c(P), m)). Let ¢ € T'. Then, for

cach n € NN, there exists £\ € L,(m) (resp. F9 e L,(c(P),m)) such that
(my)5(f— f(q) T) < 1. Given e > 0, choose ng such that % < e. Then (mg)y(f —
9 T) < § for n > no. Let (Ex)3° C o(P) such that B \, 0. Since ¥ € £, (m)

(resp. € L,(0(P), m)), there exists ko such that (mq);(f,(“q)),Ek) < § for k > ko.
Then

(my)s(f, Bx) < (mg)s(f — 19, Ex)
+(my)5(f1P, By) < (my)5(f — £i2,T) + (my)8(f9, By) < e

for k > ko. Hence (mg)5(f,-) is continuous on o(P). As ¢ € I is arbitrary, we
conclude that f € £,(m) (resp. f € £,(c(P),m)) and hence the first part of (i)
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(resp. of (iii)) holds. The last part of (i) (resp. of (iii)) holds by the first part and
by Theorem 4.4.5 (resp. and by Theorem 4.4.7(i)).

(ii) (resp. (iv)) The first part is immediate from (i) (resp. from (iii)) and from
the first part of Theorem 4.4.2(i). Then L,Z(m) (resp. L,Z(c(P), m)) is a Fréchet
space by Theorem 5.7, Chapter 2 and Lemma 11.3, Chapter 3 of [KN] and by the
fact that L,Z(m) (resp. L,Z(0(P), m)) is an LcHs by Theorem 4.3.9(v). O

Remark 4.4.9. One can directly prove that £,(m) (resp. £,(c(P), m)) is a com-
plete pseudo-metrizable space for 1 < p < oo whenever X is a Fréchet space. In
fact, let (f)3® C L,(m) (resp. C L,(c(P), m)) be Cauchy in (mg, )5 (-, T) for each
n € IN, where ¢,, n € IN, generate the topology of X. Arguing as in the proof of
Theorem 4.4.2(i), we obtain a subsequence ( fr, )52, of (f)° and an m-measurable
(resp. o(P)-measurable) scalar function f on T such that f,, — f m-a.e.in T
and such that limy, (my,, )5 (fn, — f,T) = 0, for each n € N. Then, given n € IN and
€ > 0, there exists ko such that (mg, )8 (fn, — f,T) < § for k > ko. Let E; \, 0
in o(P). Then there exists an £y such that (mg, )y (fn,,, Er) < § for £ > £y, since
Jony € Lp(m). Then (mg,)3(f, B2) < (0g)3( — fns ) + (01, )3 s Fr) < €
for £ > £y and hence (my, );(f,-) is continuous on o(P). Since n is arbitrary in
N, f € £,(m) (resp. L£,(c(P),m)) by Theorem 4.4.5 (resp. by Theorem 4.4.7) .
Moreover, by an argument similar to that in the last part of the proof of Theorem
4.4.2(i), lim, (mg, )5 (fr — f,T) = 0. Hence L,(m) (resp. £,(c(P), m)) is complete
and consequently, L,(m) (resp. L,(c(P), m)) is a Fréchet space. Then by Theo-
rem 4.4.5 (resp. by Theorem 4.4.7(1)), £,Z(m) (resp. £,Z(c(P), m)) is complete
and consequently, L,Z(m) (resp. L,Z(c(P), m)) is a Fréchet space.

Remark 4.4.10. When p = 1 and when the domain of m is a o-algebra, the second
part of Theorem 4.4.8(iv) is obtained in Theorem 4.1, Chapter IV of [KK] for a
real Fréchet space X, using the concept of closed vector measures. Later, when
X is a complex Fréchet space admitting a continuous norm, a simple direct proof
(without using closed measures) is given for the said result in [Ri4]. Recently, for
an arbitrary complex Fréchet space X, a direct proof of the above result is given in
[FNR] and the proof in [FNR] uses the complex version of Theorem 4.1, Chapter II
of [KK] and the diagonal sequence argument. As the reader can observe, our proof
is also direct and moreover, is much stronger than the proofs in the literature, since
not only the domain of the vector measure m is assumed to be just a d-ring but
also p is arbitrary in [1,00). As for the problem of completeness of £,-spaces for
vector measures defined on §-rings, the reader may note that the concept of closed
vector measures is not useful. In [SP1] the completeness is proved by arguments
very special to real functions and real Banach spaces when the vector measure is
defined on a o-algebra and hence cannot be used here.

Let us generalize Definition 2.2.12 and Examples 2.2.13.-2.2.16 of the case
of IcHs as follows.

Definition 4.4.11. In Definition 2.2.12, let X be an IcHs. Then a collection
(Ta)aca C X is said to be summable in X if the net (3, .4 *o) formed by
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sums over finite sets of indices and directed by inclusion, is convergent in X. The
collection (x4 )aca is said to be absolutely summable in X if it is summable in X
and if for each seminorm ¢ € T, the family {¢(z.) : @ € A} is summable in R.
Finally, a sequence (z;)7° C X is said to be subseries convergent if >, . xa(k)zs
exists in X for each A C IN.

Ezample 4.4.12. Let X be an IcHs and let (z,,)7° be a summable sequence in X.
Let m : P(IN) — X be defined by m(E) = > _p®n. Then m is an X-valued
o-additive measure on P(IN).

By Theorem 2.2 of [L2] we have
Ezxample 4.4.13. Let X be an IcHs. Any X-valued o-additive measure m defined

on a d-ring P of sets is of finite variation if and only if (m(A4,,)$°) is absolutely
summable to m(|J{” Ay,) for each pairwise disjoint sequence (A,);° C P with

U 4; € P (ie., if and only if ¢(U;" An) = D.7° ¢(Ay) for each g € T).
By Corollary 4.3 of [L2] we have

Ezxample 4.4.14. Let X be an IcHs. If m is an X-valued o-additive measure defined
on a d-ring P of subsets of T, and if every summable sequence (x,) in X is
absolutely summable, then every m-integrable function in T is v,(m)-integrable
in T for each g € T'.

Remark 4.4.15. Let us recall that a real Fréchet lattice E is an AL-space if its
topology can be defined by a family of lattice seminorms ¢ that are additive in the
positive cone, that is, such that

q(z +y) = q(z) + q(y),for allz,y € ET.

A real Fréchet lattice E' is an AM-space if its topology can be defined by a family
of lattice seminorms ¢ such that

q(sup{z,y}) = sup{q(z), q(y)} for allz,y € ET.

In [FN2] the authors characterize when L;(m) is an AL-space and when it
is an AM-space, whenever m : ¥ — X is o-additive on a o-algebra ¥ and X is a
real Fréchet space. For Banach spaces, such a study was carried out by Curbera
in [C2]. Later in [OR6], Okada and Ricker obtained the following results:

(i) Let X be a complex Fréchet space. Then X is nuclear if and only if L (m, X)
is a Fréchet A L-lattice for each X-valued o-additive vector measure m defined
on a o-algebra X.

(ii) Let X be a complex Fréchet Montel space and m be an X-valued o-additive
vector measure defined on a g-algebra X of subsets of a non-void set §2. Then
the following statements are equivalent:

(a) The Fréchet lattice L (m, X) is isomorphic (orderwise and topologically)
to a Banach AL-lattice.
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(b) There exists r € IN such that the Fréchet lattice Ly (m, 3) is isomorphic
to the Banach lattice L;(Jm,|, X) where |my| is as on p. 306 of [OR6].

(¢) The Fréchet space Li(m,Y) is normable.

(d) The integration operator I, : Li(m,Y) — X is compact, where
Im(f) = fQ fdm.

(i) In [ORS], necessary and sufficient conditions are given for the integration
map Iy, : L1(m,Y) — X to be compact, where ¥ is a o-algebra of subsets of
a non-void set {2 and m is a o-additive complex Fréchet space-valued measure
on X.

In [FMNP] the following interesting results are obtained.

Let X be a complex Fréchet space, X a o-algebra of subsets of a non-void set
Q, f: 2 — X be measurable in the sense of p. 224 of [FMNP] and p a probability
measure on Y. Then the following hold:

(i) If X is weakly sequentially complete, then L,(u, X) is also weakly sequen-
tially complete for 1 < p < oc.
(ii) If X is reflexive, then Li(u, X) does not contain a copy of co.
(iii) Let X be a real Fréchet space and m : ¥ — X be o-additive. Then:

(a) If X does not contain a copy of cg, then L;(m, X)) is weakly sequentially
complete.

(b) If X is weakly sequentially complete, then L;(m,Y) is weakly sequen-
tially complete.

(¢) If X does not contain any copy of ¢g, then Li(m,X) also does not
contain any copy of cg.

(iv) For a real Fréchet lattice X, the following conditions are equivalent:
(a) X is weakly sequentially complete.
(b) X does not contain a copy of ¢.
(¢) X does not contain any lattice copy of cg.

(v) For a real Fréchet lattice X, the following conditions are equivalent:
(@) X does not contain any copy of ¢o.

(8) L1(m,X) does not contain any copy of ¢g where m : ¥ — X is o-
additive.
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4.5 Characterizations of £,-spaces, convergence
theorems and relations between L,-spaces

In this section, using Theorem 4.4.5 (resp. Theorem 4.4.7) we generalize the results
in Sections 3.3, 3.4 and 3.5 of Chapter 3 to a quasicomplete (resp. sequentially
complete) lcHs-valued o-additive vector measure m on P. Similar to that in Defi-
nition 3.2.5 of Chapter 3, we introduce the space £,Z;(m) (resp. £,Zs(c(P), m))
and show that
Lp(m) = L,Z(m) = £,Z,(m)
(resp.
Ly(0(P),m) = L,I(0(P), m) = L,T(0(P), m))

for 1 <p < o0.

Theorem 4.5.1. (Generalizations of Theorem 3.3.1 of Chapter 3) Let X be a qua-
sicomplete (resp. sequentially complete) lcHs, m : P — X be o-additive and 1 <
p <oo. Let f: T — K (resp. and be o(P)-measurable) and let ( 7(1q))<1>o C L,(my)
(resp. C Ly(o(P),my)) for ¢ € T'. Suppose fy(,q) — fmgy-a.e. inT forqeT. Then
(myg)s( (@) _ f,T) = 0 asn — oo for g € T if and only if (mg)s( (D) ), n €N,

are uniformly continuous on o(P) for each g € I'. In that case, f € L,(my) (resp.
f e Ly(o(P),my)) for each g €T and hence f € L,(m) (resp. f € L,(o(P), m)).

Moreover, in that case, for p =1,
o [ am) ~ | [ fidm, [ fim,~ [ foam,
A A A A

for A € o(P)U{T} and for q € T. Moreover, for a fixed ¢ € T, the limit in
(4.5.1.1) is uniform with respect to A € o(P).

lim

< lim
n n

=0 (45.1.1)

q

q

Proof. The convergence hypothesis implies that f is m,-measurable for each g € I’
and hence f is m-measurable (resp. by hypothesis, f is o(P)-measurable). As
m;g=Il;jom:P — )A(; is o-additive, the first part is immediate from Theorem
3.3.1 of Chapter 3. Moreover, in that case, by the said theorem, f € £,(m,) (resp.
f € Ly(o(P), my)) for each ¢ and hence, by Theorem 3.3.5 of Chapter 3, | f|? is mg-
integrable in T" with values in ),(\'; for each ¢ € I'. Then by Definition 4.2.1 and by
Theorem 4.2.3, | f|” is m-integrable in T with values in X and hence f € Z,(m) =
L,(m) by Theorem 4.2.2, by (i) and (ii) of Theorem 4.3.8 and by Theorem 4.4.5
when X is quasicomplete and by Theorem 4.4.7(ii), f € L,(o(P), m) when X is
sequentially complete.

Now let p = 1. Given ¢ € T" and € > 0, by hypothesis there exists ng such
that (mg)(f — f,(LQ),T) < € for n > ng and by the first part, f € £1(m) (resp. f €
L1(c(P),m)). Then by Definition 4.4.4 and by Theorems 4.4.5 and 4.1.9(iii), f is
(KL) m-integrable in T and then by Theorems 4.2.2 and 4.2.3, f is m-integrable in
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T with values in X (resp. and then by Theorem 4.4.7 and by Theorem 4.1.9/(iii) in
Remark 4.1.15, f is (KL) m-integrable in 7" with values in X and hence by Theorem
4.2.2" in Remark 4.2.12 f is m-integrable in 7" with values in X). Moreover, by
Theorem 4.1.8(v) and by Theorem 2.2.2 of Chapter 2, f is (KL) m,-integrable in
T for each ¢ € T" and by (4.3.2.1) we have

al [ am) - ‘ | #i0dm, q

< |1 [ fim, = (K1) [ 70 am,

q

< (mg)3(f = f9,T) < e (4.5.1.2)
q

=[xt [ (7= 70)im,

for n > ng and for all A € o(P)U {T}. Then (4.5.1.2) implies (4.5.1.1) and that
the limit in (4.5.1.1) is uniform with respect to A € o(P) for afixed g I'. O

Theorem 4.5.2. (Generalizations of Theorem 3.3.2 of Chapter 3) Let X be a qua-
sicomplete (resp. sequentially complete) lcHs, m : P — X be o-additive and
1 <p<oo. Let f: T — K be m-measurable (resp. o(P)-measurable) and let
( 7(1q))<1>o C Ly(myg) (resp. C Ly(0(P),my)) for g € I'. Then the sequence ( 7(14))3)0

converges to f in (mean”) with respect to m, for ¢ € I' if and only if ( ,(Lq)) con-

verges to f in measure in T with respect to mqy for ¢ € T, f € L,M(m) and

(my)5( ,(f), ), n € N, are uniformly continuous on o(P) for each q € T. In that

case, f € Lp(m) (resp. f € Lp(o(P),m)). In such case, for p =1, results similar
to those in the last part of Theorem 4.5.1 hold.

Proof. The first part is immediate from Theorem 3.3.2 of Chapter 3. Then by
the said theorem, f € L,(mg) (resp. f € L,(c(P),m,)) for each ¢ € I'. Then
as shown in the proof of Theorem 4.5.1, we conclude that f € L£,(m) (resp.
f € Ly(c(P),m)) and the results asserted for p = 1 hold. O

The a.e. convergence version in the following theorem generalizes Theorem
4.1.11 and Corollary 4.1.12 when X is quasicomplete (resp. Theorem 4.1.11" and
Corollary 4.1.12" in Remark 4.1.15 when X is sequentially complete) for general
p € [1,00).

Theorem 4.5.3. Let X be an IcHs, m : P — X be o-additive and 1 < p < o0.
Then:

(i) (LDCT and LBCT for £,(m), X quasicomplete). Let X be quasicomplete
and let f},q), n € IN, be m,-measurable scalar functions on T for ¢ € I'. Let

g9 € L,(m,) for ¢ €T and let |f,(1q)| < 9" my-a.e. in T for n € N and
for q € T (resp. let P be a o-ring S and let K@ be q finite constant such that

|f7(,q)| < K@ mgy-a.e. in T forn € N and for ¢ € T'). If fy(,q) — f mgy-a.e.
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i T where [ is a scalar function on T or if f is an m-measurable scalar
function on T and if f,(lq) — f in measure in T with respect to my for g €T,
then f, ,(ﬂ), n € N, belong to L,(my) and limn(mq);(fflq) —f£,T) =0 for
q € T'. Consequently, f € L,(m). When p =1, f is m-integrable in T with
values in X and

a

q(/A fdm) — ‘/Af’(lq)qu < lirlln’/Afqu 7/Af7(1q)qu
(4.5.3.1)

for A€ o(P)U{T} (resp. for A€ SU{T}) for ¢ €T and, for a fizred ¢ € T,
the limit in (4.5.3.1) is uniform with respect to A € o(P) (resp. A€ S).
(ii) (LDCT and LBCT for £,(c(P),m), X sequentially complete). Let X be

sequentially complete and for each q € T, let ( éq))‘fo, g9 and f be o(P)-
measurable scalar functions (resp. let P be a o-ring S and K@ be finite

=0

lim
n

q

constants) satisfying the other hypothesis in (i). Then f, f},q), n € IN, belong to
Ly (o(P), my) and lim,, (mg)s( ,(ﬂ)—f, T)=0forqeTl and f € L,(c(P), m).
Then, for p =1, the remaining assertions in (i) hold here verbatim.

Proof. By hypothesis, (i) is immediate from Theorems 4.5.1 and 4.5.2, in the
light of Theorems 3.1.11(iv) of Chapter 3 (for m,) and of Theorems 4.1.9(i)(b),
4.1.9(iil), 4.4.5 and 4.2.2 and of Remark 4.2.6. By hypothesis, (ii) follows from
Theorems 4.5.1 and 4.5.2 in view of Theorem 3.1.11(iv) of Chapter 3 (for m,) and
of Theorems 4.1.9'(i)(b) and 4.1.9/(iii) in Remark 4.1.15 and of Theorems 4.4.7(i)
and 4.1.12 (in Remark 4.2.12). O

The following is motivated by the first part of Definition 3.2.5 in Chapter 3.

Definition 4.5.4. Let X be a quasicomplete (resp. sequentially complete) lcHs and

let m : P — X be o-additive. For 1 < p < oo, let £,Zs(m)= closure of Z, in
the locally convex space (Ep./\/l(m),rr(,f)) (resp. L,Zs(0(P), m)= closure of Z, in
the locally convex space (£, M(co(P), m), T,(lf))). Let L,Zs(m) = £L,Z,(m)/ ~ and
L,Z,(c(P),m) = L,Z,(c(P),m)/ ~. By £,Zs(m) we mean the locally convex
space (EPIS(m),T,(f)|£pIS(m)) and L,Zs(m) is the lcHs with the corresponding
quotient topology.

The following result generalizes Theorem 3.3.6 of Chapter 3 to a quasicom-
plete (resp. to a sequentially complete) lcHs-valued o-additive vector measure.

Theorem 4.5.5. (Characterizations of £,Z(m)) (resp. £,Z(c(P),m)) Let X be a
quasicomplete (resp. sequentially complete) lcHs, m : P — X be o-additive and
1<p<oo. Let f:T — K be m-measurable (resp. o(P)-measurable). Then the
following statements are equivalent:

(i) feZy(m) (resp. (i') f € Zp(o(P), m)).
(ii) (myg)p(f,-) is continuous on o(P) for each q € T.
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(iii) (Simple function approximation). For each q € T', there exists a sequence
(55{1)) C T, such that s — fmgy-a.e. in T and such that lim, (mg)p (sn s@ —
£, T) =0 (resp. (iil’) there exists a sequence (s,)3° C Is such that s, — f
pointwise in T, and such that lim, (my)s (s, — f,T) =0 for each q € T').

Consequently,

L,I(m) =Z,(m) = L,Z,(m) = L,(m) (4.5.5.1)
(resp.
LyI(0(P),m) = I,(0(P),m) = L,Z,(¢(P), m) = L,,(¢(P),m).  (4.5.5.1"))
Ifco ¢ X, for each q €T, then
LyM(m) = L,7(m) =I,(m) = L,Z,(m) = L,(m) (4.5.5.2)
(resp. if co ¢ X, then

£,M(o(P),m) = £,Z(o(P). m) = Ip<a(7>>, m)
— £,Z,(o(P),m) = £L,(o(P), m). (45.5.2))

Proof. (1)< (ii) by Theorems 4.3.8(i) and 4.4.5 (resp. (i')<(ii) by Theorems 4.3.8(i)
and 4.4.7(1)).

(ii)=-(iii) by Proposition 1.2.9 and by Theorems 4.4.7 and 4.5. 3(1) (resp.
(if)=(iii’) by the last part of Proposition 1.2.10 and by Theorems 4.4.7 and
4.5.3(ii)).

(iii)=-(ii) (vesp. (iii")=(ii)) Let € > 0 and ¢ € I". Let Aj, \, # in o(P). Arguing
as in the proof of (iii)=-(ii) of Theorem 3.3.6 Chapter 3 with m, in place of m,
we can show that there exists ko(g) such that (my)s(f, Ax) < € for k> ko(g) and
hence (ii) holds.

Thus (i) (i) (iii) (resp. (') (i) (iii’)).

Since Z; C Z,(m) = £,Z7(m) by Theorem 4.5.7(1), £,Zs(m) C closure of
L,Z(m) in L, M(m)= closure of £,(m) in £, M(m) =£L,(m) by Theorems 4.4.5
and 4.4.8(1). On the other hand, Zs(m) is dense in Z,(m) = £,Z(m) = £L,(m)
by (iii), by Theorem 4.3.8(i) and by Theorem 4.4.5 and hence £,(m) C £,Z,(m).
Therefore, £,Z,(m) = £,(m). Consequently, (4.5.5.1) holds by Theorems 4.3.8(i)
and 4.4.5. A similar argument invoking (iii’) and Theorems 4.3.8(i), 4.4.7(i) and
4.4.8(iii) proves (4.5.5.1'). (4.5.5.2) (resp. (4.5.5.2')) holds by (4.5.5.1) and by
Theorem 4.3.8(iv) (resp. by (4.5.5.1’) and by Theorem 4.3.8(v)). O

The following result which generalizes Theorem 3.3.8 of Chapter 3 is imme-
diate from Theorem 4.5.5 and from the last part of Proposition 1.2.10.

Theorem 4.5.6. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P — X be o-additive and 1 < p < oo. Then I, is dense in L,(m) (resp. I, is
dense in L,(c(P), m) and moreover, given f € L,(0(P), m) there exists a sequence

($n)3° C Zs such that s, — f in 78 with [sn] /| f| pointwise in T).
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Similar to Definition 3.2.10 of Chapter 3 we can introduce Lo(m) and
Loo(o(P), m) for an lcHs-valued o-additive vector measure m on P.

Definition 4.5.7. Let X be a quasicomplete IcHs and m : P — X be o-additive.
Then we define

Loo(m) ={f:T — K, fm-essentially bounded m-measurable function}

and

1flloc = esssup |f(2)| for [ € Loo(m).
teT

Then Loo(m) = L (m)/ ~. In the above, if X is sequentially complete, then
we define Loo(0(P),m) = {f € M(c(P) : fm-essentially bounded}, ||f|loc =
esssupycrp | f(t)] for f € Loo(0(P),m). Then Lo (o(P),m) = Loo(o(P),m)/ ~.
As in Convention 3.3.12 of Chapter 3 , the members of L (m) and Lo (c(P), m)
are treated as functions in which two functions which are equal m-a.e. in T are
identified.

In the light of (3.1.3.1) and the o-subadditivity of ||m||; on o(P) for g € T,
the proof of Theorem 3.3.13 of Chapter 3 holds here to obtain

Theorem 4.5.8. Let X be a quasicomplete (resp. sequentially complete) IcHs and
m: P — X be o-additive. Then Loo(m, || - ||oo) (resp. (Loo(o(P),m), || - ||cc)) is
a complete seminormed space so that Lo, (m) (resp. Loo(c(P),m)) is a Banach
space.

Notation 4.5.9. In the light of Theorem 4.5.5 we shall hereafter use the symbol
L,(m) (resp. £,(c(P), m)) to denote not only the space given in Definition 4.4.4
but also any one of the spaces £,Z,(m), £,7(m) or Z,(m) (resp. L,Z,(c(P), m),
Lp,Z(o(P),m) or Z,(c(P),m)). The quotient £,(m)/ ~ is denoted by L,(m),
(resp. £,(c(P), m)/ ~) is denoted by L,(c(P),m)) and as in Convention 2.3.10,
the members of the latter are treated as functions in which two functions which
are equal m-a.e. in 7" are identified.

The following result generalizes Theorem 3.3.13 of Chapter 3 and is proved
by an argument similar to that in the proof of the said theorem, in which one
has to use (iv) and (vi) of Theorem 3.1.18 and Theorem 3.1.19 of Chapter 3 with
respect to m,, Remark 4.2.6, Theorems 4.1.4, 4.5.5 and 4.4.8(i), Corollary 4.4.3
and inequality (4.3.2.1). Details are left to the reader.

Theorem 4.5.10. Let X be a quasicomplete IcHs, m : P — X be o-additive and

1 < p < co. An m-measurable scalar function f on T belongs to L,(m) if and only
if, for each q € T, there exists a sequence (s %Q)) C Z (resp. ( (q)) C L,(m))
such that s\ — f (resp. f(q) — f) in measure in T with respect to my and (s (q))
(resp. ( (q))) is Cauchy in (mean?) with respect to mg. In that case, for p =1,

f € Li(m) and

/ (f - sgg>)qu
A

lim
n

:0)

=0 (resp. hm’/ f(q) dm,
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for A € o(P)U{T} and for q € T, the limit being uniform with respect to A € o(P)
for a fixed g €T

The result (iii) in the following theorem generalizes Theorem 3.2.11 of Chap-
ter 3 to Fréchet space-valued o-additive vector measures on P.

Theorem 4.5.11. Let X be a Fréchet space with its topology generated by the semi-
norms (¢,)3° and let m : P — X be o-additive. For 1 < p < oo, let L(m) = {f €
Ly(m) : f real-valued} (resp. Ly (c(P),m) = {f € Ly(c(P), m) : f real-valuedy}).

(mg,, )3 (f;T)
Let |f|m = Zl an W fOT‘

f € Ly(m) (resp. f € Ly(c(P), m)) (4.5.11.1). Then:

(i) |'|E€) is a complete quasinorm on Ly(m) (resp. on Ly(o(P), m)) in the sense
of Definition 2, Section 2, Chapter 1 of [Y] and generates the quotient topology
induced by T Q on L,(m) so that (L,(m), |- \fﬂ)) (resp. (Lp(c(P),m), |- \fﬁ)))
is the Fréchet space Ly(m) (resp. Ly(o(P), m)).

(ii) (Ln(m),|- &) (resp. (L1(o(P),m),| - &) is a Fréchet lattice (i.e., an F-
lattice in the sense of the definition in Section 3, Chapter XII and Definition
1 in Section 9, Chapter 1 of [Y]) under the partial order f < g if and only if
f(t) < g(t) m-a.e. in T for f,g € L(m) (resp. for f,g € L(c(P),m)).
(iii) LT (m) (resp. LT (o(P), m)) is a Banach lattice.

Proof. We shall prove the results for L,(m) and Lj,(m) only. In the light of Theo-
rem 4.4.8(iv) and Theorem 4.1.9/(iii) in Remark 4.1.15, the proof of the other case
is similar.

(i) Lp(m) is a Fréchet space by Theorem 4.4.8(ii) and by Notation 4.5.9.

Consequently, Ly (m) is a Fréchet space over R. Arguing as in the proof of the first
part of Proposition 2, §6, Chapter 2 of [Ho|] and using the fact that (m,, );(-,7T),

n € IN, are seminorms, one can show that |- |Eﬁ) given in (4.5.11.1) is a quasinorm
on L ( ). Let the sequence f, — f in L,(m). Given € > 0, choose ko > 1 such
that 2’@0 < 5. By hypothesis, there exists 7o such that (my, )p(f- — f,T) < 5 for
r>rgand forn =1,2,...,ky. Then

A1 (my s = £.T)
I I = 2 o T (a7, - D)

(
s
1 (mg,)p(fr = £,T)
<> )

ko ¢

Jr —

n=1 2" 1 (mq” (f"r f? T) 2
- 1 e 4 €
ot 2n 2 2
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for r > ro. Hence lim, | f, —f|£ﬁ) = 0. Conversely, let | f, — f|£ﬁ) — 0.Let n € IN be

given and let % > ¢ > 0. Then there exists rg such that |fr—f|££) < gagr forr > 7.

Then (an);(fT - f£,T) < %(1 + (an);)(fT — f,T)) so that (an);)(fT - f,T)<e
for 7 > ro. Hence (my, )y (fr — f,T) — 0 as r — 0. Since n is arbitrary, it follows
that f, — f in the topology of L,(m) (see Remark 4.3.11). Hence the topology of

L,(m) is generated by | - |£ﬁ).

If (f-)f° is Cauchy in | - |£ﬁ), then replacing f,. — f by f. — fx in the above
argument (in the converse part), it follows that (f,) is Cauchy in (mg, )s(-, ) for
each n and hence by Theorem 4.4.8(ii), there exists f € L,(m) such that f, — f

in L,(m) and hence in |- \fﬁ). This completes the proof of (i). (The compatibility of

the topology generated by |- \fﬁ) with that of L,(m) follows from Remarks 1.38(c)
of [Ru2], but not the completeness of | - \ﬁ,’;).)

(i) If | f] < |g| in L;(m)7 then by Theorem 4.3.2 (mqn);(f, T)< (mqn);(g,T)
for each n and consequently, |f |£ﬂ) < |g|£€). As Ly(m) is a vector space and as
L’ (m) is a lattice by Theorem 4.1.9'(iii), it follows that L} (m) is a lattice. Clearly,
f < g implies f +h < g+ h and af < ag for f,g,h € Lj(m) and a > 0. Hence
Ly(m) is a vector lattice. Consequently, by (i), L,(m) is a Fréchet lattice with

respect to | - 2
(iii) In the light of Theorem 4.5.8, the result is obvious. O

The following theorem generalizes Theorems 3.4.5, 3.4.6, 3.4.7 and 3.4.10 and
Corollary 3.4.11 of Chapter 3 to a quasicomplete (resp. to a sequentially complete)
lcHs-valued vector measure.

Theorem 4.5.12. Let X be an IlcHs, m : P — X be o-additive and 1 < p < oco. Let
X be quasicomplete (resp. sequentially complete). Then:

(i) (Generalizations of Theorem 3.4.5 of Chapter 3). Let ( 7(;1))00 C Ly(my)

n=1
(resp. C Ly(c(P),my)) for ¢ € T and let f : T — K be m-measurable
(resp. o(P)-measurable). Then f € L,(m) (resp. f € L,(c(P),m)) and
lim,, (my ) ( ACU f,T) =0 for q € T if and only if the following conditions
hold:

(a) f,(lq) — f in measure in each E € P with respect to m, for g €.
(b) (mq);(fflq), ), n € N, are uniformly mg-continuous on o(P) for g € T.

c) For each ¢ >0 and q € I, there exists qu) € P such that
( ) q s
(mq);(f,(lq),T\qu)) <e forall nelN

(See Notation 3.4.1 of Chapter 3.)

In such case, forp=1, [, fdm, = lim,, [, f,(lq)qu, A € o(P) and the limit
is uniform with respect to A € o(P) for a fixzed g € T.
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(ii) (Generalizations of Theorem 3.4.6 of Chapter 3). Let ( (q)) >, C Ly(my)
(resp. C Ly(0(P),my)) for g €T and let f : T — K (resp. and be o(P)-
measurable). Suppose f,(lq) — fmg-ae inT for g € T'. Then f € L,(m)
(resp. f € Lp(0(P),m)) and lim,(my)s(fn @ _ ¢, T) =0 forq €T if and

only if the following conditions are satzsﬁed

(a) (myg)y(fn (@ ,), n € IN, are uniformly mg-continuous on o(P) for q € T

(b) For each € >0 and q € T, there exists A € P such that

(mq);(fflq),T\qu)) <e forall n.

In such case, forp =1, [, fdm, = lim,, [, fr(Lq)drnq for A € o(P) and the
limit is uniform with respect to A € o(P) for a fivred ¢ € T.

(iii) LDCT and LBCT as given in (i) and (ii) of Theorem 4.5.3 are deducible from
(i) and (ii) above.

(iv) (Generalizations of Theorem 3.4.10 of Chapter 3). For each ¢ € T, let

(féq))ae(D<q)2q), be a net of my-measurable (resp. o(P)-measurable) scalar
functions on T and let f : T — K be m-measurable (resp. o(P)-measurable).

Let g9 € L,(m,) (resp. € L,(c(P), m,)) and let |f(q)| < g9 my-a.e. in
T for each o € (D(q), >,) and for ¢ € T'. Then fa — f in measure in T
with respect to my, q €T, if and only if f € L,(m) (resp. f € L,(c(P), m))
and limg, ¢ (pe >,y (mg)p(fa (@ — f,T)=0 for g € L. In such case, for p=1,
J4 fdmg = lim, [, f(q)qu for A € o(P) where the limit is uniform with
respect to A € o(P) for a fized g € T.

(v) (Generalizations of Corollary 3.4.11 of Chapter 3). Let P be a o-ring S and
let 0 < K4 < oo for each g € T'. If (fo(lq)) is a net as in (iv), if |fo(¢q)| < K,
mg-a.e. in T for each o € (D(q),zq) and forq € T and if f : T — K is
m-measurable (resp. o(P)-measurable), then £9 5 f in measure in T with
respect to my for g € T if and only if f € L,(m) (resp. f € L,(c(P), m)) and
limg, (mg)*(fa @ _ T) =0 for q € T'. In such case, for p =1, [, fdm, =
lim,, [, f(q)drnq for A € o(P) where the limit is uniform with respect to
A € o(P) for a fized g €T.

Proof. By (i) of the following theorem and by the theorems in Chapter 3 which
they generalize, the results hold. U

The following theorem generalizes the results in Section 3.5 of Chapter 3
to a quasicomplete (resp. sequentially complete) lcHs-valued o-additive vector
measure.

Theorem 4.5.13. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P — X be o-additive and 1 < p < oo. Then the following statements hold:
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(i) Lp(m) = yep £p(my) (resp. (') L, (0(P),m) = Nyep Lp(a(P), my)).

(i) If1<r<p<s<oo, then L,(m)[)Ls(m) C L,(m).

(resp. (ii') L,(o(P),m) (N Ls(c(P),m) C L,(c(P), m)).

(i) If f : T — K is m-measurable (resp. (iii’) is o(P)-measurable), then Ty =
{p:1<p<oo fel,(m)} (resp. Zy(c(P)) = {f : 1 < p < oo, f €
Ly(0(P),m)}) is either void or an interval, where singletons are considered
as intervals.

(iv) Let A € o(P) (see Definition 3.1.3) (resp. (iv') A € o(P)) such that x4 is
m-integrable in T. Then the set Z;(A) = {p:1 < p < o0, fxa € L,(m)}
(resp. Ty(0(P).A) = {p: 1 < p < o0, fra € Lp(o(P).m)}) is either void
or an interval containing 1, Tr(A) = {1} (resp. Zy(o(P),A)) = {1}) being
permitted.

(v) Let P be a o-ring S. Then:
(a) If 1 <r < s < o0, then Ls(m) C L,(m) (resp. (a') Ls(o(P),m) C
L, (c(P),m)) and the topology of Ls(m) (resp. of Ls(o(P), m)) is finer
than that of L£,(m) (resp. of L(c(P), m)).
(b) If f : T — K is m-measurable (resp. (b’) o(P)-measurable), then the set
Iy (resp. Zr(o(P)) is either void or an interval containing 1, (Z; = {1}
(resp. Zy(o(P))={1}) being permitted).

Proof. (i) holds by Remark 4.2.6 and by (i) and (ii) of Theorem 4.2.2 (resp. (i’)
holds by Theorem 4.4.7(ii)). (ii) and (iii) hold by (i) and by Theorem 3.5.2 of
Chapter 3. (ii’) and (iii") hold by (i'), by Theorem 3.5.2 of Chapter 3 and by the
fact that £,(c(P),m) = L,(m) (| M(P). (iv) is due to (i) and Theorem 3.5.3 of
Chapter 3. (iv’) is due to (i), Theorem 3.5.3 of Chapter 3 and the definition of
Ly(o(P),m). (v)(a) (resp. (v)(a’)) is due to Corollary 3.5.4 of Chapter 3 and the
fact that (mq)2(f,T) < (m)2(/,T) - (|hmlly(N(f))*~* for each g € T and for
f € Ls(m) (resp. and for f € L;(c(P),m)) by Theorem 3.5.3 of Chapter 3. (v)(b)
(resp. (v)(b")) follows from (v)(a) and (iii) (resp. (v)(a’) and (iii’)). O

4.6 Separability of £,(m) and £,(c(P),m),1 < p < oo,
m lcHs-valued

In this section we give some sufficient conditions for the separability of £,(m)
(resp. of L,(c(P),m)) for 1 < p < oo, when m : P — X is o-additive and X
is quasicomplete (resp. sequentially complete). For such p and for a o-ring S, we
also include a generalization of Propositions 2 and 3(ii) of [Ri3] to L,(m) and to
L,(o(S),m)=L,(S, m).

Definition 4.6.1. Let X be a quasicomplete (resp. sequentially complete) lcHs,
m : P — X be c-additive and 1 < p < oo. We identify P with the subset
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F ={xa: A € P} of L,(m) (resp. of £,(c(P),m)) and endow P with the

relative topology 7t |p. Then we write (P, T,(lf)).

For A, B € P, we define p(m)gp)(A,B) = (mg)y(xa — xB,T) for ¢ € I'. By

Theorem 4.3.2 and Proposition 1.2.15(ii)(c) we have

=

p) (4, B) = sup ([ xaando(e'm)
z*GU;’ T
= sup (v(z*m)(AAB))7 = (||ml||,(AAB))»

z*eUg

for A, B € P. Moreover, by Theorem 3.1.13(ii) of Chapter 3 for m,, p(m)ép) is a

pseudo-metric on P. Thus, the topology Tr(,f) |p is generated by the pseudo-metrics

{p(m)P,q € T}.

Theorem 4.6.2. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
P — X be g-additive and 1 < p < oo. Then:

(i) For 1 <r < oo, 7-!(1:)|P :71(1117)|P'

(ii) If (P,T,(lf)) is separable, then L,(m) and L,(m) (resp. L,(c(P), m) and
L,(o(P),m)) are separable. Consequently, for 1 < r < oo, 7',(1:)|7> is sep-

arable whenever (P,Tr(,f)) is separable and in that case, L,(m) and L,(m)
(resp. L-(o(P),m) and L.(o(P), m)) are also separable for each r € [1,00).
(ii) If X is further metrizable, then L,(m) (resp. L,(c(P),m)) is separable if

and only if (P,Tr(,f)) is separable.

Proof. (i) Let 1 < r < 0o and let ¢ € T. Since p(m)"” (4, B) = (||m]|,(AAB))*,
it follows that p(m){” (4, Bo) — 0 if and only if p(m)¥’ (A4, B,) — 0 for A € P
and for a net (B,) C P. Hence (i) holds.

(ii) Let (P,T,(lf)) be separable. Then by hypothesis there exists a count-
able subset D of P such that D is Tr(,f)—dense in P. Let W = {Z;Zl QajXF; -
a; = aj + ib;, aj,bjreal rational, (F;)7 C D,r € IN}. Then W is countable. Let
s = Y Bixa, € Lo, B; # 0 for all j. Then ¢ = 35, [8;| > 0. Let U be

a 7% -neighborhood of 0 in £,(m) (resp. in £,(c(P),m)). Then there exist an

e € (0,1) and ¢q1,¢2,...,¢s in I such that {f € L,(m)(resp.f € L,(c(P),m)) :

Since D is T,gf)-dense in P, there exist (F;)¥ C D such that

. 1 €
(mg, )p (X, = x4, T) = ([mllq, (4;AF;)) 7 < =

fori =1,2,...,nand j = 1,2,..., k. Choose a; = a; + tb;,a;,b; real rational

for j = 1,2,...,k such that 35, [3; — oy < 5. Let w = Y, ajxr,. Then

(4.6.2.1)
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w € W. Now by Theorem 3.1.13(i) of Chapter 3 for my and by (4.6.2.1) we have
(llmllq, (F5))7 < ([[mllq, (F5\A;)) 7 + ([[mllq (F; 0 A;))7
< (Ihmllg, (F5A4;)) 7 + (|[mllq, (A45))7
Aj)) (4.6.2.2)

€

< £ 4 (iml

forj=1,2,...,kandi=1,2,...,n
Again by Theorem 3.1.13(i) of Chapter 3 for mg and by (4.6.2.1) and (4.6.2.2)

we have

(mg, )y (s —w,T) <qu (Bixa; — ajxr;,T)

§Z|ﬁj—ag‘|(mql (xr;, T +Z|ﬁg mg, )s(xa;, — xr;,T)
j—l
waJ o ([ on g %+Z|ﬂj( )

k ) c
<> (18-« )+ZIBJ—%I g [14,)) 7 + 2

j=1

JGC € 67
<§+3—M Jrg—e

fori=1,2,...,nsince M > 1 and 0 < € < 1 and hence w € s + U. This shows
that T is 7&)-dense in Z,. Since 7, is 7' -dense in L,(m) (resp. in £,(c(P), m))
by Theorem 3.3.8, it follows that W is dense in £,(m) (resp. in £,(c(P),m)) and
hence £,(m) (resp. £,(c(P), m)) is separable. Then L,(m) (resp. L,(c(P), m) is
separable by Problem H, Chapter 4 of [Ke].

(iii) If X is metrizable, then £,(m) (resp. £,(c(P), m)) is pseudo-metrizable
by Theorem 4.4.2(i) and hence, if £,(m) (resp. £,(c(P), m)) is separable, then by

Theorem 11, Chapter 4 of [Ke], (P, n (p )) is separable. The converse holds by (ii).
O

The following theorem gives a sufficient condition for the separability of

(73,7',(1}17)).

Theorem 4.6.3. Let X be a quasicomplete (resp. sequentially complete) IcHs and
let S be a o-ring of subsets of T. Suppose m : P — X (resp. n : S — X) is
o-additive. If there exists a countable family R such that (i) P is the 0-ring (resp.

(ii) S is the o-ring) generated by R, then (P, (p)) (resp. (S, (p))) is separable for
1<p<oo.
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Proof. In the light of Theorem 5C of [H], without loss of generality we shall assume
that R is a countable subring of P (resp. of S). Let 1 < p < oo, p fixed.

(i) Let A € P and let U be a Tl(lf)h;—neighborhood of A in P. Then there

exist an € > 0 and q1,¢a2,...,qx in I' such that {B € P : p(m)éf)(A,B) <e€j=
1,2,...,k} C U. By hypothesis and by a corollary to Proposition 10, §1 of [Dinl],
there exists F' € R such that A C F. Then FFN P is a o-algebra of subsets
of F' and hence by Proposition 1.1.13 of Chapter 1 there exist control measures

,ug) :FNP —[0,00) formgy, : FNP — )?q:, j=1,2,..., k. Hence there exists
d > 0 such that ,ug)(B) < ¢ implies ||m||,; (B) < €” for j = 1,2,..., k. Since FNP
is the o-ring generated by the ring F NR (C R) (to prove this use Theorem 5E
of [H]), by ex.13.8 of [H] there egists B € FN'R such that 25;11 ug)(AAB) <4é
and ,ugf) (AAB) < § so that ,ugﬁ)(AAB) < ¢ for j = 1,2,..., k. Consequently,
p(m)P) (A, B) = (my,)3(xa — x5.T) = (|lmllg, (AAB))> < ¢ for j = 1,2,...k
and hence B € U. This shows that the countable subring R is T,(ff )_dense in P and
hence (P, T,Si’)) is separable for p € [1, 00).

(ii) Let A € S and let U be a 7P _neighborhood of A in S. Then there
exist an € > 0 and ¢1,¢2,...,q; in T such that {B € S : p(n)gf)(A,B) <€)=
1,2,...,k} € U. Then by Proposition 1.1.13 of Chapter 1 there exist control
measures p; : S — [0,00) for ng, : § — 5(;,]' = 1,2,...,k. Now using the
hypothesis that S is the o-ring generated by the countable subring R and arguing
as in the proof of (i) we conclude that (S, Tr(lp)) is separable for p € [1, 00). O

Definition 4.6.4. Let T be a locally compact Hausdorff space. Let U,C andCy be
respectively the families of all open sets, all compact sets and all compact Gs sets
in T. For a family F of subsets of T, let o(F) be the o-ring generated by F. Then
B(T) (resp. B.(T), Bo(T)) denotes o(U) (resp. o(C), o(Co)). The members of B(T')
(resp. B.(T), Bo(T)) are called Borel (resp. o-Borel, Baire) sets in T'.

Theorem 4.6.5. Let T be a locally compact Hausdorff space with a countable base
of open sets and let X be a quasicomplete (resp. sequentially complete) lcHs. Let
m: S — X be o-additive, where S = B(T') orB.(T) orBo(T). Then L,(m) and
Ly(m)

(resp. Lp(o(S),m) = L,(S,m) and L,(c(S),m)= L,(S,m))
are separable for 1 < p < oco.

Proof. By hypothesis, B(T) is a countably generated o-ring; by hypothesis and
by Corollary to Proposition 2 (resp. and by Corollary to Proposition 16) in §14
of [Dinl], B.(T) (resp. Bo(T')) is a countably generated o-ring. Hence the results
hold by Theorems 4.6.3(ii) and 4.6.2(ii). O
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To obtain some useful sufficient conditions for the separability of £,(m) and
L,(m) (resp. L,(0(P),m) and L,(c(P),m)) for P = §(C) or §(Cy) (i.e., the J-
rings generated by C and Cy, respectively) in a locally compact Hausdorff space T
we give the following

Theorem 4.6.6. Let X be a Fréchet space, m : P — X be o-additive and 1 < p <
00. Suppose that m admits a o-additive X -valued extension m on o(P) and that
o(P) is countably generated. Then L,(m), L,(c(P),m), L,(m) and L,(c(P), m)
are separable.

Proof. By hypothesis and by Theorems 4.6.3 and 4.6.2(ii), £,(m) and L,(1m) are
separable. If f € £,(m), then f is m-measurable and hence is m-measurable. As
mlp =m, [, sdin = [, sdm for A € o(P) and for s € Z,. Then by Definition
4.2.1, by Theorem 4.2.3 and by the fact |f|? is m-integrable in T' (see Notation
4.5.9), | f|P is m-integrable in T" with values in X so that f € £,(m) and clearly,
J4 | fIPdm = [, | f|Pdm. Moreover, by Theorem 4.3.2 we have

()3 (f.T)=  swp  ( /A FPdv(a* )b

A€o(P),z*€Uyg

~ sw </A [P m))} = (mg)3(f,T)

A€o(P),x*€Ug

for ¢ € T'. Hence £,(m) is a subspace of £,(m) with Tg)|£p(m) =P As X is
metrizable, £,(m) is pseudo-metrizable by Theorem 4.4.2(i) and consequently, by
Theorem 11, Chapter 4, of [Ke], £,(m) and £,(c(P), m) are separable and then
by Problem H, Chapter 4 of [Ke], L,(m) and L,(c(P), m) are separable. O

Let us recall the following definition from [P9].

Definition 4.6.7. Let X be an IcHs and let T be a locally compact Hausdorff space.
Suppose R is a ring of sets in T such that R D §(C) or §(Cp). An X-valued o-
additive vector measure m on R is said to be R-regular if, given € > 0, A € R
and g € T', there exist an open set U € R and a compact K € R such that
K C A C U and such that ||m||4(B) < € for each B € R with B C U\K. (In the
light of Proposition 1.1.6 of Chapter 1, this is equivalent to the R-regularity given
in Definition 5 of [P9].)

Theorem 4.6.8. Let T be a locally compact Hausdorff space and let X be a Fréchet
space. Let m : 6(Cp) — X be o-additive. If the range of m is relatively weakly com-
pact, then m has a unique o-additive X -valued Bo(T)-regular (resp. B.(T)-regular)
extension mg on Bo(T) (resp. m. on B.(T)). Let m), = m¢|5cy. If T has a count-
able base of open sets, then L,(m), L,(c(Co), m), L,(m) and L,(c(Cy), m) (resp.
L,(m)), L,(c(C),m,), L,(m.) and L,(c(C), m.)) are separable for 1 < p < oo.

C C C

Proof. By the hypothesis on the range of m and by the Theorem on Extension of
[K3] or by Corollary 2 of [P7] (where a self-contained short proof of the said the-
orem of [K3] is given), m admits an X-valued o-additive extension mg on By(T),
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which is unique by the Hahn-Banach theorem. Then by Theorem 10 of [P9] or by
Theorem 1 of [DP1] (where a simple proof of the said theorem of [P9] is given),
my is By(T)-regular and has a unique X-valued B.(T')-regular o-additive exten-
sion m. on B.(T). Then the conclusions follow from Theorem 4.6.6 since B.(T')
(resp. By(T)) is countably generated by the hypothesis on T' and by Corollary to
Proposition 2 (resp. and by Corollary to Proposition 16) of §14 of [Dinl]. O

Following [Ri3] we give the following

Definition 4.6.9. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let m : P — X be o-additive. Let m(P) = {m(A) : A € P}. For A,B € P, we
write A ~ B if x4 = xp m-a.e. in T. Then we write P(m) = m(P)/ ~. (Note
that ‘~’ is an equivalence relation.)

Remark 4.6.10. If A,B € P and A ~ B, then ||m||,(AAB) = 0 for each ¢ € T
and hence p(m)(gp) (A,B) = 0 for 1 < p < oo. Consequently, P(m) C L,(m) for
all p € [1,00) and by Theorem 4.6.2(i), T,(ff)|p(m) = 7',(1:)|7>(m) for all p,r € [1, 00).
(Here by an abuse of notation we also denote by ﬁ(ﬁ’ )
on Ly(m).)

Notation 4.6.11. In the light of Remark 4.6.10, when we write P(m), we consider
it as a subset of some L,(m), 1 < r < oo, with the relative topology from L, (m).

the quotient topology induced

Theorem 4.6.12. Let X and m be as in Definition 4.6.9. Then:

(i) If for some p € [1,00), (P(m ),T,(ff)) is separable, then L,(m) (resp.

L. (c(P),m)) is separable for all r € [1,00). In that case, in the light of
Notation 4.6.11 we simply say that P(m) is separable.

(ii) If X is further metrizable, then (P (m),Tm ) is separable for all r € [1,00)
whenever L,(m) (resp. L,(c(P),m)) is separable for some p € [1,00).

Proof. (i) By hypothesis there exists a countable Tr(,f)-dense set D in P(m). Then
by Remark 4.6.10, D is also 74 -dense in P(m) for any r € [1,00). Now taking
W as in the proof of Theorem 4.6.2(ii) and using the fact that Z,/ ~ is dense in
L,(m) (resp. in L,(o(P),m)) by Theorem 4.5.6, we conclude that W is dense in
L,(m) (resp. L,(o(P),m)) and hence (i) holds.

(ii) If X is further metrizable, then by Theorem 4.4.2(1) L,(m) (resp.
L,(c(P),m)) is metrizable. If L,(m) (resp. L,(c(P),m)) is separable, then by
Theorem 11, Chapter 4 of [Ke], P(m) is separable for the relative topology from
L,(m) (resp. from L,(c(P),m)). Then by (i), L,(m) (resp. L,(c(P), m)) is sep-
arable for all r € [1, 00). O

To give a characterization of the separability of S(n) similar to Propositions
2 and 3(ii) of [Ri3] when S is a o-ring of sets and n : § — X is o-additive, we give
the following concept. See also ([KK], pp. 32-33).
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Definition 4.6.13. Let X be a quasicomplete (resp. sequentially complete) lcHs and
let S be a o-ring of subsets of 7. Let m : P — X (resp. n: S — X) be o-additive.
If there exists a countably generated d-ring Py C P (resp. o-ring Sp C S) such
that Po(m) = P(m) (resp. So(n) = S(n))(see Definition 4.6.9), then P (resp. S)
is said to be m-essentially (resp. n-essentially) countably generated.

Theorem 4.6.14. Let X ba a quasicomplete (resp. sequentially complete) lcHs and
let S be a o-ring of subsets of T. Letm : P — X (resp. n: S — X) be o-additive.
Then:

(i) If P is m-essentially (resp. S 1is n-essentially) countably generated, then
P(m) (resp. S(n)) is separable (see Notation 4.6.11) and hence, for 1 <
p < 00, Lp(m), Lp(m), L,(c(P),m) and L,(c(P), m) are separable; (resp.
Ly(n), Ly(n), Ly(0(S),n) (= £,(S,n)) and Ly(o(S),n) (= Lp(S,n)) are
separable).

(ii) If S(n) is separable and if the range n(S) is metrizable for the relative topol-
ogy from X, then S is n-essentially countably generated. (Consequently, by
(i), Lp(n), Lp(n) Lp(a(S),n) (= L(S,n)) and Ly(0(S),n) (= Ly(S,n)) are
separable for all p € [1,00)).

Proof. (1) We shall prove for the case of P(m). The proof for S(n) is similar. Let
Py be a countably generated -ring such that Py(m) = P(m). Then by Theorem
4.6.3, for all p € [1,00), Py is separable for the topology ﬁ(ff). Let 1 <p<oo,p
fixed. Then in the light of Theorem 5C of [H], there exists a ) _dense countable
subring Ry of Py. Let Zr, be the set of all Ry-simple functions and let W =
{31 ixr : aj = aj +ibj,a;j,bjreal rational, F; € Ro,j = 1,2,...,r,r € IN}.
Then W is countable and by an argument similar to that in the proof of Theorem
4.6.2(ii), W is 7 _dense in IR, Let f € L,(m) (resp. f € L,(c(P),m)) and let
V be a neighborhood of f in £,(m) (resp. in £,(c(P), m)). Then there exist an
e>0and ¢1,¢2,...,¢, in I such that V O {g € £,(m) (resp. g € L,(c(P), m)) :
(my, )5 (f —g,T) <e,i=1,2,...,n}. By Theorem 4.5.6, there exists s € Z; such
that (mg,)p(f —s,T7) < § fori =1,2,...,n and as Po(m) = P(m), there exists
s’ € Ig, such that s = s’ m-a.e. in T. Moreover, as W is dense in Zg,, there
exists w € W such that (mg,)5(s’" —w,T) < § fori =1,2,...,n. Then it follows
that w € V and hence £,(m) (resp. £,(c(P), m)) is separable. Then by Problem
H, Chapter 4 of [Ke|, L,(m) (resp. L,(c(P), m)) is separable. Hence (i) holds.

(ii) Let © = n(S). By hypothesis, © and hence ©Q — €2 is metrizable for
the relative topology from X. Hence there exists a sequence (V,,)$° of 7-closed
absolutely convex 7-neighborhoods of 0 in X such that

(i) Vag1 + Vo1 C Vi, for n > 1; and
(ii) Vo N2 —Q),n € IN, form a neighborhood base of 0 in (2 — Q, 7|(Q — Q)).

Let 71 be the locally convex topology on X for which (V},)$° is a neighborhood base
of 0 in X. To show that 71|q—q = T|a—q, we argue as in the proof of Theorem 2.1
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of [S]. Let x € Q and let V be a m-neighborhood of 0 in X . Then there exists n such
that V,N(Q—Q) C VN(Q—-0Q) as VN(Q2—9) is a neighborhood of 0 in 7|q_q. Let
y € (z+V,)NQ so that there exist v, € V,, and w € Q such that y = z 4+ v, = w.
Then y—x = v, =w—2x and hence y —z € V,,N(Q—Q) C VN (Q—Q). Therefore,
(x4+Vo)NQ C (x+V)NQ Thus 7] < 1]q. Clearly, 11l < 7|q and hence
Tila = 7la. If ¢, is the Minkowski functional of V,,, then (g,|q)i° generate the
topology 71| and hence ) In(s) is generated by (p(n)((f,:) In(s))pey for p € [1,00).

By hypothesis, S(n) = n(S)/ ~ is separable in the topology induced by
T,(lp)|5(n):7'0 (say) (by an abuse of notation (see Remark 4.6.10)). Hence there
exists a countable 7p-dense family F C S(n). Let So = o(F). Then, obviously,
Sp(n) C S(n). Now let z € S(n). Then there exists A € S such that n(A) = «.
As 7¢ is pseudo-metrizable and as F is m9-dense in S(n), there exists a sequence
(Fn)$® C F such that lim,(ng, )8 (xa — xr,,T) = 0 for each k € IN. Then by
Theorems 3.1.18(vi) and 3.1.19 of Chapter 3 for ng, , there exists a subsequence
(Fa1)pey of (Fy,)$° such that x g, , — xa ng-a.e.inT. As (ng, )5 (xa—xr, ,,T) —
0, by the said theorems there exists a subsequence (Fj, 2)5%; of (F,1)5%; such
that xr,, — XA Ng,-a.e. in T'. Continuing this process indefinitely, we note that
the diagonal sequence (xr, , )52 is some subsequence (xr,, )iz, of (xr,)i° and
XF., — Xa pae. in T. Let N € S with [|m|[¢(N) = 0 for all ¢ € I' such
that xp, (t) — xa(t) for t € T\N. Then, for each t € A\N, Xxpy,(t) — 1 and
hence liminfy F,,, D A\N. Similarly, for each t € T\(A\N), xp,, (t) — 0 so
that liminfy(T\F,,) D T\(A\N) or equivalently, limsup, F,, C A\N. Hence
xa\n = limg Fy,, and hence A\N € Sp. As N is n-null, it follows that z = n(A)
and A ~ (A\N) € Sy. Therefore, € Sp(n) and hence S(n) = Sp(n). Thus S is
n-essentially countably generated. O

Remark 4.6.15. The above theorem for n and for p = 1 subsumes Propositions 2
and 3(ii) of [Ri3] given for a o-additive vector measure n defined on a o-algebra
Y of subsets of T with values in a sequentially complete lcHs. There the proof is
based on the facts that n is a closed vector measure as shown in [Ril] and that the
o-algebra generated by an algebra of sets is the same as its sequential closure. But
our proof is different and dispenses with the concept of closed vector measures.



Chapter 5

Applications to Integration in
Locally Compact Hausdorft
Spaces — Part I

5.1 Generalizations of the Vitali-Carathéodory
Integrability Criterion Theorem

The results of the present section are needed in Section 6.5 of Chapter 6 to describe
the duals of Li(m) and £4(n), where m : B(T) — X is o-additive and B(T')-
regular and n : §(C) — X is o-additive and 6(C)-regular and X is a Banach
space.

In the sequel, T" denotes a locally compact Hausdorff space and U, C, and Cy
are as in Definition 4.6.4 of Chapter 4; i.e., U is the family of open sets in T, C that
of compact sets in T and Cp that of compact G sets in T. Then B(T) = o(U),
the o-algebra of the Borel sets in T'; B.(T)= o(C), the o-ring of the o-Borel sets
in T and By(T') = o(Cp), the o-ring of the Baire sets in 7. §(C) and §(Cp) are the
o-rings generated by C and Cyp, respectively.

As in Chapters 1-4, X denotes a Banach space or an IcHs over K (= R or
C ) with T, the family of continuous seminorms on X, unless otherwise stated
and it will be explicitly specified whether X is a Banach space or an lcHs. Let
R = B(T) or 6(C); a o-additive set function m : R — X is said to be R-regular if
it satisfies the conditions in Definition 4.6.7 of Chapter 4. Recall the definition of
L,(0(P), m) given in Theorem 3.2.8 of Chapter 3.

Lemma 5.1.1. Let X be a quasicomplete (resp. sequentially complete) lcHs, m :
B(T) — X be o-additive and Borel reqular and f : T — [0,00) (resp. and be
B(T)-measurable). Then f € L1(m) (resp. f € L1(B(T),m)) if and only if, given
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€ >0 and q € T, there exist functions w9 and v\ on T such that ul? < f <
v(@ mgy-a.e. in T, uD s upper semicontinuous in T with compact support and
with w(D(T) C [0,00), v(9 is lower semicontinuous and m,-integrable in T, and
(my)$ (0@ —u@ T) <e.

Proof. In the light of Theorem 4.5.13(i) of Chapter 4 which states that £;(m) =
Nyer £1(mg) (resp. L1(B(T),m) = ,cr L1(B(T), my)), it suffices to prove the
result for Banach spaces. So we shall assume X to be a Banach space. Suppose the
conditions are satisfied for each € > 0. If f is not B(T)-measurable, we first show
that it is m-measurable. By hypothesis, for each n, there exist such functions
up and v, with 0 < w,, < f < v, m-a.e. in T and with m$ (v, — u,,T) < %
Since v, is m-integrable in 7" and since w,, is Borel measurable, by the domination
principle (see Theorem 2.1.5(vii) and Remark 2.3.3 of Chapter 2) u, is also m-
integrable in T'. Let g, = maxi<i<, u; and h, = mini<;<, v;. Then by Theorems
3.3 and 3.5, §3, Chapter III of [MB], g, is upper semicontinuous and h,, is lower
semicontinuous for each n. Moreover, g, /" and h,, \, and by hypothesis and by
Theorem 2.1.5(vii) and Remark 2.2.3 of Chapter 2, ¢,, and h,, are m-integrable in
T for each n. Let g = sup,, g, and h = inf,, h,,. Then 0 < g < f < h m-a.e. in
T and g and h are B(T)-measurable. Moreover, 0 < h,, — g, < v1 € L1(m) and
hn — gn — h — g pointwise in T. Hence by LDCT (see Theorem 2.1.7 and Remark
2.2.3 of Chapter 2), h—g € £1(m) and m$((h—g) — (hn, — gn), T) — 0. Moreover,
as 0 < hy,, — gn < vy, — Uy, by Theorem 3.1.11(i) of Chapter 3, m$(h,, — g,,T) <
m} (v, —up, T) < % for n € IN. Consequently, by Theorem 3.1.13(ii) of Chapter 3,
m}(h—g,T) <m$}((h—g)— (hn—gn), T)+m}(hy, —gn,T) — 0 as n — oo. Hence
by Theorem 3.1.18(ii) of Chapter 3, h = g m-a.e. in T. Then f = g = h m-a.e. in
T and hence f is m-measurable. Moreover, as m$ (v, — f, T) < m}(vy, —un, T) < %
and as £1(m) is closed in £1,M(m) by Theorem 3.2.8 of Chapter 3, we conclude
that f is m-integrable in T. If f is B(T)-measurable, then by the above argument
lim,, m$ (v, — f,T) = 0 and hence by the second part of Theorem 3.2.8 of Chapter
3, f € Ly(B(T), m).

To prove the converse, let us assume that f is not identically zero, f > 0 and
f € Li(m) (resp. f € L1(B(T), m)). By Definition 2.1.1 of Chapter 2, there exists
a B(T)-measurable function f:T— [0,00) such that f = fmaeinTorf=f
if f is B(T)-measurable. Arguing as in the first paragraph on p. 51 of [Rul], we
have

f)=> cixp(t), teT
i=1
where ¢; > 0 and E; € B(T') for all 4. Let

n
fn= ZCiXE’w n € IN.
i=1

Then 0 < f, f and hence by LDCT (see Theorem 2.1.7 and Remark 2.2.3 of
Chapter 2) lim, m}(f — f,,T) = 0. Thus, given € > 0, there exists ny such that
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m$(f — fno,T) < §. That is,

m? (Z ciXEi,T> < % (5.1.1.1)

no+1

By the Borel regularity of m there exist compact sets (K;)° and open sets (V;)5°
such that K; C F; C V; and such that

€
allml|(Vi\K;) < 21 (5.1.1.2)
fori € N. Let v = Y .2 cixy; and w = Y 1°) ¢ixk,. Then by Theorems 3.3, 3.4
and 3.5 and Example 2 of §3, Chapter III of [MB], v is lower semicontinuous and
u is upper semicontinuous in T, u(T') C [0, 0), suppu is compact and u < f < v
inT. If v, = > 1, ¢iXv;, then (v,)7° C L1(m) as v, are B(T)-simple functions.
For A € B(T), by Theorem 3.1.3 of Chapter 3 we have

mj(xa,T)= sup /XAdv(x*m): sup v(z*m)(A4) = ||m||(4). (5.1.1.3)
la*|<1JT PRES!

Now, by (5.1.1.1), (5.1.1.2) and (5.1.1.3) and by Theorem 3.1.13(ii) of Chap-

ter 3 we have m$(v — v, T) < m{(zzoﬂ cixe;, T) + mI(ZZOH cixvae,T) <

§+ 2o cllml|[(Vi\E;) < e for n > ng. Hence lim, m}(v — v,,T) = 0 and

consequently, by Theorem 3.2.8 of Chapter 3, v is m-integrable in T'.

Finally, by Theorems 3.1.11 and 3.1.13(ii) of Chapter 3 and by (5.1.1.3) we
have

no o
mj(v—u,T) <mj (ZCiXVi\KﬁT> + m] (Z cin,T>
1

no+1
no o0 o0
<Y cllm||(Vi\K;) + m$ (Z CiXE,-,T> +m] (Z CiXVi\K“T>
1 no+1 no+1
<> _cilml|(V\K;) + mi (Z cixE,-,T> <e
1 no+1
Hence the lemma holds. O

Theorem 5.1.2. (Generalization of the Vitali-Carathéodory integrability criterion
theorem for Borel regular m). Let X be a quasicomplete (resp. sequentially com-
plete) lcHs, m : B(T) — X be o-additive and Borel reqular and f : T — R (resp.
and be B(T)-measurable). Then f € Lq(m) (resp. f € L1(B(T), m)) if and only
if, given € > 0 and q € T, there exist functions w9 and v'9 on T such that
w@ < f <@ mg-a.e. in T, uD s upper semicontinuous, bounded above and
mg-integrable in T, 0D s lower semicontinuous, bounded below and my-integrable
in T and (my)} (0P —u(@ T) < e.
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Proof. In the light of Theorem 4.5.13(i) of Chapter 4, it suffices to prove the
result for a Banach space X and hence let X be a Banach space. Suppose the
conditions hold for each € > 0. If f is not B(T)-measurable, we first show that f is
m-measurable. For each n, there exist such functions u,, and v, with u, < f <w,
m-a.e. in T and m$ (v, —u,, T) < % Let g, = maxj<i<p u; and hy, = ming <;<y, v;,
g = sup,, gn and h = inf, h,. Then by Theorems 3.3 and 3.5, §3, Chapter III
of [MB], (g,)5° are upper semicontinuous and (h,)$° are lower semicontinuous.
Moreover, g, /" g and hy, \, h. Hence g and h are B(T)-measurable and g < f < h
m-a.e. in T. Now, 0 < h,, — g, < v, —u, and by hypothesis, h,, — g, and v,, —u,, are
well defined on T'. By hypothesis, v,, and u,, are m-integrable in 7" and hence by
Theorem 3.1.12(ii) of Chapter 3, v, and u,, are finite m-a.e. in 7. Hence v,, — u,
is m-integrable in T'. Consequently, by Theorem 2.2.5(vii) and Remark 2.2.3 of
Chapter 2, hy,, — g, is m-integrable in T for n € N and as 0 < h,, — g, < v1 — uz,
hn—9gn — h—gin T and v; —u; is m-integrable in 7', by LDCT (see Theorem 2.1.7
and Remark 2.2.3 of Chapter 2), lim, m$((h, — gn) — (h — g),T) = 0. Moreover,
m$(hy, — gn, T) < m$ (v, — up,T) < £+ — 0 as n — oo. Hence m$(h — g,T) = 0
so that by Theorem 3.1.18(ii) of Chapter 3, h = ¢g m-a.e. in T. Consequently,
f=h=g m-a.e. in T and hence f is m-measurable.

Asm$(v, — f,T) < m$(vy, — uy, T) <+ — 0 as n — oo, by Theorem 3.2.8
of Chapter 3 the function f € £1(m) (resp. f € £1(B(T), m)).

Conversely, let f € £i(m) (resp. f € £1(B(T'), m)). By Theorem 2.1.5(vii)
and Remark 2.2.3 of Chapter 2, f*, f~ € £1(m) (vesp. 1, f~ € £L1(B(T), m)).
Using Lemma 5.1.1 above and Theorem 2.1.5(vii) and Remark 2.2.3 of Chapter 2
and arguing as in the general case in the proof of Theorem 2.24 of [Rul], one can
prove the converse. Details are left to the reader. O

Theorem 5.1.3. (Generalization of the Vitali-Carathéodory integrability criterion
theorem for 6(C)-regular n). Let X be a quasicomplete (resp. sequentially complete)
leHs, n : 6(C) — X be o-additive and 6(C)-regular and f : T — R (resp. and be
B.(T)-measurable). Then f € Li(n) (resp. f € L1(B:(T'),n)) if and only if, given
q €T and e > 0, there exist functions w9 and v'9 on T such that u(? < f <
0@ ng-a.e. in T, v9 is lower semicontinuous, bounded below and n,-integrable
in T, u'9 is upper semicontinuous, bounded above and ng-integrable in T and
(ny)3 (0@ —u@ T) <e.

Proof. First we observe that a Borel measurable function h with N(h) = {¢t €
T : h(t) # 0} o-bounded (i.e., contained in a countable union of compact sets) is
necessarily B.(T')-measurable and hence n,-integrable upper semicontinuous and
lower semicontinuous functions are B.(T)-measurable. Using this observation and
an argument quite similar to the proof of the sufficiency part of Theorem 5.1.2 in
which B(T) is replaced by B.(T) and m by n, one can show that the conditions
are sufficient.

As seen in the proof of Lemma 5.1.1, we prove the result assuming X to
be a Banach space and f € Ly(n)(resp. f € L1(B:(T),n)), f > 0 and f not
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identically zero. Then there exists an n-null set N € B.(T) such that f=rf XT\N
is B.(T')-measurable and N = () when f is B.(T)-measurable. Let so = 0 and

. if &L f S - n
sn(t) =4 27 }f £ < f(t) < 55, i=1,2,...,2™n,
n if f(t) > n.

Then s, / fin T and f(t) = 325 (s, — sn_1)(t). As N(f) € B(T), there exists

(A,)5° € 8(C) with A, / N(f). Then S (sn(t)xa, (t) — sn—1(t)xa,_, (1) =
s1(t)xa, (t) and hence f(t) = limg s () = limy, s (t)x 4, (t). Moreover, it is easy
to check that > 7°(snXxa, — Sn—1XA4,_,) is of the form Y 7° cxxE, with ¢ > 0 for
each k and (Ej)$° C §(C) since AN B € §(C) for A € §(C) and B € B.(T'). Thus

ft) = ZCkXEka ¢ > 0 for each k and (Ey)7° C 6(C).
k=1

As n is §(C)-regular, given € > 0, there exist an open set V,, € §(C) and a compact
K, such that K, C E, C V, and such that ||n|[(V,\K,) < 557 for n € N.
Then arguing as in the proof of the converse part of Lemma 5.1.1, one can show
the existence of v and v as in the said lemma with u and v B.(T)-measurable.
Then arguing as in the proof of the necessity part of Theorem 5.1.2 the theorem
is proved for real-valued f. O

Remark 5.1.4. Arguing as in the proof of Lemma 5.1.1 and Theorem 5.1.2, a
result generalizing the corollary of Theorem 3, no. 4, §4, Chapter IV of [B] can be
obtained for f € £1(m) where m is as in Theorem 5.1.2. Similarly, an analogous
result is true for f € £1(n) where n: §(C) — X is o-additive and §(C)-regular.

5.2 The Baire version of the Dieudonné-Grothendieck
theorem and its vector-valued generalizations

We show that the boundedness hypothesis in Corollary 1 of [P8] is redundant and
thereby we obtain the Baire version of the Dieudonné-Grothendieck theorem in
Theorem 5.2.6 below. Also see Remark 5.2.7 below. Then using the ideas in the
proofs of Proposition 2.11 and Theorem 2.12 of [T], we generalize Theorem 5.2.6
to o-additive Borel regular vector measures. (See Theorems 5.2.21 and 5.2.23.)

Notation 5.2.1. C.(T) = {f : T — K, f continuous with compact support };
Co(T)={f:T — K, f continuous and vanishes at infinity inT'}, both the spaces
being provided with norm || - ||7. M(T) denotes the dual of (Co(T),|| - ||7) and
each member of M (T) is considered as a o-additive Borel regular scalar measure
on B(T). We write |u|(-) = v(u, B(T))(-) for p € M(T). Then ||u|| = |p|(T), for
w € M(T). V is the family of relatively compact open sets in T. C.(T') endowed
with the inductive limit locally convex topology as in §1, Chapter III of [B] is
denoted by K(T).
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Lemma 5.2.2. §(C) = {A € B(T) : A € C} and §(Co) = {A € By(T) : A € C}
where A denotes the closure of A in T.

Proof. Let F be the family of closed sets in T'. Since §(C) C B.(T) and §(Cy) C
By(T), and since each member of §(C) U 6(Cp) is relatively compact, it suffices to
show that {4 € B(T) : A € C} C 6(C) and {A € Bo(T) : A € C} C §(Co). Let
A € B(T) (vesp. A € Bo(T)) with A € C. Then by Theorem 50.D of [H] there
exists Cy € Cp such that A C Cy and hence by Theorem 5.E of [H] we have
A=ANCy e O’(f) NCy = 0'(.7'—000) = O’(CQCO) = 5(0000) - 5(6) (resp.
A=ANCH e a(Co)NCy=0(ConNCy) =0d(CoNCoh) C(Co)). Hence the lemma
holds. o

Lemma 5.2.3. A o-compact open set in T is a Baire set. Conversely, every open
Baire set in T s o-compact.

Proof. Let U be open in T and let U = |J;° K, (K,);° C C. Then by Theorem
50.D of [H], for each K, there exists C;, € Cy such that K,, C C,, C U and hence
U =" Cyn € By(T). Conversely, if U € By(T) is open in T', then U is o-bounded
so that there exists (K,);° C C such that U C |J;° K. Then by Theorem 50.D of
[H] and by the previous part there exist relatively compact open Baire sets (V/,)$°
such that K, C V,, for each n. Then U = [J7°(UNV,) and by Lemma 5.2.2, each
UNV, €(C). Then U is o-compact by Proposition 15, §14 of [Dinl]. O

Lemma 5.2.4. Let (py,)3° € M(T) (resp. my, : B(T) — X, n € N, be o-additive
and Borel regular, where X is an lcHs). Then:

(i) For each open set U in T, there exists an open Baire set Vi in T such
that Vi C U and |pn|(U\Vr) = 0 for all n and consequently, p,(U) =
wn (V) for all n (resp. given q € T, there exists an open Baire set Véq)
in T such that V(}q) Cc U and ||mn||q(U\V[§q)) = 0 for all n and hence
|m,, (U) — mn(V[gq))|q =0 for all n).

(ii) If, for each open Baire set V in T, sup,, |un(V)| < oo, then

sup |1 (U)] < 50

for each open set U in T and consequently, sup,, ||pn|] < oo.

Proof. Claim 1. Given an open set U in T, (resp. and ¢ € T'), for each n € IN,
there exists an open Baire set V, in T such that V,, C U and |u,|[(U\V,) = 0 so

that pn(U) = pn(Vy) (resp. there exists an open Baire set V2 in T such that
Vii? C U and ||my, ||, (U\VA?) = 0 so that [m,,(U) — m, (V;?)|, = 0).

In fact, let v, = |n| or ||my ||, as the case may be. Then, given € = +, k € N,
by the Borel regularity of y,, and of m,,, there exists K ,(Cn) eC, K ,gn) C U such that
I/n(U\K](Cn)) < +. Then by Theorem 50.D of [H] and by Lemma 5.2.3 there exists



5.2. The Baire version of the Dieudonné-Grothendieck theorem 123

an open Baire set Vk(n) in T such that K} C Vk(") C U. Then un(U\Vk(n)) < 1. Let
Vi = Ures Vk(n). Then V,, is an open Baire set in T, V,, C U, and v, (U\V,,) = 0.

(i) Let Vi = Uy~ Vi (resp. Vlgq) =UZ, V) where Vj, (resp. Vii?) are
chosen as in Claim 1 with respect to U (resp. with respect to U and q). Clearly,
Vi (resp. Véq)) is an open Baire set in T, Viy C U and |pu,|(U\Vy) = 0 (resp.
V% c U and ||m,||,(U\V{?) = 0) for all n. Hence (i) holds.

(ii) Let U be an open set in T. Then by (i) there exists an open Baire set Vi
such that Viy C U and such that |u,|(U\Vy) = 0 for all n. Then by hypothesis
sup,, |un(U)| = sup,, |n(Vir)| < oo for each open set U in T'. Then by Theorem
Ty in Appendix I of [T], sup,, ||pn|] < oo. O

The following result is an improvement of the remark under Theorem T} in
Appendix T of [T].

Corollary 5.2.5. Let (io)acr € M(T). Suppose every sequence from (fiq)acr S
bounded in each open Baire set in T. Then sup,cy ||pal| < co.

Proof. Otherwise, for each n € IN, there would exist «,, € I such that ||pa,|| >
n. On the other hand, the hypothesis and Lemma 5.2.4(ii) would imply that
sup,, ||pha,, || < 0o, a contradiction. O

Theorem 5.2.6. (The Baire version of the Dieudonné-Grothendieck theorem). A
sequence (fin) in M(T) is weakly convergent if and only if, for each open Baire set
U in T, lim, u,(U) exists in K or equivalently, there exists p € M(T) such that

lirILn/de,un:/deu (5.2.6.1)

for each bounded Borel measurable scalar function f on T if and only if lim, u, (U)
exists in K for each open Baire set U in T. In that case, i is unique.

Proof. If (p,) converges weakly to u € M(T), then (5.2.6.1) holds and particularly,
lim,, 1, (U) = p(U) € K holds for each open Baire set U in T

Conversely, if lim, u,(U) € K for each open Baire set U in T, then
sup,, |un(U)| < oo for each open Baire set U in T' and hence by Lemma 5.2.4(ii),
sup,, ||pnl|] < co. Consequently, by Corollary 1 of [P8], (i) converges weakly to
some p € M(T) and hence particularly (5.2.6.1) holds. Since the weak topology
of M(T) is Hausdorff, the weak limit p is unique. O

Remark 5.2.7. In the light of Lemma 5.2.4(ii), the boundedness hypothesis in
Corollary 1 of [P8] is redundant. This has already been noted in Remark 9.18 of
[P13]. Also see [SK] for a proof based on the one-point compactification of T'.

The following theorem generalizes Lemma 5.2.4(ii) to lcHs-valued o-additive
regular Borel measures on 7.
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Theorem 5.2.8. Let X be an IcHs and let my, : B(T) — X be o-additive and Borel
regular for n € N. If (m,,(V))$° is bounded for each open Baire set V in T, then
sup,, ||my||4(T") < oo for each g € T.

Proof. Let ¢ € ' and let V be an open Baire set in 7. Then by hypothesis,
sup,, ¢(m,(V)) < c0. f Uy = {x € X : g(x) < 1}, then by hypothesis, by Proposi-
tion 1.2.15(i) and by Proposition 1.1.6 of Chapter 1, sup,, sSup,-cyo [2* om,,|(V) <
oo. Consequently, by Corollary 5.2.5, sup,, Sup«cyo [* © mn|(T)q< oo and hence
by Proposition 1.2.15(ii)(c) of Chapter 1 we have ’

sup ||my,||4(T) =sup sup |z* om,|(T) < co.
n

n z*elg
Hence the theorem holds. O

The rest of the section is devoted to generalizing Theorem 5.2.6 to Banach
space as well as to sequentially complete lcHs-valued o-additive regular Borel
measures on 7.

We start by recalling the following definition from [T].

Definition 5.2.9. Let X be an IcHs with topology 7. A locally convex Hausdorff
topology 7’ on X is said to possess the Orlicz property when all the formal series
> x, of elements in X which are subseries convergent in the topology 7’ are uncon-
ditionally convergent in 7. A subset H of X ™ is said to possess the Orlicz property
when the topology (X, H) is Hausdorff and possesses the Orlicz property.

Notation and Terminology 5.2.10. Let X be an lcHs with topology 7. X** is the
bidual of X when X* is endowed with the strong topology G(X™*, X)generated by
the seminorms {¢p : Bbounded in X}, where

qp(z*) = sup |z*(z)| forz™ € X™.
zeB

The topology 7. on X** of uniform convergence in equicontinuous subsets of X* is
generated by the seminorms {qg : E € £} (see Notation 1.2.11 of Chapter 1) where
ge(z™) = supy.cp |e**(a*)| for o™ € X** If u : Cy(T) — X is a continuous
linear map, then the adjoint u* : (X*, 8(X*, X)) — M(T) and biadjoint u** :
(Co(T))*™ — (X**,7) are continuous and linear and u**|¢,(ry = u, where (X, 7)
is identified as a subspace of (X**, 7). For details see [Ho]. By Theorem 1 of [P9],
for each continuous linear mapping u : Co(T) — X there exists a unique X**-
valued vector measure (i.e., additive set function) m on B(T') such that 2* om =
u*z* € M(T) for * € X*, the mapping z* — z* om of X* into M (T') is weak*-
weak* continuous and z*u(p) = [ pd(z* o m) for each ¢ € Cy(T) and z* € X*.
Then m(A) = u**(xa) for A € B(T) and {m(A) : A € B(T)} is 7e-bounded in
X**. Such m is called the representing measure of u (see Definition 4 of [P9]).
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Proposition 5.2.11. Let X be an lcHs and let u : Co(T) — X be a continuous linear
mapping with the representing measure m. Then each ¢ € Cy(T) is m-integrable
in the sense of Definition 1 of [P7] with respect to the completion of (X**,7.) and

Jrpdm = u(p) € X.

Proof. By Theorem 1 of [P9], the range of m is bounded in (X** 7.). Let ¢ €
Co(T'). Then ¢ is a bounded Borel measurable function and hence there exists a
sequence (sy) of B(T')-simple functions converging to ¢ uniformly in T'. Therefore,

¢ is m-integrable in the sense of Definition 1 of [P7] with [ pdm € (X**, 1),
the completion of (X**,7.). Then, for z* € X* by Theorem 1 of [P9] and by
Lemma 6 of [P7] we have, z*u(¢) = [.@d(z* o m) = 2*( [, pdm) since z* is

continuous on (X**,7.). As u(p) € X and [, pdm € (X**,7.), it follows that
qe(u(p) — [ pdm) = 0 for each E € £. Hence [ pdm = u(p) € X. O

Remark 5.2.12. In the light of the above proposition, the hypothesis of quasicom-
pleteness in (vi) of Proposition 5 in [P12] is redundant.

The following lemma is needed in the proof of Theorem 5.2.14.
Lemma 5.2.13. Let X be a normed space and let H be a norm determining set in
X*. Then H C {z* € X*: |z*| < 1}.
Proof. Let * € H. Then, for |z| < 1, we have

2" (z)] < sup |y*(z)| = |z| <1
y*eH

and hence |2*| = sup|,<; [z*(z)] < 1. O

The following theorem is an improvement of Theorem 3(vii) of [P9] and it is
motivated by Theorem 2.7 of [T] whose proof is adapted here.

Theorem 5.2.14. Let X be a Banach space and let u : Co(T) — X be a continu-
ous linear mapping with the representing measure m on B(T). Let H be a norm
determining set in X* with the Orlicz property. Then u is weakly compact if and
only if, for each open Baire set U in T, there exists a vector xy € X such that

(2" om)(U) = 2" (zv) (5.2.14.1)
foraz* € H.

Proof. If u is weakly compact, then by Theorem 2(ii) of [P9], m has range in X
and hence the condition is necessary.

Conversely, let (5.2.14.1) hold. Let (U,,) be a disjoint sequence of open Baire
sets in T'. For a subsequence P of IN, by (5.2.14.1) we have

¥ (zy, ,v,) = (z"om) (U Un> = Z(w*om)(Un) = Z x*(zy,) (5.2.14.2)

nepP nepP neprP
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for each z* € H and hence for each z* € (H), where (H) is the linear span of
H. Since H is a norm determining set, o(X, H) is Hausdorff. Then by Theorem
V.3.9 of [DS1], (X,0(X, H))* = (H) and hence (5.2.14.2) implies that > -, zy, is
subseries convergent in o(X, H). Then, as H has the Orlicz property by hypothesis,
> wy, is unconditionally convergent in the norm topology of X. Therefore,
lim, |zy, | = 0 so that lim, sup ..y |z*(zv,)| = 0. Consequently, by (5.2.14.1),
limy, sup,.c g |(z* o m)(U,)| = 0. Then by Lemma 5.2.13 and by the fact that
{m(A4) : A € B(T)} is norm bounded in X** by 5.2.10 (note that 7. coincides
with the norm topology of X**), my = {&* om : 2* € H} is bounded in M(T).
Consequently, by Theorem 1 of [P8], my is relatively weakly compact in M (T).

Claim 1. That my is relatively weakly compact in M (T') implies that u is weakly
compact.

In fact, as my is relatively weakly compact in M (T), by Theorem 1 of [P§],
given an open Baire set U in T and € > 0 (resp. for T and € > 0), there exists
K € Cy such that K C U and

sup |z* om|(U\K) < € (5.2.14.3)
z*eH
(and resp.
sup |z* om|(T\K) < e. (5.2.14.3"))
z*eH

Combining (5.2.14.3) and (5.2.14.3") we have
sup |z" om|(U\K) < e (5.2.14.4)
z*eH
where U is the given open Baire set or U =T
For such U, xp\ k is lower semicontinuous and hence we have
sup lu(e)| = sup sup |z"u(p)|
PER(T),|e|<xu\K PEK(T),|p|<xu\ Kk T*€EH

= sup sup [(w*z™) (). (5.2.14.5)
z*eH pek(T),le|<xu\x

On the other hand,
sup |(w"z*) ()| = sup [(u*a™) ()|
PeER(T)|le|l<xu\K [¥]<lel, b, pel(T), el <xuv\x

= sup [u*z"[(|¢l)
PEK(T),lel<xu\k

= [u"z"["(xv\K)
= [u*z* | (U\K) (5.2.14.6)

by (12) on p. 55 of [B] and by Definitions 1 and 2, §1, Chapter IV of [B]. Note
that |u*z*| is the absolute value of the functional u*z* defined as on p. 55 of [B].
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By Corollary 3 of Theorem 2, §5, no. 5 of Chapter IV of [B], the Borel sets in T
are |u*x*|-measurable and by an abuse of notation let us denote |u*2*[*|g(r) also
by |u*a*|. Then by (5.2.14.5) and (5.2.14.6) we have

sup lu(p)] = sup |(u*z™)|(U\K) (5.2.14.7)
PER(T), [#l<Xy\ x z*eH
where U is the given open Baire set or U =T

By Theorem 4.11 of [P3], by the last part of Theorem 3.3 of [P4] and by
Notation 5.2.1 above, we have

Mlura=| = V(yrzr s B(T)) = | b 2+ (5.2.14.8)

where iy« is the complex Radon measure induced by u*z* in the sense of
Definition 4.3 of [P3]. Note that -+ is the same as z* o m as (u*z*)(xa) =
(z*u™)(xa) = (z*om)(A) for A € B(T) (see 5.2.10). Then by (5.2.14.4), (5.2.14.7)
and (5.2.14.8) we have

sup lu(p)| = sup |(u"z")[(U\K)
PeK(T),|v|<xu\K z*€H

= sup Hju-a~|(U\K)
z*cH

= Ssup |/1*u*w* (U\K)
x*eH

— sup |2 o m|(U\K)
x*eH

<e (5.2.14.9)

where |y | = |2* o m| and U is the given open Baire set or U =T

On the other hand, by (5.2.14.4), (5.2.14.6), (5.2.14.8) and (5.2.14.9) and by
(12) on p. 55 of [B] we have

€> sup lu(sp)] sup sup [(@"u) ()|
PeK(T),|v|<xu\K PEK(T),|p|<xv\k lz*|<1

= sup sup |[(w*z™)(0)]
[z* <1 e(T),|¢|<xv\K

= sup [u'z*["(U\K)

o= |<1
= sup [u"z"|(U\K)
o> |<1
= sup Hjye- (U\K)
o> |<1
= lSlllglv(uu*x*,B(T))(U\K)
= sup v(z" om,B(T))(U\K) (5.2.14.10)

|z*[<1
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since U\ K is |u*z*|-measurable by Corollary 3 of Theorem 2, §5, no. 5 of Chapter
IV of [B] and since jiy«z+ = x* o m as in 5.2.10.

Since m : B(T') — X** is additive and [2"*| = sup|,. <1 |27 (2¥)| for 2™ €
X**, by an argument similar to the proof of Proposition 1.2.13(iii) of Chapter 1
and by (5.2.14.10) we have

Im|@\K) = sup v(z* o m, BI))(U\K) < e

o> |<1

where U is the given open Baire set or U = T'. Therefore, m is Baire inner regular
in each open Baire set U in 7T and in the set T" in the norm topology of X**,
which is the same as 7. for X**. Hence by Theorem 8(xxix) of [P9], u is weakly
compact. 1

Corollary 5.2.15. Let X be a Banach space, H be a norm determining subset of X*
and u : Co(T) — X be a continuous linear mapping. Let KK(T)} = (Co(T), || - ||7)*
be the set of all bounded linear functionals on KC(T) (see pp. 65 and 69 of [P4]).
If n: K(T); — M(T) is the isometric isomorphism given in Theorem 5.3 of [P4]
(n = CDE(lT) in the notation of Theorem 5.3 of [P4]), then n(0) = pol|pr) for
0 € K(T);, and hence n(z*u) = z* om for x* € X* where m is the representing
measure of u. Moreover, if n{x*u : x* € H} is relatively weakly compact in M (T),
then u s weakly compact.

Proof. Clearly, z*u is a bounded linear functional on Cy(T") and hence z*u €
K(T);. Moreover, (z*u)(¢) = (u*z*)(¢) = (z* om)(p) for ¢ € Co(T') (see 5.2.10).
Then

(z*u)(p) = /T (" om), o< Co(T).

Consequently, by Theorem 5.3 of [P4], n(z*u) = z* om, 2* € X*. Then by
hypothesis, {z*om : z* € H} is relatively weakly compact in M (T) and hence by
Claim 1 in the proof of Theorem 5.2.14, u is weakly compact. (]

The following theorem is motivated by Theorem 2.7 bis in [T] and its proof
in [T] is adapted here.

Theorem 5.2.16. Let X be an IcHs with topology T and let H be a subset of X*
having the Orlicz property such that the topology T is identical with the topology
of uniform convergence in equicontinuous subsets of H. Let u : Co(T) — X be
a continuous linear mapping with the representing measure m. Then u is weakly
compact if and only if for each open Baire set U in T there exists a vector xy € X
such that

(2" om)(U) = z*(xp) (5.2.16.1)
foraz* € H.
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Proof. If u is weakly compact, then by Theorem 2(ii) of [P9] the condition is
necessary. Note that the hypothesis of quasicompleteness of X is not needed for
(i)=(ii) of Theorem 2 of [P9].

Conversely, let (5.2.16.1) hold. Let Hg = {E C H : E is equicontinuous}. If
xz*(x) = 0 for each 2* € H, then for E € Hg, qr(x) = sup,.cg |2*(x)| = 0. Since 7
is the same as the locally convex topology generated by {¢g : E € H¢}, it follows
that = 0 and hence o(X, H) is Hausdorff.

Let (U,,) be a disjoint sequence of open Baire sets in T'. Arguing as in the proof
of Theorem 5.2.14, for a subsequence P of N, by (5.2.16.1) we have ) ., z*(zv,)
is subseries convergent for z* € (H), the linear span of H. Since (X, o (X, H))* =
(H) by Theorem V.3.9 of [DS1], > " @y, is subseries convergent in o(X, H).
By hypothesis, H has the Orlicz property and hence Y {° zy, is unconditionally
convergent in 7. By hypothesis, 7 is generated by the seminorms {¢g : F € H¢}.
Let E € Hg. Then lim, ¢g(zy, ) = 0 and hence by (5.2.16.1) we have

lim sup (z* o m)(U,) = 0. (5.2.16.2)
" oz*eE

Since the range of m is bounded in 7. by Theorem 1 of [P9],

sup ¢p(m(A)) < oo
AeB(T)
and hence {z* om : z* € E} is bounded in M(T). Then by (5.2.16.2) and by
Theorem 1 of [P§],

{z* om : 2™ € E} is relatively weakly compact in M (T). (5.2.16.3)

Let X be the completion of X. Let I ,, : X — )?qE C XqE for E € Hg, where

X, is the completion of the normed space )ZqE. If ¥~ is as in Proposition 1.2.13(i)
of Chapter 1 on X,,, then by Proposition 1.2.13(ii) of Chapter 1 {¥,. : z* € E}
is a norm determining set for )?qE, E € Hg. Then by Proposition 1.2.13(i) of
Chapter 1 and by 5.2.10 we have (¥ - oIl ou)(¢) = (z*u)(p) = [, ¢d(z* om) for
¢ € Cy(T) and clearly, U« oIl ou € K(T');. Therefore, n(¥y«oIl,, ou) = z*om
where 7 is as in Corollary 5.2.15. Then by (5.2.16.3) and Corollary 5.2.15, II,, ou
is weakly compact for each E € Hg. Consequently, by Lemma 2.21 of [T], which
holds for complex IcHs too, we conclude that u is weakly compact. O

qE»

Theorem 5.2.17. Let X be an lcHs with topology 7, H be a subset of X* having the
Orlicz property such that T is the same as the topology of uniform convergence in
equicontinuous subsets of H and u : Co(T) — X be a continuous linear mapping
with the representing measure m. Suppose ug is the same as u on Co(T) with X
being provided with the topology o(X, H). Then u is weakly compact if and only if
for each open Baire set U in T there exists a vector xy € X such that

(" o) (xv) = =" (2v) (5.2.17.1)
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for x* € H. Moreover, condition (5.2.17.1) is the same as (z* om)(U) = z*(xy)
for open Baire sets U in T and for x* € H.

Proof. Suppose (5.2.17.1) holds. As observed in the proof of Theorem 5.2.16,
the hypothesis on 7 implies that the topology (X, H) is Hausdorff and hence
(X,0(X,H)) is an IcHs. As o(X, H) is weaker than 7, u : Co(T) — (X, 0(X, H))

. . ] . . . e ”
is continuous and hence wy is a continuous linear map. Therefore, x*ui;(xa) =

(ufx*)(xa) for z* € (X,0(X, H))* and for A € B(T). Since (X, 0(X, H))* = (H),
the linear subspace spanned by H by Theorem V.3.9 of [DS1], particularly we have

* o kk

' uif (xa) = (Wiz*)(xa) (5.2.17.2)
for z* € H. Since
(upz®)(p) = 2" (unp) = z™(up) = u'z"(¥)
for ¢ € Cy(T') and for z* € H, we have
upz® =u*z* (5.2.17.3)

for * € H. Consequently, by (5.2.17.2) and (5.2.17.3) we have

ko kok

wrur (xa) = (upa”)(xa) = (u'z")(xa) = z7u™ (xa) = (z" om)(4) (5.2.17.4)

for * € H and for A € B(T'), since m is the representing measure of u. Hence the
hypothesis is equivalent to saying that

(2" om)(U) = z*ujf (xv) = 2" (zy) (5.2.17.5)
for z* € H and for open Baire sets U in T'. Consequently, by Theorem 5.2.16, w is

weakly compact.

Conversely, if u is weakly compact, then by Theorem 2(ii) of [P9] (which
holds for an arbitrary lcHs), m(U) = zy(say) € X for any open Baire set U in T
and hence by (5.2.17.5) we have

(" upr)(xv) = (¢" e m)(U) = 2" (zv)
for 2* € H and hence (5.2.17.1) holds. O

Lemma 5.2.18. Let X be a sequentially complete IcHs and let m,, : B(T) — X
be o-additive and Borel regular for n € N. Then lim, m, (U) € X for each open
Baire set U in T if and only if lim,, m,(U) € X for each open set U in T.

Proof. Clearly the condition is sufficient. Conversely, let lim,, m,, (V') € X for each
open Baire set V in T. Let U be an open set in T and ¢ € I'. Then by Lemma
5.2.4(i) there exists an open Baire set Vlgq) C U such that |mn(U)fmn(V,§q))|q =0
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for all n. By hypothesis, lim, mn(Véq)) = x4 (say) exists in X, for each ¢ € T".
Then

Im,, (U) — 24lg < [mu(U) — my (V) g + Imy (VE?) — aqlg — 0

as n — oo and hence |m,,(U) — my(U)|, — 0 as n, k — oo. Since ¢ is arbitrary in
T, this implies that (m,,(U))5%, is Cauchy in X. As X is sequentially complete,
there exists xy € X such that lim,, m, (U) = zy. Hence the lemma holds. O

Lemma 5.2.19. Let X be a quasicomplete lcHs and m : B(T) — X be o-additive.
Then each ¢ € Co(T) is m-integrable in T in the sense of Definition 1 of [P7]
as well as m-integrable in the sense of Definitions 4.2.1 and 4.2.1 of Chapter
4 and the corresponding integrals of f coincide. If u : Co(T) — X is given by
u(p) = [pedm for ¢ € Co(T), then u is a weakly compact operator. If m is
further Borel regular, then m is the representing measure of u (see Notation and
Terminology 5.2.10 or Definition 4 of [P9]).

Proof. Since m is o-additive on the o-algebra B(T'), |m||4(T") < oo for each ¢ € T'.
Since ¢ € Cy(T') is bounded and Borel measurable, there exists a sequence (s;,)
of B(T')-simple functions such that s,, — ¢ uniformly in T with |s,| " |¢]. Then,
for g e T and A € B(T), by Theorem 4.1.9(i) of Chapter 4,

o [ swm [ suam) <15, = sellalmll(7) < s, = sullr il (1) 0
A A

as n,k — 0 and hence ([, s,dm)f° is Cauchy in X for each A € B(T). Since
X is sequentially complete, ¢ is m-integrable in the sense of Definition 1 of [P7]
and [, ¢dm = lim, [, s,dm for A € B(T). On the other hand, by Definition
4.2.1" in Remark 4.2.12 and by Remark 4.2.14 of Chapter 4, the B(T)-measurable
function ¢ is also m-integrable in 7" in the sense of Definition 4.2.1 of Chapter 4
with (BDS) [, ¢dm = [, pdm for A € B(T).

Clearly, u is linear. Moreover, by Theorem 4.1.9(ii)(b) of Chapter 4 we have

a(ug) = ¢ ( /| sodm> < llglle - mllo(T)

for each ¢ € I' and hence u is continuous.

Let X(B(T)) be the Banach space of all bounded complex functions which
are uniform limits of sequences of B(T')-simple functions with norm the supremum
norm || - ||r. Then Co(T) is a subspace of Z(B(T)). If ® : X(B(T')) — X is given
by ®(¢) = [, edm with the integral defined in the sense of Definition 1 of [P7],
then by Lemma 6 of [P7], ® is a continuous linear map and m is the representing
measure of ® in the sense of Definition 2 of [P7]. Since B(T) is a o-algebra and m
is o-additive on B(T), m is also strongly additive on B(7T') and hence by Theorem
1 of [P7], ® is weakly compact. Consequently, u = ®|¢, (1) is weakly compact.
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Now suppose m is further Borel regular. Then by Theorem 2(ii) of [P9], the
representing measure 1 (in the sense of Definition 4 of [P9]) of the weakly compact
operator u has range in X and by Theorem 1 of [P9], z* o € M (T) for z* € X*
and z*u(p) = [, ¢d(z* om) for ¢ € Co(T). On the other hand, u(p) = ®(p) =
J7 ¢dm and hence by Lemma 6(iii) of [P7] we have [ ¢d(z* o m) = z*u(yp) for
¢ € Cy(T). Thus we have

zu(p) = /Tgod(:lc* om) = /Tgod(x* om), ¢ € Co(T).

Since z* om € M(T) by hypothesis, by the uniqueness part of the Riesz rep-
resentation theorem, z* om = z* om for z* € X* and consequently, by the
Hahn-Banach theorem we have m = m and hence m is the representing measure
of u (in the sense of 5.2.10). O

The proof of (i) in the following lemma is motivated by the proof of Theorem
2.12 of [T].

Lemma 5.2.20. Let X be a sequentially complete IcHs and let m,, : B(T) — X be
o-additive and Borel reqular for n € N. Suppose lim,, m,, (U) exists in X for each
open Baire set U in T. Let uy, : Co(T) — X be given by un(p) = [, pdm, for
w € Cy(T). Then:

(i) limy, un (@) = u(p) (say) exists in X for each ¢ € Co(T).

(ii) w is an X -valued continuous linear mapping on Co(T).

Proof. By hypothesis and by Lemma 5.2.18,
liTIann(U) =m(U) (say) (5.2.20.1)
exists in X for each open set U in T" and moreover, by Theorem 5.2.8,
sup ||my,,||4(T) = M, (say) < oo (5.2.20.2)

for each ¢ € T'.

(i) Let ¢ € Co(T'), ¢ > 0. Then there exists a sequence (s,) of B(T')-simple
functions such that s,, — ¢ uniformly in 7" and

where n > [[¢l|r and Ein = ¢~ (['5 57)) = ¢~ (=1, 50))\¢ ™' ((=n, 57t)) for
1=2,3,...,n-2". Clearly, 0 < s,, /" ¢. Then E; ,, is the difference of two open sets
and hence s, is a real linear combination of the characteristic functions of open sets
in T'. Consequently, each ¢ € Co(T) is the uniform limit of a sequence (s,) of B(T')-
simple functions with |s!,| /' |¢| and with each s/, being a complex linear combina-
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tion of the characteristic functions of open sets in T'. Thus, given ¢ € Co(T), q € T

and e > 0, there exists s of the form s = Zle aixu;, Usopen inT, ||s||7 < ||¢llT
and

€

I[s —ollr < —+ A (5.2.20.3)
Then by (5.2.20.1) we have
k k
lim/ sdm,, = lim Z a;my, (U;) = Z a;m(U;) = z (say).
Then there exists ng such that
)/ sdm, —z| << (5.2.20.4)

T ¢ 4

for n > ng. Then by (5.2.20.3) and (5.2.20.4) and by Theorem 4.1.9(i)(b) and
|un(p) = ur(p)lq <

Remark 4.1.5 of Chapter 4 we have
+ ’/ sdmy, f/ sdm,.
q T T
‘/ sdm, — u, )‘

un(cp)f/sdmn
T
<l = sllrllmally(7) + | | samo—a| +|[ sim,—a

+ls = llrl[m||o(T)

€
<ll¢ —s||lr- (2M,) + 21 <e€

for n,r > ng. Since ¢ is arbitrary in I', this implies that (u,(¢))52, is Cauchy in

X and as X is sequentially complete, there exists a vector u(y) (say) in X such

that lim,, un (@) = u(p) for ¢ € Co(T). Hence (i) holds.

(ii) Clearly, u : Co(T) — X is linear and w is continuous by (i) and by
Theorem 2.8 of [Ru2]. O

q

The proof of the following theorem is a vector measure adaptation of the
proof of Proposition 2.11 of [T].

Theorem 5.2.21. (Generalization of Theorem 5.2.6 to Banach space-valued o-
additive regular Borel measures). Let X be a Banach space and let my, : B(T) —
X be o-additive and Borel regular for n € IN. Then lim, m,(U) € X for each
open Baire set U in T if and only if there exists a unique Borel regular X -valued
o-additive measure m on B(T) such that

hm/ fdm, f/fdm (€ X) (5.2.21.1)

for each bounded B(T)-measurable scalar function f on T.
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Proof. Suppose lim,, m, (U) € X for each open Baire set U in T. Let cx =
{(z,)3° € X : lim, 2, € X} be provided with norm ||(x,)$°|| = sup,, |zn|. Let
un(p) = [;pdm,, ¢ € Co(T). Then by hypothesis and by Lemma 5.2.19, uy, is
an X-valued weakly compact operator on Co(T') with the representing measure
m,, for each n € IN. Let ® : Cy(T) — cx be defined by ®(p) = (un(¢))5° for
p € Co(T). By Lemma 5.2.20(i), ® is well defined and clearly, linear. By hypoth-
esis and by Theorem 5.2.8,

sup ||m,||(T) = M (say) < oo. (5.2.21.2)

Then by Theorem 2.1.5(v) and Remark 2.2.3 of Chapter 2,

||<1>(s0)||:Suplun(sﬁ)lzsup’/ pdmy, | < [[¢]|7 - sup |[m, |[(T) = M|[el|r
n n T n

for ¢ € Co(T') and hence ® is continuous.
Claim 1. ® is weakly compact.

In fact, let H = {I, 5+ : 2* € X*,|z*| < 1,n € N}, where (I, 5+, (z£)°) =
x*(xy,). Clearly, H C (¢x)* is a norm determining set for cx. The proof of Corol-
lary IL.5 in Appendix IT of [T] holds for complex spaces too and hence by the
complex version of the said corollary, H has the Orlicz property for (cx,||-||). Let
D : Cy(T) — (cx,0(cx, H)) be designated as ® g so that Py () = (un(9))5°, ¢ €
Co(T). Clearly, @ is continuous as o(cx, H) is weaker than the norm topology
of ¢x. Moreover,

(@05 0) = (Inae, B(9)) = (Ina=, (ur(9))77) = T7un(p) = (upa™, @)
for ¢ € Co(T') and hence
DI, 4o = ula” (5.2.21.3)
for I, ,~ € H.

On the other hand, by Theorem V.3.9 of [DS1], (c¢x,o(cx, H))* = (H) C
(cx)* where (H) is the linear span of H, and hence we have

<(I)*In,z*730> = <In,z*vq)(50)> = <In,x*v(I)H(90)> = <(I)T‘{In,z*790>

for ¢ € Co(T). Therefore, ®*I,, ;« = ®% I, 4+ for each I, ,« € H. Then by
(5.2.21.3) we have
[ M (5.2.21.4)

for * € X* with |2*| < 1. By hypothesis, given an open Baire set U in T there
exists a vector xy = (m,(U))3° € cx. Then, as u, is a weakly compact operator
with the representing measure m,, by Lemma 5.2.19, for the open Baire set U in
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T with zy as above , by (5.2.21.4) we have

(@3 (XU )s Inz+) = (XU, Pprln,ae) = (XU, up@™) = (uy" (xv), 27)
= (m,(U),z") = (zu, Inz)-

Thus,
Ly oe 0 %55 (xv) = In o (20) (5.2.21.5)

for I,z € H. Then by (5.2.21.5) and by Theorem 5.2.17 (since H is a norm
determining set for cx, the norm topology of cx is identical with the topology of
uniform convergence in equicontinuous subsets of H), ® is weakly compact and
hence the claim holds.

Let m be the representing measure of ®. Then by Theorem 2(ii) of [P9],
has range in cx so that m(A4) = ®**(y4) € cx for A € B(T) and we let m(A4) =
(2n)$° € cx. Then by (5.2.21.3) we have z*(zy,) = L, p»m(A) = I, 1+ P**(x4) =
(O*Ip zv, xa) = (uia™, xa) = (", ul*(xa)) = (*,my,(A)) for I, ,«~ € H and
hence z*(z,) = (z* o my,)(A) for * € X* with |z*] < 1 and for A € B(T).
Then clearly z*(z,) = (z* om,,)(A) for * € X* and hence by the Hahn-Banach
theorem, x, = m,(A) for all n and hence

(M (A))3° = (2,)3° = (A) € cx. (5.2.21.6)

This implies that lim,, m,(A4) = m(A) (say) exists in X for each A € B(T). Then
by VHSN (see Proposition 1.1.8 of Chapter 1), m : B(T) — X is o-additive and
hence ||m||(T") < 0.

Let My = max(M, ||m||(T)) where M is as in (5.2.21.2). Let f be a bounded
B(T)-measurable scalar function. Then there exists a sequence (s,,) of Borel simple
functions such that |s,|  |f| and [[s, — f||T — 0 as n — oo. Thus, given € > 0,

there exists ng such that
€

3My’

Let s = spy = D1 @iXa,s (4i)7 C B(T). Then by (5.2.21.7) and by Theorem
2.1.5(v) and Remark 2.2.3 of Chapter 2 we have

/fdmn—/sdmn
T T

for all n and

l[8ne — fllz < (5.2.21.7)

<||f = sllr - [lm, |[(T) < (5.2.21.8)

¢
3

/ fdm—/ sdm‘ <|f = s|lr - |m||(T") < < (5.2.21.9)
T T 3
As lim,, m,(4;) = m(A4;) for i =1,2,...,r, there exists n; such that

|ail[my (4;) — m(A;)] < i (5.2.21.10)
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forn > ny and for i = 1,2,...,7. Then by (5.2.21.8), (5.2.21.9) and (5.2.21.10) we

have
/fdmnf/ fdm‘ <€
T T

for n > ny. Hence lim,, [, fdm, = [, fdm € X and thus (5.2.21.1) holds.

To prove that m is Borel regular, let A € B(T') and € > 0. As 1 is Borel
regular by Theorem 6 of [P9], there exist K € C and U € U such that

KCACU with |m(B)|<e (5.2.21.11)

for B € B(T) such that B C U\K. Since m(B) = (m,(B)){° by (5.2.21.6), by
(5.2.21.11) we have

m(B)] = lim [my, (B)| < sup jm,(B)| = [m(B)| < e

for B € B(T) with B C U\K and hence m is B(T)-regular.

To prove the uniqueness of m, let m’ : B(T') — X be another o-additive
Borel regular measure such that

/fdm’:lim/fdmn (5.2.21.12)
T noJr

for each bounded Borel measurable scalar function f on 7. Then by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2 and by (5.2.21.1) and (5.2.21.12) we

have
/ fd(z* om') :/ fd(z* om)
T T

for z* € X* and for f € Cy(T). Consequently, by the uniqueness part of the
Riesz representation theorem, z* om = z* om’ for z* € X* and hence by the
Hahn-Banach theorem, m’ = m. Hence m is unique.

The converse is evident and hence the theorem holds. O

Remark 5.2.22. Unlike in Theorem 5.2.6, evidently we cannot assert the weak
convergence of (m,,)$° when X is infinite dimensional. Using the above theorem,
we give in Theorem 7.2.15 of Chapter 7 an improved version of Theorem 2.12 of
[T] (with the open Baire sets in T replacing the open sets in T').

Theorem 5.2.23. (Generalization of Theorem 5.2.6 to sequentially complete
IcHs-valued o-additive regular Borel measures). Let X be a sequentially com-
plete lcHs and let m,, : B(T) — X, n € N, be o-additive and Borel reqular. Then
lim,, m, (U) € X for each open Baire set U in T if and only if there exists a unique
X -valued o-additive Borel reqular measure m on B(T) such that

lim/fdmn:/fdmeX
noJr T

for each bounded B(T)-measurable scalar function f on T.
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Proof. For each ¢ € T, let (m,,)q = II;om,,. Then (m,), : B(T) — X, C )?q is o-
additive and Borel regular for each n € IN. Suppose there exists xyy € X such that
lim,, m,,(U) = zy for each open Baire set U in T'. Then lim,,(m,,),(U) = II,(zv) €
X4 C )?q for each g € I'. Then by Theorem 5.2.21 applied to (m,,)q, n € N, there
exists a unique o-additive Borel regular measure v, : B(T') — )?/q such that

1i£n/Afd(mn)q :/Afd'yq(e X,) (5.2.23.1)

for each A € B(T) and for each bounded B(T)-measurable scalar function f on
T. Then g ([, fdm, — [, fdm;) — 0 as n,k — oo for each A € B(T) and
hence ([, fdm,);° is Cauchy in X, for each A € B(T) and for each bounded
Borel measurable scalar function f. Consequently, as X is sequentially complete,
lim, m, (A) = m(A) (say) exists in X, for each A € B(T). Clearly, m : B(T) - X
is additive. Moreover, lim, (m,,),(A4) = (II; om)(A) for A € B(T) and for ¢ € T.
But lim,(my),(A) = v,(A) by (5.2.23.1) for ¢ € I'. Hence

(I, o m)(A) = 7,(A) (5.2.23.2)

for A € B(T).
Claim 1. m : B(T) — X is c-additive.

In fact, let (A4;)$° C B(T) be a disjoint sequence. Given ¢ € T" and € > 0, there
exists no(q) such that [y, (U7 Ai) — 27 74(Ai)lg < € for n > ng(q), since v, is o-
additive on B(T'). Then by (5.2.23.2) we have, ¢ (m({J;" 4;) — >} m(4;)) = |(IL 0

m)(Ur” 4i) = 327 (g om)(As)|g = v, (U7 Ai) = 37 74 (Ai)lg < € for n = ng(q).
Then, as ¢ € T is arbitrary, it follows that m(|J;"(4;) = >.;° m(4;) and hence
the claim holds.

Now, for ¢ € T', by (5.2.23.1) and (5.2.23.2), by Claim 1 and by Remark 3.3.5’
in Remark 3.3.11 and Theorem 3.3.8(v) of Chapter 3, we have

q</demn/dem) - Hq(/demnf/dem

/T fd(Ily om,) — /T £d(I1, o m)

AM@M*LM%)

Hence lim,, [, fdm, = [, fdm.

To prove that m is Borel regular, let A € B(T), ¢ € T’ and € > 0. Since
I, om = 7, by (5.2.23.2) and since ~, is Borel regular for each ¢ € I, in view
of Definition 5 of [P9] it follows that m is Borel regular. The uniqueness of m is
proved by an argument similar to that in the proof of Theorem 5.2.21, except that

q

q

—0 as n— oo.
q
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we have to appeal to Theorem 3.2.8(v) and Remark 3.3.11 of Chapter 3 instead
of Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter 2.

The converse is evident and hence the theorem holds. O

Remark 5.2.24. Only the Banach space version of Theorem 5.2.17 which is deduced
from Theorem 5.2.16 is used in the proof of Theorem 5.2.21. However, Theorem
5.2.16 in its generality is needed in the proof of Theorem 6.3.8 of Chapter 6 which
improves Theorem 3.3.2 of Chapter 3 when P = 6(C), m is 6(C)-regular and o-
additive and X is a complete IcHs. Theorem 5.2.16 is used in the proof of Theorem
6.3.4 of Chapter 6 which strengthens Theorem 1.3.2 of Chapter 1 when P and m
are as above and m is Banach space-valued.

5.3 Weakly compact bounded Radon operators
and prolongable Radon operators

Notation 5.3.1. C.(T') always denotes the normed space (C.(T), ||||1). For C € C,
let C.(T,C) = {f € Co(T) : suppf C C} and let I¢ : C.(T,C) — C.(T) be
the canonical injection. Let £ be the inductive limit locally convex topology on
C.(T) induced by the family {C.(T,C), Ic}, where C.(T,C) are provided with
the topology T, of uniform convergence. Then we denote (C.(T),&) by K(T). It
is well known that K(T) is an 1cHs and K(T)* denotes the topological dual of
K(T). Similarly, one defines the locally convex space (T, R) corresponding to
CI(T) =A{f € C.(T), freal-valued}. See §1, Chapter III of [B].

For the convenience of the reader, let us recall the following notation given
in the end of Notation 5.2.1.

Notation 5.3.2. V denotes the family of all relatively compact open sets in T'.

Let X be an IcHs with topology 7 unless otherwise mentioned. Recall Def-
inition 5 of [P9] for the notions of R-regularity, R-outer regularity and R-inner
regularity of a vector measure (i.e., a vector-valued additive set function).

In this section, following Thomas [T], we introduce the notions of weakly
compact bounded Radon operators and prolongable Radon operators on K(T')
with values in a quasicomplete lcHs. Using the results of [P9] and those of Section
5.2 above, we give several characterizations of these operators; those for weakly
compact bounded Radon operators given here are different from the characteriza-
tions obtained in [P9].

Definition 5.3.3. Let X be an IcHs and let u : K(T) — X be a continuous linear
mapping. This means, for each C € C and ¢ € T, there exists a finite constant
Mc 4 such that |u(p)|q < Meqllel|r for all ¢ € Co(T,C). Such a mapping u is
called an X-valued Radon operator. (Thomas calls it an X-valued Radon measure
in [T].)
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Theorem 5.3.4. (Integral representation of Radon operators). Let X be a quasi-
complete lcHs and let u : K(T) — X be a Radon operator. Then there exists a
vector measure (i.e., a vector-valued additive set function) m : 6(C) — X** such
that

(i) z¥om : 6(C) — K is o-additive and 6(C)-regular for each z* € X*;
(ii) {m(A) : A € B(V)} is 1e-bounded in X** (see Notation and Terminology
5.2.10) for each V €V and
(iii) for each ¢ € Co(T), u(p) = [, pdm (in the sense of Definition 1 of [P7]),
where X is identified as a subspace of (X**, 7). Finally, (1)—(iii) determine
m uniquely.

Proof. Let V € V and let uy = ulc,(v). Let ¢ € T. For ¢ € C.(V), suppyp C
V€ C and hence |uy ()| = |u(p)ly < My ,l|@l|r so that uy is continuous. As
X is sequentially complete, uy has a unique continuous linear extension uy to
the whole of Cy(V) with values in X. Then by Theorem 1 of [P9], uy has the
representing measure my (as an additive set function) on B(V) with values in
X** and my (A4) = uy " (xa) = u}(xa) for A€ B(V); 2* omy : B(V) — K is
o-additive and B(V)-regular for * € X*; the mapping z* — 2* o my of X* into
M (V) is weak*-weak™ continuous;

x*uy (p) = /Tcpd(x* omy) (5.3.4.1)

for ¢ € Cy(V) and for z* € X*, and
{my(A): AeB(V)} is 7e-bounded in X ™. (%)
Let A € §(C). Then there exists V' € V such that A C V so that A € B(V).
Let m(A) = my (4).

Claim 1. m : 6(C) — X** is a well-defined, vector measure (i.e., an additive set
function).

In fact, let A € §(C) and let V;, V5 € V such that A C ViNV5. Then A € B(V;)
and the continuous linear mapping uy, on Cy(V;) has the representing measure
my, for i = 1,2. Clearly, A € B(V1 N V3) and for ¢ € C.(V4 NV4),

xuy, (p) = 2¥uy, (@) = 2 u(p) = ¥ uy,Av (@) for 2* € X* (5.3.4.1)
and hence by (5.3.4.1) we have
/ pd(z* omy,) :/ pd(z* omy,) = / od(z* omy,y,) (5.3.4.2)
T T T

for * € X*. As 2* omy,ny,, ° o myy |,y andx* o my,|p(v;nvy) belong to
M(Vi NV3), by (5.3.4.2) and by the uniqueness part of the Riesz representation
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theorem we have z* o my, (4) = 2* omy,(A) = z* o my,ny,(4) for 2* € X*.
As my, (4), my, (A) and my, a1, (A) belong to X**, we conclude that my, (4) =
my, (A) = my,qv, (A). Hence m is well defined. Moreover, let A1, Ay € §(C) with
A1NAs = 0. Let V €V such that A1 UAs C V. Then, as my is additive on B(V),
we have m(A; U Az) = my(A; U Az) = my (A1) + my(A2) = m(4;) + m(A4z)
and hence m is additive. Therefore, Claim 1 holds.

Claim 2. (z* o m) is o-additive on 6(C) for each z* € X*.

In fact, let (4;)5° C 6(C), A4iNA; =0 fori+# jandlet A= ;" A; € (C).
Then there exists V' € V such that A C V so that A,(A4;)° C B(V). Then
(z*om)(A) = (z*omy)(A) = Y [ (z*omy)(4;) = > (z* om)(4,) for z* € X*.
Hence Claim 2 holds.

Claim 3. (z* om) is §(C)-regular for z* € X*.

In fact, let A € 6(C) and € > 0. Choose V' € V such that A C V. Then by
the B(V)-regularity of * o my there exist K € C and a set U open in V such
that K C A C U and such that v(z* o my, B(V))(U\K) < €. Then, as V is open
in T, U is also open in T. As m|gy) = my, and as v(z* o m,d§(C))(U\K) =
v(z* om, B(V))(U\K) = v(z* omy,B(V))(U\K) < ¢, Claim 3 holds.

By the above claims, m verifies (i) of the theorem. Since {m(A) : A €
B(V)} ={my(A): Ae B(V)}, by () (ii) of the theorem also holds.

Let ¢ € C.(T') and let supp ¢ = K. Then choose V' € V such that K C V. As
¢ is a bounded B(V')-measurable function and as my is an X **-valued 7.-bounded
vector measure on B(V'), by the proof of Proposition 5.2.11 above, ¢ is not only
my-integrable in the sense of Definition 1 of [P7], but also u(y) = uy(p) =
fT @dmy, considering X as a subspace of (X**,7.). Moreover, as my = m|gy)
and as ¢ € C.(V), we conclude that u(y) = [.pdm, for ¢ € C.(T). Thus m
verifies (iii) of the theorem.

To prove the uniqueness of m, if possible let n be another X**-valued vector
measure on 0(C) such that (i)—(iii) hold for n. Then as z* € X* is continuous on
(X**,7.), by Lemma 6 of [P7] and by (iii) we have

¥ u(p) = /Tgpd(x* om) = /Tgpd(x* on) (5.3.4.3)

for ¢ € C(T) and for z* € X*. Let V € V. As (5.3.4.3) holds for all ¢ € C.(V), by
the uniqueness part of the Riesz representation theorem we have (z* o n)|gy) =
(z* om)|g(yy for z* € X*. Hence n(A) = m(A) for A € B(V). Since 6(C) =
Uvey B(V), it follows that n = m. Hence m is unique. O

The following definition is suggested by Theorem 5.3.4.

Definition 5.3.5. Let X be a quasicomplete lcHs and let u : K£(T') — X be a Radon
operator. The unique X **-valued vector measure m on 6(C) satisfying (i)—(iii) of
Theorem 5.3.4 is called the representing measure of w.
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Following Thomas [T] we give the following definition.

Definition 5.3.6. Let X be a quasicomplete IcHs. A linear mapping u : K(T) — X
is called a weakly compact bounded Radon operator if u is continuous on C.(T')
for the topology of uniform convergence (i.e., for the topology induced by || - ||7)
and if its continuous extension to (Co(T),]|| - ||7) is weakly compact.

In the light of the above definition, weakly compact bounded Radon operators
on K(T) can be considered as weakly compact operators on (Co(T), || - ||7), and
[P9] gives 35 characterizations of these operators. An alternative proof based on
the Borel extension theorem is given in [P14] to obtain these characterizations. The
reader may also refer to [P11] for a simple proof of many of these characterizations
where three new characterizations are also given. Part (ii) of the following theorem
gives some more characterizations of these operators when the IcHs X satisfies
some additional hypothesis and these are suggested by [T]. See also Theorems
5.3.14 and 5.3.15 for further characterizations of these operators.

Theorem 5.3.7. Let X be a quasicomplete lcHs with topology 7 and let u : Co(T) —
X be a continuous linear mapping. Then:

(i) uw is weakly compact if and only if , for each uniformly bounded sequence
(pn)3° C Co(T) with op(t) — 0 fort € T, u(py) — 0 in X.

(ii) Let H C X* have the Orlicz property and let T be identical with the topology
of uniform convergence in equicontinuous subsets of H. Let m be the repre-
senting measure of u in the sense of Definition 4 of [P9]. Then u is weakly
compact if and only if any one of the following holds:

(a) For each open set U in T there exists a vector xy € X such that
(* om)(U) = x*(xy) for each x* € H.

(b

(c

) Similar to (a) with U o-Borel open sets in T'.

)
(d) Similar to (a) with U o-compact open sets in T .
)

)

Similar to (a) with U open Baire sets in T

(e) Similar to (a) with U open and F, in T.

(f) For each closed set F in T there exists a vector xp € X such that
(z* om)(F) = z*(xp) for each x* € H.
(g) Similar to (f) with F closed Gs’s in T.

Proof. (i) Let m be the representing measure of u. Then by Theorem 1 of [P9],
u*z* = z* om for z* € X* and z*u(p) = [, ¢d(z* om) for ¢ € Co(T). Let
(pn)$° C Co(T) be uniformly bounded and let o, (t) — 0 for t € T'. Then u(p,) —
0 if and only if ge(u(en)) = sup,.cp |2 u(en)| = sup,.cp| 7 @nd(z* o m)| =
SUPcu* B | fT ©ndu| — 0 as n — oo for each equicontinuous set F in X* since the
topology 7 of X is the same as that of uniform convergence in the equicontinuous
subsets of X* by Proposition 7, §4, Chapter 3 of [Ho|. For an equicontinuous set
E in X*, v*E is bounded by Lemma 2 of [P9] and hence by Theorem 2 of [G] the
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above condition holds if and only if w*E is relatively weakly compact in M (T)
and hence by Proposition 4 of [P9] or by Corollary 9.3.7 of [E], if and only if u is
weakly compact. Hence (i) holds.

(ii) Clearly, (a)=(b)=(c) and by Theorem 5.2.16, (c) implies that u is weakly
compact. Conversely, if u is weakly compact, then by Theorem 2(ii) of [P9], m has
range in X and hence (a), (b) and (c¢) hold. By Lemma 5.2.3, (¢)<(d). Clearly,
(e)=(d) and (a)=-(e). Hence (a)—(e) are equivalent.

(a)=(f) In fact, let F' be a closed set in T'. Let U = T\ F. Then by (a) there
exist vectors zy, zp € X such that z*(zy) = (z*om)(U) and z* (z7) = (z*om)(T)
for * € H. Then (z* o m)(F) = z*(xp — zy) for * € H and hence (f) holds.
Similarly, (f) implies (a) as T is closed and as F' = T'\U is closed for an open set
UinT.

By taking complements, we see that (g) and (e) are equivalent. Hence the
theorem holds. O

Following Thomas [T] we give the following definition and its equivalence
with Definition 3.1 of [T] will be proved in Theorem 7.3.5 of Chapter 7. (See
condition (vi) of the latter theorem.)

Definition 5.3.8. Let X be a quasicomplete lcHs and let u : K£(T') — X be a Radon
operator. Then u is said to be prolongable if, for each V' € V), the continuous linear
map uy = u|c,(vy is continuous for the topology of uniform convergence on C.(V')
and if its continuous extension uy to Co(V) is weakly compact.

The weakly compact bounded Radon operators in Definition 5.3.6 and
prolongable Radon operators in Definition 5.3.8 are called respectively weakly
compact bounded Radon measures and prolongable Radon measures in [T].

When the Radon operator is prolongable, we can strengthen Theorem 5.3.4
as below.

Theorem 5.3.9. (Integral representation of prolongable Radon operators). Let X
be a quasicomplete lcHs and let u : K(T) — X be a prolongable Radon operator.
Then the representing measure m of u as in Definition 5.3.5 is X -valued, o-additive
and §(C)-regular (considering X as a subspace of (X**,7.)) and

u(p) = /Tcpdm, p e C(T) (5.3.9.1)

where the integral is a (BDS)-integral.

Conversely, if m is an X-valued o-additive §(C)-regular measure on §(C),
then the mapping v : K(T') — X given by u(p) = [, pdm, ¢ € K(T') (the in-
tegral being a (BDS)-integral), is a prolongable Radon operator. Moreover, the
representing measure of u is m. For an X-valued prolongable or weakly compact
bounded Radon operator « on K(T') (resp. on K(T,R)), let m,, denote the rep-
resenting measure of u.
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Proof. Let u be prolongable. Then by Theorem 5.3.4 there exists a unique X **-
valued vector measure m on §(C) such that x* o m is o-additive and §(C)-regular
for each z* € X*; u(p) = [, pdm for ¢ € K(T) in the sense of Definition 1 of
[P7] and {m(A) : A € B(V)} is 7.-bounded for each V € V. Let V € V and
let my = m|z(y). Then, from the proof of Theorem 5.3.4 we note that my is
the representing measure of the continuous linear map uy on (Co(V),|| - ||r) (in
the sense of Definition 4 of [P9]) and by hypothesis, uy : Co(V) — X is weakly
compact. Then by Theorem 2 of [P9], my is o-additive on B(V') and has range in
X and by Theorem 6 of [P9], my is B(V)-regular. Since V is arbitrary in V and
since §(C) = Uy ¢y B(V), we conclude that m is o-additive on 6(C), is 6(C)-regular
and has range in X. Let ¢ € C.(T) with suppyp C K € C. Let V € V such that
K Cc V. Then ¢ € Ce(V) C Co(V) and my = m|g(y) is o-additive and X-valued.
Then by Theorem 5.3.4, up = fT pdm = fV wdmy and by Lemma 5.2.19, the
integral is a (BDS)-integral.

Conversely, let m : 6(C) — X be o-additive and §(C)-regular. If V' € V, then
my = m|gy is o-additive, B(V)-regular and X-valued. Let u : K(T') — X be
given by u(p) = [, ¢dm for ¢ € K(T) where the integral is a (BDS)-integral.
Then by Theorem 4.1.9(i)(b) and Remark 4.1.5 of Chapter 4, u is a continuous
linear map. Let U € V. Then by Theorem 50.D of [H], there exists W € V such
that U C W and hence Co(U) C C.(W). Then my = mlgy) is X-valued
and o-additive in 7 and hence by Lemma 5.2.19, uy : Co(W) — X given by
uw (p) = fW @pdmyy is weakly compact and hence uy = uw|c,) is weakly
compact. Hence u is prolongable. Clearly, m satisfies (i) of Theorem 5.3.4. Since
m|pg(y) is o-additive, by Proposition 7, §4, Chapter 3 of [Ho], (ii) of Theorem 5.3.4
also holds. By Lemma 5.2.19, the (BDS)-integral [, ¢dm for ¢ € K(T) is the same
as the integral in the sense of Definition 1 of [P7], noting that 7 = 7.|x when X
is considered as a subspace of (X**,7.) by the proposition of [Ho| cited above.
Hence m is the representing measure of u in the sense of Definition 5.3.5. O

Corollary 5.3.10. A linear functional 6 belongs to K(T)* (resp. K(T);; (see [P4])) if
and only if 0 : K(T) — K is a prolongable (resp. weakly compact bounded) Radon
operator. In that case, its representing measure my is the same as the complex
Radon measure pg induced by 0 in the sense of Definition 4.3 of [P3].

Thus prolongable (resp. weakly compact bounded) Radon operators on K(T')
with values in a quasicomplete lcHs generalize complex measures (resp. bounded
complex measures) in the sense of [B].

Theorem 5.3.11. Let X and Y be quasicomplete lcHs over C (resp. over R). Let
u: K(T) — X (resp. u : K(T,R) — X) be a prolongable Radon operator, let
w: K(T) - X (resp. w: K(T,R) — X) be a weakly compact bounded Radon
operator and let v: X — Y be a continuous linear mapping. Then:

(i) vou: K(T) =Y (resp. vou : K(T,R) — Y) is a prolongable Radon operator.
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(ii) vow : K(T) = Y (resp. vow : K(T,R) = Y) is a weakly compact bounded
Radon operator.

(iil) myoy(A) =v(m,(A4)) for A € §(C), where m,, and my.o,, are the representing
measures of u and v o u, respectively.

(iv) Myoyw(A) = v(my,)(A) for A € B(T), where m,, and myo,, are the represent-
ing measures of w and v o w, respectively.

(v) If f € L1(my,), then f € L1(Myoy) and [, fdmye, = v(f, fdmy) for A €
B.(T).

(Vi) If f € Ly1(my), then f € L1(myow) and fA fdmye, = v(fA fdm,,) for
A e B(T).

Proof. (i) If ® is a weakly compact operator with range in X, then it is well known
that v o @ is weakly compact. This result is used to prove (i) and (ii).

(iii) Let u be prolongable and let V' € V. Then uy : Co(V) — X is weakly
compact and its representing measure (m,)y on B(V) has range in X and is
given by (m,)v = uwv""|gv) = uif|sv)- Let A € §(C) and choose V' € V such
that A C V. Then by 5.2.10 we have (m,)y (A4) = u{F(xa) and (vouy)*™*(xa) =
(1001 (A). Hence Mo, (A) = Moy (4) = (00 uy)™ (xa) = 07U (1) =
v**(my)yv (A) = v**m,(A) = vom,(A4) as m,(A) € X by Theorem 5.3.9 and as
v**|x = v. Hence (iii) holds.

(iv) Similar to the proof of (iii) when w is a weakly compact bounded Radon
operator.

(v)(resp. (vi)) Let v’ = uw or v/ = w. Let f € £1(m,). Then by Theorem
4.1.8(v) and Remark 4.1.5 of Chapter 4, f € Li(vomy) and [, fd(vomy ) =
v( [, fdmy) for A € B.(T) (resp. for A € B(T)) if v’ is a prolongable Radon
operator (resp. u’ is a weakly compact bounded Radon operator). As mye, =
vomy, by (iii) (resp. by (iv)), (v) (resp. (vi)) holds. O

The following theorem gives 22 characterizations for a Radon operator to be
prolongable and [P9] plays a key role in the proof of the theorem. For the different
concepts of regularity used in the following theorem see Definition 5 of [P9].

Theorem 5.3.12. Let X be a quasicomplete lcHs and let w : K(T) — X be a
Radon operator. Let m : §(C) — X** be the representing measure of u in the
sense of Definition 5.3.5 and let mg = mls(c,). By Proposition 7, §4, Chapter 3
of [Ho| we consider X as a subspace of (X**,7.). Then the following statements
are equivalent:

(1

) w 1is prolongable.
2) m has range in X.
3) m is o-additive for the topology 7. of X**.
4) m(V) € X for each V € V.

)

(
(
(
(5) m(V) € X for each Ve VNBy(T).
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(6) m(K) € X for each K € C.

(7) m(K) € X for each K € Cy.

(8) For each U € V and for each increasing sequence (f,)7° C Co(U) with 0 <
fo <1in U for allm, (uf,) converges weakly in X.

Similar to (8) with U € V N By(T).

my is o-additive for T,.

myg has range in X.

m is §(C)-regular (for 7).

m is §(C)-inner regular (for 7.).

m is §(C)-inner regular (for 7.) in each V € V.

my is 6(Co)-regular (for 7).

my is 6(Co)-inner reqular (for 7).

myg is §(Co)-inner reqular (for 7.) in each open set U € §(Cp).

All bounded Borel measurable functions f on T with compact support (equiv-
alently, all bounded o-Borel measurable functions f on T with compact sup-

port) are m-integrable in T (in the sense of Definition 1 of [P7] with respect
to the completion of (X**,7.)) and [, fdm € X.

(19) All bounded Baire measurable functions f on T with compact support are
my-integrable in T (in the sense of Definition 1 of [P7] as in (18)) and
fT fdmg € X.

(20) All bounded functions f on T belonging to the first Baire class with compact
support are m-integrable in T (in the sense of Definition 1 of [P7] as in (18))
and [, fdm e X.

(21) w}r f € X for all bounded functions f on T belonging to the first Baire class
with compact support, the support being contained in V € V.

(22) For every uniformly bounded sequence (p,) of continuous functions vanish-
ing in T\K for some K € C (equivalently, by Urysohn’s lemma for every
sequence (¢n) of continuous functions dominated by a member of IK(T')) with
lim,, ¢, (t) = 0 for each t € T, lim,, u(p,) = 0.

Proof. For V€ V, let uy = ul|(c.(v),||||r)- As uy is continuous, it has a unique
continuous linear extension uy to Co(V'). If my is the representing measure of wy
on B(V) as in Definition 4 of [P9], then from the proof of Theorem 5.3.4 it is clear
that my = m|5(v).

(1)< (2)(resp. (1)<(3)) By Theorem 2 of [P9], the range of my is contained
in X (resp. my is o-additive on B(V') for 7.) if and only if uy is weakly compact.
Since §(C) = Uy ¢y, B(V) and since my = m|p(y), it follows that m has range in
X (resp. m is o-additive on §(C) for 7.) if and only if my (B(V)) C X (resp. my
is o-additive on B(V) for 7.) for each V' € V and hence if and only if uy is weakly
compact for each V' € V. Hence the result holds.
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Clearly, (2)=(4)=(5).

(5)=(1)

Claim 1. By(T) is the o-ring generated by all relatively compact open Baire sets
inT.

In fact, given C € Cy, by Theorem 50.D of [H] and by Lemma 5.2.3, there
exists a relatively compact open Baire set U in T such that C C U. Then C =
U\(U\C) and hence the claim holds.

Let V € V. Since V is relatively compact, Then by Lemma 5.2.3 and Claim
1 above, By(V) is the o-ring generated by Uy = {U : Uopen inV,U € By(V)} =
{U : Uopen inV, U = | F,, F, compact inV}. Since V is open in T, U € Uy
if and only if U C V and U is open and o-compact in T and hence by Lemma
5.2.3, U € Uy if and only if U C V and U is an open Baire set in 7. Hence
Uy = {U € VN By(T) : U C V}. Then by hypothesis (5), my(U) € X for
U € By(V) which are open in V and hence by Theorem 3(vii) of [P9], uy is
weakly compact. Therefore, (1) holds.

(4)=(6) Given K € C, by Theorem 50.D of [H] there exists an open set
V € V such that K C V. Then, as K = V\(V\K), by hypothesis we have
m(K)=m(V)-m((V\K) € X.

(6)=(7) Obvious.

(7)=(5) Let V€ YNBy(T'). Then as V is a relatively compact open Baire set
in T, by Theorem 50.D of [H] there exists K € Cy such that V' C K. Then again
by Theorem 50.D of [H] and by Lemma 5.2.3, there exists a relatively compact
open Baire set U in T such that K C U. Then V = K\(K\V) and K\V € Cy by
Theorem 51.D of [H]. Then by hypothesis, m(V) € X.

(1)=(8) Let U € V. Then by (1), uy : Co(U) — X is weakly compact, and
by hypothesis, f, /", 0 < f, < 1in U and (f,)5° C Co(U). Then by Theorem
3(xi) of [P9], (ufn) = (uv frn) converges weakly in X and hence (8) holds.

(8)=-(9) Obvious.

(9)=(1) Let V€ VNBy(T). Let (f,,) be an increasing sequence in Cy(V') such
that 0 < f,, < 1in V for n € IN. Then by (9), (uv f,) = u(fn) converges weakly in
X. Then by Theorem 3(xi) of [P9], uy is weakly compact. Now let U € V. Then
by Theorem 50.D of [H] and by Lemma 5.2.3 there exists V' € VNBy(T') such that
U C V and hence uy = uy|cy ) is weakly compact. Hence (1) holds.

(3)=(10) Obvious.

(10)=(1) Let Uy be the family of all open Baire sets in T'. Let V' € By (T)NV.
As seen in the proof of ‘(5)=(1)", Bo(V) is the o-ring generated by {U € Uy : U C
V} and hence Bo(V) =o(Uo NV) = o(Up) NV = Bo(T) NV C §(Cp) by Theorem
5.E of [H] and by Lemma 5.2.2 above. Then by hypothesis, mg |z, is o-additive
on By(V) in 7. and hence by Theorem 4(xiii) of [P9], uy is weakly compact.
Now if W € V, then by Theorem 50.D of [H] and by Lemma 5.2.3 above, there
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exists V € Bo(T) NV such that W C V and consequently, C.(W) C Cy(V). Then
uw = uv|c,(w) is weakly compact and hence (1) holds.

(2)=-(11) Obvious.

(11)=(1) Arguing as in the proof of ‘(10)= (1)’ and using the hypothesis
that mg|p,(vy has range in X, by Theorem 4(xv) of [P9] we observe that uy is
weakly compact for each V€ VN By(T). Then arguing as in the last part of the
proof of ‘(10)=(1)’, we can show that uy is weakly compact for each W € V and
hence (1) holds.

(1)=(12) Let A € 6(C). Then there exists V € V such that A C V. By (1),
uy : Co(V) — X is weakly compact and hence by Theorem 6(xix) of [P9], my is
B(V)-regular. As A € B(V), given € > 0 and ¢ € T, by the regularity of my and
by Proposition 1.1.6 of Chapter 1 there exist K € C and a set U open in V such
that K C A C U and such that ||my||,(U\K) < e. Hence ||m||,(U\K) < € since
my = m|gy). As V is open in T, U is open in T' and as U C V, U is relatively
compact in T'. Hence U € §(C) by Lemma 5.2.2. Therefore, (12) holds.

(12)=(13)=-(14) Obvious.

(14)=(1) Let V € V. Then by (14), my is B(V)-inner regular in each open
set in V' and hence by Theorem 6(xxi) of [P9], uy is weakly compact. Hence (1)
holds.

(1)=(15) Let A € 6(Cy), ¢ € T and € > 0. Then by Theorem 50.D of [H]
and by Lemma 5.2.3 above there exists V' € V N By(T) such that A C V. As
uy is weakly compact, by Theorem 8(xxvii) of [P9] and by Proposition 1.1.6 of
Chapter 1 there exist K € Cy and an open set U in T belonging to By(V') such
that K C A C U and ||my||((U\K) < e. From the proof of ‘(5)=-(1)’, we note
that U € Bo(T)NV C 6(Cy) (by Lemma 5.2.2) and hence myg is 6(Co)-regular.

(15)=(16)=(17) Obvious.

(17)=(1) Let V be a relatively compact open Baire set in 7. Then V' € By(V)
since it is shown in the proof of ‘(5)=(1)’ that the open Baire sets in By(V') are
precisely the open Baire sets in T' which are contained in V. Then the hypothesis
implies that mg is Bo(V)-inner regular in each open Baire set in V' and hence
particularly in V. Therefore, by Theorem 8(xxix) of [P9], uy is weakly compact.
Then, given U € V, arguing as in the last part of the proof of ‘(10)=(1)’, we can
show that uy is weakly compact. Hence (1) holds.

(1)=(18) Let f be a bounded Borel measurable function on T with support
K € C. Then by Lemma 5.2.2, N(f) € §(C) and N(f) N f=2(U) € §(C) C B.(T)
for open sets U in K. Hence f is B.(T)-measurable. Clearly, B.(T)-measurable
functions are Borel measurable. Let V' € V such that K C V. Let U be the family
of open sets in T. U NV is the family of open sets in V' and hence by Theorem 5.E
of [H], B(V) =cUNV)=0cU)NV =B(T)NV. Since f is B.(T)-measurable,
FYU)NN(f) € B.(T) c B(T) for U open in K and clearly, f~*(U) N N(f) C

FFUUNN(f) = f~Y(U)NK C V. Hence f Y {U)NN(f)NV = fH{U)NN(f) €
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B(V) and hence f is B(V)-measurable. By (1), uy is weakly compact. Then by
Theorem 9(xxxi) of [P9], f is my-integrable in V and [, fdm = [, fdmy € X.
(See Definition 3 of [P7] and note that {my (4) : A€ B(V)} = {m(A): A € B(V)}
is Te-bounded in X**.) Hence (18) holds.

(18)=(19)=(20) Obvious.

(20)=(5) Let U € VN By(T). Then by Lemma 5.2.3 there exists (K,)° C C
such that K, / U. Then by an argument based on Urysohn’s lemma there exists
(fn)$° C C.(U) such that f,, / xu in T. Hence xy belongs to the first Baire class,
and clearly has compact support. Then by hypothesis, [, xydm = m(U) € X and
hence (5) holds.

(20)=(21) Each bounded function f belonging to the first Baire class is Baire
measurable. Moreover, let f have compact support K and choose V' € V such that
K C V. Then by Definition 5.3.3, uy : C.(V) — X is continuous and hence
has continuous extension uy on Cy(V). Then my(4) = my(A) = ui*(xa) for
A€ By(V) and (z* omg)y = z*ulf = uja* for 2* € X*. Then z* ouy € K(V);;
and ([, fd(mo)v, ") = [, fd(z* omo)y = [ fd(uya™) = (f,upa”) = (uy' f, ")
for 2* € X*. Hence uj f = [, fd(mg)y = [, fdm € X. Thus (21) holds.

(21)=-(5) As seen in the proof of ‘(20)=-(5)’, xv belongs to the first Baire
class for each V'€ V N By(T) and has compact support. Then by (21), m(V) =
my (V) = u}(xv) € X and hence (5) holds.

(1)=(22) Let (p,)5° satisfy the hypothesis. Then sup,, ||¢n||l7 = M (say) <
00, and there exists K € C such that ¢, (¢t) = 0 for t € T\K and for all n and
lim,, p,(t) =0 for t € T. Let V € V with K C V. Then (,)5° C Co(V) and by
(1), uy is weakly compact. Then by Theorem 5.3.7(i), u(pn) = uy (¢n) — 0in X.

(22)=(1) Let V € V. Let (v5)7° C Co(V) with supp ¢, C K C V for some
K € C for all n, lim,, ¢, (t) = 0 for each ¢t € V and sup,, ||¢n||r = M < co. Then
by (22) and by Theorem 5.3.7(i), uy is weakly compact and hence (1) holds.

This completes the proof of the theorem. O

Theorem 5.3.13. Let X be a quasicomplete lcHs with topology T and let u : K(T) —
X be a Radon operator with the representing measure m. Let H be a set in X*
having the Orlicz property such that T is identical with the topology of uniform
convergence in equicontinuous subsets of H. Let piz+, be the complex Radon mea-
sure induced by x*u as in Definition 4.3 of [P3]. Then the following statements
are equivalent:

(i) w 4s prolongable.

(ii) For each V €V, there exists xy € X such that z*(zy) = (z* om)(V) for
each z* € H.

(i) Simalar to (ii) with V € Bo(T) N V.
(iv) For each K € C, there exists xx € X such that z*(zx) = (z* om)(K) for
each z* € H.
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(v) Similar to (iv) with K € Cy.
(vi) For each V €V, there exists vy € X such that x*(xv) = [ xvd(fe=u)
forx* € H.

(vii) Similar to (vi) with V € Bo(T) N V.
(viii) Similar to (vi) with V replaced by K € C.
(ix) Similar to (viii) with K € Co.

Proof. (1)=(ii)=-(iii) by (2) of Theorem 5.3.12.

(iii)=-(i) Let V € Bo(T) N V. Then as observed in the proof of ‘(5)=-(1) in
the proof of Theorem 5.3.12, By(V) is the o-ring generated by the family Uy of
all open Baire sets in 7" which are contained in V. If U € By(V') and if U is open
in T, then U € Uy C VN By(T) by the proof of ‘(5)=(1)’ in the proof of Theorem
5.3.12.

Hence, for each open set U € By(V) (U being open in V), by hypothesis
there exists zy € X such that 2*(xy) = (z* om)(U) for * € H and hence by
Theorem 5.2.16, uy is weakly compact. If W € V, then by Theorem 50.D of [H]
and by Lemma 5.2.3, there exists V' € By(T) NV such that W € W C V. Then by
the above argument uy is weakly compact and hence uw = uy|c,w) is weakly
compact and hence (i) holds.

By (2) of Theorem 5.3.12, (i)=(iv)=(v).
(v)=(iii) Let V € Bo(T)NV. Then V € C and by Theorem 50.D of [H] there

exists K € Cy such that V C K. Then by hypothesis, there exists 2 € X such
that *(xx) = (2* om)(K) for z* € H. As K\V € Cy by Theorem 51.D of [H],
by hypothesis there exists xx\y € X such that z*(zx\v) = (¢ o m)(K\V) for
r* € H. Then, as V = K\(K\V), (z* om)(V) = 2*(zx — 2x\v) for 2* € H and
hence (iii) holds.

First we prove the following result.
Claim 1. (z*u) € K(T)* and piz+y = * om on §(C).

In fact, as u is continuous on K(T'), x*u € K(T)*. By Theorem 5.3.4, u(p) =
J7 edm for ¢ € K(T') and consequently, by Lemma 6(ii) of [P3],

/ ed(z* om) = z*u(yp) = / ©d(fhg=u) (5.3.13.1)
T T

for ¢ € K(T) since * € X* is a continuous linear form on (X**, 7). Choose V € V
such that supp ¢ C V. Since z* om and i+, are regular on §(C) by Theorem 5.3.4
above and by Theorem 4.4(i) of [P4], respectively, both of them are B(V)-regular
on B(V). Moreover, both of them are o-additive on B(V'). Since (5.3.13.1) holds
for all ¢ € C.(V), by the uniqueness part of the Riesz representation theorem we
have (z*om)|gv) = (fta=u)|B(v)- Since 6(C) = Uy <y B(V), we have (z*om)(A) =
taxy(A) for A € §(C). Hence the claim holds.
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Let u be prolongable. Let V € V, U € VN By(T), K € C and Ky € Cy. Then
by (ii) (resp. (iii), (iv), (v)) there exists xy € X (resp. zy € X, zx € X, 2k, € X)
such that (z* om)(V) = a*(ay) (resp. (z* o m)(U) = z*(zp), (z* o m)(K) =
¥ (xk), (z* o m)(Ky) = z*(zk,)) for 2* € H. Consequently, by Claim 1, (vi)
(resp. (vii), (viii), (ix)) holds.

Finally, by Claim 1, (vi) (resp. (vii), (viii), (ix)) implies (ii) (resp. (iii), (iv),
(v)) and hence each one implies that u is prolongable. 0
Theorem 5.3.14. Let X, u, H, pig+y for ¥ € X* and m be as in Theorem 5.3.13.
Then:

(a) The following statements are equivalent:
(i) w is a weakly compact bounded Radon operator.

(ii) For each open set U in T there exists xy € X such that x*(xy) =
Jr xvd(piz=w) for z* € H.

Similar to (i) with U o-Borel open sets in T .

Similar to (ii) with U open Baire sets in T.

(

(

Similar to (i) with U replaced by closed sets F in T.
(viii) Similar to (vil) with F closed Gs-sets in T.

(b) If u is a weakly compact bounded Radon operator, then u is prolongable and
the function xr is my-integrable in T. (Compare with Proposition 7.3.8 of
Chapter 7.)

)
)
il) with U F,-open sets in T.
)
)

Similar to (ii) with U o-compact open sets in T .

)
)
(v) Similar to
)
)

Proof. (a) Arguing as in the proof of Claim 1 in the proof of Theorem 5.3.13 we
have fiz+, = 2* om on B(T) if (z*u) € K(T); and consequently, (a) holds by
Theorem 5.3.7(ii).

(b) Let u be a weakly compact bounded Radon operator. Then by Definition
5.3.6, u: (Co(T),||-[lu) — X is weakly compact. Then given V' € V, uy = ulc,(v)
is weakly compact and hence u is prolongable. As m,, is X-valued and o-additive
on B(T') by Theorem 2 of [P9] , xr is m,-integrable in T by Theorem 4.1.9(i) and
Remark 4.1.5 of Chapter 4. O

Theorem 5.3.15. Let X be a quasicomplete lcHs and let w : (Co(T), || - |l7) — X
be a continuous linear mapping. Let u be the continuous linear extension of u to
Co(T) and let m be the representing measure of @ in the sense of Definition 4 of
[P9]. Let m. = m|g 1y and mg = m|g (1). Then the following statements are
equivalent:

(i) w is a weakly compact bounded Radon operator.

(ii) w is prolongable and given € > 0 and q € T', there exists K € C such that
|lm[¢(T\K) <.
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(iii) w is prolongable and given € > 0 and q € T, there exists K € C such that
[lm.||q(T\K) < € where

|Jm.[|¢(T\K) = sup |[me[[4(A).
A€B.(T),ACT\K

(iv) w is prolongable and given € > 0 and q € T, there exists Ky € Cy such that
[lmo||q(T\Ko) < € where

|[mo||¢(T\Ko) = sup |[mo||q(A).
AEBy(T),ACT\ Ko

Proof. (i)=(ii) Let V € V. Then uy = i|¢,(v) is weakly compact and hence u is
prolongable. By Theorem 6(xxi) of [P9] and by Proposition 1.1.6 of Chapter 1 the
other part of (ii) holds.

Clearly, (ii)=-(iii)=-(iv) since for K € C, by Theorem 50.D of [H] there exists
Ko € Cy such that K C K.

(iv)=(i) Let Ky € Cy. Choose V € V such that Ky, C V. By hypothesis, uy
is weakly compact and hence by Theorem 8(xxx) of [P9] and by Proposition 1.1.6
of Chapter 1, given € > 0 and ¢ € T, there exists U € By(V), U open in V such
that Ko C U and ||my||q(U\Ky) < €. As V is open in T, U is open in T and
by Lemma 5.2.3, U € By(T'). This proves that mg is Baire outer regular in each
Ky € Cy. The other hypothesis in (iv) implies that mg is Baire inner regular in T
and hence by Theorem 8(xxx) of [P9], @ is weakly compact. Hence (i) holds. O



Chapter 6

Applications to Integration in
Locally Compact Hausdorft
Spaces — Part 11

6.1 Generalized Lusin’s Theorem and its variants

In the sequel, T denotes a locally compact Hausdorff space and U, C, Cy are as in
Definition 4.6.4 of Chapter 4. Then B(T) = o(U), the o-algebra of the Borel sets
in T; B.(T) = o(C), the o-ring of the o-Borel sets in T and By(T) = o(Cp), the
o-ring of the Baire sets in 7. 6(C) and 6(Cy) denote the J-rings generated by C
and Cop.

Notation 6.1.1. C.(T) = {f : T — K, f continuous with compact support};
Cr(T) = {f € Cu(T) ! freal}; CF(T) = {J € CI(T) : f > 0}; ColT) = {f : T —
K, fis continuous and vanishes at infinity inT}; CJ(T) = {f € Co(T) : freal}
and Cf (T) = {f € C§(T) : f > 0}. All these spaces are provided with the

supremum norm || - ||r.

As in Chapters 1, 2, 3 and 4, X denotes a Banach space or an lcHs over
K = (R or C) with I, the family of continuous seminorms on X, unless otherwise
stated and it will be explicitly specified whether X is a Banach space or an IcHs.
Let P = B(T)(resp. B.(T), Bo(T), 6(C), 6(Cp)) and let m : P — X be o-additive
and P-regular (see Definition 4.6.7 of Chapter 4). In this section we obtain the
generalized Lusin’s theorem and its variants for o(P)-measurable scalar functions
on T', with respect to m when X is a Banach space and when X is an lcHs. Then we
deduce that C.(T) (resp. Co(T)) is dense in L,(m) and L,(c(P),m), 1 < p < oo,
for both the cases of X when P = 4(C) or 6(Co) (resp. when P = Bo(T') or B.(T)
or B(T)).
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Theorem 6.1.2. (Generalized Lusin’s theorem for m on B(T)).

(i) (m normed space-valued). Let X be a normed space and let m : B(T) — X
be o-additive and Borel reqular. Suppose f : T — IK is Borel measurable.
Then, given € > 0, there exists g € C.(T) such that

Im||(N(f —g)) = [lm[|({t € T": f(t) —g(t) # 0}) <€ (6.1.2.1)

and
gl < [If]lz- (6.1.2.2)

(ii) (m IlcHs-valued). Let X be an lcHs and let m : B(T) — X be o-additive and
Borel regular and let f be as in (i). Then, given ¢ > 0 and q € ', there exists
gq € Ce(T) such that

|m[(N(f —gq)) <€ (6.1.2.3)

and

llgqllr < [If[lz (6.1.2.4)

Proof. (i) Let X be the Banach completion of X. Then m : B(T) — X € X and
hence m can be considered as Banach space-valued. As m is particularly Borel
inner regular in 7', there exists K € C such that ||m||(T\K) < §. By hypothesis,
fxk is B(T)-measurable and vanishes in T\ K. If fxx is bounded in T', then the
proof of Theorem 2.23 of [Rul] for the case of bounded Borel functions holds here
if we replace p by ||m||, since ||m|| is o-subadditive on B(T") by Proposition 1.1.12
of Chapter 1. Hence there exists g € C.(T") such that |[m||(N(fxx —g)) < 5. Then
Il|(N(f — 9)) < [ [mll(N(fxxc — )+ [ml|(T\K) < e. When fxic is unbounded.
the argument in the proof of the said theorem of [Rul] for the unbounded case
also holds here since ||ml]|| is continuous on B(T") by Proposition 1.1.5 of Chapter
1 and hence there exists g € C.(T') such that ||m|[(N(fxx —g)) < § so that by
the above argument ||m||(N(f — g)) < €. Hence (6.1.2.1) holds.

To prove (6.1.2.2), it suffices to restrict to the case || f||r = M < oo. We argue
as in the last part of the proof of Theorem 2.23 of [Rul]. Let g € C.(T) satisfy
(6.1.2.1). Replacing g by g1 = ¢ o g, where ¢(z) = z if |2|] < M and ¢(z) = %
if |z| > M, we deduce that g1 € C.(T), |m||(N(f —g1)) < € and ||g1]|T < ||f]|T-
Hence (6.1.2.1) and (6.1.2.2) hold for g;.

(ii) Given g € I', my; =Il;om : B(T) — X, C )?; is o-additive and Borel
regular and hence by (i), (ii) holds. O

To obtain the variants of Theorem 6.1.2 when m : R — X is o-additive
and R-regular, where R = B.(T") (resp. Bo(T), 6(C), §(Cp)), we give the following

lemmas.

Lemma 6.1.3. Let X be a normed space or an lcHs. Then an X -valued o-additive
measure on Bo(T) (resp. on §(Co)) is Bo(T)-regular (resp. §(Co)-regular).
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Proof. The result for §(Cy) holds by Theorem in [DL] while that for By(T") holds
by Remark on pp. 93-94 of [DL]. O

Lemma 6.1.4.

(i) Let X be a normed space and let n. : 6(C) — X (resp. ng : 6(Co) — X)
be o-additive and let n. be 6(C)-reqular. If f : T — K is B.(T)-measurable
(resp. Bo(T)-measurable) and if A is compact in T such that f(t) = 0 for
t € T\A, then, given € > 0, there exists g € C.(T) such that

|nc[|[(N(f —9)) <e (6.1.4.1)
(resp. |Ino||(N(f —g)) <€ (6.1.4.2))

and moreover, we can choose g € C.(T) such that
gllr < [If]]z- (6.1.4.3)

(ii) If X is an lcHs in (i) and if the remaining hypothesis of n. (resp. ng) and f
remain the same, then, given ¢ € I' and € > 0, there exists g4 € Cc(T) such
that

Incllq(N(f —gq)) <€ (6.1.4.4)
(resp. |nollg(N(f —gq)) <€ (6.1.4.5))

and moreover, we can choose gq € Cc(T') such that

lgqllz < [1f[- (6.1.4.6)

Proof. (i) One can adapt the proof of Theorem 2.23 of [Rul] as follows. Choose
a relatively compact open set V' such that A C V. In the construction of the
functions on p. 53 of [Rul], we can observe that 2"t,, (in the notation of [Rul]) is
the characteristic function of some o-Borel (resp. Baire) set T, C A and

f(z) = Ztn(x), zeT

since f is B.(T')-measurable (resp. By (T )-measurable). By hypothesis, n. is 6(C)-
regular (resp. by Lemma 6.1.3, ng is 6(Cp)-regular) and hence there exist K,, € C
(resp. K, € Cp) and an open set V,, € 6(C) (resp. V;, € §(Cp)) such that K,, C
T, C V, C V with [|n.[|(V,\K,) < 57 (resp. with |[ng]|(Va\Ky) < 57) for n € IN.
Let us suppose that 0 < f < 1 in A. Then choosing h,, for all n as on the top of
p. 54 of [Rul] and then defining g as on the latter page of [Rul] and using the
fact that ||n.|| (resp. ||ng||) is o-subadditive on B.(T) (resp. on By(T')), we note
that g € Co(T) and |In|[(N(f — g)) < € (resp. and ||ng||[(N(f — g)) < €) and
hence (6.1.4.1) (resp. (6.1.4.2)) holds. From this it follows that these inequalities
hold if f is bounded. When f is not bounded, let B, = {z : |f(x)| > n}. Then
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B, \, 0 in B.(T) (resp. in Bo(T')) and by hypothesis, B, is relatively compact for
all n. Then by Lemma 5.2.2 of Chapter 5, (B,)° C §(C) (resp. (B)5° C §(Co)).
Since X C X , the Banach completion of X, we can consider n. and ny as Banach
space-valued and hence by Proposition 1.1.5 of Chapter 1, ||n.||(B,) — 0 (resp.
[|no||(By) — 0). Then arguing as in the general case of Theorem 2.23 of [Rul] with
[|ng|| (resp. ||ngl|) replacing i there we observe that (6.1.4.1) (resp. (6.1.4.2)) holds
for the general case. (6.1.4.3) is proved as in the last part of the proof of Theorem
2.23 of [Rul].

(ii) This is immediate from (i), since (n.)q : 6(C) — X4 C )A(/q is o-additive
and §(C)-regular and (ng), : 6(Co) — Xy C X, is o-additive for ¢ € T O

Lemma 6.1.5. Let X be an lcHs and let m. : B.(T) — X be o-additive and o-Borel
regular. Then w. = m.|5c) is o-additive and §(C)-regular.

Proof. Clearly it suffices to prove the lemma when X is a normed space and
hence let X be so. Since w, is g-additive, it suffices to prove the regularity of w..
Let A € §(C) and € > 0. Then by hypothesis, there exist K € C and an open
set U € B.(T) such that K C A C U and ||n.||(U\K) < e. Since A is relatively
compact, by Theorem 50.D of [H] there exists a relatively compact open set V' such
that A C V. Then W = U NV is an open set belonging to §(C) by Lemma 5.2.2
of Chapter 5, K C A C W and ||n.||(W\K) < e. Hence the lemma holds. O

Theorem 6.1.6. (Variants of the generalized Lusin’s theorem). Let X be an lcHs.
Let m. : B.(T) — X (resp. n. : 6(C) — X, mg : Bo(T) — X, ng : 6(Cp) —
X) be o-additive and let m. be B.(T)-regular (resp. n. be 6(C)-regular). Suppose
f:T — K is B(T)-measurable (resp. Baire measurable). Let A € B.(T) (resp.
A€ d(C), Ae By(T), Ac o)) such that f(t) =0 for t € T\A and let ¢ > 0.
Then, given q € T, there exists g4 € Ce(T) such that

llwllqg(N(f —gq)) <€ (6.1.6.1)

where w =M, or N, ormy or ng, as the case may be. Moreover, g, € Cc(T') can
be chosen such that

llgqllr < ||| (6.1.6.2)

(We say that m,. (resp. mg) is o-Borel (resp. Baire) inner regular in T if,
given ¢ € I' and € > 0, there exists K € C (resp. K € Cp) such that ||m.||4(B) < €
for B € B.(T) (resp. ||myl|q(B) < € for B € By(T)) with B C T\K.) If m. (resp.
my) is further o-Borel (resp. Baire) inner regular in 7', then the above results hold
for any B.(T')-measurable (resp. By(T')-measurable) function f on 7' with values
in K.)

Proof. Without loss of generality we shall assume X to be a normed space. Let
R =DB.(T) and w =m,, or R =6(C) and w =n, or R = By(T) and w = my
or R = §(Cy) and w = ng. By hypothesis and by Lemma 6.1.3, w is R-regular
and o-additive. Then there exists a compact set K € R such that X C A and
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[|w|[(A\K) < 5. m, is o-additive on 6(C) and m.|5.) is d(C)-regular by Lemma
6.1.5. mols(c,) is o-additive by hypothesis and §(Co)-regular by Lemma 6.1.3.
As fxk satisfies the hypothesis of Lemma 6.1.4(i), by that lemma there exists
g € Ce(T) such that ||w||(N(fxx —9)) < 5 with [|gllr < [|fxkllz < |[f]lr.
By hypothesis and by Theorem 51.B of [H], f — ¢ is 0(R)-measurable and hence
N(f—g) € a(R). Since f(t)xc(t) = f(t) for t € KU(T\A), N(f —g) C N(fxr —
g) N (KU (T\A)) U (A\K), and hence ||w||(N(f —¢)) < e. Thus (6.1.6.1) and
(6.1.6.2) hold. O

If m, is o-Borel (resp. myg is Baire) inner regular in 7', choose K € C (resp.
K € Co) such that |[m.|[(B) < § (resp. ||mg|[(B) < §) for B € B.(T') (resp.
B € By(T)) with B C T\K. Let w = m, or mg as the case may be. Then by the
above part there exists g € C.(T') such that ||w||(N(fxx —g)) < § with |[|g||7 <

1 xxllr < [[f]lr and hence ||w[|[(N(f —g)) < [[w[[(N(fxx —9)) +[[@[[(T\K) <€

Corollary 6.1.7. Let X be an lcHs and g € T. Suppose m : B(T) — X is o-additive
and Borel reqular (resp. m. : B.(T) — X is o-additive and o-Borel regular and
moreover, o-Borel inner regqular in T, mq : Bo(T) — X is o-additive and Baire
inner reqular in T). Let f : T — K be Borel measurable (resp. o-Borel measurable,

Baire measurable). Then given q € T', there exists a sequence (gr(Lq)) C C(T) such

that sup,, g% ||z < [|f||r and f(t) = lim, ¢ (t) mg-a.c. in T.

Proof. Without loss of generality we shall assume X to be a normed space. Let
R = B(T) (resp. B(T), Bo(T)) and w = m (resp. m., mg). Then by Theorems
6.1.2 and 6.1.6 there exists g, € C.(T) with ||gn||7 < ||f||7 such that ||w||[(N(f —
gn)) < 5= for n € N. Let A,, = N(f — g») and let A =limsup4,,. Clearly, A € R

and ||w[|(4) < [|w||(Ugs, Ak) < 55=r — 0 since |jw|| is o-subadditive on R.
Hence ||w||(A) = 0. Clearly, f(t) = lim,, g,(t) for t € T\ A. O

Lemma 6.1.8. Let X be a sequentially complete lcHs, P = 6(C) or §(Co) and
m : P — X be o-additive. Then C.(T) C Ly(c(P),m) for 1 < p < oo (see
Definition 4.3.7 of Chapter 4).

Proof. Let f € Co(T) and let ¢ € T'. Then by Theorem 51.B of [H], f is o(P)-
measurable. Let supp f = K € C. Then by Theorem 50.D of [H] there exists
Cy € Cp such that K C Cy. As N(f) C Cp, for a Borel set B in K we have
F~YUB)NN(f) € o(P)NCy = (PN Cph) by Lemma 5.2.2 and by Theorem 5.E
of [H]. As PNy is a o-ring, it follows that f is (P N Cy)-measurable. Clearly, f
is bounded in T'. Hence there exists a sequence (s, ) of (P N Cp)-simple functions
such that s, — f and |s,| /" |f| uniformly in T'. Then for A € o(P), by Theorem
2.1.5(i) of Chapter 2 we have

‘/ |sn|pdm—/ |sk|Pdm
A A

< |lfsnl” = lsk["[l7[[ml]4(Co) — 0
q
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asn, k — 0o. As ¢ is arbitrary in I" and as X is sequentially complete, we conclude
that there exists 4 € X such that lim, [, |s,[’dm = z4. This holds for each
A € o(P) and consequently, by Definition 4.2.1" in Remark 4.2.12 of Chapter 4,
|f|? is m-integrable in T and hence f € L,(c(P), m). O

Lemma 6.1.9. Let S = B(T) or B.(T) or Bo(T), X be a sequentially complete
lcHs and m : § — X be o-additive. Then Co(T) C Ly(0(S),m) = L,(S,m) for
1<p<oo.

Proof. Given f € Cy(T), f is bounded and by Theorem 51.B of [H], f is S-
measurable and hence there exists a sequence (s,,) of S-simple functions such that
s$n — [ and |s,| /" |f| uniformly in T. Then arguing as in the last part of the
proof of Lemma 6.1.8 we conclude that f € £,(S,m) for 1 < p < oo. O

Theorem 6.1.10. Let X be a sequentially complete (resp. quasicomplete) lcHs and
let 1 < p < oo. Suppose m : P — X is o-additive when P = §(Co) or Bo(T);
and m : P — X is o-additive and P-regular when P = §(C) or B.(T) or B(T).
Then C.(T') is dense in Ly(c(P), m) (resp. in Lp,(m)). If P = Bo(T) or B.(T) or
B(T), then Co(T) is also dense in L,(c(P),m) (resp. in L,(m)). Moreover, given
f e Ly(m) (resp. f € Ly(0(P),m)), g € T and € > 0, there exists g, € C.(T)
such that (mg)3(f — 9q7T) < e (resp. and ||gq||r < ||f|7)-

Proof. By Lemma 6.1.8, C.(T) C Ly(c(P),m) for P = 6(Cy) or 6(C) and by
Lemma 6.1.9, C.(T) C Co(T) C Ly(o ( ),m) for P = By(T) or B.(T) or B(T).
When X is quasicomplete, £,(c(P),m) C L,(m). Let f € L,(c(P), m) (resp.
f € L,(m)). Let ¢ € T and € > 0. Then by Theorem 4.5.6 of Chapter 4 there exists
a P-simple function s such that (m,);(f—s,T) < § and when f € L,(o(P), m), by
the same theorem we can choose s further to satisfy |s(¢)| < |f(¢)] for ¢ in T'. Then
by Theorems 6.1.2(ii) and 6.1.6 there exists g, € C.(T') such that ||m||,(N (g4
s)) < ((%)(m))p and ||g,||7 < ||s||r- Now by Theorem 4.3.2 and by Proposition
1.2.15(c) of Chapter 1 we have

(mq) (s —94,7T) = ;.)(5 gq,N 5—9q))

= sup / |s — gqPdv(z*m)
z*eU? N(s—gq)

< 2llsll(|[mll (N (s = ,)))7 <

B

N

and hence, by Theorem 3.1.13(ii) of Chapter 3 we have

(mg)5(f = 9q, T) < (mg)p(f = 5,T) + (my)3(s — g4, T) <e.

Moreover, for f € L,(0(P),m), ||gq|lT < [|s|]|7 < [|f]|7. Hence the result holds.
O
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Remark 6.1.11. Restricting the argument in the proof of Theorem 6.1.10 to real
functions, we have similar results for £ (c(P), m) and £ (m) with C.(T") and
Co(T) being replaced by C7(T") and C{(T), respectively. (See Notation 6.1.1.)

Theorem 6.1.12. Let X be an lcHs and let m : B(T) — X be o-additive and Borel
regular. Then m. = m|g (1) (resp. mo = m|g (1)) is o-additive and B.(T')-regular
(resp. and Baire regular). Consequently, m|scy (resp. mlsc,) is o-additive and
§(C)-regular (resp. and 6(Co)-regular). (See Notation 6.1.1.)

Proof. Let A € B.(T). Then there exists a sequence (K,) C C such that A C
U K. Let ¢ € T and € > 0. Then by hypothesis there exists an open set U,
in T such that AN K,, C U, with [|m]||;(U,\(AN K,)) < 557 for n € N. By
Theorem 50.D of [H] there exists a (o-Borel) relatively compact open set V,, in T'
such that K,, C V,, sothat ANK,, C V,,. Let W,, = U, NV,,. Then W = Ucfo %%
is a o-Borel open set in T and A C W. By hypothesis, there exists K € C such
that K C A with |jm||,(A\K) < §. Then K C A C W and |m||,(W\K) < e
In fact, W\A C U (W,\(ANV,)) C U W \(ANK,)) C U7 (U\(ANKy)).
As ||m||, is o-subadditive on B(T'), we have |[m||,(W\A) < 5. Consequently,
|lm||,(W\K) < |m]||o(W\A) + ||m||4(A\K) < € and hence m, is B.(T')-regular.
Then the other results hold by Lemmas 6.1.3 and 6.1.5. U

Remark 6.1.13. Theorem 6.1.10 will play a key role in the proof of Theorem 7.6.7
in Chapter 7.

6.2 Lusin measurability of functions and sets

If X is an IcHs and m : P — X is o-additive, let us recall from Definition 1.2.6 of

Chapter 1 that for a set A in T', x4 is m-measurable if A € o(P),, the generalized
Lebesgue completion of o(P)with respect to ||m]|,, for each ¢ € I'. In that case,
we say that A is m-measurable. When P = B(T) (resp. §(C)) and m is further
P-regular, we introduce the concept of Lusin m-measurability and study the inter-
relations between the concepts of m-measurability and Lusin m-measurability in
Theorems 6.2.5 and 6.2.6. The latter theorems play a key role in Section 6.3.

Theorem 6.2.1. Let X be an lcHs and let m : B(T) — X be o-additive and Borel
reqular. For a set A in T the following statements are equivalent:

(i) A is m-measurable.

(ii) Given q € T and € > 0, there exist K, € C and an open set Uy in T such that
K, CACU; and ||m||q(U\K,) < e.

(i) Given q € T, there exists a Gs G4 in T and an F, F, in T such that F, C
A C Gy and |ml|q(G4\Fy) = 0.
(iv) Given q € T, there exist a G5 G4 and an F, Fy in T with Fy = J,~, K

where (Kr(Lq))fle is a disjoint sequence in C such that Fy, C A C G4 and
|lm||¢(G4\Fy) = 0.
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(v) ForeacthI‘,AﬂKeg(—i:;Zfor each K € C.

e~

(vi) For each q €T, ANU € B(T), for each open set U in T.

Proof. Without loss of generality we shall assume X to be a normed space.

(i)=(ii) By the Borel regularity of m and by the fact that the m-measurable
set A is of the foom A = BUN, N C M € B(T), B € B(T) and ||m||(M) = 0,
(i)=(ii).

(ii)=(iii) Taking € = % in (i), n € IN, there exist K, € C and U, open in T
such that K, C A C U, and ||m||(U,\Ky) < 2. Let G = (N]° Uy and F = |J{° K.
Then F C ACG, Fisan F,, Gis a Gs and ||m||4(G\F) < ||m||,(U,\K,) < £
for n € IN. Hence (iii) holds.

(iii)=(i) By (iii), there exist a G5 G and an F,, F in T such that F C AC G
and ||m||(G\F) = 0. Then A = F U (A\F) with A\F C G\F € B(T), F € B(T)
and ||m||(G\F) = 0. Hence A is m-measurable.

Thus (i)=(ii)=-(iil)=(i).
(i)=(iv) Given € > 0, by (ii) there exist an open set U in T and a compact

— —

K such that K C A C U and ||m||(U\K) < e. As A € B(T) and A\K € B(T)
with A\K C U\K, we have ||m||(A\K) < e. Taking € = 1, there exists K; € C
such that Ky C A with ||m]||(A\K1) < 1. Since A\K; € B(T), applying the above
argument to A\K; in place of A for € = %, we have a compact Ko C A\K;
with ||ml|(A\(K1 U K3)) < 3. Proceeding step by step, in the nth step we would
have chosen mutually disjoint compact sets (K;)f_; such that |J} K; C A and
||m|[(A\ U7 K;) < +. Then F = |J° K; is an F,,, (K;)° is a disjoint sequence in
C, F C A and ||m||(A\F) = 0. By (iii) there exists a Gs G such that A C G and
[lm||[(G\A) = 0. Then F' C A C G with ||m||(G\F) = 0 and hence (i)=(iv).

Clearly, (iv)=-(iii) and hence (i)—(iv) are equivalent.
(1)=-(v) obviously.

(v)=(vi) Let U be an open set in T. Then U € B(T) and hence (iv) holds
for U. Therefore, there exist a sequence (K;)$° C C and a G5 G in T such that
F=U{"K;CUCGand N =U\F is mnull. Then by (v), AnNU = J"(4N
K,)U(ANN) € B(T). Hence (vi) holds.

(vi)=(i) by taking U = T.

Hence (i)=(v)=(vi)=().

This completes the proof of the theorem. O

Theorem 6.2.2. Let X be an lcHs and let n : 6(C) — X be o-additive and §(C)-
reqular. For a set A in T the following statements are equivalent:

(i) A is n-measurable.
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(ii) Given ¢ € T and € > 0, there exist a o-Borel open set Uy in T and a o-
compact Fy in T such that Fy C A C Ugy and ||n]|q(Ug\Fy) < €.

(i) Given q € T, there exist a G5 G4 € B.(T) and a o-compact Fy in T such
that Fy C A C G4 and |In||q(G4\Fy) = 0.

(iv) A is o-bounded and ANK € B/C—(\T/)q for each K € C and for each q € T.

—~—

(v) A is o-bounded and ANU € B.(T)q for each open set U in T and for each
gel.

Proof. Without loss of generality we shall assume X to be a normed space.

(i)=(ii) By hypothesis, A is of the form A = BUN, B € B.(T), NC M €
B.(T) and ||n||(M) = 0. As BUM € B.(T), there exists (K,)° C C such that
BUM c UJ;{° K, so that B =J;" (BN K,,). Then by Lemma 5.2.2 of Chapter 5,
(BNK,)?® C 6(C). Asnis 6(C)-regular, given € > 0, there exist an open set V,, in T’
such that V,, € §(C) and a compact C,, such that C,, C BNK,, C (BUM)NK, CV,
with [|n|[(V,\Cr) < 5. Then U = [J;” Vi, is an open set in T belonging to
BT), F=U7C, c U (BNK,) c U(BUM)NK,) c U Vs = U and
|n|[(U\F) < 37 |In||(V,\Cy) < €. Hence (ii) holds.

(ii)=>(iii) By (ii), for e = L, there exist a o-compact set F,, € B.(T) and
an open set U, € B.(T) such that F,, C A C U, with ||n||(U,\F,) < . Then
F = U F, is o-compact, F € B.(T), G = (" U, is a Gs belonging to B.(T),
F C ACG and ||]n||(G\F) = 0. Hence (iii) holds.

(iii)=-(i) Let G be a G in B.(T) and F be a o-compact such that F C A C G
and ||[n|[(G\F) = 0. Then A= FU (A\F), F € B.(T), A\F C G\F € B.(T) and
[|In||(G\F) = 0. Hence A € B/CE_T/) and therefore, (i) holds.

Hence (1)< (i)« (iil).

(i)=(iv) and (v) Take B, N and M as in the proof of ‘(i)=-(ii)’. Clearly A is
o-bounded. For K € C, BNK € B.(T) and NN K is n-null so that NN K € B,(T).

—_~—

Hence AN K € B.(T). For an openset U in T, UNB € B,(T) asUNB is a
o-bounded Borel set and U NN is n-null so that UNN € l% Hence UNA =
(UNB)U(UNN) e B(T).

(iv)=-(i) As A is o-bounded, there exists (K,,);° C C such that A C |J° K,
so that by hypothesis, A = J°(A N K,) € Bo(T).

(v)=(i) As A is o-bounded, by Theorem 50.D of [H] there exist relatively
compact open sets (U,)5° in T such that A € (J{"U,. Then A = J"ANU, €
B.(T) by (v).

Hence (i), (iv) and (v) are equivalent.

This completes the proof of the theorem. O
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Definition 6.2.3. Let X be an IcHs and let m : B(T') — X (resp. n: §(C) — X) be
o-additive and B(T)-regular (resp. and §(C)-regular). Then a function f: T — K
is said to be Lusin m-measurable (resp. Lusin n-measurable) if, given ¢ € T', e > 0

and K € C, there exists a compact Kéq) C K such that f|K(q> is continuous and
0
[Imlly (K\K§") < ¢ (resp. and [nlly(K\K§") < ).

Theorem 6.2.4. Let X, m, n and f be as in Definition 6.2.3. Then f is Lusin
m-measurable (resp. Lusin n-measurable) if and only if, given ¢ € T and K € C,
there exist an mg-null set (resp. ng-null set) Ny C K and a countable disjoint

family (K(q)) C C such that K = |J;2, K(q) U Ny and f|K<q) is continuous for
each i € IN.

Proof. Without loss of generality we shall assume X to be a normed space. Let
P =B(T)and w =m or P = §(C) and w = n. Let f be Lusin w-measurable
and K € C. Then by Definition 6.2.3 there exists K; € C such that K1 C K,
flx, is continuous and ||w||(K\K1) < 1. Let n > 1 and suppose we have chosen
(K1)7 C C mutually disjoint such that [J <
i <nand ||lw||(K\U] Ki) < 1. As K\ K; € P, by the regularity ofw there
exists a compact C' C K\ |J] K; such that ||lw||(K\(U] K:UC)) < TCEy) +1) By
hypothesis there exists a compact K, 1 C C such that f|k,,, is continuous and
[wll(C\Kn41) < 555+ Then (K;)i' C € are mutually disjoint, Uy ™ K; € K
and ||w]|(K\ U"+1 i) < n—+1‘ Therefore, by induction there exists a disjoint

sequence (K;)$° C C such that f|, is continuous for all i and |jw|[(K\ U] K;) < £
for all n. Then N = K\ |J;° K; is w-null and f|g, is continuous for all i.

Conversely, suppose K = [J]° K; U N, where (K;)?° C C, K, N K; = 0 for

i # J, |k, is continuous for each i and ||w||(N) = 0. Let € > 0. As K\|J; K; € P
for all n, K\ J} K; \\. N € 6(C) and as ||w|| is continuous on P by Proposition
1.1.5 of Chapter 1, there exists ng such that ||w||(K\ U;° K;) < €. Clearly, Ky =
""K; € C, Ky C K and f|g, is continuous since the K; are mutually disjoint.
Hence f is Lusin w-measurable. O

Theorem 6.2.5. (resp. Theorem 6.2.6) gives the relation between m-measurability
and Lusin m-measurability (resp. n-measurability and Lusin n-measurability).

Theorem 6.2.5. Let X be an lcHs, m : B(T') — X be o-additive and Borel regular
and f: T — K. Then f is Lusin m-measurable if and only if it is m-measurable.

Proof. Without loss of generality we shall assume X to be a normed space. Let
f be m-measurable, K € C and ¢ > 0. Then fyx is m-measurable and hence
by Proposition 1.1.18 of Chapter 1 there exists N € B(T) with ||jm]||(N) = 0
such that h = fx g\ is B(T)-measurable. Then by Theorem 6.1.2(i) there exists
g € Cc(T) such that |[ml||(N(h—g)) < § and [|g||7 < [|h||7. Let A = N(h —g).
Then A € B(T) and hence by the Borel regularity of m there exists a compact
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Ky C (K\N)\A such that ||m|[(K\N\A\Ko) < 5. Then h|x, = f|x, = 9|k, is
continuous and ||m||(K\Kjp) < e. Hence f is Lusin m-measurable.

Conversely, let f be Lusin m-measurable. Given K € C, by Theorem 6.2.4
there exist a disjoint sequence (K;)7° C C and an m-null set N disjoint with
U?® K; such that K = (¥ K; UN and such that f|g, is continuous for each i. Let
U be an open set in K. Then f~1(U)NK =" (f~HU)NK;)U(f~H(U)NN). As
flk, is continuous, there exists an open set V; in T such that f~Y(U)NK; = V;NK;

—_—

and hence f~1(U)NK =7 (V;NK;)U(f~*(U)NN) € B(T). Then by Theorem

e

6.2.1(v), f~Y(U) € B(T) and hence f is m-measurable. O

Theorem 6.2.6. Let X be an IcHs, n : §(C) — X be o-additive and 6(C)-regular
and f: T — K. Then f is n-measurable if and only if N(f) is o-bounded and f
ts Lusin n-measurable.

Proof. Without loss of generality we shall assume X to be a normed space. Let

f be n-measurable. Then N(f) € B.(T) and hence N(f) is o-bounded. Let
K € C and ¢ > 0. Then by Proposition 1.1.18 of Chapter 1 there exists N &
B.(T) with [[n|[(N) = 0 such that fxp\n is B.(T)-measurable. Then fxu\n
is B.(T)-measurable. Hence by Theorem 6.1.6 there exists g € C.(T') such that
IIn|[(N(fxx\nv —9)) < §. Let A= N(g9— fxx\n). Then A € B.(T) and hence
K\A € 6(C) by Lemma 5.2.2 of Chapter 5. Then by the §(C)-regularity of n
there exists a compact Ko C K\N\A such that |[n||[(K\N\A\Ky) < §. Then
flko = 9|k, is continuous and ||n||(K\N\Kj) < e. Hence f is Lusin n-measurable.

Conversely, let f be Lusin n-measurable and let N(f) be o-bounded. Let
K € C. Then by Theorem 6.2.4 there exist a disjoint countable family (K;)° C C
and an n-null set N disjoint with (J;® K; such that K = ;" K; UN and f|g;,
is continuous for each i. Let U be an open set in K. If f; = f|xk,, then by the
continuity of f; we have f~H(U\{0}) N K; = f; "(U\{0}) € B(K;) and hence
N(NFHU)NK = U (fFHO0)NEL)UNNf~H(U\{0})) € Be(T). As N(f)
is o-bounded by hypothesis, it follows by Theorem 6.2.2(iv) that N(f)Nf~*(U) €

B.(T') and hence f is n-measurable. O

Corollary 6.2.7. Let X be an lcHs and let m : B(T) — X (resp. n : 6(C) — X)
be o-additive and Borel reqular (resp. and 6(C)-regular). Then a Borel measurable
scalar function f on T is Lusin m-measurable (resp. Lusin n-measurable).

Proof. If f is Borel measurable, then f is m-measurable and hence is Lusin m-
measurable by Theorem 6.2.5. Let K € C. Then by Lemma 5.2.2 of Chapter
5, fxxi is B.(T)-measurable and hence n-measurable. Then by Theorem 6.2.6,
fxk is Lusin n-measurable. As K is arbitrary in C, it follows that f is Lusin
n-measurable. (|
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Definition 6.2.8. Let X be an IcHs and let m : B(T') — X (resp. n: §(C) — X)
be o-additive and Borel regular (resp. and §(C)-regular). Then a set A in T is said
to be Lusin m-measurable (resp. Lusin n-measurable) if x4 is so.

The following theorem is immediate from Definition 6.2.8 and Theorem 6.2.4.

Theorem 6.2.9. Let X, m and n be as in Definition 6.2.8. Let A C T. Then A is
Lusin m-measurable (resp. Lusin n-measurable) if for each g € T and K € C, there

exist a disjoint sequence (Ki(q))‘lx‘ C C and an my-null set (resp. and an ng-null
set) N, disjoint with (J7° Ki(q) such that K = |J7° Ki(q) U Ny and such that, for
each i, Ki(q) CAor Ki(q) C T\A.

Using Theorem 6.2.1(iv) and the Borel regularity of m, the proof of Propo-
sition 4, no.2, §5, Chapter IV of [B] can be adapted to prove the following

Theorem 6.2.10. (Localization principle). Let X be an lcHs and let m : B(T) — X

be o-additive and Borel reqular. Let f : T — K and suppose for each t € T and

(a9)

g € T, there exist an open neighborhood V;*' of t and a Lusin mg-measurable

scalar function giq) such that f(t') = g,gq)(t’) mgy-a.e. in Vt(q). Then f is Lusin
m-measurable.

As in the classical case of [B], the above theorem motivates the following

Definition 6.2.11. Let X and m be as in Theorem 6.2.10. A set A in T is said
to be locally m-null (briefly, loc. m-null) if, for each ¢t € T, there exists an open
neighborhood V; of ¢ such that ANV, is m-null. (See Definition 1.2.3 of Chapter 1.)

The proof of the following theorem is similar to those on pp. 172-173 of [B]
and is based on Theorems 6.2.1(iv), 6.2.5 and 6.2.10 and hence is omitted.

Theorem 6.2.12. Let X be an lcHs and let m : B(T) — X be o-additive and Borel
regular. Then:

(i) Locally m-null sets are m-measurable.

(ii) If A is loc. m-null, then all the subsets of A are also loc. m-null.

(iii) A is loc. m-null if and only if AN K is m-null for each K € C.

(iv) If A;, i € N, are loc. m-null, then |J;° A; is also loc. m-null.

(v) A is loc. m-null if and only if A is m-null. (Use (i) and Theorem 6.2.1(iv).)
)

(vi) f: T - K and N = {t € T : f is discontinuous int} is loc. m-null, then f
s m-measurable.
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6.3 Theorems of integrability criteria

The aim of the present section is to improve Theorem 2.2.2 of Chapter 2 and
Theorem 4.2.2 of Chapter 4 for §(C)-regular o-additive vector measures on §(C).
The said improvement of Theorem 2.2.2 of Chapter 2 is given in the last part
of Theorem 6.3.4 which gives much stronger results and Theorem 6.3.5 improves
Theorem 4.2.2 of Chapter 4. We also generalize Theorem 6.3.4 to complete 1cHs-
valued vector measures. The proofs of Lemmas 3.10 and 3.14, Propositions 2.17,
2.20 and 3.7 and Theorems 3.5, 3.13 and 3.20 of [T] are adapted here in the set-up
of vector measures.

Recall from Notation 5.2.1 of Chapter 5 that V denotes the family of relatively
compact open sets in 7.

Lemma 6.3.1. Let X be a Banach space and let H be a norm determining set in
X*. Let P be a d-ring of subsets of a set Q(# 0) and let m : P — X be additive.
Then:

(i) |lm[|(A) = sup,.ey v(z" om)(A), A € o(P).

(ii) Suppose m is o-additive and f : Q — K is m-measurable and (x* o m)-
integrable for each x* € H. If, for each € > 0, there exists g. € L1(m) such
that sup,.cp [ |f — geldv(z* om) <€, then f € L1(m).

Proof. (i) This is proved by an argument similar to that in the proof of Proposition
1.2.15(iii) of Chapter 1.

(ii) Let vy- f fd(z*om), z* € H. Then by hypothesis and by Proposi-
tion 5, §8 of [Dlnl} Vg 15 o-additive on o(P) and by Proposition 1.1.19 of Chapter
L, v(vz-)(A) = [, |f|dv(z* om) for A € o(P). Let

= sup/|f|dvx om).

z*cH

If f € £1(m), then by (ii) and (iii) of Theorem 2.1.5 and by Remark 2.2.3 of
Chapter 2 , v(-) = f fdm is o-additive on o(P) and ||||(T) = ||V|(N(f)) =

SUP|3+|<1 fT | fldv(x* om) Consequently, by (i) above, by Theorem 3.1.3 of Chapter
3 and by Proposition 1.1.19 of Chapter 1 we have

m$(f,T) = sup /Iflde om) = |II(T) = |WI(N(£))

:v*\<1

= sup v(z* oy)(N(f))
z*eH

= sup v(z* oy)(T) = sup / |f|dv(z* o m) = n(f). (6.3.1.1)
r*ecH r*cH

Let ¥ = {f: T — K, fm-measurable and (z* o m)-integrable for eachz* €
H withn(f) < oo}. For f € £ M(m) (see Definition 3.1.9 of Chapter 3), we have
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n(f) = supgecy [r|fldv(z* om) < m$(f,T) < oo and hence £;M(m) C X.
Clearly, n is a seminorm on X.

Claim 1. £1(m) is closed in (3, 7).

In fact, let (f,)° C £1(m) and let f € 3 such that n(f, — f) — 0. Then by
(6.3.1.1), (fn)1 is Cauchy in £;(m). Hence by Theorem 3.2.8 of Chapter 3, there
exists g € £1(m) such that lim, m$(f,—g,T) = 0. Since H C {z* € X* : |z*| < 1}
by Lemma 5.2.13 of Chapter 5, n(fn, — ¢g) < m$(f, —g9,7) — 0 as n — oo.
Then n(f —g) < n(f — fa) + 1(fn —g) — 0 and hence n(f — g) = 0. Clearly,
f — g is m-measurable and hence N(f — g) = B U N, where B € ¢(P) and
N C M € o(P) with ||m||(M) = 0. Then by (i) or by the fact that H C {z*
|z*| < 1}, v(z* om)(M) = 0 for 2* € H. Now sup,.cy [ |f — 9ldv(z* om) =
sup,ep 5 |f—gldv(z*om) < n(f—g) = 0 and hence v(z*om)(B) = 0 for z* € H.
Then by (i), [[m||(B) = sup,.cp v(z* om)(B) = 0 so that [[m[[(N(f —g)) = 0.
Therefore, f = g m-a.e. in T and hence f € £;(m). Thus the claim holds.

By hypothesis and by (6.3.1.1) we have

sup [ |flavte” om) < swp [ Jaddvta® om) + sup [ If = glav(e” o m)
x*eH JT r*ecH r*cH

<mi(g,T)+ €< 0

and hence f € 3. Moreover, the hypothesis in (ii) implies that f belongs to the
n-closure of £1(m) in ¥. Then by Claim 1, f € £4(m). O

Lemma 6.3.2. Let X and H be as in Lemma 6.3.1. Let m : §(C) — X (resp.
m: B(T) — X) be o-additive. Let V € V. Then there exist a sequence () in H
and a sequence (cy,) of positive numbers such that

i [lml|(4) =0

for A e B(V) (resp. for A € B(T)), where

A= Z env(z), om)
1

is o-additive and finite on B(V') (resp. on B(T)). (Note that in the case of m-
defined on 6(C), (z%) and X depend on V). Consequently, A € B(V) (resp. A €
B(T)) is m-null if and only if A is (x* om)-null for each x* € H. If m is further
§(C)-regular (resp. B(T)-regular) and if f : T — K is (z* om)-measurable for each
x* € H, then f is Lusin m-measurable as well as m-measurable.

Proof. Let V € V. As m is o-additive on §(C) (resp. on B(T)) and as H is norm
bounded by Lemma 5.2.13 of Chapter 5, {z* om : 2* € H} is bounded and
uniformly o-additive on B(V') (resp. on B(T')) and hence by the proof of Theorem
IV.9.2 and by Theorem IV.9.1 of [DS1], there exist (z})$° C H and ¢,, > 0, n € IN,
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such that A = 7% ¢,v(x}, o m) is o-additive and finite on B(V) (resp. on B(T))
and satisfies
lim sup v(z*om)(A) =0
A(A)‘}OLE*EII)—I ( )(4)

for A € B(V) (resp. A € B(T')). Then by Lemma 6.3.1(i),

)\(gr)n . |lm||(A) =0 for A € B(V) (resp. A € B(T)). (6.3.2.1)

If AeB(V) (resp. A € B(T)) is 2* o m-null for each z* € H, then A(4) =0
and hence ||m||(A4) = 0 so that A is m-null. The converse is trivial.

Now let us assume that m is further §(C)-regular (resp. B(T')-regular). Let
K € C and € > 0. Choose V € V such that K C V. Choose (z})$° C H and ¢, >
0, n € IN, and X as above. By (6.3.2.1), there exists 6 > 0 such that ||m]|(A) < €
whenever A\(A) < § for A € B(V) (resp. for A € B(T)). By hypothesis, f is
(2} o m)-measurable so that N(f) € B.(T) and hence N(f) is o-bounded. Then
by Theorem 6.2.6, f is Lusin (z} o m)-measurable when m is defined on §(C).
In the other case, f is Lusin (z} o m)-measurable by Theorem 6.2.5. Therefore,
for each n € NN, there exists K,, € C such that K,, C K, f|k, is continuous
and v(z} om)(K\K,) < ﬁ. Then Ko = " K, € C, f|k, is continuous and
AEK\Kp) < Y77 epv(alom)(K\K,) < 6. Hence ||m||(K\Kj) < €. Therefore, f is
Lusin m-measurable in both cases. When m is defined on B(7T’), then by Theorem
6.2.5, f is m-measurable. If m is defined on §(C), then by hypothesis, f is (z* om)-
measurable for * € H and hence, as noted above, N(f) € B.(T) and hence N(f)
is o-bounded. Consequently, f is m-measurable by Theorem 6.2.6. O

In the sequel, K(T) is as in Notation 5.3.1 of Chapter 5.

Theorem 6.3.3. Let u; : §(C) — K be o-additive and §(C)-regular fori € I. Suppose
il Jp pdulP < oo for each ¢ € K(T') and for 1 < p < co. Let u : K(T') — 1,(I)
be defined by u(p) = ([, pdui)ier- Then u is a prolongable Radon operator on
K(T). Let m,, be the representing measure of u. (See Definition 5.3.5 of Chapter 5.)
Let f: T — K belong to L1(u;) for i € I. Then f is m,-integrable in T if and

only if
Z /de,ui

for each open Baire set U in T. In that case, [, fdm, = ([, fdus)icr-

Let p=1 and let f € L1(my). If 0() = > .c; [pedpi for ¢ € K(T), then
0 € K(T)*, f is ug-integrable and

/Afdue = Z/Afdm

icl

p
< oo (6.3.3.1)

for A € B.(T), where pg is the complex Radon measure induced by 0 in the sense
of Definition 4.3 of [P3].
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Proof. Let us recall from Notation 5.3.1 of Chapter 5 that the topology of IC(T")
is the inductive limit locally convex topology on C.(T) induced by the family
(Co(T,C), I¢) where C.(T,C) are provided with the topology 7, of uniform con-
vergence. Clearly, C.(T,C) are Banach spaces. Let u : K(T') — £,(I) be given by
u(p) = ([ wdui)icr. Clearly, u is linear. We claim that u has a closed graph. In
fact, let 9o — @ in K(T). As p; € K(T)*, [ eadpi — [ dp; for each i € I. Sup-
pose u(va) — (fi)ier € €p(I). Then given € > 0, there exist J C I, J finite, and
an g, such that Y, ;| [ padpi — fil? < (§)P for a > ag. Moreover, there exists
o1 > ag such that Y. | [ @adpi — [ edpi[P < (5)P since [ oadp; — [ odp;

for each 7. Then
1
p P p
wdp; — fi < / pdpt; — / Padps;
(ool ) = (Sl oo [
p
+ Z/wadui—fi <e
T

ieJ
ieJ
< €.

=

<=

for a > . Thus, for i € J,

‘/ wdp; — fi / pdpj — f;
T T

Since € is arbitrary, fT wdp; = f;. I i € J, by the same argument with J U {i} in
place of J, we have [ @du; = f; for each i € I. Thus (f;); = u(y¢) and hence the
graph of u is closed.

Since C.(T,C) is a Banach space, any linear mapping from C.(T,C) into
¢,(I) with a closed graph is continuous by the closed graph theorem (see Theorem
2.15 of [Ru2]) and hence by Problem C(i), Sec. 16, Chapter 5 of [KN], u is a
continuous linear mapping.

Let V € V and let uy () = u(p) for ¢ € Co(V). Since u : K(T') — £,(I) is
continuous, clearly uy is continuous on C.(V) and hence its continuous extension
uy : Co(V) — £,(I) is weakly compact by Theorem 13 of [P9] or by Corollary 2 of
[P12] since £,,(I) is weakly sequentially complete for 1 < p < oo so that co & £,(I)
for 1 < p < co. Hence u is a prolongable Radon operator on (7') and hence by
Theorem 5.3.9 of Chapter 5 its representing measure m,, : 6(C) — ¢,(I), 1 <p <
00, is o-additive and 6(C)-regular and

p

<[z

jeJ

u(p) =/Ts0dmu, ¢ € Ce(T) (6.3.3.2)

where the integral is a (BDS)-integral.

Now suppose (6.3.3.1) is satisfied. For 1 < p < oo, let H}p) = {(o)ier €
ba(D) © > ierlasl? < 1,05 = Ofori € I\J, for someJ C I, J finite} where }1—7+
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= 1. For p = 1, let H}l) = {(i)icr € loo(I) : sup,cq|a;| < 1,05 = Ofori €

I\J, for some J C I, Jfinite}. Clearly, H}p) is a norm determining set for £,(I),
1<p<oo.

Q=

Claim 1. Let a* = (o)ier € Hl(p), 1 < p < oo, where a; = 0 for ¢ € T\ J«, for
some J,« C I and finite. Then x* om,, =), ;aipi = D 0 . Qifi;.

In fact, by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4 and by (6.3.3.2)
we have

/(pd(:x om,) = x*u( Zal/goduz—/gpd Z e (6.3.3.3)
T

il T 1€ T %

for ¢ € K(T). Then for ¢ € C.(V), by (6.3.3.3) we have [, @d(z* o (my,)y) =
ruv(p) = z*u(p) = [r wd(Zie]z* @;ipi), where (my)y = my|pv). As 2% o
(my)y and p;|gvy are o-additive and B(V)-regular, by the uniqueness part of
the Riesz representation theorem we conclude that x* o (my )y = ;o iptilpv)-
Since V' is arbitrary in V and since 6(C) = Uy ¢y, B(V), it follows that * o m,, =
ZieJI* Qipti = Y ;e ifti. Hence the claim holds.

Let ¢ € Co(T). By hypothesis, f € Li(u;) for i € T and ¢ is B.(T)-
measurable by Theorem 51.B of [H] and is bounded. Hence fyp € £;(u;) fori € Z.
Let

z/fsodui, ¢ € Co(T)
T

for i € I. Then 0; is a bounded linear functional on Cy(T") and hence the complex
Radon measure pp, induced by 6; in the sense of Definition 4.3 of [P3] is a o-
additive B(T')-regular scalar measure on B(T) by Theorems 3.3 and 4.6 of [P4].
Then it is easy to check that jug,|g(vy is B(V)-regular for each V € V.

Claim 2. n;(- f( y fdui is o-additive on B. (T') and n; is v(u; )-continuous, i € I.

In fact, U(ui) : B.(T) — [0, 00] is o-additive by Property 9, § 3, Chapter I of
[Dinl] and v(u;)(E) =0, E € B.(T) implies v(n;)(E) = 0. Then by Theorem 6.11
of [Rul] (whose proof is valid for o-rings too) we conclude that v(n;) and hence
7 is v(p;)-continuous on B.(T).

Since v(n;) is v(;)-continuous on §(C) and since p; is 6(C)-regular by hy-
pothesis, n;, i € I, are 6(C)-regular. Moreover, for ¢ € Cy(T'), we have

/ wdn; = / ofdu; = 0;(v) :/ wdug,, 1 € 1. (6.3.3.4)
T T T

Thus, for V € V and ¢ € Ce(V), we have [ odn;|gv) = [ ¢due,|s(v) and hence
by the uniqueness part of the Riesz representation theorem, we have 7;|g(v) =
o, |p(vy- As V is arbitrary in V', we conclude that

(6.3.3.5)

Th‘|5(c> =
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Since v(n;)(T) = [ |fldv(pi) < oo by Proposition 1.1.19 of Chapter 1 and
by the hypothesis that f € £1(u;) and since o(6(C)) = B.(T'), we conclude that
i = 16,|B.(T) (6.3.3.6)
for ¢ € I. Then by Theorem 2.4 of [P4], n; is B.(T)-regular for i € I.

Let z* = (o) € H}p). Then there exists a finite set J,« C I such that
a; = 0 for i € I\J«. Let ¥, = Zier* @;0;. Then ¥,- is a bounded linear
functional on Co(T') and for ¢ € Co(T'), we have Wun(p) = > ,c; , aibi(p) =
Jred(Xic ;.. aipe;) by (6.3.3.4). Then by (6.3.3.6), we have

po,. = Z aipg, on B(T) and iy .| ) = Z ;1) (6.3.3.7)
i€ J % 1€ S

where pg, . is the bounded complex Borel measure induced by W, in the sense
of Definition 4.3 of [P3].

Claim 3. sup .y v(pw,., B(T))(T) = M (say) < oo for 1 < p < oco.
I

In fact, let U be an open Baire set in 7" and let 1 < p < oo. Then by
hypothesis (6.3.3.1), by (6.3.3.7) and by Holder’s inequality, we have

swp fpw. @)= s | @)= swp | ( / fdui)
e eH" w*=(a:);€HP |ic ], e eHP U icl
1 1
P\ P P\ P
< sup |27, (Z /fdui ) < (Z /fdui ) <00
e*eH[” ier VU el 17U

where % + % =1.If p=1, by (6.3.3.1) and by (6.3.3.7) we have

swp e @)= s S (@) < s o ([ o)
e eH Y wr=(a;)i€H" |ic T zreHD U el
= sup Z ai/fdui SZ /fd,ui < 0.
ereHM o*=(ai)ier il U icr WU
(6.3.3.8")

As {pg,. 12" € H}p)} C M(T) for 1 < p < o0, the claim holds by (6.3.3.8)
and (6.3.3.8') and by Corollary 5.2.5 of Chapter 5.

Claim 4. Given ¢ € Cy(T) and e > 0, there exists a simple function s as a complex
linear combination of the characteristic functions of relatively compact open Baire
sets in 7" such that .

o7 (6.3.3.9)

lls = ¢llr <

where M is as in Claim 3.
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In fact, in the proof of Lemma 5.2.20(i) of Chapter 5, each of the sets E; ,, is a
difference of two F,, open sets U; ,,, V; » in T'. Clearly, U; , and V; ,, are o-compact
and relatively compact as supp  is compact. Then by Lemma 5.2.3 of Chapter 5,
Ui n and V; ,, are relatively compact open Baire sets in 7. Then, the functions (s}, )
in the proof of Lemma 5.2.20(i) of Chapter 5 are complex linear combinations of
the characteristic functions of relatively compact open Baire sets in T'. As s/, — ¢
uniformly in 7', the claim holds.

Claim 5. Let ¢ € Co(T). Then

D

icl

p
< 0. (6.3.3.10)

/T Jedu;

In fact, given € > 0, choose s as in Claim 4. By hypothesis (6.3.3.1),

3 /T sfdp

iel
Then there exists a finite set Jy C I such that
S| [ srau
T

NJo
Let Iy = I\Jp. Let H;lp) = {(c)icr,: there exists a finite set J C I such that
a; =0 for i € [\J and ||(e)ier, ||lq < 1} where %—i— % =1 when 1 < p < oo; and

D
< o0.

p

< (%)p (6.3.3.11)

q = oo when p = 1. Let z* = (a;)ier, € H;lp) be fixed. Then there exists a finite
set Jy« C I such that a; =0 for i € I;\J,~. Let

Bpe(p) = Y aiblily).

=

Then by (6.3.3.4) we have

LNOEDS ozi/Tcpduai = /Tozifwdui (6.3.3.12)

= =y

for ¢ € Co(T'). Then @« is a bounded linear functional on Cy(7T) and the com-
plex Radon measure pp,. induced by @+ in the sense of Definition 4.3 of [P3] is
given by pa,. =3 ;c; . aiptg;- Then |- (o) < | [7(p—s)dps,. |+ [ sdps,. | <
e = sllrv(pe,.. BIONT) + | Xics.. @i [ sfdu| since po,. = 37,0, | qipo, =
> ics . ain; on B(T) by (6.3.3.6) and since s is a B.(T')-simple function. Taking
y* = (a)ier with a; = 0 for ¢ € I\ J,+, we observe that ®,- is the same as ¥, de-
fined before Claim 3 and hence by Claim 3 we have SUP,. ¢ fy(») v(pe, ., B(T)(T) <
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M for 1 < p < oo where M is as in Claim 3. Hence by (6.3.3.9) and (6.3.3.11) we
have

B0 () < Il = sllr vl BN + || 3 0 [ st

1€ J px

< — M+ |z </ sfd,ui)
2M T i€l
6 *
< St lalla | ( [ s
T i€l
P
<€

since ([ sfdpi)ier, € £p(I1) by (6.3.3.11).
Varying z* € H}f), we have SUP_. . y(») [P+ ()] < €. As Hl(f) is a norm
1
determining set for £,(1;) for 1 < p < co and as ®u-(p) = x*( [ fedus)icr, by

(6.3.3.12), we have
g
( /fwiuz ) H(/ fsodui>
i€l T i€,

for 1 < p < co. Hence Claim 5 holds.
Then by Claim 5, the mapping ® : Co(T") — £,(I) given by

P(p) = (/T fedpi ier (/dem)ie]

is well defined and linear. It is easy to check that ® has a closed graph. (See the
proof of the claim that u has a closed graph.) Then by the closed graph theorem &
is continuous. Since cg ¢ £,(I) for 1 < p < oo, ® is weakly compact by Theorem 13
of [P9] for 1 < p < co. Then by Theorems 2 and 6 of [P9] its representing measure
mg : B(T) — £,(I)** has range in ¢,(I), and is o-additive and B(T')-regular.

= sup [Pu-(p)| <€
w*EHx’)

Claim 6. Let z* = ()ier € H}p), 1 < p < o0, so that there exists a finite set
Jz+ C I such that a; = 0 for ¢ € I\J,~. Then

(r* o mg |B (T) = Z Q1 = 2061'7711

1€ J el

In fact, for ¢ € Co(T'), by Theorem 1 of [P9] we have [, ¢d(z* o mg) =
TO(p) =D s, i fppdni = [ ed(3,c ;. cing); & omg is Be(T)-regular since
mg|g, (1) is Be(1')-regular by Theorem 7(xxiii) of [P9] and >, ; . ayn; is Be(T)-
regular as observed after (6.3.3.6). Consequently, by the uniqueness part of the
o-Borel version of the Riesz representation theorem the claim holds.
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By hypothesis, f is u;-measurable for ¢ € I and hence f is Ziel L Qfly-

measurable for * = (a;)ier € H}p) for 1 < p < oo, where o; = 0 for i € I\ J,~,
Jp+ C I and J,+ is finite. Since n; is v(u;)-continuous for ¢ € I by Claim 2, f is
also m;-measurable for 7 € I. Hence by Claim 6, f is (z* o mg )|, (r)-measurable
for x* € H}p). me is ZP(I)-Valued, o-additive and Borel regular for 1 < p < oo,
and hence by Theorem 6.1.12, mg|5(¢) is £,(1)-valued, o-additive and §(C)-regular

for 1 < p < oco. As HI(p) is a norm determining set for £,(I), then by Lemma 6.3.2,
[ is mg|5c)-measurable as well as Lusin mg|5(c)-measurable.
Let € > 0. As mg is B(T)-regular, there exists K € C such that ||jmg||(T\K)
% As f is Lusin mg|5)-measurable, there exists Ko € C with Ko C K such
hat f|k, is continuous and ||mq>||(K\K0) < 5. Then

|lme [[(T\Ko) <€ (6.3.3.13)

and fxg, is bounded and B(Kj)-measurable, as it is continuous on the compact
K. Counsequently, fxk, is a bounded B.(T)-measurable function with compact
support. As u is prolongable with the representing measure m,,, by (18) of Theorem
5.3.12 of Chapter 5,

XK, € L£1(my,). (6.3.3.14)
By Claim 1 and by the hypothesis that f € L£q(u;) for i € I, f is (z* o m,)-
measurable for each z* € H}p ), 1 < p < oo and as observed in the beginning

of the proof, m,, is ¢,(I)-valued, o-additive and ¢(C)-regular. As H}p) is a norm
determining set for £,(I), 1 < p < oo, by Lemma 6.3.2,

f is m,-measurable. (6.3.3.15)

Consequently, f— fxk, is also m,-measurable. Now by Claims 1 and 6, by Lemma
6.3.2 and by the fact that

f|d’l} ( azﬂz) =v / fd Qi fbg
/N(f)\Ko Z N()\Ko) Z

ieJa* 1€ J x

=0 Z a;n; N\Ko)

1€ J

(by Proposition 1.1.19 of Chapter 1), we have

sup / 1 — Fxioldv(a® omy) = sup / |fldv(a* o m.)
T N(f)\Ko

w*eH?) w*EH?)

= sup / | f|dv Qif;
eHP Y N(F)\Ko Z

z*=(0;)i € 1€ Ty
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= sup v Z ain; | (N(f)\Ko)

o =(ai)ier €H P i€ S
= sup v(e"ome)(N(\Ko) < sup v(z* o ma)(T\K)
z*eH;p) z*GH}P)
< [Ima[|(T\Ko) <€ (6.3.3.16)

by (6.3.3.13) for 1 < p < co. Since f is m,-measurable by (6.3.3.15), since fxx, €
L1(m,,) by (6.3.3.14), since H}p) is a norm determining set for ¢, (I) for 1 <p < oo
and since € > 0 is arbitrary, by (6.3.3.16) and by Lemma 6.3.1(ii) we conclude that
f € L£1(m,,). Hence the condition (6.3.3.1) is sufficient.

Moreover, for f € £i(m,), let xf = (oj)jer € H}p), where o; = 1 and
a; =0, j # 4. Then by Claim 1, 2 om, = u; and hence by Theorem 5.3.11(iii)
of Chapter 5, f € L1(p;) and x} ([, fdm,) = [ fd(z} om,) = [, fdu,. Hence

/demu = </T fdMi)ieI € 1,(I) (6.3.3.17)

for 1 <p < o0.

Conversely, let f € £1(m,) and let U be an open Baire set in T. Then by
Theorem 2.1.5(vi) and by Remark 2.2.3 of Chapter 2, fxy € £1(m,) and hence by
(6.3.3.17), [, fxvdm, = ([, fdui)icr € £y(I). Therefore Y., | [;; fdui? < oo
for 1 < p < oo. Thus the condition (6.3.3.1) is also necessary.

Let p =1, f € L1(m,) and 2* = («;)ier € loo(I), where o; = 1 for each
i. Then 6 given in the last part of the theorem is the same as z*u and hence
6 € K(T)*. Then by Corollary 5.3.10 of Chapter 5, ug = m,+,, considering z*u as
a scalar-valued prolongable Radon operator. Then by Theorem 5.3.11 of Chapter
5 and by hypothesis, we have f € £1(2*m,) = L1 (my+,) = L£1(up) and

/A fpo = /A fdmge, = 7 ( /A fdmu) . (( /A fdui)iel) -y /A fdp

il
for each A € B.(T).
This completes the proof of the theorem. O

The above theorem for the case I = IN and p = 1 is used in the proof of
the following result, the last part of which strengthens Theorem 2.2.2 of Chapter
2 when P = §(C) and m is a Banach space-valued o-additive P-regular mea-
sure on P.

Theorem 6.3.4. Let X be a Banach space and let m : 6(C) — X be o-additive
and 6(C)-regular. Let H be a norm determining set for X with the Orlicz property.
Then a function f: T — K is m-integrable in T if and only if f € L1(x* om) for
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each x* € H and, for each open Baire set U in T, there exists a vector xy € X
such that

¥ (xy) = /de(x* om) (6.3.4.1)

for x* € H. In that case, fp € L1(m) for each ¢ € Co(T) and the mapping
U : Co(T) — X given by ¥(p) = [ fodm is a weakly compact operator. Finally,
f is m-integrable in T if and only if f € L1(z* om) for 2* € X* and (6.3.4.1)
holds for each x* € X* and for each open Baire set U in T.

Proof. It f € £1(m), then f is (KL) m-integrable in 7' by Theorem 2.2.2 of Chapter
2 and hence the conditions hold.

Conversely, let the conditions hold. Let <H> be the vector space spanned
by H and let F' be the norm closure of <H> in X*. By hypothesis, for each open
Baire set U in T there exists 2y € X such that (6.3.4.1) holds for 2* € H and
consequently,

o* (zy) = /U fd(z* om) (6.3.4.2)

for z* € <H>.
Claim 1. (6.3.4.2) holds for each z* € F and for each open Baire set U in T'.

In fact, given a* € F, there exists a sequence (z) C <H> such that z* =
S @k with D°7% |2 < oo. Given ¢ € K(T'), ¢ is B.(T')-measurable by Theorem
51.B of [H] and is bounded and hence ¢ € £;(m) by Theorem 2.1.5(v) and Remark
2.2.3 of Chapter 2. Then by Theorem 2.1.5(viii) followed by Remark 2.2.3 of

Chapter 2 we have
Z‘/(pdx om’:ilo: ( @dm)‘ ’/g@dm‘<2|xn|><oo
(6.3.4.3)

Moreover, by (6.3.4.2) we have

i ‘/U fd(a} o m)’ = i |2 (zv)| < (i |x:;|> lvy| < 0. (6.3.4.4)

Clearly, z* om = lim,,(}_;_; z})om = lim,, >, _; (zjom) = >~ "(z}, om) as
m has range in X. As m is g-additive and §(C)-regular on §(C), * om is o-additive
and 6(C)-regular on §(C).

The mapping u : K(T') — £1(IN) given by

u(p) = (/T pd(xy, o m))j_l

is well defined by (6.3.4.3) and is clearly linear. By (6.3.4.3) and (6.3.4.4), the
complex measures () o m)$ ; and the function f satisfy the sufficiency part




176 Chapter 6. Integration in Locally Compact Hausdorff Spaces — Part II

of the hypotheses of Theorem 6.3.3 for p = 1 and I = IN and consequently, u
is a prolongable Radon operator and f € L£1(m,). By the last part of the said
theorem, 6 : K(T') — K, given by 0(p) = > 7" [, ¢d(x} o m), belongs to K(T')*,
f is pe-integrable and

/deua = i /U fd(x;, om) (6.3.4.5)

for each open Baire set U in T and for the set U = N(f) since f € L1(m,) so
that f is m,-measurable and hence N(f) € B.(T) with respect to [|m,]].

Now [ @due = 0(p) = >0~ [ ed(x), om) = [ pd(z* om) for p € K(T),

: * k x * k x *

since | [ d(z* o m) — [ @d(32 @5, o m)| = [(& — 32y 23) [ pdm| < |27 -
Z]f x| [ ¢dm| — 0 as k — oo by (v) and (viii) of Theorem 2.1.5 and Remark
2.2.3 of Chapter 2 and since z* = > ° z%. Since z* o m is o-additive and 6(C)-
regular, and since ji9|5(c) is o-additive and 6(C)-regular by Theorem 4.4(i) of [P4],
by an argument based on the uniqueness part of the Riesz representation theorem

which is similar to that in the proof of Claim 1 in the proof of Theorem 6.3.3 we
have (z* om)|5c) = tolsc)- Then by (6.3.4.5) and (6.3.4.2) we have

[ it om = [ fdue=§:1 / fd(x;om>=§wz<xy>=x*<xa>

for any open Baire set U in T and hence Claim 1 holds. Moreover, as f is up-
integrable and as pg|sc) = * om, f is (z* om)-integrable and hence [, |f|dv(z* o
m) < co. Thus, for 2* € F, f € £L1(z* om) and

/ |fldv(z" om) < co. (6.3.4.6)
T

Let F be the vector space spanned by the characteristic functions of open
Baire sets in T". Then for each g € F, by Claim 1 there exists x4 € X such that

¥ (zg) = /ngd(x* om) (6.3.4.7)

for each z* € F. Let G = {zy: g € F,||g|lr < 1}.
Claim 2. sup, cg |r4| = M (say) < occ.
In fact, for «* € F, by (6.3.4.6) and (6.3.4.7) we have

sup la* ()| = sup | [ fodla om)] < [ [fldo(a” om) <
T

z,€G TgE

as ||g||r < 1for g € G. Hence G is (X, F')-bounded. Since H is a norm determining
set for X, by Lemma 5.2.13 of Chapter 5 we have |z*| < 1 for * € H and hence
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2] = Supge<1 |7 (2)] > D,y |07 (@)] = $UPye gy |2 ()] = Jo] for @ € X
(since H C F). Hence X can be considered as a subspace of F* with the restriction
of the norm of F*. Then by the Banach-Steinhaus theorem (Theorem I1.3.21 of
[DS1]) applied to the Banach space F', the set G is norm bounded and hence the
claim holds.

For g € F, let ®(g9) = z4. By (6.3.4.7) and by the hypothesis that H is
norm determining, ® : F — X is well defined and clearly, it is linear. By Claim
2, ® is continuous. Hence ® has a unique continuous linear extension ® on the
closure F of F in the Banach space of all bounded scalar functions on 7', with the
supremum norm. Cy(7T) C F by Claim 4 in the proof of Theorem 6.3.3 and hence
let &g = fi)|CO(T). Then @y : Co(T) — X is linear and continuous and hence by
Theorem 1 of [P9] its representing measure 7 is given by ®§*|z(r). Moreover, by
the same theorem, z* om € M(T) for each z* € X* and

¥ ®o(p) = /Tcpd(:z:* on)forp € Co(T). (6.3.4.8)

By hypothesis, f € £1(z* om) for * € H and hence v,«(:) = f(_) fd(z* om)
is o-additive on B.(T') for 2* € H. Clearly, vy« is v(z* o m)-continuous by Claim
2 in the proof of Theorem 6.3.3. Then f is v,«-measurable since f is (z* o m)-
measurable and since v+ is v(z* o m)-continuous.

Let ¢ € Co(T). Since Co(T) C F, there exists (g,,)5° C F such that g, — ¢
uniformly in T so that ®o(¢) = lim,, ®(g,). Then by (6.3.4.7) and by the definition
of ® we have

0o (p) = limz"O(gp,) = limz*(zy,) = lirn/ fgnd(z™ om) (6.3.4.9)
n n n T

for * € F. On the other hand, as ¢ is B.(T')-measurable by Theorem 51.B of [H]
and bounded, fp € £1(z* om) for 2* € H and by (6.3.4.6),

| seitarom)~ [ fgudtat e m)\ <lle = gullz( [ Ifldvta” om) 0
T T T
as n — oo for each 2* € H and therefore
/ fed(z® om) = lim/ fond(z”™ om)
T noJr
for * € H. Then by (6.3.4.9) and (6.3.4.8) and by the definition of v,«(-) we have

/T vy = /T fed(* o m) = lim /T fgnd(z* o m)

=" Pg(p) = /Tgpd(x* on) (6.3.4.10)
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for p € Co(T') and z* € H. As 2* om € M(T) and as v,- is o-additive on B.(T)
and §(C)-regular for 2* € H, by an argument similar to that in the proof of Claim
1 in the proof of Theorem 6.3.3 and by (6.3.4.10), we have

(" om)lse) = vals(c) (6.3.4.11)

for 2* € H. As v(z* om, B(T))(T) < oo, by Theorem 4.5 of [P13] or by Theorem
2.5 of [P4] we have v+ = (2* on)|g_ (1) and

v(va, Be(T))(-) = v(z* o m, B(T))|s.(1) () (6.3.4.12)

for x* € H. Consequently, as f is v;+-measurable, it is (z* o )|g,(7)-measurable
for 2* € H and consequently, f is (z* o n)-measurable for 2* € H.

Let U be an open Baire set in T. Then by §14 of [Dinl] there exists an
increasing sequence () of functions in C.(T) such that ¢, " xu. Then by
LDCT, by (6.3.4.1), (6.3.4.10) and (6.3.4.12) we have

@ om)U) = [ xvda® om) =tim [ pudla” om) =lim [ pudve-
T noJr nJr

= lirn/ onfd(z* om) = / xufd(z*om) =2a"(zy) (6.3.4.13)
nJr T

for z* € H. Then by Theorem 5.2.14 of Chapter 5, ®( is weakly compact and
hence by Theorem 2 of [P9], ) is o-additive and has range in X and by Theorem
6(xix) of [P9], n is B(T)-regular. (Note that only here do we use the hypothesis
that H has the Orlicz property to assert that ®( is weakly compact.) Then, as f
is (z* o m)-measurable for z* € H, by Lemma 6.3.2 f is p-measurable as well as
Lusin n-measurable. Given € > 0, by the B(T)-regularity of n there exists K € C
such that [[n|[(T\K) < §. As f is Lusin n-measurable, there exists Ky € C such
that Ko C K, f|k, is continuous, and ||n||(K\Ky) < §. Then

|[nl[(T\Ko) <e. (6.3.4.14)

Moreover, fxrk, is bounded as fxxk, is continuous on the compact Ky and is
B.(T')-measurable with compact support so that fxx, € £1(m) by Theorem 2.1.5
and Remark 2.2.3 of Chapter 2. As f is (x* om)-measurable for 2* € H, f — fxk,
is also (* o m)-measurable for z* € H. Moreover, as H is a norm determining set,
by Lemma 6.3.2 f — fxk, is m-measurable. Then by (6.3.4.12), (6.3.4.14), by the
fact that v(v.«)(:) = f(.) | f|dv(x* o m) by Proposition 1.1.19 of Chapter 1 and by

Lemma 6.3.1(i) we have

sup /T 1f = Fxxoldv(a® o m)

= swp [ |fldv(e” om) = sup (e )(V(F)\Ko)
e eH JN(F)\Ko wreH
— sup v(a” o) (N(F)\Ko) = [ml|(N(f)\Ko) < [lnll(T\Ko) < e.

z*eH
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Consequently, by Lemma 6.3.1(ii), f € £1(m). Hence the conditions are also
sufficient.

If f € £1(m), then by Theorem 2.1.5(vii) and Remark 2.3.3 of Chapter 2 and
by Theorem 51.B of [H], fy € £1(m) for each ¢ € Cy(T") and hence ¥ : Co(T) —
X given by U(yp) = fT pfdm is well defined for ¢ € Co(T). Consequently, by
(6.3.4.10) and by (viii) of the said theorem in Chapter 2 we have

rU(p) = /; fod(z® om) = z*@o(y)

for * € H and for ¢ € Co(T). As H is norm determining, it follows that ¥ = &,
and hence V¥ is weakly compact.

If H={2* € X*:|z*| <1}, then H is a norm determining set for X and
has the Orlicz property by the Orlicz-Pettis theorem. Hence the last part holds by
the first part.

This completes the proof of the theorem. O

The following result which is deduced from the last part of Theorem 6.3.4
improves Theorem 4.2.2(i) of Chapter 4 for 6(C)-regular o-additive vector measures
on §(C).

Theorem 6.3.5. Let X be a quasicomplete IcHs and let m : 6(C) — X be o-
additive and 6(C)-regular. Let f : T — K. Then f is m-integrable in T if and only
if f € L1(z* om) for each z* € X* and, for each open Baire set U in T, there
exists a vector xy € X such that

x*(zy) = / fd(z* om) (6.3.5.1)
U
for x* e X*.

Proof. Clearly, the conditions are necessary. Conversely, let the conditions hold.
For each ¢ € T, I, : X — X, C X, is continuous. Hence (y* o II,) € X* for

y* € X; = (X,)* and hence by hypothesis f € £;(y* om,) for each y* € X and
by (6.3.5.1) we have

(4 o T,) () = /U fd(y* o Tlym) = /U f(y om,)

for each open Baire set U in T'. Then by the last part of Theorem 6.3.4, f € £1(my).
As ¢ is arbitrary in I, it follows that f is m-integrable in T' and moreover, by
Definition 4.2.1 of Chapter 4,

/Afdm = lim /Afqu, A€ B.(T)
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and

/ fdm = lirn/ fdm,
T T INO\N,

(see Definition 4.2.1 of Chapter 4). O

In order to generalize Theorem 6.3.4 to complete lcHs-valued vector mea-
sures, we first generalize Lemmas 6.3.1 and 6.3.2 as follows.

Lemma 6.3.6. Let X be an lcHs with topology T and let H be a subset of X*
such that T is identical with the topology of uniform convergence in equicontinuous
subsets of H. Let P be a §-ring of subsets of a set Q( M) and let m : P — X be
additive. Let Eg = {E C H : E equicontinuous}. Then:

(1) [[mllqs (A) = supy-cpv(z™ o m)(A), A € o(P).

(ii) Suppose X is further quasicomplete, m is o-additive and f : Q@ — K is m-
measurable and (x* o m)-integrable for each x* € H. Then f € L41(m) if, for
each E € g and € > 0, there exists gg) € L1(myg,) such that

sup / |f —g%”dv(w* om) < €.
z*eEJT

Proof. (i) is due to Proposition 1.2.13(iii) of Chapter 1.

(ii) For z* € E, let ¥, be as in Proposition 1.2.13 of Chapter 1. Then by
hypothesis and by the latter proposition, we have

sup / |f— gg)|dv(‘l/$* omg,) = sup / |f— g%”dv(w* om)<e (6.3.6.1)
T T

z*el z*el

Then by (6.3.6.1) and by Lemma 6.3.1(ii) applied to mg, : P — X,, C Xop, f €
L1(myg,) since {¥,- : 2* € E} is a norm determining set for ),(:1_; by Proposition
1.2.13 of Chapter 1 and since f is mg,-measurable by hypothesis. Since E is
arbitrary in £y and since {qg : E € Ex} generates the topology 7, by Definition
4.2.1 and by Remark 4.1.5 of Chapter 4 we conclude that f € £;(m). O

Lemma 6.3.7. Let X be an lcHs and let H satisfy the hypothesis of Lemma 6.3.6.
Let Ex be as in Lemma 6.3.6. Suppose m : §(C) — X (resp. m : B(T) :— X) is
o-additive and let V€ V. Then a set A € B(V) (resp. A € B(T)) is m-null if
and only if A is (z* o m)-null for each x* € H. If m is further 6(C)-regular (resp.
B(T)-regular) and if f : T — K is (x* o m)-measurable for x* € H, then f is
Lusin m-measurable as well as m-measurable.

Proof. Let A be (z* o m)-null for each z* € H and let E € £y. For z* € E,
let ¥« be as in Proposition 1.2.13 of Chapter 1. Then by the said proposition
Hg = {¥,- : * € E} is a norm determining set for X,, and hence for X,, and
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therefore, by hypothesis and by Lemma 6.3.2, A is my,-null. As E is arbitrary in
En and as {qg : E € Ex} generates the topology 7, A is m-null by Remark 1.2.5
of Chapter 1. Conversely, if A is m-null, clearly A is (z* om)-null for each 2* € H.

Let f be (z* om)-measurable for z* € H. Let E € £x. Then, f is (¥,+« om)-
measurable for ¥~ € Hg. Hence, by Lemma 6.3.2 applied to mg, : P — X, C
)f(;, f is my, -measurable, where P = 6(C) (resp. B(T")). As f is z* om-measurable
(for z* € H), N(f) is o-bounded. Then by Definition 1.2.6 and by Remark 1.2.5
of Chapter 1, f is m-measurable and consequently, f is also Lusin m-measurable
by Theorem 6.2.6 (resp. by Theorem 6.2.5). O

Now we shall generalize Theorem 6.3.4 to complete lcHs-valued o-additive
§(C)-regular measures.

Theorem 6.3.8. (Generalization of Theorem 6.3.4 to complete lcHs-valued mea-
sures). Let X be a complete lcHs with topology T and let H be a subset of X*
with the Orlicz property such that T is identical with the topology of uniform con-
vergence in equicontinuous subsets of H. Let m : 6(C) — X be o-additive and
0(C)-regular and let f : T — K. Then f € L1(m) if and only if f € L1(z* om) for
each z* € H and, for each open Baire set U in T, there exists xy € X such that

x*(zy) = /de(x* om) (6.3.8.1)
forx* € H.

Proof. Let £y = {E C H : E equicontinuous}. By hypothesis, the seminorms
qe, E € £, generate the topology 7. Let E € £y be fixed. By Proposition 1.2.13
of Chapter 1, (U,+ oI, )(x) = 2*(z) for z € X and for z* € E and hence we
identify z* € E with W,.. Let Hp = U, N H for E € £y. Since E C Hp C UY,
and since {¥,« : £* € E} is a norm determining set for X,, by Proposition 1.2.13
of Chapter 1, it follows that Hg is also a norm determining set for X,, and hence
for )f(;. Let F be the vector space spanned by the characteristic functions of open
Baire sets in T'. Then by (6.3.8.1), for each g € F, there exists 4, € X such that

¥ (xg) = /ngd(x* om) (6.3.8.2)

for z* € H and z,4 is unique as the Hausdorff topology 7 is generated by {¢g :
E € &g}. Then the mapping ® : F — X given by ®(g) = z4 for g € F is well
defined and linear. For £ € Hg, arguing as in the proof of Theorem 6.3.4 with
Xyp,my, and Hg in place of X, H and m, respectively, and using (6.3.8.1) in

place of (6.3.4.1) we can show that II,, o ® : F — )f(; is continuous for E € £y.

—

Therefore, there exists a unique continuous linear extension ®(#) of I, o ® to the
whole of F with values in X,,, where F is the closure of F in the Banach space
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of all bounded scalar functions on 7" with supremum norm. Then there exists a
constant Mg such that

18E) ()] < ME|lellT (6.3.8.3)
for for p € F. Then by Claim 4 in the proof of Theorem 6.3.3, Co(T) C F and hence

<I>(E) <I>(E)|C is continuous and linear and has range in X,,. Then (6.3.8.3)

also holds for CI)(() ) with ¢ € Cy(T'). Moreover, (6.3.8.3) holds for all £ € Ey.
By hypothesis, X is a complete lcHs and {gg : E € £y} generates the
topology 7 and hence by Theorem 5.4, §5, Chapter II of [Scha], X = limX,,. Let

us define @ : F — X by &(p) = lim@(gp) for ¢ € F. Let @y : Co(T) — X be
given by ®g = ®|¢, (). Then by (6.3.8.3) we have [®()|g, = |(Igy 0 D) ()]s =

|DE) ()] 4y < MEl|p||7 for each E € i and for each ¢ € F. Hence ® and &g are
X-valued continuous linear mappings.

Let 1 be the representing measure of ®q in the sense of Definition 4 of [P9].
Then by Theorem 1 of [P9],

¥ Po(p) = /Tgod(x* on) (6.3.8.4)

for z* € X* and for ¢ € Cy(T).
Claim 1. [, fed(z* om) = 2*®(p) = [, @d(x*on) for 2* € H and for ¢ € Co(T).

In fact, let ¢ € Co(T). As f € El(x om) for * € H and as ¢ is bounded and
B.(T)-measurable by Theorem 51.B of [H], f¢ € L1(2* om) for z* € H. By Claim
4 in the proof of Theorem 6.3.3, there exists (g,,)$° C F such that ||¢ — gn||7 — 0.
Then, for z* € H,

R e om>\ < lo-allr [ Iflantaom) — 0 (6:355)

as n — oo, since f € L£1(z* om). Observing that ®(g) = ®(g) = , for g € F, by
(6.3.8.2), (6.3.8.4) and (6.3.8.5) and by the fact that ||¢ — gu||7 — 0 as n — oo
we have [, fed(z* om) = lim, [ fgn (z* om) = lim,, 2*(z,, ) = lim,, 2*®(g,,) =
lim,, 2*®(g,,) = 2*®(p) = 2*Po(p) = [, pd(z* om) for z* € H. Hence the claim
holds.

Let U be an open Baire set in T and choose (p,)5° C Co(T) such that
©n /" xu (see the proof (6.3.4.13)). Then by Claim 1, by LDCT and by (6.3.8.1)

we have
(z*om)(U) = lim/ ond(x* om) =lima* Py (p,) = lirn/ fond(z® om)

= /TXde(x* om) = z*(xzy) (6.3.8.6)
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for z* € H. Since H has the Orlicz property, by (6.3.8.6) and by Theorem 5.2.16
of Chapter 5, ®¢ is weakly compact.

Then by Theorems 2 and 6 of [P9], n is X-valued, o-additive and B(T)-
regular. Let v,+(-) = f(_)fd(x* om) for z* € H. Then for ¢ € Cy(T") and for
z* € H, by Claim 1 we have

| e = [ feda® om) = wuie) = [ i om)

and hence an argument similar to that in the paragraph following (6.3.4.10) in the
proof of Theorem 6.3.4 shows that f is (z* o )-measurable for 2* € H. Then by
Lemma 6.3.7, f is n-measurable as well as Lusin n-measurable. Thus, given E € £y
and € > 0, arguing as in the proof of Theorem 6.3.4, there exists a compact Ky in
T such that ||9]|¢, (T\Ko) < € and f|k, is continuous. Then fxk, is bounded and
B.(T)-measurable with compact support. Consequently, by Theorems 4.1.9(i)(b)
and 4.2.3 of Chapter 4, fxx, € £1(m) and hence fxr, € £1(mg,). Moreover,
by hypothesis f is (z* o m)-measurable for each z* € H and as H satisfies the
hypothesis of Lemma 6.3.7, it follows that f is m-measurable. Then an argument
similar to that in the last part of the proof of Theorem 6.3.4, invoking Lemma
6.3.6(ii) in place of Lemma 6.3.1(ii), shows that f € £1(m,,). Since E is arbitrary
in £y and since (¢g)gce, generates the topology 7, by Definition 4.2.1 and by
Theorem 4.2.3 of Chapter 4, f € £1(m), i.e., f is m-integrable in T with values
in X.

This completes the proof of the theorem. O

Now we give an analogue of Theorem 6.3.3 when p; : B(T) — K, i € I, are
o-additive and Borel regular.
Theorem 6.3.9. Let u; : B(T) — K be o-additive and B(T)-regular for i € I.
Suppose Y ,o; | [ pdusl? < oo for each p € Co(T) and for 1 < p < oo. Let
u: Co(T) — Ly(I) be defined by u(p) = ([, pdpi)icr. Then u is a weakly com-
pact operator on Co(T). Let m,, be the representing measure of u in the sense of
Definition 4 of [P9] and let f : T — K belong to L1(u;) for i € I. Then f is
m,,-integrable in T if and only if

| s
U

i€l
for each open Baire set U in T. In that case, [, fdm, = ([, fdp)icr-
Let p=1 and let f € L1(my). If () = > ,c; [ edu; for ¢ € Co(T), then
0 € K(T); (see pp. 65 and 69 of [P4]), f is ug-integrable and

/A fdug =3 /A e

el

p
< o0 (6.3.9.1)

for A € B(T), where ug is the bounded complex Radon measure induced by 6 in
the sense of Definition 4.3 of [P3].
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Proof. By an argument similar to that in the proof of Theorem 6.3.3 we can show
that the linear mapping u has a closed graph and hence by Theorem 2.15 of [Ru2],
u is continuous. Since ¢o ¢ ¢,(I) for 1 < p < oo, by Theorem 13 of [P9] or by
Corollary 2 of [P12], u is weakly compact. Then by Theorems 2 and 6 of [P9],
the representing measure m,, of u is ¢,(I)-valued, o-additive and Borel regular on
B(T).

Let Hl(p) be as in the proof of Theorem 6.3.3 for 1 < p < co. If * = (o) €
H;p), then there exists J,» C I, J,» finite, such that o; = 0 for ¢ € I\ J;~. Then
by Theorem 1 of [P9] we have 2 u(p) = [ pd(z* omy,) = [ @d(3 0, ; . cip;) for
v € Co(T). Since z* om,, and p;, i € I, are o-additive and Borel regular, by the
uniqueness part of the Riesz representation theorem we conclude that

¥ om, = Z Qi = Z o . (6.3.9.2)

1€ S px icl

For i € I, let §; and 7; be defined as in the proof of Theorem 6.3.3. Note
that n; is o-additive on B(T) and n; is v(u;)-continuous for ¢ € I so that n; is
B(T)-regular for i € I. Since

/wdni:/sﬁfdui:&(w):/wduai
T T T

for ¢ € Co(T) and for i € I, by the uniqueness part of the Riesz representation
theorem
n; = g, foriel. (6.3.9.3)

Defining ¥« as in the proof of Theorem 6.3.3, by (6.3.9.3) we have

. = Z Qiflg, = Z a;n; on B(T). (6.3.9.4)

i€ x =

Using (6.3.9.1), (6.3.9.4) and Holder’s inequality and arguing as in the proof
of Claim 3 in the proof of Theorem 6.3.3 one can show that

/U n

for 1 < p < oo and for an open Baire set U in T'. As {py_. : 2* € H}p)} C M(T)
for 1 < p < oo, by (6.3.9.5) and by Corollary 5.2.5 of Chapter 5 we have

o\ 7
) < oo (6.3.9.5)

sup |, (U)] < (Z

$*EH§p)

sup v(pw,.,B(T)(T) = M, (say) < oo (6.3.9.6)

w*EHy’)

for 1 <p < oo.
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By an argument quite similar to the proof of Claim 5 in the proof of Theorem
6.3.3 and by the use of (5.3.9.6) in place of Claim 3 in the proof of the said theorem,

we have
/ f@dul
for ¢ € Cyp(T') and for 1 < p < oco.
Then the mapping ® : Co(T) — €, () given by

oo (o), (o),

is well defined and linear and has a closed graph. Then by the closed graph theo-
rem, ® is continuous. Since ¢y ¢ £,(I) for 1 < p < oo, by Theorem 13 of [P9], ®
is weakly compact. Then by Theorems 2 and 6 of [P9], the representing measure
mg of ® is ¢, (I)-valued, o-additive and Borel regular on B(T).

< oo (6.3.9.7)

el

Then arguing as in the proof of Claim 6 in the proof of Theorem 6.3.3 and
using the uniqueness part of the Riesz representation theorem (Borel version), we

conclude that
(z* omg) Z a;m; = Zami (6.3.9.8)
i€ Sy el

for each z* € Hl(p), 1 < p < oo. Invoking the Borel case of Lemma 6.3.2 and using
(6.3.9.8) we conclude that f is m-measurable as well as Lusin m-measurable. The
rest of the argument in the proof of Theorem 6.3.3 holds here verbatim with B(T')
in place of B.(T) and B(T)-regular in place of 6(C)-regular.

This completes the proof of the theorem. O

Using the above theorem for I = IN and for p = 1, we obtain below the
analogue of Theorem 6.3.4 for a Banach space-valued o-additive Borel regular
measure.

Theorem 6.3.10. Let X be a Banach space and let m : B(T) — X be o-additive
and Borel reqular. Let H be a norm determining set for X with the orlicz property
andlet f: T — K. Then f € L1(m) if and only if f € L1(x* om) for each x* € H

and, for each open Baire set U in T there exists a vector xy € X such that
o*(ew) = [ fila® om)
U

for x* € H. Moreover, other conclusions of Theorem 6.3.4 hold. (By Theorem
6.1.12, m|5) satisfies the hypothesis of Theorem 6.3.4 and hence the conclusions
of Theorem 6.3.4 hold for mls(cy but it requires a proof to show that they hold for
m itself.)
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Proof. By Theorem 2.2.2 of Chapter 2, the conditions are necessary. Conversely,
let <H> and F be as in the proof of Theorem 6.3.4. If 2* € F and z* = Y ° z¥,

n

with (z}) C H and with Y [ |z%| < oo, then arguing as in the proof of the
said theorem, we have z* om = ) “ z¥ o m and moreover, z* o m is o-additive

and B(T)-regular. Further, (6.3.4.3) holds for ¢ € Cy(T) and (6.3.4.4) also holds.
Consequently, the mapping u : Co(T') — ¢1(IN) given by

o) = ([ s, Om))j;

is well defined and linear. Then the complex measures (x om)S° ; and the function
f satisfy the sufficiency part of the hypotheses of Theorem 6.3.9 for p = 1 and
for I = IN and hence u is a weakly compact operator on Co(T') and f € £1(m,,),
where m,, is the representing measure of u. Then by the last part of the said
theorem, 0 : Co(T) — K, given by 0(p) = >~ | [ ¢d(x}, om), belongs to K(T');,
f is pp-integrable and

/U fduenil /U fd(a 0 m)

for each open Baire set U in T and for the set U = N(f) since f € £1(m,)

e

so that N(f) € B(T) with respect to ||m,||. Let z* € F, where F is the norm
closure of (H), the vector space spanned by H. Observing that z* o m is o-
additive and B(T')-regular by hypothesis and py is o-additive and B(T')-regular by
Theorem 5.3 of [P4], and proving that [.¢dus = [ ed(z* o m) for ¢ € Co(T)
as in the proof of Claim 1 in the proof of Theorem 5.3.4, by the uniqueness part
of the Riesz representation theorem we conclude that pg = z* o m. Moreover,
by (6.3.4.2) and (6.3.4.5) we have z*(zy) = [, fd(z* o m), where by hypothesis
y*(xv) = [, fd(y* o m) for each open Baire set U in T and for each y* € H.
Arguing as in the proof of Theorem 6.3.4, one can define the continuous
linear mapping ®g : Co(T) — X with the representing measure 1. Let v () =
f(_) fd(z* om) for z* € H. Then vy is v(z* o m)-continuous. Then f is vy«-
measurable since f is (z* o m)-measurable and vy« is B(T')-regular for z* € H.
Arguing as in the proof of Theorem 6.3.4, by the uniqueness part of the Riesz
representation theorem we have v, = z* om, 2* € H and hence f is (z* o n)-
measurable for £* € H. The remaining arguments in the proof of Theorem 6.3.4
hold here excepting that the Borel case of Lemma 6.3.2 has to be invoked here.

This completes the proof of the theorem. O
The following theorem, which improves Theorem 4.2.2(i) of Chapter 4 for

B(T')-regular o-additive vector measures, is immediate from the last part of The-
orem 6.3.10 by an argument similar to that in the proof of Theorem 6.3.5.

Theorem 6.3.11. Let X be a quasicomplete lcHs and let m : B(T) — X be o-
additive and B(T)-regular. Then a function f : T — K is m-integrable in T if and
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only if f € L1(z* om) for each x* € X* and, for each open Baire set U in T,
there exists a vector xy € X such that

2 (ar) = /U fd(z* o m)

for z* € X*.

The following result is an analogue of Theorem 6.3.8 for the Borel-regular
o-additive X-valued vector measure m where X is a complete IcHs.

Theorem 6.3.12. Let X, 7 and H be as in Theorem 6.3.8 and let m : B(T) — X
be o-additive and Borel regular. Then a function f : T — K belongs to L1(m) if
and only if f € L1(x* om) for each z* € H and, for each open Baire set U in T,
there exists a vector xy € X such that

2 (ar) = /U fd(z* o m)

foraz* € H.

Proof. The proof of Theorem 6.3.8 holds here verbatim excepting that we have to
invoke the uniqueness part of the Riesz representation theorem (Borel version) to
show that vy« = x* on for * € H so that f is (x* o np)-measurable for z* € H and
then invoke the Borel case of Lemma 6.3.7. The details are left to the reader. [

6.4 Additional convergence theorems

First we obtain a generalization of the Bourbaki version of the Egoroff theorem
for an lcHs-valued o-additive 6(C)-regular measure. Then Proposition 4.3 of [T] is
suitably generalized in Theorem 6.4.4. Corollary T on p. 176 of [T] is improved
in Theorem 6.4.6 which is generalized to vector measures in Theorems 6.4.8 and
6.4.12. The latter generalizations are based on Theorems 6.3.4 and 6.3.5.

Theorem 6.4.1. (Generalization of the Bourbaki version of the Egoroff theorem).
Let X be an lcHs, n : 6(C) — X be o-additive and §(C)-regular and fo : T — K.

For each q € T, let f,(lq) : T'— K be ng-measurable for n € IN and let fr(Lq) — fo
ng-a.e. in T. Then:

(i) fo is n-measurable.

(ii) Given K € C,q € T and € > 0, there exists Kéq) € C such that K(()q) C K,

Hn||q(K\Kéq)) < e, fy(,q)|K(q), n € WU {0}, are continuous and S
0

uniformly in Kéq).
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Proof. (i) By hypothesis, fo is ng-measurable for each ¢ € IT" and hence fy is
n-measurable.

(ii) Without loss of generality we shall assume X to be a normed space. By
Lemma 5.2.2 of Chapter 5, 6(C)NK = B(K) is a o-algebra and hence by Theorem
3.1.18(viii) of Chapter 3, given € > 0, there exists A, € B(K) such that ||n||(A4.) <
£ and f, — f uniformly in K\ A.. As K\A. € B(K) C 6(C), by the §(C)-regularity
of n there exists a compact set K1 C K\ A, such that ||n||(K\A\K1) < §. Then
particularly, f, — fo uniformly in K;. Moreover, by hypothesis, by Theorem
6.2.6 and by Definition 6.2.3, for each n there exists C,, € C with C,, C K; such
that fn|c, is continuous and [|n[|(K1\Cn) < & - 3=. Then Ko = N C, € C,
Ky C Ky C K and f,]|k, is continuous for each n € IN so that their uniform limit
fo is also continuous in Ko. Moreover, |[n||(K1\Ko) < 37, |[n]|[(K1\Cy) < § so
that ||n||(K\K)) < e. O

The following definition is motivated by that on p. 122 of [T].

Definition 6.4.2. Let X be an IcHs, n : §(C) — X be o-additive, ¢ € T and
f: T — K be n-measurable. A sequence ( ,(f)) of ng-measurable scalar functions

is said to converge to f in measure n, over compacts, if, given K € C and n > 0,
the sequence ||n||,({t € K : [£{?(t) — f(t)] > n}) — 0 as n — co.

Theorem 6.4.3. Let X be an IcHs, n : §(C) — X be o-additive, ¢ € T and
fo, 90, 9, f,(lq), g,(lq) T — K, n €N, be ng-measurable forn € N. Let f: T — K.

If fy(,q) — fo and g,(lq) — go in measure n, over compacts, then the following hold:

(i) )\fr(Lq) — Afo in measure ng over compacts for A € K.
(ii) f,(Lq) + g,(lq) — fo + go in measure ng over compacts.
(iii) If f,(Lq) — g in measure ng over compacts, then fo = g ng-a.e. in 1.
)

(iv) If f,(lq) — f ng-a.e. in T and if n is §(C)-regular, then f,(Lq) — f in measure
n, over compacts.

Proof. (i) is obvious. Let K € C and > 0. For any three n,-measurable scalar
functions ¢, ¥, and h on T, it is easy to verify that ||n||,({t € K : |¢o(t) — ¢ (¢)]| >
n}) < lnflo({t € K= [o(t) =h(t)| = 5}) +[lnfly({t € K |h(t) =4 (t)] = 3}). Using
this inequality, one can prove (iii) and that ||n||4(N(fo—g)NK) = 0 in (iii) for each
K €, since N(fo—g)NK =L {t € K« [fo(t) —g(t)] > +}. T A =N(fo—g),

—_—~

then A € B.(T'), so that A is of the form A = BUN, B € B.(T), N C M € B.(T)
and ||n||,(M) = 0. Then there exists an increasing sequence (B,,)° C 6(C) such
that B, /' BU M. Then K, = B,, € C where B,, is the closure of B,, in T" and
BUM c U{° K. Hence ||n||,(BUM) <> [In||¢(N(fo — g) N K,) = 0. Hence
[In|[¢(A) = 0 so that fy = g ng-a.e. in T.

(iv) By hypothesis, f is n,-measurable. Let K € C and n > 0. By hy-
pothesis and by Theorem 6.4.1 there exists Kéq) € C with Kéq) C K such that
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||n||q(K\K(()q)) <n, fy(,q)|K(q) and f| ., n € N, are continuous and £ s f uni-
0 0

formly in K(()q). Hence, given € > 0, there exists ng such that sup,_, @ |f7(,q) (t) —
0

F(#)] < eforn > ngsothat [[n]|,({t € K : [f12 ()~ ()] = e}) < |In][{(K\E§?) <
7 for n > ng. Hence (iv) holds. O

Theorem 6.4.4. (A variant of Theorem 4.5.12(ii) of Chapter 4). Let X be a qua-
sicomplete (resp. sequentially complete) IcHs, let 1 <p < oo and letn: §(C) — X
be o-additive. Let ( éq))fo C Ly(ng) (resp. C L,(0(6(C)),ng)) for each ¢ € T
and let f : T — K (resp. and be B.(T)-measurable). Suppose fr(Lq) — f ng-
a.e. in T for each ¢ € T'. Then f € Ly(m) (resp. f € Ly(c(46(C)),n)) and
limn(nq);(fflq) — £, T) =0 for each ¢ € T if and only if the following conditions
hold:

(1) (ng)p( A ), n € IN, are uniformly ng-continuous on B.(T') for each ¢ € T'.
(See Definition 3.4.3 of Chapter 3.)

ii) For each € >0 and q € T, there exists K9 € C such that
(i) q

sup(ng)p (£, T\K'?) < e.

Proof. It P = §(C), note that o(P) = B.(T). Then (i) is the same as condition (a)
of Theorem 4.5.12(ii) of Chapter 4. (ii) is equivalent to condition (b) of Theorem

4.5.12(ii) of Chapter 4, since for AP ¢ p AY = K@ ¢ ¢ and T\qu) >
T\K@, O

Remark 6.4.5. In the light of Lemma 6.1.5 and Theorem 6.1.12, Theorems 6.4.1
and 6.4.3(iv) hold for n = m|s(cy (resp. n = wls(cy) where m : B(T) — X (resp.
w: B.(T) — X) is o-additive and Borel regular (resp. and o-Borel regular).

The following theorem is an improved version of Corollary T on p. 176 of [T].

Theorem 6.4.6. Let 0 € K(T)*, let A = pjy |g(r) where |6] is the absolute value of 0
as on p. 55 of [B] and pg| is the complex Radon measure induced by |0| in the sense
of Definition 4.3 of [P3]. Similarly, let pg be the complex Radon measure induced
by 0. Then X : B(T) — [0,00] is o-additive and Radon-regular in the sense of
Definition 3.3 of [P3]. Suppose (f)3° C L1(X) such that the sequence ([, fndpig)$®
is convergent for each open Baire set U in T. Then there exists f € L1(\) such
that limy, [, fndpg = [, fdpe for each Borel set A in T. Consequently,

lim/gfndu(;:/gfdug (6.4.6.1)
noJr T

for each A-measurable bounded scalar function g onT and consequently, f is unique
in Ly(A). If fn — h A-a.e. in T, then f = h X-a.e. in T and lim, fA fndue =
fA hdug for each A € B(T), the convergence being uniform with respect to A €
B(T).
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Proof )\ is o-additive and Radon-regular by Theorem 2.2 of [P3]. For ¢ € Li(A),
let p(- f( y pdpg. Since ¢ € Ly(A\), by Lemma 1, no. 6, § 5, Chapter IV of
[B], there exist a sequence (Kn)cfo C C and a A-null set N such that N(p) C
N U U7 Ky, Hence, for A € B(T), [, edus = fo"(AﬁKn) pduy and with this
observation we note that p : B(T) — K given by pu(A) = [, @dug is well de-
fined, o-additive and Borel regular, since u is v(ug)-continuous on B.(T) and
hence on B(T). (See Claim 2 in the proof of Theorem 6.3.3.) Therefore, p €
M(T). Moreover, by Notation 4.2.1 of Chapter 4, by Proposition 1.1.19 of Chap-
ter 1 and by Theorems 4.7 and 4.11 of [P3] we have ||u|| = v(u, B(T))(T) =
o(p, Bo(T)(UT Kn) = [y g, [@ldv(i0) = Jjoe i, [ldmjo) = [7 lpldX = [l
Then, the mapping ¢ : Ll()\) — M(T) given by ®(p)(-) = f(.) wdpg is lin-
ear and isometric so that My = ®(L1(N\)) = {p € M(T) : there existsp €
L1(X\) such that p(- f( ) wdpg} is complete with respect to the norm on M(T).
Therefore, M) is a closed subspace of M (T'). Then by the Hahn-Banach theorem,
My is a Weakly closed subspace of M (T).

Let (- f( ) fndug, n € IN. Then by the foregoing argument p,, n € IN,
belong to M(T) By hypothesis, lim,, 4, (U) € K for each open Baire set U in
T and hence by Theorem 5.2.6 of Chapter 5 there exists po € M(T) such that
tn — o weakly in M(T). As (u,)3° C My and as M), is weakly closed, pg € My
and hence there exists f € Li(A) such that po(- f( y fdpe on B(T). Moreover,
as pn, — po weakly in M(T), (un)5%, is weakly bounded and hence by Theorem
3.18 of [Ru2], sup,enuqoy lHnll = M (say) < oo and further, pi,(A) — po(A) for
each A € B(T) by (5.2.6.1).

Let g be a bounded Borel measurable function on 7" and let € > 0. Then there
exists a B(T)-simple function s such that ||g — s||p < 357 Let s = D77, aixa,
with (4;)] € B(T). Choose ng such that

€
il lpn (Ai) = po(Ai)] < o (6.4.6.2)

fori=1,2,...,r and for n > ng. Then,

’ /T 9fndpo — /T s fndpo

for all n € IN and

‘/Tgfdue—/TSfdue

Then by (6.4.6.2), (6.4.6.3) and (6.4.6.4) we have

<—+’/ Pdpo| <

for n > ny and hence (6.4.6.1) holds for bounded Borel measurable functions g.

€
< llg=slr ([ 1£a1an) =llg=slirlhnl] < § (6463

€
<l = sl [ 1710) =l = slirluall < 5. (6460

‘ / 9fndpe — gfdue
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If g is bounded and A-measurable, then there exists a A-null set N € B(T)
such that gxp\n is Borel measurable and hence (6.4.6.1) holds for bounded M-
measurable functions g. Moreover, since (6.4.6.1) implies that f, — f weakly in
Li(A), f is unique in Li(A).

If f, — h Aa.e. in T, then by (6.4.6.1) (with g = xa, A € B.(T)) and by
Proposition 1.1.21 of Chapter 1, h is pg-integrable and lim,, [, fndpe = [, hdpg
for each A € B.(T) and consequently, again by (6.4.6.1), [, hdue = [, fdue
for A € B.(T). Let v(A) = [,(f — h)dug for A € B.(T). Then v is a null
measure on B.(T) and hence v(v)(N(f — h)) = fN(ffh) |f — hldv(ug, B.(T)) =
fN(fih) |f — hldpe = fN(fih) |f — h|d\ = 0 by Proposition 1.1.19 of Chapter
1 and by Theorems 4.7 and 4.11 of [P3]. Therefore, f = h A-a.e. in T. Since
Sy fdpe = [, hdpg = fUi’o(AﬂKn) hdpg for A € B(T'), where N(f) € NUU" Cy,
(Cn)3° C C and N is A-null by Lemma 1, no. 6, §5, Chapter IV of [B], the last part
holds by the equivalence of (i) and (iii) of Proposition 1.1.21 of Chapter 1. O

The rest of the section is devoted to generalizing Theorem 6.4.6 to vector
measures. We begin with the following lemma.

Lemma 6.4.7. Let X be a quasicomplete lcHs and let m : §(C) — X be o-additive
and 6(C)-regular. Let f: T — K belong to £1(m). Then:

(i) There exists B € B.(T) such that N(f) C B.
(ii) Let~y:B(T) — X be defined by v(A) = [,z fdm = [, fdm for A € B(T).
Then ~ is o-additive and Borel regular.

Proof. As f is m-measurable, by Proposition 1.1.18 of Chapter 1 there exists
M € B.(T) such that ||m||(M) = 0 and such that fxp\a is B.(T)-measurable.
Consequently, N(fxp\am) € Be(T) so that N(f) C N(fxr\m) UM = B (say).
Thus (i) holds. (For the validity of (i), it suffices that f be just m-measurable.)

(ii) For A € B(T), AN B is o-bounded and Borel measurable and hence
ANB € B.(T). Since f(') fdm is o-additive on B.(T) by Theorem 4.1.8(ii) and by
Remark 4.1.5 of Chapter 4, it follows that v(-) = (- N B) is o-additive on B(T).
Claim 1. « is Borel inner regular.

In fact, let A € B(T) and let B be as in (i). Then there exists (Ex)5° C §(C)
such that B / BN A. Let ¢ > 0 and ¢ € I'. Since « is o-additive on B(T),
by Proposition 1.1.5 of Chapter 1, ||7||q is continuous on B(T') and hence there
exists ko such that |[v||4((A N B)\Ey) < § for k > ko. On the other hand, by
Theorem 4.1.8(iii)(c) and by Remark 4.1.5 of Chapter 4, there exists > 0 such
that ||v|[4(F) < § whenever F' € B.(T) with ||m]|4(F) < d. Since m is 6(C)-regular
by hypothesis, there exists C' € C such that C' C Ey, and ||m||4(Ek,\C) < ¢. Then
[[7]lg(Ero\C) < 5. Then [|v[|4(A\C) < € since ||7v]|4(A\B) = 0. Hence the claim
holds.

IMyo~:B(T) — )A(/q is o-additive and hence has bounded range. Then by (a)
and (c) of Proposition 1.2.15 of Chapter 1, {z* oy : #* € UJ} = {¥,+(Il; 07) :
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x* € U} is bounded in M(T'). By Claim 1, y is Borel inner regular on B(T') and
hence, given A € B(T), ¢ € T and € > 0, there exists a compact K C A such that
[17]l¢(A\K) < €. Then by the said proposition of Chapter 1 we have

sup v(z* 0 y)(A\K) = [Ty o y||(A\K) = [[7lq(A\K) <€

0
z*eUy

and hence {(z* o~y) : 2* € U} is uniformly Borel inner regular on B(T). Conse-
quently, by Theorem 2 of [P8], {z* o~ : 2* € U}} is uniformly Borel regular on
B(T) and arguing as in the above invoking Proposition 1.2.15 of Chapter 1, we
conclude that II; o 7 is Borel regular on B(T') for each ¢ € I'. Then by Definition
4.6.7 of Chapter 4, v is Borel regular on B(T). O

We use the above lemma to give in the following theorem (Theorem 6.4.8) two
generalizations of the a.e. convergence part of Theorem 6.4.6 to o-additive 6(C)-
regular vector measures on §(C). Theorem 6.4.8 is a strengthened vector measure
analogue of Proposition 4.8 of [T].

Theorem 6.4.8. Let X be a quasicomplete lcHs with topology T and let m : 6(C) —
X be o-additive and 6(C)-regular. Let (f,)5° C L1(m) and let f : T — K or
[—00, 00] be such that f, — f m-a.e. in T (see Definition 1.2.4 of Chapter 1).

(a) Suppose (fU fndm)$® converges in X in 1 for each open Baire set U in T.
Then the following hold:
(i) f € Li(m).
(ii) For A € B(T),

/Afnde/Afdm m T

and for each q € T, [, fpdmy — [, fdmg and for a fived g € T, the
convergence is uniform with respect to A € B(T).

(iii) For bounded m-measurable scalar functions g on T,

/fngdmﬂ/fgdm in T.
T T

(b) Suppose (fU fndm)$® converges weakly in X for each open Baire set U in T .
Then the following hold:

(i) fe€Li(m).
(ii) For A € B(T),

/fndrnﬂ/ fdm weakly.
A A

(iii) For bounded m-measurable scalar functions g on T,

/fngdmﬂ/fgdm weakly.
T T
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Proof. (a)(i) and (b)(i). Let U be an open Baire set in 7. By hypothesis (a) (resp.
(b)) there exists a vector xyy € X such that

lirn/ fndm = xy inT(resp. weakly).

mJu

Then in both cases, by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4,
lim/ frd(z® om) = z*(ay) (6.4.8.1)
nJu

for * € X*. On the other hand, by hypothesis and by Theorem 4.4(i) of [P4],
x* om = gy for some 6 € K(T)* and hence by Theorem 6.4.6, f € L1(2* om) for
z* € X* and we have

lim /U fod(z* om) = /U Fd(z* o m) (6.4.8.2)

for * € X*. Then by (6.4..8.1) and (6.4.8.2) we have

¥ (xy) = /de(x*om)

for each open Baire set U in T" and for z* € X*. Consequently, by Theorem 6.3.5,
(a)(i) (resp. (b)(i)) holds.

(a)(ii) Let fo = f. By (a)(i) and by Lemma 6.4.7, there exists B, € B.(T)
such that N(f,) C By and v, : B(T) — X given by v,(4) = [,z fondm
for A € B(T), is o-additive and Borel regular for n € IN U {0}. By hypothesis,
lim,, v,,(U) € X in 7 for each open Baire set U in T. Since X is also sequentially
complete, by Theorem 5.2.23 of Chapter 5 there exists a unique X-valued o-
additive Borel regular measure v on B(T') such that

lim/ gd~y,, = / gdy € X (6.4.8.3)
noJr T

in 7 for each bounded Borel measurable scalar function g on 7', the integrals being
defined as in Definition 1 of [P7].

Claim 1. For a bounded Borel measurable scalar function g on T,

/T gd,, = /T frngdm (6.4.8.4)

for n € IN.

In fact, (6.4.8.4) clearly holds for B(T)-simple functions. Choose a sequence
(sn)$° of B(T)- simple functions such that s, — g and |s,| /" |g| pointwise in T'.
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Then by LDCT (Theorem 4.5.3(i) of Chapter 4) and by the validity of (6.4.8.4)
for B(T')-simple functions we have

/gd’yn:lim/ skd’yn:hm/ fnskdm:/fngdm
T k Jr k- Jr T

since g and f, g are m-integrable in T by (i)(b) and (ii) of Theorem 4.1.9 and by
Remark 4.1.5 of Chapter 4. Hence the claim holds.

Let B = J;”y Bn. Then B € B.(T) and f, = 0 in T\B for n € INU {0}.
For z* € X*, let 6 be as in the proof of (a)(i). Then by hypothesis (a) and by
Theorem 6.4.6,

lirn/ fngd(z* om) = / fgd(x* om) (6.4.8.5)
nJr T
for each bounded Borel measurable function g on T. Then for A € B(T), by

(6.4.8.4) and (6.4.8.5) and by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4
(since f € £1(m) by (a)(i)), we have

lirrln(x* ov,)(A4) = hrn fn z*om) = hrrln . fnd(z* om)
= fd(z* om) = / fd(z* om)
AnB A
= (2" o v¢)(4). (6.4.8.6)

Moreover, by (6.4.8.3) we have
lim(z* oy, )(ANB) = (z* o)(AN B) = (2" ov)(A) (6.4.8.7)

for * € X*, since «,,(A\B) = 0 for n € INU {0}. Consequently, by (6.4.8.6) and
(6.4.8.7) we have

(2" 07)(A) = (2" 0 ¥)(A)
for A € B(T) and for * € X*. Then, by the Hahn-Banach theorem, v(A) = v,(4)
and hence, for A € B(T'), by (6.4.8.3) we have

lim/ frdm = lim~y, (4) = v(4) =v,(A) = / fdm (6.4.8.8)
noJa n A
in 7.

In Theorem 4.2.9 of Chapter 4, take f(q) = fn for all ¢ € T'. Note that

o(8(C)) = B.(T). Then in the notation of the said theorem, by Theorems 4.1.8(v)
and 4.2.9 and by Remark 4.1.5 of Chapter 4 and by (6.4.8.8) we have

Y D(A) = D(ANB) = fndm, =TI, < / fndm>
ANB ANB

— (Tly 070)(A N B) = (I, 0 7,)( / fdm,
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in )?/q and for a fixed ¢ € T', the limit is uniform with respect to A € B(T) since it
is so with respect to E € B.(T"). Hence (a)(ii) holds.

(a)(iii) By hypothesis, by Lemma 6.4.7 and by Theorem 5.2.8 of Chapter 5,
for each ¢ € I, there exists a finite constant M, such that

sup ||y, lq(T) = M. (6.4.8.9)
nelNU{0}

Let g be a bounded m-measurable scalar function on 7" and let ¢ € T'. Then
by Proposition 1.1.18 of Chapter 1 there exists Ny € B.(T') with ||m||4(Ng) =0
such that hy = gxr\n, is Be(T)-measurable and bounded. Hence, given € > 0,
there exists a B.(T)-simple function s(@ such that |s(?| < |h,| and

€

h — 5@ )
h =@ lr < 53

(6.4.8.10)

Let s =37 a;xa, with (4;)] C Be(T). By (a)(ii) there exists ny such that

€

= 6.4.8.11

|il[75 (Ai) = v0(Ai)lg <

fori=1,2,...,r and for n > n;. Then by (6.4.8.11) we have

/S(Q)dp),n,/s(Q)d,),O
T T

for n > ny. Moreover, by (6.4.8.9) and (6.4.8.10) we have

/s(q)d'yn—/ hqdy,
T T

for n € N U {0}.
Consequently, by (6.4.8.9), (6.4.8.12) and by (6.4.8.13), by the definition of
hq and by Claim 1 we have

‘/fngdm /ngdm ) = ’/Tfnhqdrn /Tthdm q

\/(hqis(q))dqln /S(q)dqln*/ S(q)d70
T T T

- €
< Z |051||’7n(A1) - ’70(Ai)|q < g (6.4.8.12)

q =1

< 15" — hgllzlvnllo(T) <
q

(6.4.8.13)

<
3

< +

q

q

+

/T(S(q) — hq)dg

q
<e€

for n > ny. Hence (a)(iii) holds.
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(b)(ii) Let z* € X*. Then by hypothesis and by Theorem 4.4(i) of [P4] there
exists 6 € K(T)* such that gy = z* o m. Then by hypothesis, by(b)(i) and by
Theorem 6.4.6 and by Theorem 4.1.8(v) and Remark 4.1.5 of Chapter 4, (b)(ii)
holds.

(b)(iii) Let U be an open Baire set in T'. By hypothesis, lim,, (z*o~,,)(U) € K
for each z* € X*. Hence ((v,,)(U))$° is weakly bounded and hence, by Theorem
3.18 of [Ru2], is bounded in 7. By (b)(i) f € £1(m). Hence for ¢ € T, by Lemma
6.4.7(ii) and by Theorem 5.2.8 of Chapter 5, (6.4.8.9) holds.

Let a* € X* be fixed and let g, (x) = |z*(z)| for € X. By hypothesis
and by Proposition 1.1.18 of Chapter 1 there exists a B.(T)-measurable bounded
function h,~ such that he~ = gx7\n,. Where Ny- € B.(T) with v(z* om)(N,-) =
0. Choose a B.(T')-simple function s such that

€
3MQ:E* '

|8 — ho||T < (6.4.8.14)
Let s = > aixa,, (4;)7 C Be(T). Then by (b)(i) and (b)(ii) and by Theorem
4.1.8(v) and Remark 4.1.5 of Chapter 4 there exists ng such that

ozi/ Fod(z* o m) 7/ Fd(z* om)‘ <= (6.4.8.15)
A; A; 3r
fori=1,2,...,r and for n > ng. Then by (6.4.8.15) we have

[ (= gyt om)| < 5

(6.4.8.16)
for n > ny. Then by Claim 1, by (6.4.8.14), by Proposition 3.2.13(iv), by Theorem
4.1.8(v) and Remark 4.1.5 of Chapter 4 and by (6.4.8.9) we have

Tsfnd(x om)f/Tsfdx om‘ Z|Ozl|

wd(z* om) — [ hy-frd(z® om
[ sttt om)— [ b fudte >\

[ (5= hedita o)

< |[s = hy-

rv(z” 0 ,)(T)
7l Ynllg. (T) < % (6.4.8.17)

= |[s = hg~

for n € INU {0}. Then by (b)(i) and by Theorems 4.1.8(v) and 4.1.9(ii) and by
Remark 4.1.5 of Chapter 4, and by (6.4.8.16) and (6.4.8.17),

(o o)

as n — oo for each z* € X* and hence (b)(iii) holds. O
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Thus Theorem 6.4.8 generalizes Theorem 6.4.6 to §(C)-regular o-additive
quasicomplete lcHs-valued vector measures m when f,, — f m-a.e. in T'. In order
to generalize the said theorem when f,, do not satisfy the m-a.e. convergence
hypothesis, we restrict m to be Banach space-valued. To this end, we adapt the
proofs of Lemmas 1, 2 and 3 on pp. 126-129 of [T] and then we give a stronger
vector measure version of Theorem 4.9 of [T] in Theorem 6.4.12 below.

Lemma 6.4.9. Let X be a Banach space and let m : §(C) — X be o-additive and
§(C)-regular. Let (fn)3° C L1(m). Then there exists a sequence (K,)5° C C such
that each f, vanishes in T\ |J" K.

Proof. By Lemma 6.4.7(i), for each n € IN, there exists B,, € B.(T) such that
N(fn) C By, so that J;° N(fn) € U Bn € Be(T). Since |J7° By, is o-bounded,
there exists a sequence (K,)° C C such that | J{° B,, C J{" Ky,. Then f, =0 in
T\U;® Ky, for each n. O

Lemma 6.4.10. Let X and m be as in Lemma 6.4.9 and let H be a norm determin-
ing set in X*. Given a sequence (K,)7° C C, there exists a sequence (z})7° C H
such that every o-Borel set A C " K,, is m-null whenever A is (x} o m)-null
for each n € IN.

Proof. By Lemma 5.2.2 of Chapter 5, ANK,, € 6(C) for n € IN. Choose a relatively
compact open set V,, such that K, C V,,. Arguing as in the proof of Lemma 6.3.2,
we can find a sequence (z}, )72, C H such that £ € B(V,,) is m-null whenever E
is (z;, . om)-null for all r € N. Let (z7,)5° = {=}, . : n,r € N}. Then A is m-null
whenever A is (2} o m)-null for each n € IN since AN K,, € B(V,,) for all n and
A=UT(ANK,). O

Lemma 6.4.11. Let uy : 6(C) — K, k € IN, be o-additive and §(C)-regular and let
(fa)? C My L1(pr). Suppose limy, [, fudpr € K for each k € N and for each
open Baire set U in T. Then there exists a sequence (g,)3° such that each g, is a
convex combination of (fi)k>n and such that (g,)5° converges in mean in L1 (ur)

and also converges pointwise pg-a.e. in T for each k € IN.

Proof. By hypothesis and by Theorem 6.4.6, for each k € IN, (f,,) converges weakly
to some hy € L1(pk). Let us embed (o, £1(px) in the diagonal of the product
space P = II?° | L1 (px). For each f,, let }; = (fn, fn,...) € P. Clearly, P is a
pseudo-metrizable locally convex space with the pseudo-norm p given by

1 S lor — Yrldo(pr)
k1

Ao W) = 2 e T o G an(n)

for (¢x)1°, (¥x)7° € P. Then by Theorem 4.3, Chapter IV of [Schal, (fn)oo

n=1
converges weakly to some h = (hi)$2, € P. Then (fn)n>;C converges to h weakly
for each k and hence by the Hahn-Banach theorem (see the proof of Theorem 3.13

of [Ru2)), h = (h;)$° belongs to the closed convex hull of (,f\r:)nZk for each k. Then
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there exists a sequence (g,,) such that g, € co( fx, Frtts - ) with p(gn, h) — 0. Let
gn = va(:) aifi, a; >0, ZN(") =1 so that g, = (gn, gn,...). Then g, — hy
in mean in £;(uy) for each k.

For k = 1, there exists a subsequence (¢1,)22; of (g,)5° such that g1, —
hi pi-a.e. in T. Proceeding successively, there exists a subsequence (g )22, of
(gn—1,r)52 4 such that g, » — hyp pn-a.e.in T. Then the diagonal sequence (gn,n)52 4
is a subsequence of (g,)52; and converges to hy ug-a.e. in T for each k. Clearly,
(gn.n)22; also converges in mean to hy in £4(py) for each k. Hence the lemma
holds. (]

Theorem 6.4.12. (Full generalization of Theorem 6.4.6 to Banach space-valued
measures on §(C)). Let X be a Banach space with topology T and let H be a norm
determining set in X* with the Orlicz property. Let m : §(C) — X be o-additive
and §(C)-regular.

(a) Suppose (fn)° C L1(m) is such that for each open Baire set U in T, there
exists a vector xy € X such that fU fndm — zy in 7. Then the following
hold:

(i) There exists a function f € L1(m) such that [, fodm — [, fdm in 7.

(i) f

(iii) For A€ B(T), [, fadm — [, fdm in 7.
)

(iv) For each bounded m-measurable scalar function g on T, fT frngdm —
fT fgdm in T.

(b) Suppose (fn)5° C L1(m) is such that for each open Baire set U in T, there
exists a vector xy € X such that [, fpdm — xy in o(X,H). Then the
following hold:

(i) There exists f € L1(m) such that [;; fodm — [, fdm in o(X, H).

(i) f

(iii) For Ae B(T), [, fandm — [, fdm in o(X,H).
)

(iv) For each bounded m-measurable scalar function g on T, fT fngdm —

J7 fgdm in o(X, H).

n (a)@i) is um'que up to m-a.e. inT.

n (b)(i) is um'que up to m-a.e. in T.

Proof. Let Hy = {z* € X* : |2*| < 1}. By hypothesis (a) (resp. (b)), and by Theo-
rem 2.1.5(viii) and Remark 2.2.3 of Chapter 2, lim,, [, fnd(z* om) = z*(zy) € K
for each 2* € Hy (resp. for 2* € H). By Lemma 6.4.9, there exists (K,)?° C C such
that each f,, vanishes in T\ |J;* K. By Lemma 6.4.10, we associate the sequence
(K,)$° with a sequence (x)$° C Hp (resp. C H) satisfying the property men-

tioned in the said lemma. Then by Lemma 6.4.11 there exists a sequence (g, )$°
such that each g, is of the form

N(n)

Z o fi, af" > 0and Z ol =1 (6.4.12.1)
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and such that (g,) converges in mean in £ (z} o m) and converges (zj o m)-a.e.
in T for each ¢ € IN. Then by Lemma 6.4.10, (g,)7° converges m-a.e. in T'. Let f
be the m-a.e. pointwise limit of (g, )$°

(a)(i) Let U be an open Baire set in T' and let 2y € X be as in the hypothesis
(a). Then, given € > 0, there exists ng such that

/ fodm — x| <€ (6.4.12.2)
U
for n > ng. Let (¢,,)5° be as in (6.4.12.1). Then
N(n) (n) = (n)
gndm—xu— n/fdm x)§ a;e=c¢
J %
for n > ngy and hence
lirn/ gndm = zyin T. (6.4.12.3)
nJu
Then by Theorem 6.4.8(a), f € £1(m) and
/ gndm — / fdm inT. (6.4.12.4)

Then by (6.4.12.3) and (6.4.12.4) we have

/fdm_!EU

lim/ fndm:/ fdmin 7.
nJu U
Thus (a)(i) holds.

(b)(i) Let 2* € H. By hypothesis (b) and by Theorem 2.1.5(viii) and Remark
2.2.3 of Chapter 2,

1i71;n/U fnd(z® om) = 1i71;nx* </U fndm) =z"(zy) (6.4.12.5)

for each open Baire set U in T'. Hence, given € > 0, there exists n; such that

and hence by hypothesis,

<e (6.4.12.6)

/U fud(a* 0 m) — " (a0)

for n > ny. Then by (6.4.12.1) and (6.4.12.6) we have

N(n)

(n)/ fid(z" o m) En)x*(xU)) <€

/U gud(x" om) — a* (ay)| =
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for n > n;. Hence
lim/ gnd(xz* om) = z*(zy) (6.4.12.7)
nJu

for * € H. By hypothesis and by Theorem 4.4(i) of [P4] there exists 6 € K(T)*
such that pp = 2* o m and hence by (6.4.12.7), by the fact that g, — fm-a.e. in
T so that g, — f (* om)-a.e. in T and hence by Theorem 6.4.6, f € £1(z* om)
and

hm/ gnd(z* om) /fdx om) (6.4.12.8)

for #* € H. Then by (6.4.12.7) and (6.4.12.8),

/U fd(z* om) = 2* (a0)

for z* € H. Consequently, by Theorem 6.3.4, f € Li(m) and by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2,

- < /U fdm) _ /U fd(z* o m) = 2 (30)

for x* € H. As H is norm determining, we conclude that

/ fdm = zy (6.4.12.9)
U

and hence by (6.4.12.5) and (6.4.12.9), (b)(i) holds.

(a)(ii) (resp. (b)(ii))

Claim 1. Let p1 and pe be in M(T). If p1(U) = ua(U) for each open Baire set U
in T, then p; = po.

In fact, let v; = |, (1) for i = 1,2. By Proposition 1 of [DP1], v; and vs
are Baire regular. For E € By(T), let Ug = {U € Byo(T) : Uopen,U D E} and let
Uy > Us for Uy, Us € Ug if Uy C Us. Then U is a directed set and by the Baire
regularity of 11 and v, we have

=yl ) =yl ) = 1)

and hence 11 = vo on By(T'). Then the claim is immediate from the uniqueness
part of Proposition 1 of [DP1].

Suppose h is another function in £;(m) such that lim,, [;; fodm = [, hdm
in 7 (resp. in (X, H)) for open Baire sets U in T. Let z* € Hy (resp. z* € H).
By hypothesis and by Theorem 4.4(i) of [P4] there exists § € K(T)* such that
z* om = pg and as seen in the proof of Theorem 6.4.6, f(') hd(z* o m) and
f(.) fd(z* o m) belong to M(T). Then by hypothesis (a) (resp. (b)), by Theorem
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2.1.5(viii) and Remark 2.2.3 of Chapter 2 and by Claim 1 above, v is a null measure
where v(A) = [,(h — f)d(z* o m) for A € B(T). Then by Proposition 1.1.19 of
Chapter 1 and by Theorem 1.39 of [Rul], h = f (z* om)-a.e. in T'. This holds for
each 2* € Hy (resp. * € H) and hence by Lemmas 6.4.9 and 6.4.10, h = f m-a.e.
in T. Therefore, (a)(ii) (resp. (b)(ii)) holds.

(b)(iii) and (b)(iv) Let fo = f. For 2* € X*, by (b)(i) and by Theorem
2.1.5(viii) and Remark 2.2.3 of Chapter 2 we have

lim /U fod(z* om) = /U fd(z* o m)

for each open Baire set U in T. Moreover, by hypothesis and by Theorem 4.4(i)
of [P4] there exists § € K(T)* such that * om = ug and hence by Theorem 6.4.6
and by the uniqueness of f in L;(z* o m), we have

liyl;n/Tgfnd(x* om) = /Tgfd(x* om) (6.4.12.10)

for each bounded m-measurable scalar function g on 7'. Then by (6.4.12.10), by
Theorem 2.1.5 and Remark 2.2.3 of Chapter 2 and by the fact that (f,)52, C
L1(m), we conclude that [ frgdm — [ fgdm in o(X, H). Hence (b)(iv) holds.
Let A € B(T) and let B,, n € INU {0}, be as in the proof of Theorem 6.4.8(a).
Let B = (J,— Bn. Then, by (b)(iv) we have z*([, fndm) = z*([, 5 fndm) —
([ g fdm) = z*([, fdm) for * € H, since AN B € B.(T) so that xanp is
B.(T)-measurable and hence m-measurable. Hence (b)(iii) also holds.

(a)(iii) Let B,, n € WU {0}, B and fy be as in the proof of (b)(iii) and
(b)(iv). Let «v,,,n € N U {0}, be as in the proof of Theorem 6.4.8(a)(ii). Then
by hypothesis, lim,, v,,(U) € X in 7 for each open Baire set U in T and hence,
by Theorem 5.2.21 of Chapter 5 there exists a unique X-valued o-additive Borel
regular measure v on B(T') such that

lim/gd’yn:/gd'y (6.4.12.11)
noJr T

in 7 for each bounded Borel measurable scalar function g on T'. Then by Claim 1
in the proof of Theorem 6.4.8, by Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter
2 and by (6.4.12.11) we have

lim [ gfpd(z" om)=1limz" gfndm | =limz* gdv,,
=z* (/T gd’y) (6.4.12.12)

for z* € X*. By (6.4.12.10) which holds for 2* € X*, and by Theorem 2.1.5 and
Remark 2.2.3 of Chapter 2 we have

li?/Tgfnd(x* om) = /Tgfd(x* om) = z* (/T gd’yo) (6.4.12.13)
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and hence by (6.4.12.12) and (6.4.12.13) we have

(o)== ()

for x* € X*. Then by the Hahn-Banach theorem and by Claim 1 in the proof of
Theorem 6.4.8 we have

/gd’y:/gd'yo:/gfdm (6.4.12.14)
T T T

for each bounded Borel measurable function g on 7" and hence by Claim 1, by
(6.4.12.11) and by (6.4.12.14) we have

lim/ fngdm:/fgdm inT. (6.4.12.15)
noJr T

If g is a bounded m-measurable scalar function on T', then there exists a bounded
Borel measurable function h such that g = h m-a.e. in T and hence by (6.4.12.15),
(a)(iv) holds. (a)(iii) is immediate from (a)(iv). O

Remark 6.4.13. Suppose X is a quasicomplete lcHs with topology 7 and m :
B(T) — X is o-additive and Borel regular. Then, in the light of Theorem 6.3.11,
the analogue of Theorem 6.4.8 for m holds here verbatim. Moreover, if X is a
Banach space, then in view of Theorem 6.2.1(iv), Lemma 6.4.9 holds here with
fn vanishing in m-a.e. in 7'\ |J; K since Lemma 1, no. 6, §5, Chapter IV of [B]
holds here for each N(f,). Then the analogue of Theorem 6.4.12 for m holds here
verbatim if we use Theorem 6.3.10 in place of Theorem 6.3.4. The details are left
to the reader.

6.5 Duals of £;(m) and £;(n)

Let X be a Banach space. Suppose m : B(T) — X (resp. n: 6(C) — X) is o-
additive and B(T')-regular (resp. and 6(C)-regular). The present section is devoted
to the study of the duals of £1(m) and £q(n). Also are given vector measure
analogues of Theorem 4.1 and Proposition 5.9 of [T]. When m is defined on a
o-algebra of sets, the dual of £1(m) was studied by Okada in [O].

Lemma 6.5.1. Let X be a Banach space and let m : B(T) — X (resp. n: 6(C) —
X) be o-additive and B(T)-regular (resp. and §(C)-regular). If u € L1(m)* (resp.
v € L1(n)*), then there exists a unique o-additive and B(T)-regular (resp. and
d(C)-regular) scalar measure n, on B(T) (resp. ¢, on 6(C)) such that

u(f) = /T fp, and /T |F|dv(, B(T)) < |lullm3 (£, T) (6.5.1.1)
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for f € L1(m) where

[lull = sup{|u(f)] : f € L1(m), mi(f,T) <1}

(respv() = [ fdcuand [ \fldo(G,,00) < el (£T)  (65.1.0)
T T
for f € L1(n) where
[[o]] = sup{|v(f)| : f € L1(n),n?(f,T) < 1}).
Proof. Let u € £1(m)* (resp. v € £4(n)*). Then
lu(f)] < [Jul[m$(f,T) (6.5.1.2)

for f € £1(m)
(resp. [v(f)] < [[v|ln3(f,T) (6.5.1.2)
for f € Li(n)).

Let ¢ € K(T) (resp. ¢ € C.(T,C) with C € C — see Notation 5.2.1 of Chapter
5). Then by (6.5.1.2) (resp. by (6.5.1.2')), we have

[u(@)] < [Jul[mi(p, T) = ||ull ( sup /Tlsﬁldv(x* Om)>

ERES!
< |lulllll|r|[ml[|(T)
(resp. [v()| < |[v[[nf (e, T) < [[ollll¢llz|n][(C)).

Hence ulic(ry € K(T); (see pp. 65 and 69 of [P4]). Let u|x(r) = 0 (by The-
orem 4.4(i) of [P4], the complex Radon measure pg, induced by 6, is determined
uniquely by u) and let 7, = pe, |s(r). Then n, is o-additive on B(T") and is Borel
regular by Theorem 5.3 of [P4] and moreover,

U(sD)Z/denuz/Tsodueu = 0.(9) (6.5.1.3)

for ¢ € Co(T'). (Resp. vl € K(T)*. Let v|ic(ry = ¢'y. By Theorem 4.4(i) of
[P4], this is uniquely determined by v and ¢, = per, |5(c) is o-additive on §(C) and
is 0(C)-regular by Theorem 4.7 of [P3] and

v(p) :/Tsodév :/Tsaduefv =0"(p) (6.5.1.3)

for ¢ € K(T')). Thus 7, is unique (resp. {, is unique).
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Then by (12) on p. 55 of [B] and by (6.5.1.2) and (6.5.1.3) (resp. and by
(6.5.1.2) and (6.5.1.3")) we have

Oul(lp)) = sup  |6,(¥)[=  sup  [u(T)
TER(T),|¥|<]¢p] YER(T),|¥|<]¢]
<llull  sup — mi(¥,T) = [fuljmi(p,T) (6.5.1.4)
VeR(T),[V|<|el
(resp.
0°o[(lel) = sup  Ju(¥)[ <|lvf[  sup  n}(¥,T)
YEK(T), | ¥|<]| YER(T),|¥|<]¢]
= [|v|ni(p,T) (6.5.1.4'))

for ¢ € K(T). Then by Theorems 4.7 and 4.11 of [P3] and by the last part of
Theorem 3.3 of [P4] (resp. by Theorems 4.7 and 4.11 of [P3]) and by (6.5.1.4)
(resp. by (6.5.1.4")) we have

AI)) Z/TISDIdM\eu\ Z/leldv(ueu,B(T)) < [[uljmi (e, T) (6.5.1.5)

(resp-191(0¢l) = | Ieldiaar, = [ Iebdotuor..6)) < ollni(e.T) (65.15)

for ¢ € K(T).
Let 3T be the set of all nonnegative lower semicontinuous functions on 7.
Claim 1. For f € St N Ly(m) (resp. f € ST N Ly(n)),

10" () < [lullmi(f,T) (6.5.1.6)
(resp. 0"y (f) < |[v[[n$(f,T) (6.5.1.6"))

where |0,]* and |0’,|* are as in Definition 1, § 1, Chapter IV of [B].
In fact, by the said definition of [B] and by (6.5.1.5) we have

10.1°(f) = sup  [0ul(p) <|[ull sup  mi(p,T) <|lul|mi(f,T)
PeR(T)T,p<f PeR(T)T,p<f

for f € ST N Ly(m). Similarly, by (6.5.1.5"), (6.5.1.6") holds.
Claim 2. Let f € £L1(m) (resp. f € £1(n)). Then

/T | Fldv(ne, B(T)) = /T | Fldv(uo,, BT)) < [lullmS(f, T) (6.5.1.7)

and hence f € £1(n,)
(esp. [ 110(60,0@) = [ 111t 5(@) < el (5T) (651.7)
T T

and hence f € £1((y)).
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In fact, as n, = o, |B(T) (resp. G = per,|5(c)) it suffices to prove the claim
for pg, (resp. ugr,). Note that |f| € £1(m) (resp. £1(n)) by Theorem 2.1.5(vii)
and Remark 2.2.3 of Chapter 2 . Given € > 0, by Theorem 5.1.2 (resp. by Theorem
5.1.3) of Chapter 5, there exist functions g and h on T such that 0 < g < |f| < h
m-a.e. (resp. n-a.e.) in T, g is upper semicontinuous, bounded and m-integrable
in T (resp. and n-integrable in T'), h is lower semicontinuous and m-integrable in
T (resp. and n-integrable in T) and

. €

(resp. g and h are B.(T')-measurable as mentioned in the beginning paragraph of
the proof of Theorem 5.1.3 of Chapter 5 and
€

ni(h =9, 7)< o (6.5.1.8')).

As h and —g are lower semicontinuous, h —g € S N Ly (m) (resp. h — g €
37TNL1(n)) by Theorems 3.3 and 3.4, § 3, Chapter 11T of [MB]. Then by Proposition
1,1n0.2, § 4, Chapter IV of [B] and by (6.5.1.6) and (6.5.1.8) (resp. and by (6.5.1.6)
and (6.5.1.8")) we have

0< /T (h — g)dv(ug, . B(T)) = 6u]*(h — g) < [lullml(h — 9.T) <c  (6:5.0.9)

(resp.0 < /T(h — g)dv(pe,,0(C)) = 10"u"(h — g) < ||v|n}(h — g, T) < e.

(6.5.1.9'))
Then, as h € ITNL1(m) (resp. h € STNLy(n)), by Claim 1, by Proposition
1, no. 2, § 4, Chapter IV of [B] and by (6.5.1.9) (resp. and by (6.5.1.9")) we have

/ |fldv(py, R) < / hdv (e, R) = |pl*(h) < |lwl[w? (R, T)
T T

<Hlwl{wilh —g,T) + wi(g, T)} < e+ [[w||wi(g, T)
<et|lwllwi(f,T)

since 0 < g < |f], where R = B(T), w = u, p = 6, and w}(h,T) = m$(h,T)
(resp. R =0(C), w =0, p =6, and w}(h,T) = n}(h,T)). As € > 0 is arbitrary,
the claim holds.
Claim 3. For f € L1(m), u(f) = [, fdn, = [} fdpe, and for f € L1(n), v(f) =
Jr fdG = [r fdper,,.

In fact, it suffices to prove the claim for f € L£;(m) since the proof for
f € L1(n) is similar.

Let f € £1(m). Since (C.(T'), m$(-,T)) is dense in £;(m) by Theorem 6.1.10,
there exists (¢,,)3° C Cc(T") such that

limm?(f — ¢, T) = 0. (6.5.1.10)
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Then by Claim 2 and by (6.5.1.10), we have

tim [ i = fldo(uo, B(T) < [l Gimm (= 0. 7)) =0
and hence by (6.5.1.3) we have

/ fdue, = lim/ ondpg, = lim/ Ondny, = limu(e,) = u(f) (6.5.1.11)
T noJr noJr n

since u € £1(m)*. By Claim 2, f € £;(n,) and since n, = pg,

/T f = /T fdua, = u(f)

by (6.5.1.11). Hence the claim holds.

Now the lemma is immediate from Claims 2 and 3. O

B(T), We have

Theorem 6.5.2. Let X be a Banach space and let m : B(T) — X be o-additive
and B(T)-regular (resp. and let n : §(C) — X be o-additive and §(C)-regular).
Let Y = {n : B(T) — K: o-additive and B(T)-regular such that there exists
a constant M satisfying [ |f|dv(n,B(T)) < Mm$(f,T) for f € Li(m)} and
let Z = {¢ : 6(C) — K: og-additive and §(C)-regular such that there ezxists a
constant M satisfying [ |f|dv(¢,6(C)) < Mn$(f,T) for f € Li(n)}. Let |[[n]]] =
sup{| [, fdn| : f € L1(m), m$(f,T) <1} forn €Y and let |[[C][| = sup{] [ fd(] :
feLi(m),ns(f,T) <1} for ¢ € Z. Then:

(i) L1(m)* (resp. L1(n)*) is isometrically isomorphic with (Y,|||-]||) (resp. (Z,]]|-
1)) so that L1(m)* =Y (resp. L1(n)* = Z). Consequently, (Y,|||-|||) (resp.
(Z,l - I1) s a Banach space.

(ii) The closed unit ball By of Y (resp. Bz of Z) is given by

A={neY: /T \fldo(, B(T)) < m}(f.T) for f € £2(m)}

(resp. B={ceZ: [ |flan(c.60) < ni(f.T) forf € L))
(iii) If By: = {n € By : 1 >0} (resp. B, = {¢ € Bz : ( > 0}), then

m}(f.T) = sup / fldn for f € £1(m)

nGB

(resp.n3(f,T) = sup / FldC for f € La(n)).

CGB
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Proof. Let n € Y and let u,, : £,(m) — K be given by

= d 6.5.2.1
n= [ tan (65.2.1)
(resp. let ¢ € Z and let v¢ : £1(n) — K be given by
= / fdc. (6.5.2.1"))
T
Then by hypothesis, there exists M > 0 such that
() < [ 1f1av(n B(T)) < Mmi(f,T) (65.2.2)
for f € £1(m)
(resp-loc(£)] < [ 171d0(¢.5()) < i (£.7) (65.2.2)

for f € £1(n)). Hence u, € £1(m)* (resp. v¢ € L1(n)*).

Conversely, let w € £1(m)* (resp. v € £1(n)*). Then by Lemma 6.5.1, there
exists a unique 7, € Y (resp. {, € Z) such that

f) = / f, with / | Fldv(u, BIT)) < [[ul[m3(f, T) for f € £1(m)
T T

(resp. v( / fd¢, w1th/ | fldv(Cy, 6(C) < ||v|nl(f, T) for f € L£1(n)).

Let @ : £(m)* — Y (resp. U : L1(n)* — Z) be given by ®(u) = n, (resp.
U(v) = () so that

:/fdnu, f € Li(m) by (6.5.1.11)
T
(resp. v(f) = /degv, f € Li(n) by (6.5.1.11")).

Then by Lemma 6.5.1, ® (resp. V) is linear since amn, + 819y = Nautpge o0 Ce(T)
by the Riesz representation theorem and since C.(T') is dense in £4(m) (resp. in
L1(n)) by Theorem 6.1.10. By the uniqueness part of Lemma 6.5.1, ® and ¥ are
injective. To show that ® (resp. V) is surjective, let n € Y (resp. ¢ € Z). Then
uy (resp. v¢) given by u,(f) = [ fdn for f € L£1(m) (vesp. ve(f) = [, fd¢ for
f € L1(n)) belongs to £1(m)* (resp. £1(n)*) and arguing as in the beginning
of the proof of Lemma 6.5.1 one can show that u,|x) = 6, € K(T)* (resp.
vclieery = 0o, € K(T)*) and hence [ odn = uy(p) = [ pdps,, for ¢ € Co(T)
(resp. [r@d¢ = ve(p) = [ pdpgr,. for ¢ € K(T)). Then by the uniqueness
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part of the Riesz representation theorem for Co(T") (resp. for B(V) for V € V
since 6(C) = Uy ¢y B(V)) we conclude that n = g, (resp. ¢ = ,ugrvg) so that

uy(p) = [ppdn = [pedp,, for ¢ € Ce(T) (resp. vele) = JredC = [pedue,
for ¢ € C.(T)). Since (C(T),m$(-,T)) (resp. Co(T),n$(-,T)) is dense in L£1(m)
(vesp. L£1(n)) by Theorem 6.1.10, we conclude that [, fdn = [ fdpue,, for f €
L1(m)(resp. [, fd¢ = [, fdpe, for f € L1(n)) so that n = ®(0y,) (resp. ¢ =
U (0, ). Hence @ (resp. V) is bijective. The remaining parts of (i) are immediate.

(ii) If n € A, then

nlll = sup
feLy(m)mt (f,7)<1

/ fdn‘ < sup / | fldv(n, B(T)) <
T feLi(m)ms(f,T)<1

by the definition of A and hence A C By . Similarly, |||¢||| < 1 for ( € B and
hence B C Byz.

Conversely, let n € By. Then u,(f) = [, fdn for f € £1(m) and

/den’ <1

Then by (6.5.1.1), [.|fldv(n,B(T)) < |Juy|lm$(f,T) < m3$(f,T) for f € £1(m)
and hence |||n]|| <1 and thus n € A. Therefore, A = By. Similarly, B = By.

(iii) By (ii) we have

[lunl| = sup
feLa(m);mt (f,T)<1

Wwi(f,T) = supl fdnl < Sup/ [fldv(n, R

< sup [ |fldn < wi(1.7)
neD+ JT

where w = m, f € £1(m) and D = By (resp. w = n, f € £1(n) and D = By).

Hence (iii) holds. O

<

Remark 6.5.3. In the proof of Proposition 4.2 of [T], it is claimed that «®
Mp® whenever |a(p)| < Mu®*(Je)|. The proof of this statement is based on the
continuity of L on K(T).

Using Theorem 6.5.2, we now give the vector measure analogues of Theorem
4.1 of [T].

Theorem 6.5.4. Let X be a Banach space (resp. a quasicomplete lcHs). Let m
B(T) — X (resp. n: §(C) — X) be o-additive and B(T')-regular (resp. and §(C)-
regular). Let (fo)ae(p,>) be an increasing net of nonnegative lower semicontinuous
m-integrable (resp. n-integrable) functions with f = sup,, fa also being m-integrable
(resp. n-integrable) in T. Then fo — f in L1(m) (resp. £1(n)) and consequently,
lim, [ fadm = [, fdm (resp. lim, [ fadn = [ fdn) in X.
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Proof. Case 1. X is a Banach space.

Then by Alaoglu’s theorem, By and By (resp. Bz and B}) are compact in
o(By, L1(m)) (resp. in o(Bz, L1(n)), where Y, Z, By, By, Bz and B} are as in
Theorem 6.5.2. Then, for n € By (resp. ( € B}), by Theorem 5.3 of [P4] there
exists 0 € KCy(T')* with 6 > 0 such that pg|g¢ry = 1 (vesp. by Theorem 4.4 of [P4]
there exists 0" € K(T')* with 8" > 0 such that pg|5cy = ¢). Then by Theorem 1,
no. 1, § 1, Chapter IV of [B],

/den=sgp/Tfadn=li£n/Tfadn
(vesp. /T ¢ = sup /T fod¢ = lim /T fadC).

As f and f,, a € (D,>), belong to £1(m) (resp. £1(n)), the mappings n —
Jr fdn and n — [ fadn (vesp. ¢ — [, fd¢ and ¢ — [ fod() are continuous in
o(By, L1(m)) (resp. in o(B}, L1(n)). Consequently, by Dini’s lemma, the limit is
uniform with respect to n € By (resp. ¢ € B}). Then by (iii) of Theorem 6.5.2
we have

timm?(f = fo. ) =l sup [ |f = foldn =0

neBY

and hence by (3.1.3.1) of Chapter 3 we have lim, [ fodm = [, fdm. Similarly,
the results for n are proved.

Case 2. X is a quasicomplete lcHs.

By Theorem 4.5.13(i) of Chapter 4, £1(m) = (,cp £1(my). Then by case 1,
(mg)}(fa — f,T) — 0 for ¢ € T' and hence fo, — f in £1(m). Consequently, by
(4.3.2.1) and Remark 4.1.5 of Chapter 4, [, fodm — [ fdm as @ — oc. Similarly,
the results for n are proved. O

Lemma 6.5.5. Let X be a Banach space. Let m : B(T) — X (resp. n: §(C) — X)
be o-additive and Borel regular (resp. and §(C)-regular). Let R = B(T) or §(C)
and let w = m when R=B(T) and w = n when R=56(C). If n € L1(w)* (so that
71 satisfies the conditions in Theorem 6.5.2), then, for each bounded Borel function
gonT, g-n given by

- /T fodn  forf € La(w)

is well defined and belongs to L1 (w)*.

Proof. Let f € £1(m). Then there exist A, N, M such that N(f) = AUN, A €
B(T),N C M € B(T) with ||m||(M) = 0. Let B = AUM. Then N(f) C B € B(T).
If f € £1(n), then by Lemma 6.4.7 there exists B € B.(T) such that N(f) C B.
By hypothesis, g is a bounded Borel function (resp. gxp is a bounded o-Borel
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function when f € £;(n)) and hence by Theorem 2.1.5(vi) and Remark 2.2.3 of
Chapter 2, fgxp € £1(w) and hence

(g'n)(f):/ngdn:/TfQXBdn

is well defined and g - 7 is a linear functional on £;(w). Let u,(f) = [ fdn for
f € Li(w) and n € Ly(w)* with 7 satisfying the conditions of Theorem 6.5.2.
Then by Lemma 6.5.1 we have

(g-m(f)I < HgXBHT/T [fldv(n, R) < [lgllrlluy|lw?(f,T).

Hence g-n € L4 (w)*. O

The following lemmas, which are the same as or similar to Lemmas 6.4.9,

6.4.10 and 6.4.11, are needed to prove the vector measure analogue of Proposition
5.9 of [T].

Lemma 6.5.6. Let R and w be as in Lemma 6.5.5. If (f,)3° C L1(w), there exists
a sequence (K,,)3° C C such that each f, vanishes w-a.e. in T\ J® Kj.

Proof. If R = 6(C) and w = n, then the result holds by Lemma 6.4.9. If R = B(T)
and w = m, then by the proof of Lemma 6.5.5 there exist (B,,){° C B(T) such that
N(fn) C By, for each n. Let B = |J{ By,. Then | J° N(f,) C B € B(T). Then by
Theorem 6.2.1(iv), there exists a sequence (K,,)° C C such that |J]° K,, C B and
|lm||(B\ U;® Ky) = 0. Since f|r\p = 0 for each n, it follows that f, = 0 m-a.e.
in T\ U K. O

Lemma 6.5.7. Let X, R, and w be as in Lemma 6.5.5 and let H = {a* € X* :
|z*| < 1}. Given a sequence (K,)° C C, there exists a sequence (x)5° C H such
that every set A € o(R) with A C |J° K, is w-null whenever A is (z}, o w)-null
for each n € IN.

Proof. For eachn, ANK,, € 6(C) by Lemma 5.2.2 of Chapter 5 whenever A € B(T")
or A € B.(T). Hence the proof of Lemma 6.4.10 holds here verbatim in both cases
of w. Hence the lemma holds. O

Lemma 6.5.8. Let R = B(T) or 6(C). Let ux, : R — K, k € N, be o-additive and
R-regular and let (f,,)7° C Npey £1(pk). Suppose (fr)5° converges weakly to some
hi € Ly(pr) for each k. Then there exists a sequence (gn)7° such that g, is a
convez: combination of (fi)k>n and such that (g,)7° converges in mean in L1 (k)

and also converges pointwise pg-a.e. in T for each k € IN.
Proof. The proof of Lemma 6.4.11 holds here verbatim. O

The following theorem gives the vector measure analogue of Proposition
5.9 of [T].
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Theorem 6.5.9. Let X be a Banach space with co ¢ X and let m : B(T) — X be
o-additive and Borel regular (resp. n : 6(C) — X be o-additive and 6(C)-regular).
Then Ly (m) (resp. L1(n)) is a weakly sequentially complete Banach space.

Proof. In the light of Theorem 3.2.8 and Notation 3.3.6 of Chapter 3, L;(m)
(resp. L1(n)) is a Banach space. To show that these spaces are weakly sequentially
complete, let (f,)7° be weakly Cauchy in £;(w), where w and its domain R are
as in Lemma 6.5.5. By Lemma 6.5.6, there exists (K,)$° C C such that each f,
vanishes w-a.e. in T\ J;° K. Let (27)7° € H = {2* € X* : [2*| < 1} be chosen
so as to satisfy the property mentioned in Lemma 6.5.7. Let u, =z} ow, n € IN.
Then by Theorem 2.1.5(viii) and Remark 2.2.3 of Chapter 2, f, € ;L1 (1r)
for each n.

Let n € £1(w)* (satisfying the condition in Theorem 6.5.2). Then by Lemma
6.5.5, g-n € L1(w)* for each bounded Borel function g. As (f,,)$° is weakly Cauchy
in £1(w), and as g -1 € L1(w)*, ([ fngdn)$® is Cauchy in K and hence (f,)5°
is weakly Cauchy in £;(n) for each n € L£1(w)*. As L£1(n) is weakly sequentially
complete, there exists f,, € £1(n) such that f,, — f, weakly in £1(n). Thus (f»)3°
is weakly convergent to f,, in £ (ux) for each k € IN. Then by Lemma 6.5.8 there

exists a sequence (g,)$° such that each g, is of the form

Gn = Z ozz(»n)fi, ozz(»n) >0, and Z ozz(»n) =1

and such that (g,)3° converges in mean in £;(ux) and also converges p-a.e. in T'
for each k € IN. Then by Lemma 6.5.7, (g,)$° converges w-a.e. in T. Let f be the
w-a.e. pointwise limit of (g,,)5°.

As fn, — fp weakly in £1(n), g — f, weakly in £1(n) for each n € £ (w)*.
Then by Theorems 5.3 and 4.4 of [P4] and by Theorem 6.4.6, f = f, for each
n € L1 (w)*. Now, for z* € X*, n = 2* ow belongs to £;(w)* by Theorem 6.5.2 as
(z*ow) is o-additive and R-regular and [ | f|dv(z*ow, R) < ||ug||w?(f,T), where
ug-(f) = [ fd(z* ow) for f € L1(w) (see Lemma 6.5.1). Hence f € L1 (z* o w)
for each z* € X*. As ¢g ¢ X, by the last part of Theorem 3.1.8, by Definition
3.1.9 and by Notation 3.3.7 of Chapter 3, f € £;(w). Hence L;(w) is a weakly
sequentially complete Banach space. O

We close this chapter by considering the following example.

Ezample 6.5.10. Let (2;);cs be a family of nonzero elements in a Banach space X.
Let I be the d-ring of all finite subsets of I. For A € I, let m(A) = >, =; € X.
Clearly, m is o-additive on Ir. With respect to the discrete topology on I, clearly m
is §(C)-regular, where §(C) = Ir. Hence a function f: I — K is * o m-integrable
in I for z* € X* if and only if [}, ; f(i)(z* om)(i)| = | >, ; f(i)a* ()] < o0
for each subset J of I. Then by the Orlicz-Pettis theorem if and only if (f(4)x;)ier
is summable in X. Then by Theorem 6.3.4, f is m-integrable in [ if and only if
(f(i)x;)ier is summable in X. (Compare with Example 3.12 of [T].)



Chapter 7

Complements to the Thomas
Theory of Vectorial Radon
Integration

7.1 Integration of complex functions with respect
to a Radon operator

Thomas developed in §1 of [T] a theory of vectorial Radon integration of real
functions with respect to a Radon operator w on (T, R) (see Notation 5.3.1 and
Definition 5.3.3 of Chapter 5). In this section we indicate briefly how the results
in §1 of [T] can be extended to complex functions in K(T).

In this section we extend Definition 1.1 of Thomas [T] to Radon operators on
K(T) with values in a normed space X over C. Using the definitions and results
given in the earlier part of this section, we study the vectorial Radon integration
when the Radon operator assumes values in an lcHs over C.

Definition 7.1.1. Let u : K(T) — X be a Radon operator in the sense of Definition
5.3.3, where X is a normed space over C. We define

u*(f)=  sup  |u(p)
[p|<fpel(T)

for f € Z%, where Z7 is the set of all nonnegative lower semicontinuous functions
on T. When f: T — [0, 00] has compact support we define

w(f)= _inf_u(g)

f<g,9€Z+
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and when f: T — [0, 0] is arbitrary, we define
u*(f) = supu®(h)
h<f

where h : T — [0, oo] has compact support. This definition is similar to that in §1
in Chapter V of [B].

u®(f) is called the semivariation of f with respect to u. For A C T, we define
u®(A) = u®(xa). If u*(4) = 0, we say that A is u-null and use the expression
u-almost everywhere (briefly, u-a.e.) correspondingly. A function f: T — [0, c0] is
said to be u-null if u*(f) = 0.

It is easy to verify that the definition is consistent.

Thomas [T] uses the terminology of Radon measure v instead of our termi-
nology of Radon operator u.

Unless otherwise stated, X will denote a normed space over C and u : K(T') —
X will denote a Radon operator.

Proposition 7.1.2. For f € ZT,

u®(f) = sup u® ().
0<p< f,pek(T)

Proof. By Definition 7.1.1 we have

u'(f)= sup  |u(p)|
lpl<fpeK(T)
= sup sup  u(p)|
TER(T),||<f [0 <|¥|,0eR(T)
= sup  w([¥))=  sup  u®(e)
VeR(T),|¥|<f 0<p< f,peK(T)
Hence the proposition holds. O

We recall the following definition from [B].

Definition 7.1.3. Each element u € K(T)* is called a complex Radon measure and
is sometimes identified with the complex measure p, induced by w in the sense of
Definition 4.3 of [P3]. |u| is the positive linear functional in IC(T")* given by (12)
on p. 55 of [B] and |ul*(f) for f € ZT is given by Definition 1 on p. 107 of Chapter
IV of [B].

Proposition 7.1.4. If u € K(T)* and f € T, then
u*(f) = sup |ul(¥) = [ul*(f) = |ul"(f)-

0<T< f,Tek(T)
Consequently,
u® (f) = |ul*(f)
for f:T — [0, 00].
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Proof. For f € ZT, by Definition 7.1.1 we have

u*(f) = sup  |u(yp)]
[p|<fpel(T)

= sup sup lu(p)]
0<SU<fWER(T) o] <W,peK(T)

sup |u| () (7.1.4.1)
0<U< f,UEeK(T)

by (12) on p. 55 of Chapter III of [B].
Therefore, by (7.1.4.1),

[ul*(f)= sup  |[|ul(p)|
lel<f,peX(T)

= sup [ul(¥) = u®(f).
0<U< f,Uek(T)

Moreover, by the definition on p. 107 of Chapter IV of [B]

ul*(f) = sup  Ju[(¥) = [ul"(f).

0<U<f,WeK(T)

Now the last part is evident from Definition 7.1.1. O

Definition 7.1.5. F%(u) = {f : T — K,u*(|f|) < oo} and we define u®(f) = u®(|f|)
if f:7T — K.

Clearly, u® is a seminorm on F°(u) and hence F°(u) is a seminormed space

with respect to u®(-).

The complex versions of Proposition 1.3 and of Lemmas 1.4 and 1.5 of [T
hold and consequently, we have the following definition.

Definition 7.1.6. The space £;(u) of u-integrable functions is the closure of K(T')
in the space F°(u). Thus, a complex function f belongs to £;(u), if given € > 0,
there exists ¢ € K(T) such that u®(|¢ — f]) <e.

Remark 7.1.7. A complex function f on T belongs to £;(u) if and only if, given
€ > 0, there exists g € £1(u) such that u*(|f — g|) < e. Also note that if the
complex function f = g u-a.e. in T and if g € £1(u), then f € £q(u).

Convention 7.1.8. Let f : T — [0,00]. Then f is said to be u-integrable if there
exists a complex function g € £ (u) such that f = g u-a.e. in T

The complex analogues of Proposition 1.7, Theorem 1.8 and Remark follow-
ing it in [T] hold.
Definition 7.1.9. As K(T') is dense in £;(u) with respect to u®, the continuous

linear extension of u to £1(u) with values in X, the completion of X, is denoted
by [du. Thus, if f € £1(u), then [ fdu € X.
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Then the complex analogues of 1.10, of Theorem 1.11 and of 1.12 of [T] hold.
The following result is the complex analogue of Proposition on p. 70 of [T].

Proposition 7.1.10. Let X be a normed space and u : K(T) — X be a Radon
operator. Let H be a norm determining set in X* so that

|z| = sup [(x,x™)| for z € X.
x*eH

Then

u*([f]) = sup |uaz-[*(|f]) (7.1.10.1)
x*eH
for f € Li(u) or for f € TT, where uy- = z* o u.

Proof. By Lemma 5.2.13, H C {z* € X* : |2*| < 1}. In view of the complex
version of Lemma 1.4 of [T], the proof of 1.13 of [T] as given in [T] holds for
complex functions too and hence the proposition holds. O

Lemma 7.1.11. For p € K(T)*,
/ wfdu'
T

for f € L1(u) where |u| is given by (12) on p. 55 of Chapter 111 of [B].
Proof. Let vf(@) = [ ofdu for f e L1(n) and ¢ € K(T). Then

pe (1) = lpl(fD) = sup

lp|<1,0€K(T)

e < llelir | 171dle
so that vy € K(T');. Hence by Theorem 3.3 of [P4] we have

Wwil(T) = v(pwsl3ry, BONT) = [lvell = sup  |ve(e)]
lo|<1,0€K(T)
= sup /(pfdu'. (7.1.11.1)
le|<1,0eK(T) /T

As noted in the beginning of the proof of Theorem 6.4.6,

wmn:ﬁwww

Then by (7.1.11.1) and by Proposition 7.1.4 we have

wmnzﬁwwm: sup

lo|<1,0€K(T)

Aymﬂwmwmwo

for f € L1(p). O
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Theorem 7.1.12. For f € Lq(u),

w(f)=  sup /T ofdu

lo|<1,0€K(T)

Proof. Let H be a norm determining set in X*. For * € H, by Lemma 7.1.11 we
have

fl) = sup /Tcpfduz*

PEK(T),|pl<1

for f € L£1(u). Therefore, by Propositions 7.1.10 and 7.1.4 we have

T
= sup sup

peK(T) lp|<1a*cH |JT

/T ofdu

Definition 7.1.13. Let u : (T') — X be a Radon operator where X is a normed
space. If Y is a topological space and f : T'— Y, then f is said to be u-measurable
if, for every compact K C T and € > 0, there exists a compact K; C K such that
u*(K\K1) < € and f|k, is continuous.

fl)= sup  sup
*€H pek(T),|p|<1

u(|f]) = sup ug.(
z*cH

= sup . U

peK(T),lpl<1

Replacing ||m|| by u® and arguing as in the proof of Theorem 6.2.4, we obtain
the following theorem.

Theorem 7.1.14. Let u, X, f and Y be as in Definition 7.1.13. Then f is u-
measurable if and only if, given K € C, there exist a u-null set N C K and
a countable disjoint family (K;)7° C C such that K\N = 7" K; and f|k, is
continuous for each i € IN.

The set of u-measurable complex functions is evidently stable under the usual
algebraic operations and under composition with a continuous function. Every
continuous function on 7' is clearly u-measurable.

The proof given in Appendix III of [T] holds good for complex normed spaces
too and hence Lemma 1.19 of [T] holds for complex spaces too. The proofs of
Propositions 1.20 and 1.21, of Remark on p. 74, of Theorem 1.22 and of Lemma
1.23 of [T] hold for complex functions too. Lemmas 1.24, 1.25 and 1.25 bis of [T]
hold for the absolute value of complex functions too.

Proposition 7.1.15. Let X be a normed space and let H be a norm determining
set in X* so that |z| = sup,.cy [(x, 2*)| for x € X. Then for every u-measurable
bounded positive function f,

u®(f) = sup fuz-|*(f).

z*eH
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Proof. By the complex version of Lemma 1.23 of [T], fxx € £i(u) for K € C.
Then by Proposition 7.1.10 we have

u®(f) = sup u*(fxx) = sup sup |uz~|*(fxx)

KeC KeCz*eH

*(f): U

= sup sup [ug-|*(fxx) = sup |ug-
x*eH KeC x*eH

Corollary 7.1.16. Under the hypothesis of Proposition 7.1.15, for a u-measurable
set A,

u®(A) = sup |uz-[*(A).

z*eH

Corollary 7.1.17. If f is locally u-integrable (i.e., if ¢f is u-integrable for each
p e K(T)), then

u*(f) = sup |ug-|*(f)

x*eH
where H is a norm determining set in X*.

Proof. By Urysohn’s lemma, for each K € C, there exists ¢x € K(T') such that
Yk < pg < 1. Then

u®(f) = sup u®(|flxx) < sup u*(|flor) < sup u®(|fle)
KeC KeC 0<p<1,peK(T)

< ut(|f]) = u®(f) (7.1.17.1)

and hence by Proposition 7.1.15, by Definition 7.1.5 and by (7.1.17.1) we have

u'(fy= sup  u(fy)= sup sup  |ug+[*(¢f)
0<p<1,p€K(T) 2 €H 0<p<1,pek(T)
= sup |ug[*(f).
z*cH
Thus the corollary holds. o

Definition 7.1.18. Let u be a Radon operator with values in an IcHs X over C.
Let ¢ be a continuous seminorm on X. We denote ¢(z) by |z|,. The semivariation
of u with respect to ¢ for f € ZT is defined by

ug(f) = sup  |u(p)ly
lpl<f,pel(T)

and one completes the definition for f : T'— [0, 00] as in Definition 7.1.1 given in
the case of a normed space.

For g € T, let X, = X/q 1(0) and let )?; be the Banach space completion

of X, with respect to |- |4. Let II; : X — X, C X, be the canonical quotient
map. (See the beginning of Section 1.2 of Chapter 1.) Let uy, = II; o u. Then
lug(p)] = |u(p)]q so that ug is the semivariation of u,.
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Definition 7.1.19. For the Radon operator u on K(7T') with values in the lcHs X
and for g € I', the family of continuous seminorms on X, we define

Fou) ={f : K(T) — K, ug(|f]) < oo for each q € I'}.

Then by the complex version of Lemma 1.5 of [T], K(T) C F°(u) and this
permits the following definition.

Definition 7.1.20. Let 7°(u) be provided with the seminorms u$(-) for ¢ € . The
space L1(u) of u-integrable functions is the closure of K(T') in the space F(u).
Hence a function f : K(T') — K is u-integrable if, for each ¢ € T and € > 0, there
exists ¢, € K(T') such that ug(|p, — f]) <e.

Thus £1(u) is the intersection of the spaces £ (ug) provided with the smallest
topology permitting the injections £4(u) C L£1(uq) continuous for each ¢ € I

Definition 7.1.21. Let u be a Radon operator on K(T') with values in an lcHs
X over C. Let Y be a topological space. We say that a function f : T — Y is
u-measurable if f is ug-measurable for each ¢ € I' and is u-null if it is ug-null for
each ¢ € T'. (See Definitions 7.1.1 and 7.1.13.)

With these definitions, the complex versions of Propositions 1.7, 1.20 and
1.21 and Theorem 1.22 of [T] hold without any modifications for complex lcHs-
valued Radon operators u. Thus a function f is wu-integrable if and only if it
is u-measurable and is dominated in modulus by a w-integrable function. The
Hausdorff space Lq(u) associated with £ (u) consists of classes of functions in
which two functions equal u-a.e in T are identified.

Definition 7.1.22. For a function f € £1(u), we denote by u(f) or by [ fdu the
value in f of the continuous linear extension of u to £1 (). Thus this is an element
in the completion X of X. Then the mapping f — f fdu is a continuous linear
mapping of £4(u) in X.

Hereafter, by IcHs we mean a complex IcHs, i.e., an IcHs over C. Then Propo-

sitions 1.28 and 1.30 and results 1.31, 1.32, 1.33 and 1.34 of [T] hold for complex
lcHs-valued u on K(T).

If X is a projective limit of Banach spaces X;, then [ fdu is identified with
the element ([ fdu;); (i.e., with the projective limit of (| fdu;);). Consequently,

if u: K(T) — X, X an lcHs over C, then for f € Li(u), [ fdu = lim/fduq.
Lemma 7.1.23. Suppose X is a_quasicomplete lcHs. If A C X is bounded and if xo
belongs to the closure of A in X, then xg € X.

Proof. Let 7 be the lcHs topology of X . By hypothesis there exists a net (z,) C A
such that z, — x¢ in 7, the topology of the completion X. Thus (z,) is Cauchy in
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7. As A is 7-bounded and as X is quasicomplete, the 7-closure of A is 7-complete.
Since 7|4 = T, it follows that (x,) is 7-Cauchy. Hence there exists 21 in the 7-
closure of A (so that 1 € X) such that 2, — x; in 7 and hence in 7. Since 7 is
Hausdorff, xg = 21 € X. O

Theorem 7.1.24. Let u be a Radon operator on K(T') with values in a quasicomplete
lcHs X. Then for each f € L1(u), [ fdu belongs to X. In other words, if X is an
lcHs, then [ fdu belongs to the quasicompletion of X for each f € Li(u).

Proof. By Lemma 7.1.23 above, it suffices to show that [ fdu belongs to the
closure in X of a 7-bounded set A C X whenever f € £1(u).

For the sake of completeness, we give the proof of this result and we follow
the proof of Theorem 1.35 of [T].
Case 1. Suppose f is bounded with compact support. Let w be a relatively compact
open set in T such that f is null in T\w and let |f| < 1.

If |{ [ pdu,2*)| <1 for ¢ € K(T) with |¢| < ., then

</<pdu,w*>‘ = sup |z~ ()]
[pl<xw,pEX(T)

= Uz« (Xo) = [ta+|(w)

by Definition 7.1.1 and by Proposition 7.1.4. As |f| < x., and f is u-integrable by

hypothesis we have
=| [ fave| < [1sid

(frme)

and hence [ fdu € A% where A= {[ @du : ¢ € K(T),|¢| < xo} C X C X.

Since A is absolutely convex, by the bipolar theorem 8.1.5 of [E] A% is the
o(X, X*)-closure of A, and hence by Theorem 3.12 of [Ru2] is also the 7-closure
of A. As A is weakly bounded, it is 7-bounded by Theorem 3.18 of [Ru2]. Hence
by Lemma 7.1.23, [ fdu € X.

1> sup
lo| <xw,p€K(T)

< ug-|(w) <1

Case 2. Let f be null outside a compact set.

First let us consider the case f > 0. Let f,, = min(f,n). Then by Case 1,
[ frndu € X for all n and by the lcHs analogue of Lemma 1.25 bis of [T] and by
the complex analogue of 1.10 of [T], [ fdu = lim, [ f,du. Thus [ fdu belongs
to the closure of ([ f,du)>2; in X and as (J fn)22; is convergent, it is bounded
in X. Hence by Lemma 7.1.23, [ fdu € X. If f is complex-valued and vanishes
outside a compact set, then by the complex analogue of Proposition 1.7 of [T],
J fdu belongs to X in this case too.

Case 3. f is an arbitrary element in £y (u).
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By the above cases, [ fodu € X for each ¢ € K(T'). The set

B= d
{/f‘P u}w<1,<ﬁ€1C(T)
< f@du,x*>‘§ [ il

for each z* € X*. Then by Theorem 3.18 of [Ru2], B is 7-bounded.

If |(f fedu,z*)| < 1 for ¢ € K(T) with |p| < 1, then by Theorem 7.1.12,
u2.(|f]) <1 and hence |([ fdu,z*)| < 1. Therefore, [ fdu € B°. Then arguing
as in Case 1 and appealing to Lemma 7.1.23, we conclude that [ fdu € X. This
completes the proof of the theorem. O

is weakly bounded since

sup < o0

lo|<1,0€K(T)

The proof of Proposition on p. 84 of [T] holds here for metrizable 1cHs and
hence we have:

Theorem 7.1.25. If X is a metrizable IcHs and if v : K(T') — X is a Radon
operator, then the space L1(u) is pseudo metrizable and complete.

7.2 Integration with respect to a weakly compact
bounded Radon operator

The aim of this section is to improve the results in Section 2 of Thomas [T]. Remark
2 on p. 161 of [G] and Theorem 6 of [G] when T is compact, play a key role in
[T] to develop the theory of vectorial Radon integration with respect to a weakly
compact bounded Radon operator or a prolongable Radon operator. Grothendieck
comments in the said remark that his techniques developed in earlier sections of
[G] are textually valid to prove Theorem 6 of [G] for Cy(T), where T is a locally
compact Hausdorff space. But, as shown in [P10], his techniques can be used to
prove the said remark if and only if T is further o-compact. However, by different
methods, we established in [P9] and [P11] the validity of Theorem 6 of [G] for
Co(T') when T is an arbitrary locally compact Hausdorff space, thereby restoring
the validity of the Thomas theory in [T]. The proposition given in Complements of
Section 2 of [T] improves Theorem 2.7 and Theorem 2.7 bis of [T]. But, we obtain
here results which further improve the said proposition of [T]. See Theorem 7.2.19
and Corollary 7.2.20.

Definition 7.2.1. Let X be a quasicomplete lcHs and let v : K(T) — X be a
Radon operator (see Definition 5.3.3 of Chapter 5). Then u is said to be bounded
if u: (Ce(T),]| - |lr) — X is continuous.

Notation 7.2.2. Whenever X is a quasicomplete IcHs, I' denotes the family of
continuous seminorms on X.
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Proposition 7.2.3. Let X be a quasicomplete lcHs. The Radon operator u : K(T) —
X is bounded if and only if uy(T) < oo for each ¢ € T'.

Proof. Let u be bounded. Then, for each ¢ € I', by Definition 7.2.1 there exists a
constant M, such that |u,(p)| = [u(p)lq = q¢(u(p)) < Myl|el|r for each ¢ € K(T).
Then

ug(T) =ug(xr) =  sup  qu(p)) < My < oo
[p|<1,0e(T)

and hence ug(T) < oo for each ¢ € T'.
Conversely, if ug (1) = M, < oo for each ¢ € T, then for ¢ € K(T'), we have
ol < [l¢llrxr and hence

q(u(p)) = lug(#)lg < llellTug(xr) = Mqll¢l|r
for ¢ € I'. Hence u is bounded. (]

Convention 7.2.4. Let X be a quasicomplete 1cHs and let u : K(T') — X be a
bounded Radon operator. Then u has a continuous linear extension to the whole of
Co(T') with values in X and hence we shall always assume that v : (Co(T), ||-||7) —
X is continuous whenever v : K(T') — X is a bounded Radon operator.

Proposition 7.2.5. Let X be a quasicomplete lcHs. If u : K(T) — X is a bounded
Radon operator, then Co(T) C L1 (u). Moreover, for f € Co(T), uf = [ fdu.

Proof. Let f € Co(T) and let ¢ € T'. Then there exists (p,)5° C K(T') such that
[n — fll7 — 0. By hypothesis and by Proposition 7.2.3, u (1) < oo and hence

ug(ln = fI) < wg(lf = enlloxr) < |If = enllrug(T) — 0

as n — oo. Hence f € L4(ugq). As g is arbitrary in T', it follows that f € £q(u).
Thus Co(T) C L1(u).
Moreover, uf = lim, up, and [ fdu = lim, up,. Hence uf = [ fdu. O

For a bounded Radon operator u, it is possible that £1(u) = Co(T') as shown
below.
Ezample 7.2.6. Let u : K(T') — Co(T) be the identity operator. Then u : (C.(T), ||
llr) — (Co(T),]|| - ||7) is continuous and has a unique continuous extension to
C()(T) Then El (U) = C()(T)

In fact, if f € ZT, then

u'(f)= sup  Ju(p)l= sup |lellr =||fllr (7.2.6.1)
lel<f,peX(T) lel<f,peX(T)

since f = SUPo< o< f,0eK(T) P-
If f:T — [0,00] has compact support, then by (7.2.6.1) and by Definition
7.1.1 we have

Ifllr < inf_llallr = w*(6)
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Let K be the support of f. By Urysohn’s lemma there exists ¥ € C.(T) with
0<¥<land ¥|x =1.Then 0 < f <||f||l7¥ € ZT and

w([[flr @) = Ifllrw®(®) = [[f]lz [[¥]lr = [|fllr

by (7.2.6.1) as U € Z". Hence u®*(f) = || f|| 7
When f: T — [0, 00] is arbitrary, then

u®(f) = sup u*(fxx) = sup || fxxllr = |[fll. (7.2.6.2)
KeC KeC

If f € £1(u), then given € > 0, there exists ¢ € K(T') such that u*(|f — ¢|) < €.
Then by (7.2.6.2), ||f — ¢||lr < € and hence f € Cy(T"). Therefore, £1(u) = Co(T).

Definition 7.2.7. Let X be a quasicomplete lcHs and let v : K(T) — X be a
bounded Radon operator. (See Convention 7.2.4.) Then u is called a weakly com-
pact bounded Radon operator if {up : ¢ € Co(T), ||¢||r < 1} is relatively weakly
compact in X.

Remark 7.2.8. Bounded Radon operators and weakly compact bounded Radon
operators are respectively called bounded Radon measures and weakly compact
bounded Radon measures in [T].

Lemma 7.2.9. Let X be a Banach space and let u : K(T) — X be a continuous
linear map. Then for each open set w in T,

u*(w) = sup |z¥u|(w) (7.2.9.1)

|z*[<1

where | u|(w) = pz=u| (W) and pi)z=y| is the (complex) Radon measure induced by
|z*u| in the sense of Definition 4.3 of [P3].

Proof. By Definition 7.1.1 and by Proposition 7.1.4 we have
u(w)= " sup  Ju(p)|
Il <xw e (T)

= swpsup fa"u(y)
[l <Xw,pEL(T) |2*|<1

= sup sup [z u(e))|
2% <1 || <X 9 EX(T)

= S:gl(w*U)'(w)

= sup |z*ul*(w).
lz*|<1

Since w is |z*u|*-measurable, we have

u*(w) = sup |z*u|(w)
ERES!

and hence (7.2.9.1) holds. O
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Using the above lemma and [P9], an improved version of Theorem 2.2 of [T]
for complex functions is given below.

Theorem 7.2.10. Let X be a Banach space and let u : K(T) — X be a bounded
Radon operator. Then the following statements are equivalent:

(i) Ewvery bounded Borel (complex) function belongs to Lq(u).

(ii) Fvery bounded o-Borel (complex) function belongs to L1(u).

(iii) Every bounded (complex) Baire function belongs to L1 (u).

(iv) For every open set w in T, the weak integral f belongs to X ; i.e., there exists
w
a vector x,, in X such that

/wd(x*u) = 2" (zy)

for each z* € X* and we say that the weak integral fw du = x,,.

(v) For every o-Borel open set w in T, the weak integral fw belongs to X.

(vi) For every open Baire set w in T, the weak integral fw du belongs to X.

(vil) u is a weakly compact bounded Radon operator (so that by Convention 7.2.4,
u: Co(T) — X is weakly compact).

Proof. Clearly, (i)=-(ii)=-(iii).
(iii)=-(vi) By (iii), for each open Baire set w in T', there exists z,, € X such

that | du =z, and hence

o (2,) = /w d(z*u)

for * € X*. Hence (vi) holds.

(vi)=(vii) By (vi), for each open Baire set w in T there exists z,, € X such
that

/ d(z*u) = 2" (zy) (7.2.10.1)

for z* € X*. As 2*u € Co(T)* = M(T), the complex Radon measure i+, induced
by z*u in the sense of Definition 4.3 of [P3] is a B(T')-regular complex measure
on B(T). Let K be a compact G5 in T. Then by Theorem 55.A of [H] there exists
(pn)5° C Co(T) such that 0 < ¢y, \, xx- Then by LDCT and by 5.2.10 we have

fau (K) = lim/ Onditze, = lim(z*u)(¢n) = lim/ ond(z* om) = (2" om)(K)

where m is the representing measure of u. Then by the Baire regularity of
Pasu|By(ry and of (z* o m)|g,(ry we have pig«y|g,(ry = (2* o m)|z,(r) and con-
sequently, by Theorem 2.4 of [P4] and by the Borel regularity of pi;«, and of
2* om on B(T'), we conclude that

fpry = 2F omonB(T). (7.2.10.2)
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Then by (7.2.10.1) and (7.2.10.2) we have

" () = / d("u) = pgeu(w) = (2" om)(w) = (27 0 u™)(xw)

for * € X*. Since u**(x,) € X**, we conclude that m(w) = v**(x,) = z, € X.
Consequently, by Theorem 3(vii) of [P9], u is a weakly compact operator on Co(T")
and hence (vii) holds.

Clearly, (iv)=(v)=(vi). (vii)=(iv) (resp. (vii)=(v), (vii)=(vi)) By (vii) and
by Theorem 2(ii) of [P9], u**(x4) € X for each A € B(T) and hence u**(x,) € X
for each open set (resp. o-Borel open set, open Baire set) w in T. Let u**(x.) =
x, € X. Then by arguing as in the proof of (vi)=-(vii) we note that (7.2.10.2)
holds and hence by (7.2.10.2) we have

2 () = 20 () = (o7 o m)) = pirea@) = [ dla")

and hence (iv) (resp. (v), (vi)) holds.

(vii)=(i) Since u : Co(T) — X is weakly compact, u* is also weakly compact
and hence {fiyz+ @ |2*] < 1} = {pg=y ¢ |2*] < 1} is relatively weakly compact
in M(T). Then by Theorem 1 of [P8], given a Borel set A in T' and € > 0, there
exist a compact set K and an open set U in T such that K € A C U and
SUp| <1 [Hau|(U\K) < €. Then by Lemma 7.2.9 we have u*(U\K) < e. Now
choose ¢ € K(T) such that xx < ¢ < xp so that u®(xv —¢) < u*(xv — XK) =
u*(U\K) < e. Then

u*([xa —¢l) <u*(xv — xx) =u*(U\K) < e

Therefore, by Definition 7.1.6, x4 € £1(u).

Consequently, every Borel simple function s € £1(u). If f is a bounded Borel
(complex) function, then there exists a sequence (s, ) of Borel simple functions
such that [|s, — f|l7 — 0. Then

u*(If = snl) < |If = snll7u*(T) — 0

as n — oo, since u®(7T) is finite by Proposition 7.2.3. Hence f € £1(u) and thus
(1) holds.

Hence the statements (i)—(vii) are equivalent. O

The following theorem is an improved complex version of Proposition 2.5 of
Thomas [T].

Theorem 7.2.11. Let X be a Banach space and let u : K(T) — X be a bounded
Radon operator. Then the following statements are equivalent:

(i) w is weakly compact (see Convention 7.2.4).
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(ii) Given € > 0, for each open set w in T, there exists a compact K C w such
that u®(W\K) < e.

(iii) Given € > 0, for each A € B(T), there exist a compact K and an open set
win T such that K C A C w and u®*(W\K) < e.

(iv) Given € > 0, for each compact K in T there exists an open set U in T
such that K C U with u®*(U\K) < € and there exists a compact C in T
such that u®(T\C) < e.

(v) Given € > 0, for each o-Borel open set w C T there exists a compact
K C w such that u®*(W\K) < ¢ and there exists a compact C in T such
that u*(T\C) < e.

(vi) Given € > 0, for each A € B.(T) there exist a compact K and a o-Borel
open set w in T such that K C A Cw and u®(w\K) < e.

(vii) Given € > 0, for each compact K in T there exists a o-Borel open set U
in T such that K C U with u®*(U\K) < € and there exists a compact G
set C' such that u®(T\C) < e.

(viii)) Given € > 0, for each open Baire set w in T there exists a compact G
K C w such that u®(w\K) < € and there exists a compact C such that
u*(T\C) < e.

(ix) Given € > 0, for each Baire set A C T there exist a compact GsK and an
open Baire set w in T such that K C A Cw and u®(w\K) < €.

(x) Given € > 0, for each compact GsK in T there exists an open Baire set U
in T such that K C U with u*(U\K) < € and there exists a compact GsC
such that u®(T\C) < e.

Proof. Since u is a bounded operator on Cy(7T") by Convention 7.2.4, the set F =
{bz=u 2 |2¥] < 1} = {pyrer : [2%] < 1} is bounded in M(T'). Let |F| = {jjg=y :
|z*| < 1}. Then by Theorem 1 of [P8], F' is relatively weakly compact in M (T)
if and only if |F| is so (resp. if and only if u is weakly compact (as u is weakly
compact if and only if u* is weakly compact)). Moreover, by Theorem 4.11 of
[P3] and by Theorem 3.3 of [P4], gy (A) = v(tz=u, B(T))(A) = |ptau|(A) for
A € B(T). Then by Lemma 7.2.9 and by (vi) (resp. (vi)’, (vi)”) of Proposition
1 of [P9], (ix) (resp. (iii), (vi)) holds if and only if u is weakly compact. Hence
(i) (iii) e (vi) e (ix).

(iii)=(ii) obviously.

(ii)=(i) Let w be an open set in T" and let € > 0. Then by hypothesis, there
exists a compact K such that K C w and u®(w\K) < e. By Lemma 7.2.9, this
means Sup|,« <1 Hjz=u|(W\K) < €. Then by Theorem 4.11 of [P3] and by Theorem
3.3 of [P4], sup|,«|<q v(ptz=u, B(T))(w\K) < € and hence by Theorem 2 of [P8], u
is weakly compact. Thus (i) holds.

(i) (iv) By Theorem 4.11 of [P3], |F| = {|pz+u| : |2*| < 1} and hence by
Theorem 4.22.1 of [E], |F| is relatively weakly compact in M (T) if and only if ,
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given € > 0, for each compact K in T there exists an open set U in T such that
K C U and sup|,-|<q |Hz<u|(U\K) < € and there exists a compact C in T such
that sup|,|<1 |ftzu|(T\C) < €. Consequently, by Lemma 7.2.9, [F| is relatively
weakly compact in M(T) if and only if (iv) holds and hence if and only if u is
weakly compact.

Similarly, using Theorem 4.22.1 of [E], Theorem 4.11 of [P3], Theorem 50.D
of [H] and Lemma 7.2.9 one can show that (i)<(vii) and (i)<(x).

By Proposition 1(iii) of [P9], by Theorem 4.11 of [P3] and by Lemma 7.2.9,
(i)e(v) and (i)<(viii).

Hence the statements (i)—(x) are equivalent. O

Definition and Notation 7.2.12. Let X be a Banach space and let u : K(T) — X be
a Radon operator. Let H be a subset of X* separating the points of X. A function
f: T — K is said to be u-integrable with respect to the topology o(X, H) if f is
x*u-integrable for each z* € H. Then the integral of f with respect to o(X, H) is
an element in the completion of (X, (X, H)) which is identified with (H)!2  the
set of all linear functionals on the linear span (H) of H and the integral is denoted
by [ fda. This is identified with the function 2* — [ fd(z*u) for * € H. Thus

(z*, / fdiy = / Fdug- for z* € H.

The Orlicz property of a set H in X* (see Definition 5.2.9 of Chapter 5) plays
a key role in the sequel.

The following result improves the complex version of Theorem 2.7 of Tho-
mas [T].
Theorem 7.2.13. Let X be a Banach space and let H be a norm determining
subset of X*. Suppose H possesses the Orlicz property. Let u : K(T) — X be a
bounded Radon operator. Then u : Co(T) — (X,0(X, H)) is continuous (here we
use Convention 7.2.4) and u is weakly compact on Co(T) if and only if fw due X
for each open Baire set w in T, where @ is the Radon operator obtained from u on
providing X with the topology o(X, H).

Proof. Arguing as in the proof of Theorem 2.7 of [T] and using Theorem 1 of [P8]
instead of Appendix I: Cy of [T], we observe that the condition is sufficient.

Conversely, if u is weakly compact with its representing measure m in the
sense of 5.2.10 then by Theorem 2(ii) of [P9], v**(xw) = m(w) = z,, (say) € X
for each open Baire set w in T and hence

(@) :/wd(w*u) g </w dﬂ)

for 2* € X* and hence for z* € H. Then (z*, [ du) = [ du,- = [ d(z*u) =
x*(x,,) for * € H. Hence sup,- gy [2* ([ di—2,)| = 0. As H is norm determining,
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we have || [ dia — z,|| = 0 and hence [ du = x,, € X. Therefore the condition is
also necessary. O

To improve the complex version of Theorem 2.12 of [T] we need the following
lemma.

Lemma 7.2.14. Let X be a Banach space and let u : Co(T) — X be a continuous
linear mapping with the representing measure m (in the sense of 5.2.10). Then

/ d(z*u) = (z* o m)(A) (7.2.14.1)
A

for x* € X* and for A € B(T). If xa € L1(u), then

/ du = m(A) (7.2.14.2)
A

and consequently (7.2.14.2) holds for A € B(T) if u is weakly compact.

Proof. By the proof of (vi)=(vii) of Theorem 7.2.10 (without using (7.2.10.1)),
Hgry = 2* om on B(T) for * € X*. Hence

[t = [ s = ) = (" 0 m) (1)

for A € B(T) and for z* € X*.

If x4 € L1(u), there exists z4 € X such that [, du = 24 € X. Consequently,
by (7.2.14.1) we have

x*(za) = /Ad(ac*u) = (z* om)(A)

for z* € X*. As m has range in X**, we conclude that m(A) = 24 = [, du for
A € Lq(u). If u is weakly compact, B(T') C £1(u) by Theorem 7.2.10(i) and hence
the last part holds. O

Using the above lemma we obtain the following improvement of the complex
version of Theorem 2.12 of [T].

Theorem 7.2.15. Let X be a Banach space and let u, : K(T) — X be a weakly
compact bounded Radon operator for n € IN. If for every open Baire set w in T,
the sequence (fw dun)3° is convergent in X, then there exists a weakly compact

bounded Radon operator u on K(T) with values in X such that

h};rl/fdun:/fdu

for each bounded (complex) Borel function f on T.
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Proof. Let m,, be the representing measure of u,, in the sense of 5.2.10. Then by
hypothesis, by Theorem 7.2.10(iii) and by Lemma 7.2.14,

limm,, (w) exists in X (7.2.15.1)

for each open Baire set w in T'. Moreover, by Theorems 6(xix) and 2 of [P9], m,,
is Borel regular and o-additive in the topology 7 of X for each n € IN. By Lemma
5.2.19, ¢ is m,-integrable in T and by 5.2.10 we have

T () = /T ed(z* omy) = z* ( /T gpdmn)

for z* € X* and for ¢ € Cy(T'). Then by the Hahn-Banach theorem

Un(p) = /Tcpdmn forp € Co(T).

Consequently, by (7.2.15.1) and by Lemma 5.2.20 there exists an X-valued con-
tinuous linear mapping u on Cy(T') such that

limuy, () = u(p)

for ¢ € Co(T). Moreover, by (7.2.15.1) and by Lemma 5.2.18, lim,, m,(U) € X
for each open set U in T. Consequently, by the complex version of Proposition
2.11 of [T], lim,, [ fdu, = [ fdu € X for each bounded complex Borel function f
on 7. Then particularly,

lim/XAdun = /XAdu eX (7.2.15.2)

for each A € B(T). Then by Theorem 7.2.13, u is weakly compact.
This completes the proof of the theorem. O

Remark 7.2.16. The proofs of Propositions 2.13, 2.14, 2.17 and 2.20, of Corollary
2.18 and of Lemma 2.21 of [T] hold for complex spaces too.

We need the following lemma to generalize Theorem 7.2.10 to quasicomplete
lcHs.

Lemma 7.2.17. Let u be a Radon operator on K(T') with values in an lcHs X . For
g €l let ug =11, 0ou where I' and I, are as in the beginning of Section 1.2 of
Chapter 1. Then for each open set w in T,

ug(w) = sup [z*ul*(w) = sup [z ul(w)
z*elU? z*elU?

where Ug is as in Notation 1.2.11 and ug s as in Definition 7.1.18.
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Proof. Let ¢ € T'. Then u, : K(T') — )?/q is a continuous linear map and hence by
Lemma 7.2.9 and by Propositions 1.2.15 and 7.1.4 we have

ug(w) = sup [Touug|*(w) = sup [Wy- o (TTg 0 u)[*(w)
z*eU? z*eU?
= sup [¢"ul*(w) = sup [z"ul*(w) = sup [z u|(w)
z*eUg z*eU? z*eU?
since W+ (I o u)(x) = Wyr (ux 4 ¢~ '(0)) = z*uz for z € X and for 2* € U and
since the open set w is |x*u|*-measurable. O

The following theorem generalizes Theorem 7.2.10 to quasicomplete 1cHs.

Theorem 7.2.18. Let X be a quasicomplete lcHs and let u : K(T) — X be a bounded
Radon operator. Then the following statements are equivalent:

(i) Every bounded (complex) Borel function belongs to L1 (u).
(ii) Every bounded (complex) o-Borel function belongs to L1(u).
(iii) Every bounded (complex) Baire function belongs to L1 (u).

(iv) For every open set w in T the weak integral fw du belongs to X ; i.e., there
exists a vector x,, in X such that

/wd(x*u) =z (z,)

for each z* € X*. Then we say that the weak integral fw du = z,,.
(v) For every o-Borel open set w in T, the weak integral fw du belongs to X.
(vi) For every open Baire set w in T, the weak integral fw belongs to X.

(vii) wu is weakly compact (see Convention 7.2.4).

Proof. Since the results mentioned in the proof of Theorem 7.2.10 hold for 1cHs-
valued continuous linear transformations on Cy(7") and since the theorems in [P9]
used in the proof of Theorem 7.2.10 are valid not only for Banach spaces but also
for quasicomplete 1cHs, the proof of the latter theorem excepting that of (vii)=-(i)
continues to be valid when X is a quasicomplete lcHs.

Now we shall show that (vii)=(i). Let g e T and let U, = {z € X : ¢(z) < 1}.
Then U, the polar of U, is equicontinuous and hence by Corollary 9.3.2 of [E]
or by Proposition 4 of [P9], u*(UY) is relatively weakly compact in M (7). Then
by Theorem 1 of [P8], given A € B(T) and e > 0, there exist a compact set K
and an open set U in T such that K C A C U and sup,.¢po |z*u|(U\K) < e.
Consequently, by Lemma 7.2.17, ug(U\K) < e. Then arguing as in the last part
of the proof of (vii)=-(i) of Theorem 7.2.10 we have a ¢, € K(T') such that xx <
pq < xu so that

ug(Ixa = ¢ql) < ugxv —xa) Sugxv — xx) = ug(U\K) <e
Since q is arbitrary in I, by Definition 7.1.20, x4 € £1(u).
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Then every Borel simple function s belongs to £1(u). If f is a bounded Borel
(complex) function, then there exists a sequence (s,) of Borel simple functions
such that ||s, — f||7 — 0. Then, for each ¢ € T', we have

wl(|f = sul) < |If = sullrul(T) — 0

as n — 00, since ug (T) is finite by Proposition 7.2.3 and by the hypothesis that
Uy : (Ce(T), || - [|7) — X, is continuous.

This completes the proof of the theorem. O

The following theorem gives an improvement of the complex version of The-
orem 2.7 bis of [T].

Theorem 7.2.19. Let X be an IcHs and let H be a subset of X* such that the
topology T of X is the same as the topology of uniform convergence in the equicon-
tinuous subsets of H. Suppose H has the Orlicz property. Let u be a bounded Radon
operator on K(T) with values in X. Then u is weakly compact if and only if, for
every open Baire set w in T, the ultra weak integral fw du (relative to the topology

o(X, H)) belongs to X, the lcHs completion of X.

Proof. By hypothesis, 7 is generated by the seminorms {qg : F € Hg} where
He = {E C H : Eis equicontinuous} and ¢g(x) = sup,..p |2*(x)|. As observed
in the proof of Theorem 5.2.16, o(X, H) is Hausdorff.

Suppose, for each open Baire set w in T', there exists a vector z,, € X such
that

/ d(x*u) = pgry(w) = 2% (2y) (7.2.19.1)

for each 2* € H and hence for each z* € (H), the linear span of H. Then, given
a disjoint sequence (U,,)?° of open Baire sets in T, for each subsequence P of N,
by (7.2.19.1) we have

Zx :EUn Zﬂwu nzﬂw*u<UUn>eK
neP neP nepP

and hence > (" 2*(zy, ) is subseries convergent for each z* € H.

Since (X, o (X, (H))* = (H) by Theorem 5.3.9 of [DS1], > {° zy,, is subseries
convergent in o(X, H). As H has the Orlicz property by hypothesis, > " zy, is
unconditionally convergent in 7. Hence

lim ¢p(zy,) = 0. (7.2.19.2)
Then by (7.2.19.1) and by (7.2.19.2) we have

hqu(chn) = lim sup |z*(zy,)| = hm sup |ttasw (Un)| = 0. (7.2.19.3)
" z*cE
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Since E is equicontinuous and since u : Cy(T) — X is continuous, by Lemma
2 of [P9] and by 5.2.10, u*E = {u*z* : 2* € E} = {a*u: 2* € E} = {igeqy : ¢* €
E} is bounded in M (T). Then by (7.2.19.3) and by Theorem 1 of [P8]

{ptz=u : ©* € E} is relatively weakly compact in M(T). (7.2.19.4)

For E € Hg, 11y, - X — )/(;; C ()/(;;) If ¥, is as in Proposition 1.2.13(i)
for * € E, then {¥,« : 2* € E} is a norm determining subset of the closed unit

ball of (X, )* for X,, by Proposition 1.2.13(iii) for * € E. Then by Proposition
1.2.13(i) and by 5.2.10 we have

(Upx o gy o u)(p) = (x™u)(p) (7.2.19.5)

for ¢ € Co(T) and hence ¥y« o Iy, ou € K(T); = (Co(T),]| - ||7)* = M(T).
Then by (7.2.19.4) and (7.2.19.5), {f(w,.om, ou) * ** € E} is relatively weakly
compact in M (T'). Then by Corollary 5.2.15, I1,,, ou is weakly compact for £ € Hg.
Consequently, by the complex analogue of Lemma 2.21 of [T], u is weakly compact.

Conversely, if u is weakly compact, then by Theorem 7.2.18(vi) the weak
integral fw fdu belongs to X for each open Baire set w in T and hence there exists

a vector x,, € X and hence in X such that

- </wdu> :/wd(:zc*u) 2 (2)

for each z* € X* and hence for each * € H. Thus fw dt (relative to the topology
o(X, H)) belongs to X.
This completes the proof of the theorem. O

Corollary 7.2.20. Under the hypothesis of Theorem 7.2.19 for X, H and the topol-
ogy T, a bounded Radon operator u : K(T) — X is weakly compact (see Convention
7.2.4) if for each open set w in T which is a countable union of closed sets, the

ultra weak integral fw du (relative to the topology o(X, H)) belongs to )~(, the lcHs
completion of X.

Proof. By Lemma 5.2.3 and by Theorem 7.2.19, the corollary holds. (|

Remark 7.2.21. Corollary 7.2.20 is obtained directly in the proposition on p. 98
of [T]. But Theorem 7.2.19 is much stronger than the said proposition of [T].
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7.3 Integration with respect to a prolongable
Radon operator

Following Thomas [T] we study the integration of complex functions with respect
to a prolongable Radon operator u on K(T') (Thomas calls them prolongable Radon
measures) and improve most of the principal results such as the complex versions

of Theorems 3.3, 3.4, 3.11, 3.13 and 3.20 of [T].

Definition 7.3.1. Let u be a Radon operator on K(7') with values in an lcHs.
Then we say that u is prolongable if every bounded (complex) Borel function with
compact support is u-integrable.

Notation 7.3.2. Let w be an open set in 7" and let u be a Radon operator on (7).
We define f on T by f(t) = f(t) for t € w and 0 for t € T\w. For ¢ € K(w),
@ € K(T) and we identify K(w) with the set of functions in K(7") whose support is
contained in w. The Radon operator u,, is defined as the restriction of u to K(w),
ie, uy(p) = u(P). u, is called the Radon operator induced by u on K(w).

Lemma 7.3.3. Let u be a Radon operator on K(T') with values in a normed space,
w an open subset of T and u,, the Radon operator induced by u on K(w). Then:

(i) For f € It (w), f € ITT(T) and (uy)*(f) = u®(f).
(i) For f >0 with compact support in w, (uy)*(f) = u®(f).
(iii) If f is a (complex) function with compact support in w belonging to L1 (uy,),
then f belongs to L1(u) and ffduw = ffdu and the last conclusion also
extends to Radon operators with values in an lcHs.

For the proof of the above lemma we refer to the proof of Lemma 3.2 of
Thomas [T] given in Appendix III of [T] which holds for complex functions too.

Remark 7.3.4. If u®(w) < oo for w in Lemma 7.3.3, then u,, is a bounded Radon
operator on KC(w) in the sense that uy : (Ce(w),|| - ||o) is continuous. Hence par-
ticularly if w is relatively compact in 7', then u,, is a bounded Radon operator on
K(w).

Since u®(w) = SUP|, <1 peic(w) lUw(®)| and since wu, is continuous on

(Ce(w), ||+ llw), the above remark holds.

The following theorem improves Theorem 3.3 of Thomas [T].

Theorem 7.3.5. Let u be a Radon operator on K(T') with values in a quasicomplete
lcHs X. Then the following statements are equivalent:
(i) w is prolongable in the sense of Definition 7.3.1.

(ii) Every bounded o-Borel (complex) function with compact support belongs

to Lq(u).

(iii) Every bounded complex Baire function with compact support belongs to

,Cl (U)
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(iv) For each relatively compact open set w in T, the weak integral fw du belongs
to X; i.e., there exists x,, € X such that [ d(z*u) = z*(x,) for z* € X*.

(v) For each relatively compact open Baire set w in T, the weak integral fw du
belongs to X.

(vi) Ifw is a relatively compact open set in T, then u|i () is a weakly compact
bounded Radon operator.

(vii) For each relatively compact open Baire set w in T, ulx(,) is a weakly
compact bounded Radon operator.

(viii) For each compact K in T, the weak integral fK du belongs to X.
(ix) For each compact Gs K in T, the weak integral fK du belongs to X.

(x) A set A C K(T) is said to be bounded in K(T) if there exists K € C
such that supp ¢ C K for each ¢ € A and sup,c 4 [lollr < oo. For each
relatively compact open set w in T, u transforms bounded subsets of K(w)
into relatively weakly compact subsets of X.

(xi) For each compact K, lim,\ g u®(w\K) = 0 where w is open in T.

(xii) For every compact G5 K, lim,\ x u®(w\K) = 0 where w is open in T.

Proof. Let &£ be the family of all equicontinuous subsets of X*.

(1)< (ii) As shown in the proof of (1)=(18) of Theorem 5.3.12, a Borel func-
tion with compact support is o-Borel and a o-Borel function is obviously Borel.
Hence (i)<(ii).

(ii)=-(iii) Obvious.

(iii)=(v) If w is a relatively compact open Baire set in 7', then x, is a
bounded Baire function with compact support and hence by (iii), x. € L£1(u).

Then by Theorem 7.1.24 there exists a vector z,, € X such that fw du = z,, and
hence [ d(z*u) = x*(x,) for #* € X*. Therefore, (v) holds.

(v)=-(vi) Let w be a relatively compact open set in T'. Let (w,,)$° be a disjoint
sequence of open Baire sets in w. Then (wy,)® C Bo(T") as shown in the proof of
(5)=(1) in the proof of Theorem 5.3.12. Let P C IN and let wp = |J,,c p wn. Then
by (v) and by Theorem 7.1.24 there exist 2p € X and (2, Jnep C X such that

x*(an):/ d(z*u) (7.3.5.1)

and

" (xp) = /wp d(z*u) = Z/ d(z*u) = Z " (zy,)

nep ' “n nepP

for * € X*. Thus > " z*(x,) is subseries convergent for each z* € X* and
hence by the Orlicz-Pettis theorem, > 1" z,,, is unconditionally convergent in X.
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Therefore, by (7.3.5.1) we have

0 =limgg(z,,) = lim sup |z*(z,, )| = lim sup |[(z™u)(w,)|

n n p* ek n o= cE
= lim sup |(v"z*)(w,)| =lim sup |u(wn)l|-
n p* ek n MEU*E

Therefore the bounded set u*E (see Lemma 2 of [P9)]) is relatively weakly compact
in M(T) by Theorem 1 of [P8]. Since F is arbitrary in £, by Proposition 4 of [P9]
ux(w) is a weakly compact bounded Radon operator (see Convention 7.2.4 with
respect to K(w)). Hence (vi) holds.

(vi)=(vii) Obvious.

(vii)=(i)

Claim. If A is a relatively compact Borel set, then x4 € £1(u) and consequently,
each Borel simple function with compact support belongs to £1(u).

In fact, A = K € C and hence by Theorem 50.D of [H], there exists a relatively
compact open Baire set wq such that K C wp. By (vii), uw, = u|cy(wy) is weakly
compact. Let E € £. Then (tw,)gm = gy 0y, : Co(wo) — Xy is weakly compact
and hence, given ¢ > 0, by Theorem 7.2.11 there exist a compact C' and an open
set w in wp (hence open in T') such that C C A C w and (uy,)*qe(w\C) < €. By
Urysohn’s lemma there exists ¢ € C¢(w) such that 0 < ¢ <1 and ¢|c = 1. Then
(Uwo) g, (XA = @]) < (Uwg)g, (W\C) < €. Since E is arbitrary in £, this shows that
XA € L1(uy,). Since x4 = x4, by Lemma 7.3.3(iii) x4 € £1(u) and consequently,
each Borel simple function with compact support belongs to £1(u). Hence the
claim holds.

Let f be a bounded (complex) Borel function with compact support. Then
there exists a sequence (s,) of Borel simple functions such that |s,| 7 |f] and
$p, — f uniformly in T'. Then supp s, C suppf = K (say) for all n. Let w € V
such that K C w. Then by the above claim, (s,)5° C £1(u). Then, given € > 0,
choose ng such that

llsn = fll7(uw)g, (Xw) <€
for n > ng. Then

(uw)gy (Isn = f1) < llsn — fllr(uw)g, (xw) < €

for n > ng. Thus f € £1(u,) and consequently, f € £;(u) by Lemma 7.3.3(iii).
Since f(t) = f(t) for t € w and f(t) =0 for t € T\w and K C w, f = f and hence
f € L1(w). Thus (i) holds.

()= (iv) Let w € V. Then by Definition 7.3.1, x,, € £1(u) and hence [ du =

x,, belongs to X. Then
/d(x*u) =z" (/ du) =z"(x,)

and hence (iv) holds.
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(iv)=-(v) Obvious.

As shown above, (iii)=(v)=-(vi)=(vii)=(i), ()< (iv)<(v) and (1)=(iv)=(v)
=(vi)=(vii)=(i) so that (i)&(iv)e(v).

(1)=-(viii) Obvious.

(viii)=(v) Let w be a relatively compact open Baire set in 7'. Then @ and
the boundary of w are compact. Hence there exist vectors x5 and y in X such that
*(2g) = [, d(x*u) and z*(y) = [, d(x*u) for 2* € X*, where A is the boundary
of w. Then * (x5 —y) = [ d(x*u) for 2* € X*. Hence (v) holds.

(viii)=-(ix) Obvious.

(ix)=-(v) Let V be a relatively compact open Baire set in 7. Then arguing as
in the proof of (7)=-(5) of Theorem 5.3.12, V' = K\ (K\V) with K € Cpand K\V €
Co. Then by (ix) there exist xx and zx\v in X such that [, d(z*u) = 2*(vk)
and fK\V d(z*u) = z*(zg\y) for 2* € X*. Then z*(zx — xx\v) = [}, d(z*u) for
x* € X*. Hence (v) holds.

(vi)=(x) Let w € V and let A C K(w) be bounded. Then there exists K € C
such that supp ¢ C K for ¢ € A and supc 4 ||¢||r = M < oo. Then by Theorem
50.D of [H] there exists a relatively compact open set w in T such that K C w.
Then A C Ce(w). Then by (vi), u(A) is relatively weakly compact in X.

(x)=(vi) Let w € V and let A = {¢ € Cy(w) : ||¢|lo < 1}. Then A is
bounded in K(7T) and hence by (x), u(A) is relatively weakly compact in X. Hence
Uy = Uk (v is a weakly compact bounded Radon operator. Hence (vi) holds.

(xi)=(viil) Suppose (xi) holds. Then given € > 0, there exists an open set
w D K such that u®(w\K) < e. Then by Urysohn’s lemma, there exists ¢ € C.(T)
such that xx < ¢ < xo so that u®(¢ — xx) < e. Hence xyx € L1(u) so that
J du € X. Then the weak integral [, di € X and hence (viii) holds.

(xi)=(xii) Obvious.

(xii)=-(ix) Let K be a compact Gs in T. Then given € > 0, by (xii) there
exists an open set w in T such that K C w and u®(w\K) < e. By Urysohn’s lemma
there exists ¢ € ¢.(T') such that xx < ¢ < x. so that u®(¢ — xx) < €. Hence
Xk € L1(u) so that [, du € X. Particularly, the weak integral [, du € X and
hence (ix) holds.

Thus (i)—(xii) are equivalent and this completes the proof of the theorem. O

The following theorem is analogous to Theorems 7.2.13 and improves Theo-
rem 3.4 of Thomas [T].

Theorem 7.3.6.

(a) Let u be a Radon operator on K(T) with values in a Banach space (X, T)
and let H C X* be a norm determining set for X with the Orlicz property
(respectively,
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(b) let w be a Radon operator on KC(T') with values in a quasicomplete lcHs (X, T)
and let H C X* have the Orlicz property and let the topology T of X be iden-
tical with the topology of uniform convergence in the equicontinuous subsets
of H). Let @ be the operator obtained from u on providing X with the topology

o(X,H) and let X be the lcHs completion of (X, 7). Then the following are
equivalent:

(i) w is a prolongable Radon operator.

(ii) For each w € V the ultra weak integral fw du belongs to )?; i.e., there
exists T, € X such that

x*(mw):/wd(ac*u)

forx* € H.
(iii) Similar to (ii) with w € Bo(T) V.
(iv) For each K € C, the ultra weak integral [}, du belongs to X (see (ii)).
(v) Similar to (iv) with K € Cy.

Proof. Since (b) subsumes (a), we shall prove (b).

Let £ be the family of equicontinuous subsets of H. Then (i)=-(ii) by The-
orem 7.3.5(iv).

Clearly, (ii)=-(iii).

Let (iii) hold. Let E € £x. For each w € By(T)(V, there exists z,, € X such
that

x*(xw):/d(x*u) (7.3.6.1)

for * € H. Arguing as in the proof of Theorem 7.2.19, given a disjoint sequence
(wn)$° of open Baire sets with |J;° w, C w and using (7.3.6.1) in place of (7.2.19.1),
we have

lim ¢g(z,, ) = 0. (7.3.6.2)

Since F is equicontinuous and u : Cyp(w) — X is continuous, by Lemma 2 of
[P9] v*E is bounded in M(T'). Then arguing as in the proof of Theorem 7.2.19,
we conclude that I, ou : K(w) — )@; is a weakly compact bounded Radon
operator for E € £y. Then by the complex version of Lemma 2.21 of [T], u is
prolongable. Hence (iii)=-(i).

Thus (i)« (ii)< (iii).

Let u be prolongable and let K € C. Then by Theorem 50.D of [H] there
exists U € V such that K C U. Then by (ii), the ultra weak integrals [,; di = 2y
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and fU\K dit = xyn\ i belong to X. Then

/Kd(ac*u) = /Ud(x*u) - /U\K d(z*u) = 2" (vv — ry\k)

for z* € H. Thus the ultra weak integral [, du belongs to X and hence (iv) holds.

(iv)=-(v) Obvious.

Let (v) hold. Let w be a relatively compact open Baire set. Then @ € C
and hence by Theorem 50.D of [H] there exists K € Cj such that © C K. Then
w= K\(K\w) and K\w € Cy by Theorem 51.D of [H]. Then by hypothesis, there
exist vectors z g and x g\, in X such that [, d(z*u) = 2* (k) and fK\w d(z*u) =
t*(zg\w) for #* € H. Consequently, z*(zx — 2x\o) = [, d(z*u) for z* € H.
Therefore, (v)=-(iii).

Let (ii) hold. Then, particularly, for each open Baire set w € V, ulx (. is a

weakly compact bounded Radon operator by Theorem 7.2.19. Then by Theorem
7.3.5(vii), u is prolongable.

This completes the proof of the theorem. O

Remark 7.3.7. The complex versions of Theorem 3.5, Corollary 3.6, Proposition
3.7 and Lemma 3.10 of [T] hold in virtue of Remark 7.2.16 above.

Proposition 7.3.8. Let u : K(T) — X be a bounded Radon operator where X is a
quasicomplete lcHs. Then u is a weakly compact bounded Radon operator if and
only if u is prolongable and the function 1 belongs to L1(u).

Proof. If u is a weakly compact bounded Radon operator, then by Theorem 7.2.18
every bounded complex Borel function belongs to £1(u) and hence the function
1 belongs to L£1(u) and moreover, every bounded complex Borel function with
compact support belongs to £;(u). Hence u is prolongable and the function 1
belongs to £1(u). Conversely, if u is prolongable and the function 1 is u-integrable,
then by the complex version of Corollary 3.6 of [T] every bounded Borel function
is u-measurable and hence every bounded complex Borel function is u-integrable
by the complex version of Theorem 1.22 of [T]. Consequently, by Theorem 7.2.18,
u is a weakly compact bounded Radon operator. O

Theorem 7.3.9. Let X be a Banach space (resp. a quasicomplete lcHs) and let
u: K(T) — X be a prolongable Radon operator. Then a scalar function f on T is
u-integrable if and only if f is weakly u-integrable and for every open Baire set w
m T, the weak integral fw fdu belongs to X (resp. the weak integral fw fdu e X
where 4 is the Radon operator obtained from w on providing X with the topology
o(X,X")).

Proof. First we prove the theorem when X is a Banach space. By the complex
versions of Theorem 1.22 and Corollary 3.6 of [T], for a bounded Borel function
g, gf is u-integrable whenever f is u-integrable and hence the weak integral of g f
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belongs to X. Hence the condition is necessary. Let @ be the operator obtained
from u on providing X with the topology o(X, X*) and let the hypothesis hold
for each open Baire set in T. Then fw fdu € X for each open Baire set w in T.

Let F be the complex vector space generated by the characteristic functions
of open Baire sets in T', provided with the supremum norm. Then arguing as in
the proof of Theorem 3.11 of [T] we have

sup ‘/gfd&
lg|<1l,9€F

Consequently, the mapping ® : 7 — X given by

P(g) = /gfdvl

is continuous. Then by Claim 4 in the proof of Theorem 6.3.3, Co(T) C F, where
F is the closure of F in the Banach space of all bounded complex functions on 7.
If ¥ is the continuous extension of ® to Cy(T'), then

(W(g), 27) = / o e

for * € X*, as there exists (g,)7° C F such that ||g, — ¢||lr — 0 and ¥(g,) =
®(g,) = [ gnfdi. Thus

< 0.

(p) = /wfdﬂ,

[ ¢ fda belongs to X and ¥ is continuous on Co(T"). Thus ¥ is a bounded Radon
operator on K(T'). Let w be an open Baire set in 7. Then by § 14 of [Dinl] there
exists (¢n)3° C Co(T') such that ¢, " xw. Then by LDCT we have

/w (" W) = lim /T o fd(z*u) = /w fd(z" )

for 2* € X*. Thus [ d¥ = J., fdu which belongs to X by hypothesis. Then
by the equivalence of (vi) and (vii) of Theorem 7.2.10, ¥ is weakly compact.
Since d¥ .« = fdu,~ and since by hypothesis f is u,~-measurable for z* € X*,
the function f is U «-measurable for x* € X*. Then by the complex version of
Theorem 1.28 of [T], f is U-measurable and consequently, by Theorem 7.2.11(vii),
given € > 0, there exists a compact K such that W*(T\K) < §. As f is ¥-
measurable, there exists a compact Ky C K such that f|x, is continuous and
U*(K\Ky) < §. Then ¥*(T\ Ky) < €. By Proposition 7.1.15, by Lemma 7.2.9 and
by the fact that d¥,.« = fdu,- we have

e > UH(T\Ko) = sup |Wu|*(T\Ko) = sup [V,
o+ |<1 o<1

~ sup / |Fldlug-| = sup / 1 — o f 1z
lz*|<1JT\ Ko lz*|<1JT

since T\ K is open in T

(T\Ko)
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Since Yk, f is continuous in Ky, xk, f is bounded (as K is compact) and as
u is prolongable, by Definition 7.3.1 xx,f is u-integrable. Then by the complex
version of Lemma 3.10 of [T], f € £y (u).

Now let X be a quasicomplete IcHs. For ¢ € I', let II; : X — X, C )A(;.
Then II, is linear and continuous. If y* € X,*, then y* oII, € X*. As f is weakly
u-integrable, f € Lq(z*u) for each z* € X*. Moreover, by hypothesis for each
open Baire set w € T there exists a vector z,, belonging to X such that

/wfdﬁ:xw

(5 o TL,)(z0) = / fd oTl,)u

w

and hence

for y* € Xy. Hence 11, ([, fdu) = [ fd(Il; o u) = Ty(z,) € X, for ¢ € T. Hence
by the Banach space case, f € L£1(Il; o u) for each ¢ € T'. Consequently, by the
complex version of Proposition 1.28 of [T], f is u-integrable and therefore, by
Theorem 7.1.24, [ fdu € X.

By the complex versions of Theorem 1.22 extended to lcHs (see p. 77 of [T])
and of Corollary 3.6 of [T] and by 1.12 of [T] the conditions are also necessary.

This completes the proof of the theorem. O
Lemma 7.3.10. Let (6,)° C K(T)* be such that for each p € K(T),

S 10u(9)] < .

Let u(p) = (0,(9))5° for ¢ € K(T'). Then u is a prolongable Radon operator with
values in £1(IN). Let f be a complex function which is 0,,-integrable for each n € N

such that -
S [ sl <0
1 w

for each open Baire set w in T, where i, is the complex Radon measure induced by
0,, in the sense of Definition 4.3 of [P3]. Then f € Li(u). If s(¢) = >°7 [ dpn
for o € K(T), then s € K(T)*, [ is s-integrable and

/wfds - i/wfdun

for each open Baire set w in T.

Proof. The proof of Lemma 3.14 of [T] holds here for the complex case too. The
only change is that we have to use Corollary 5.2.5 in place of Appendix I, T4 of
[T]. The details are left to the reader. O
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The following theorem improves the complex version of Theorem 3.13 of [T].

Theorem 7.3.11. Let u be a prolongable Radon operator on K(T') with values in a
Banach space X and let H be a norm determining set in X*. Suppose H has the
Orlicz property. Let @ be the operator obtained from w on providing X with the
topology o(X, H). Then a complex function f on T is u-integrable if and only if
f is G-integrable (i.e., if and only if f is uy~-integrable for each x* € H) and for
each open Baire set w in T, the integral fw fdu belongs to X.

Proof. The proof of Theorem 3.13 of [T] holds here verbatim excepting that we
have to apply Corollary 5.2.5 instead of Appendix I T4 of [T]. The details are left
to the reader. O

The following theorem improves the complex version of Theorem 3.20 of [T].

Theorem 7.3.12. Let u be a Radon operator on K(T') with values in a complete lcHs
X. Let H be a subset of X* with the Orlicz property and let the topology T of X
be the same as the topology of uniform convergence in the equicontinuous subsets
of H. Let u be the operator obtained from w on providing X with the topology
o(X,H). Then a complex function f on T is u-integrable if and only if [ is ugs-
integrable for each x* € H and for each open Baire set w in T, fw di € X (i.e.,
there exists x,, € X such that x*(x,) = [ fd(z*u) for z* € H).

Proof. The proof of Theorem 3.20 of [T] holds here verbatim excepting that we
have to use Theorem 7.2.19 in place of Theorem 2.7 bis of [T]. The details are left
to the reader. g

7.4 Baire versions of Proposition 4.8 and
Theorem 4.9 of [T]

Using the Baire version of the Dieudonné-Grothendieck theorem we give a complex
Baire version of Proposition 4.8 and Theorem 4.9 of [T] including that of the
remark on p. 128 of [T]. For this we start with the following two lemmas.

Lemma 7.4.1. Let u be a prolongable Radon operator on KC(T') with values in a
Banach space X and let f € L1(u). Then the operator ¥ : Co(T) — X given by

W(e) = [ efdu fore € Col)
s weakly compact.

Proof. By the complex version of Theorem 1.22 of [T], pf € L1(u) for p € Co(T)
and hence U is well defined. Clearly, ¥ is linear and

W (p) < llellru®(f)

for ¢ € Co(T'). Hence ¥ is continuous.
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Since f € L1(u), by the complex versions of Theorem 1.22 and Corollary 3.6
of [T], xwf € L£1(u) for each open Baire set w in T and thus

Ty = / fdu e X. (7.4.1.1)

Then
x*(xw):/fd(x*u) (7.4.1.2)

for each open Baire set w in T'.

Let F be the vector space spanned by the characteristic functions of open
Baire sets in T and let it be provided with the supremum norm. Then by (7.4.1.1),
for each g € F there exists x4, € X such that

Zg :/gfdu (7.4.1.3)
so that
z*(zq) :/gfd(:zz*u) (7.4.1.4)

for z* € X*.
Let ®(g) = x4 for g € F. Then ® : F — X is linear and

< [lglllzu®(f).

2(0) = | [ afan
Hence @ is continuous. Therefore, ® has a unique continuous linear extension d on
the closure F in the Banach space of all bounded complex functions on 7" with the
supremum norm. Then Co(T") C F by Claim 4 in the proof of Theorem 6.3.3 and
hence let @9 = ®|¢, (7). Thus ®¢ : C(T) — X is continuous and linear and hence

by Theorem 1 of [P9] its representing measure 7 is given by ®§*|s(r). Moreover,
by the same theorem, (z* on) € M(T) for each z* € X* and

¥ Pg(p) = /(pd(x* on) (7.4.1.5)

for ¢ € Co(T') and for z* € X*.

Let ¢ € Co(T). Then by Claim 4 in the proof of Theorem 6.3.3 there exists
(9n)5° C F such that g, — ¢ uniformly in T so that ®o(p) = lim, ®(g,). Then
by (7.4.1.4) we have

¥ Do(p) =limz"®(gy) = limz*(z,,) = lim/fgnd(:zz*u) (7.4.1.6)

for * € X*. Since f € Ly(u), f € Ly(a*u) for 2* € X* and hence [ |f|d|z*u| <
oo for each z* € X*. Moreover, by the complex version of Theorem 1.22 of [T},
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fo € Ly(u) and hence fo € Lq(z*u) for z* € X*. Since f € L1(u), f € L1(z*u)
for * € X* and hence

[ 1sldaal < . (741.7)

Consequently, by (7.4.1.7) we have

‘ [ redaw) - [ fgadiara)

<l = gullr [ Ifldle"ul 0
as n — oo and therefore
/fgpd(w*u) = liin/fgnd(x*u) (7.4.1.8)
for 2* € X*. Then by (7.4.1.6) and (7.4.1.8) we have
" Po(p) = /fgpd(w*u) forz® € X*and for ¢ € Co(T). (7.4.1.9)

Let w be an open Baire set in T'. Then by § 14 of [Din 1] there exists (¢,,)$° C
Co(T') such that ¢, " x.. Consequently, by LDCT, by (7.4.1.2), by (7.4.1.5) and
by (7.4.1.9) we have

(@ om)(w) = /xwd(w* om) = lip/wnd(w* on)
= lim 2" Py (ip,) = lim / Fond(z*u)
= /wad(x*u) = 2 (20).
Thus

(" om)(w) = 2" (x,) for z* € X*

and for each open Baire set w in T'. Thus n(w) = z,, and hence by Theorem 3(vii)
of [P9], ®g is weakly compact.

On the other hand, by (7.4.1.9) and by the definition of ¥ (see the statement
of Lemma 7.4.1)) we have

2 W) = [ Fodat) = 2" Bo(e)
for ¢ € Co(T') and for z* € X*. Then by the Hahn-Banach theorem, ¥ = &, and
hence ¥ is weakly compact. O

Lemma 7.4.2. Let u, f, X and U be as in Lemma 7.4.1 and let My = {A C T :
Xa € L1(0)}. Then:

(i) My is a o-algebra in T.
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(i) B(T) M&D

(iii) If pw(A) = [, dV¥ for A € My, then py(w) = [ fdu for each open Baire
set w in T
(iv) If X(A) = [, fdu for A € B(T), then X is o-additive on B(T) and for each

LS X* x*X(+) is Borel regular.
(v) pw(A) = A(A) for A€ B(T) and consequently, X is Borel regular.

(vi) For a bounded complex Borel function g on T,

/gd\I/ = /gfdu. (7.4.2.1)

Proof. Since ¥ is weakly compact by Lemma 7.4.1, (i) and (ii) hold by Theorem
7.5.4 (see the next section).

(iii) For ¢ € Co(T'), by Lemma 7.4.1 ¥(p) = [ fedu and hence

" U(p) = /gpfd(w*u) (7.4.2.2)

for #* € X*. Then by § 14 of [Din 1], there exists (¢,)7° C Co(T") such that
©n /" Xw- Then by Theorem 4.7 (LDCT) of [T] and by Proposition 7.2.5 we have

U(w) = /de‘l/ zlirgn/gpnd‘l/ (7.4.2.3)
and hence by (7.4.2.2) and (7.4.2.3) and by LDCT for complex measures we have
U (w) = li7£n/gpnd(x*‘lf) = li7£n(x*‘l/)(gon) = lirlln/gonfd(x*u) = /wad(x*u)
for z* € X*. Therefore

(") (w /fdwu)forx e X",

Since f € Li1(u), by the complex analogue of Theorem 1.22 of [T], xof € L1(u)

and hence we have
/ fd(z*u) = z* (/ fdu) .

(") (w) = z* (/w fdu> for z* € X*.

Then by the Hahn-Banach theorem and by the definition of py we have

w):/wfdu

for open Baire sets w in T'. Hence (iii) holds.

Therefore,
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(iv) As u is prolongable, by the complex version of Corollary 3.6 of [T] x4 is
u-measurable for each A € B(T). As |[xaf| < |f|for A€ B(T)and as f € L£4(u), by
the complex version of Theorem 1.22 of [T], x 4 f is u-integrable for each A € B(T).
Let (A4,)$° be a disjoint sequence of Borel sets in 7" with A = (J]° 4,,. Then

> k1 XA, /" xa and hence (377 xa,)|f| < xalf| € Li(u) and (377 xa,)f — xaf
in T. Hence by the complex version of Theorem 4.7 of [T,

i/XAkfdui/Akfdu/Afdu

and hence A(-) is o-additive on B(T'). Moreover,

2'A() = | fd(z*u)
)

is Borel regular on B(T) by Theorem 6.4.6 (see the beginning of the proof of
Theorem 6.4.6) and hence (iv) holds.

(v) By (iii), A(w) = py(w) for open Baire sets w in T and hence by the Baire
regularity of A|g, () and py|g,(7) we conclude that A(A) = py (A) for A € Bo(T).
For z* € X* a*A(-) = f(.) fd(z*u) is Borel regular and o-additive on B(T) by
Theorem 6.4.6. Since pg is Borel regular and o-additive on B(7T") by Theorem
7.5.4 (see Section 7.5), z* g is Borel regular and o-additive on B(T'), and hence
by the uniqueness part of Proposition 1 of [DP1],

'A(A) = 2" py (A)
for A € B(T) and for z* € X*. Hence by the Hahn-Banach theorem, A(4) =

g (A) for A € B(T). Consequently, A is Borel regular on B(T).
(vi) By (iv) and (v),

/ sdpry = / sfdu (7.4.2.4)

for a Borel simple function s. Given a bounded complex Borel function g, there
exists (s,,)$° of Borel simple functions such that s,, — g uniformly in 7. Then by

the complex version of 1.10 of [T] we have

’/snfdu/gfdu

as n — oo. Since V¥ is a bounded Radon operator, by Proposition 7.2.3, ¥*(T') <
o0. Since | [ gd¥ — [ s,dV| = | [(g — $n)d¥V| < ||g — sp||[7¥*(T) — 0, by (iv) and
(v) we have [ gd¥ = lim,, [ s,d¥ = lim, [ s,dpy = lim, [ fs,du = [ fgdu by
(7.4.2.4) and (7.4.2.5). Hence (vi) holds. O

<|lsn = gllru®(f) — 0 (7.4.2.5)




246 Chapter 7. Complements to the Thomas Theory

Theorem 7.4.3. Let u be a prolongable Radon operator on K(T) with values in
a Banach space (resp. a quasicomplete lcHs) X. Let (f,)3° be a sequence of u-
integrable complex functions converging u-a.e. to a function f inT. If the sequence
fw fndu converges in T (the topology of X) (respectively, converges weakly) in X
for all open Baire sets w in T, then the function f is u-integrable and fw frndu
converges in T (resp. weakly) to fw fdu € X for each open Baire set w in T.
Moreover, for each bounded complex Borel function g on T,

/fngdUH/fgdu m T in X

(resp.
/fngdu — /fgdu weakly in X.)
Proof. Let w be an open Baire set in T. By hypothesis, there exists a vector
z,, € X such that
lim/ fondu =z, in T (7.4.3.1)

(resp.
lim/ fodu = x,, weakly. (7.4.3.1))

In both the cases, by 1.34 of [T],

lim/ frndug = " () (7.4.3.2)

for x* € X*. On the other hand, by hypothesis and by Theorem 6.4.6 we have

lim/fndux* :/fdux* (7.4.3.3)

for * € X*, since u,~ = 2*u € K(T)*. Then by (7.4.3.2) and (7.4.3.3) we have

x*(xw):/fdux* (7.4.3.4)

for each open Baire set w in T and for each z* € X*. Consequently, by the
hypothesis that f, — f w-a.e. in T so that f, — f ug~-a.e. in T for z* € X* and
by Theorem 6.4.6 we have

fe Li(zu) (7.4.3.5)

for * € X*. Then by (7.4.3.4) and (7.4.3.5) and by Theorem 7.3.9, f is u-
integrable in both cases of X.

By the complex analogue of Theorem 1.22 of [T] fx., is u-integrable for each
open Baire set w in 7" and hence by (7.4.3.4) we have

(/fdu) /fd:z:u /fduz*,x (z)
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for each * € X*. Since fw fdu € X, by the Hahn-Banach theorem we have

/wfdu =z,

and hence by (7.4.3.1) (resp. by (7.4.3.1"))

/wfndu_’/wfdu in T (7.4.3.6)

(resp.
/fndUH/fdu weakly.)

Let #* € X*, X a quasicomplete IcHs and g be a bounded u-measurable
complex function. Then g is an x*u-measurable function. Clearly, 8 = z*u € K(T)*
and hence by Theorem 6.4.6 we have

lim / gfnd(z*u) = / gfd(z*u). (7.4.3.7)

On the other hand, by the complex version of Theorem 1.22 of [T], gf, and gf
belong to £ (u) and hence by (7.4.3.7) we have

lim (x / g fndu> ~ lim / g frd(z*u) = / gfd(z*u) = z* < / gfdu)

for each * € X*. Hence
/gfndu — /gfdu weakly.

To prove the result for the convergence in 7, let ¥,, : Co(T) — X be given
by U,,(¢) = [ pfndu for ¢ € Co(T) and let ¥ : Cy(T) — X be given by U(yp) =
[ ¢fdu for p € Co(T). Then by Lemma 7.4.1, ¥,, and ¥ are weakly compact. By
hypothesis, by Lemma 7.4.2(iii) and by (7.4.3.6) we have

/wd\I/n:/wfndUH/wfdu:/wd\I/ in 7. (7.4.3.8)

Case 1. X is a Banach space.
By (7.4.3.8), by Theorem 7.2.15 and by Lemma 7.4.2,

lim/gd\I/nzlim/gfndUH/gd\If:/fgdu

in 7 for each bounded complex Borel function g on T'.
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Case 2. X is a quasicomplete lcHs.
For each ¢ € I', by Lemma 7.4.1 and by the continuity of Il , II, o ¥ and

II; o ¥,, are weakly compact. By hypothesis and by the first part of the theorem,
J., fndu — [ fdu in 7 for each open Baire set in 7. Then by Lemma 7.4.2,

11, (/w d\I/n) —1I, </w fndu> :/wfnd(l_[qou) H/wfd(l_[qou) in X,.

Hence by the case of Banach spaces, we have

lirlln/gd(ﬂqo‘lfn) :lirrln/gfnd(l'[q ou) — /gfd(quu) = /gd(Hq o).

q(/gfndu/gfdu) = ’/gd(HqO\Pn)/gd(qu\P)

for each ¢ € " and hence
/gfndUH /gfdu in 7.

This completes the proof of the theorem. O

Hence

—0
q

Theorem 7.4.4. Let X be a Banach space with topology 7. Let u be a prolongable
Radon operator on K(T') with values in X. Let (f,)3° be a sequence of u-integrable
complex functions and suppose the sequence (fw frndu)$° converges in T (resp. con-
verges weakly) in X for each open Baire set w in T. Then there exists a function
f € L1(u), u-essentially unique, such that fw frndu — fw fdu in T (resp. weakly)
for each open Baire set w in T. Moreover, when (fw fndu) converges in T for each
open Baire set w in T, then for each bounded complex Borel function g,

/fngdUH/fgdu in T

/fngduﬁ/fgdu weakly

as well as

m X.

Proof. Let x* € X*. By hypothesis, in both the cases of convergence, fw frnd(x*u)
converges in K for each open Baire set w in T'. Hence by the Baire version of the
Dieudonné-Grothendieck theorem (i.e., Theorem 5.2.6),

the sequence (f,) converges weakly in £q(uy+) (7.4.4.1)

for each z* € X*.
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Then by the complex version of Lemma 1 on p. 126 of [T] one can suppose
that the f,, are null in the complement of |J° K, where (K,);° C C. By the
complex version of Lemma 2 on pp. 126-127 of [T], with the sequence (K,)5° we
can associate a sequence (x})° C X* with the property mentioned in the lemma.
Then by the complex version of Lemma 3 on p. 127 of [T], there exists a sequence
of barycenters g, of the f, given by

N(n) N(n)
gn = Z agn)fi, al(-n) >0, and Z al(-n) =1 (7.4.4.2)

such that (g,) converges in mean in £;(xzfu) and converges (zju)-a.e. in T for
each i € IN. Thus, for each ¢ € IN, there exists N; C T such that |zfu|*(V;) =0
and (gn(¢))5° is convergent in T\ N;. (Compare with the proof of Theorem 6.4.12.)
Thus, if N = ;" N, then (g,(#))$° is convergent in T\N = ;" (T\N;) and
|zfu|*(N) = 0 for ¢ € IN. Therefore, by the complex version of Lemma 2 on pp.
126127 of [T], gn, converges u-a.e. in T'. Let f be the u-a.e. limit of the sequence
(9n)- As (fn) converges weakly in L;(uy+) for each * € X* by (7.4.4.1) and as
(gn) is given by (7.4.4.2), it follows that (g,) also converges weakly in L1 (u,+) for
each z* € X*. Then by Theorem 6.4.6 (taking 0 = z*u € IC(T)*), f € L1 (ug«) for
each z* € X* and

lim/gfnduw* = /gfduw* (7.4.4.3)

for z* € X* and for every bounded complex Borel function g on 7. Thus f is
weakly u-integrable and by (7.4.4.3) we have

lim /w Fad(z*u) = /w Fd(z"u) (7.4.4.4)

for each open Baire set w in T and for z* € X*. But by hypothesis, in both cases
of convergence, there exists x,, € X such that

liyrln/ frd(x*u) = 2" (zy) (7.4.4.5)
for each z* € X*. Thus by (7.4.4.4) and (7.4.4.5) we have
/ fd(z*u) = 2™ (x,,) (7.4.4.6)
for 2* € X*. Then by Theorem 7.3.9, f € £1(u) and by (7.4.4.6) we have
x*(/ fdu) = / fd(z*u) = 2™ (x,,) (7.4.4.7)

for * € X*. Then by (7.4.4.5) and (7.4.4.7), [ fodu — [ fdu weakly.
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If [ fandu converges to z,, in 7, then [ fdu = x, by (7.4.4.7) and by the
Hahn-Banach theorem and hence

/wfndu—>/wfduin7'.

Suppose there exists h € £1(u) such that

/fndu—>/hdu

and hence by Theorem 6.4.6, f = h ug-«-a.e. in T for each z* € X*. Then by
the complex version of Proposition 3.7 of [T], f = h u-a.e. in T and hence f is
u-essentially unique.

Let ¥, : Co(T) — X be given by

in 7 (resp. weakly). Then

W,(p) = / ofudu, ¢ € Co(T).

Then by Lemma 7.4.1, ¥,, is weakly compact for each n and by hypothesis and
by Lemma 7.4.2(iii), lim, fw dV,, € X in 7 for each open Baire set w in 7. Then
by Theorem 7.2.15 and by Lemma 7.4.2 there exists a bounded weakly compact
operator ¥ on K(T) with values in X such that

lim/gd‘l’n :lim/gfndu = /gd‘lf (7.4.4.8)

in 7 for each bounded complex Borel function g on 7. Then by the fact that
f € L1(u) and g is bounded, gf € £1(u). Moreover, by (7.4.4.3) and (7.4.4.8) and
by Theorem 6.4.12 we have

li}ln/gfndu:/gfdu

and consequently, lim,, z* [ gfpdu = lim, [ gfndus = [ gfdug = x* ([ gfdu) =
z* ([ gd¥) for * € X*. Consequently, by the Hahn-Banach theorem

/gd\II :/gfdu
and hence by (7.4.4.8) we have

lim/gfndu:/gfdu int
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for each bounded complex Borel function g. Since gf, and gf are u-integrable,
(7.4.4.3) implies

lim 2" (/gfndu> :lirrln/gfduﬁ — /fgdux* =z </gfdu>

and hence

/fngdu—>/fgdu weakly .

This completes the proof of the theorem. O

7.5 Weakly compact and prolongable Radon
vector measures

If w is a bounded Radon operator with values in a quasicomplete IcHs, we define
M, ={ACT:xae€ Li(uw} and p,(A) = [,du for A € M,. When v is
a weakly compact bounded Radon operator, we show that M, is a oc-algebra
containing B(T) and w,, = m,, where m,, is the representing measure of v in the
sense of 5.2.10, and my, is the generalized Lebesgue completion of m,, = u**| BT
with respect to B(T'). In Theorem 7.5.7 (resp. Theorem 7.5.8) we give several
characterizations of a weakly compact bounded Radon (resp. a prolongable Radon)
operator u. Theorems 7.5.9 and 7.5.11 study the regularity properties of p,, when
u is a weakly compact bounded Radon operator or a prolongable Radon operator,
respectively. Then we study the outer measure u, of p,, in the sense of [Si] when
u is a weakly compact bounded Radon operator and give the relation between M,
and p,-measurable sets in Theorem 7.5.20, where we also show that M, = M-
and pt(F) = p,(F) for E € M,. We introduce the concepts of Lebesgue-Radon
completion and localized Lebesgue-Radon completion and in terms of them we
generalize Theorems 4.4 and 4.6 of [P4].

Definition 7.5.1. Let X be a quasicomplete IcHs and u : K£(T) — X be a Radon
operator. Let M, = {A C T : xa € L1(u)} and let p,(A) = [, du for A € M,.
Then p,, is called the Radon vector measure induced by u and M, is called the
domain of u,,. p,, is called a weakly compact (resp. prolongable) Radon vector

measure if u is a weakly compact bounded (resp. a prolongable) Radon operator
on K(T).

Theorem 7.5.2. Let X, u, M,, and p,, be as in Definition 7.5.1. Then M, is a ring
of u-measurable sets and p,, is o-additive on M,,.

Proof. Since 0 € L1(u), ® € M,. Let ¢ € T. For A;,As € M, and K € C, by
the complex version of Proposition 1.21 of [T] and by Theorem 7.1.14 there exist
disjoint sequences (K »)p2y C C,i = 1,2 and sets Ny and Na with ug(N1UN2) =0
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such that -
K=|JKin,UN,
n=1
with Ki,n C KNA;or Ki,n - K\Az, 1 =1,2.
Let J;={n:K;, CKNA;}and I, = {n: K,;, C K\A;},i=1,2. Then

N (A1\As) = ( U Kin UF1> N ( U Ko UF2>

neJi nels

and
K\(A1\A2) = (U Klnqu> U ( U Kz,nua)
nel; neJa

with ug(F;) =0, i = 1,2, 3, 4. Consequently, A;\ Ay is u,-measurable. As x 4,\4, <
X4, € Ll( ), by the complex version of Theorem 1.22 of [T], A;\ A3 € M,,. Since
XA UAy = XAy T XA\ 4y, A1 U Az € My, Hence M, is a ring of u-measurable sets.

For z* € X*, 2*u € K(T)* and hence by the complex version of Proposition
1.30 of [T], £1(u) C L1(x*u). Then piy+, is the complex Radon measure induced
by z*u in the sense of Definition 4.3 of [P3]. Thus

awu(A) = (") (xa) = 2" 1, (4) (7.5.2.1)

for A € M,. Let (A;)}° be a disjoint sequence in M, with A = (J® A; € M,.
Then by (7.5.2.1) we have

2, (A) = froe Zuw u(As) Zw fro (A

for each x* € X*, since piz+,, is o-additive on M+, and since M,, C M «,. Now by
the Orlicz-Pettis theorem which holds for 1cHs by McArthur [McA] we conclude

that -
= n,(A
1

and hence p,, is o-additive on M,,. o

Remark 7.5.3. Tt is possible that M, = {0}. For example, let u be the identity
operator on K([0,1)). Then by Example 7.2.6, Cy(]0,1)) = £1(u) and clearly, 0 is
the only idempotent function in Cy([0,1)).

Theorem 7.5.4. Let X be a quasicomplete lcHs and let u: K(T) — X be a weakly
compact bounded Radon operator. Then the following statements hold:

(i) M, is a o-algebra in T.
(i) B(T) C M,.
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1i1 m,, is the representing measure of the continuous extension of u on Cy

iii) 1 s th ) h ) ) Co(T
(see 5.2.10 of Chapter 5), then w,|pry = my and hence p,|gcr) is B(T)-
regular.

(iv) For each A € M,,
pu(4) = lim p, (AN K)

where C is directed by the relation K1 < Ky if K1 C Ko, K1,Ks €C.

Proof. Let g € T. Then U) = {z* € X*: [z*(z)| < 1forz € U,} is equicontinuous
in X*. As u is a weakly compact operator on Co(T) (see Convention 7.2.4 and
Definition 7.2.7), by Corollary 9.3.2 of Edwards [E], by 5.2.10 and by Lemma 2 of
[PI], u*(UY) = {u*z* : a* € UJ} = {a*ou: 2* € U} is relatively weakly compact
in M(T). Let € > 0. Then by Theorem 4.22.1 of [E] there exists a compact set K
in T such that

sup |z" ou|(T\K,) < € (7.5.4.1)
z*e€UY

and by Proposition 1 of [P9], given an open set U in T there exists a compact
Cq C U such that
sup |z* ou|(U\Cy) < e. (7.5.4.2)

0
z*eUy

(i) By Theorem 7.5.2, M,, is a ring of u-measurable sets. By (7.5.4.1) and by
Lemma 7.2.17, ug(T\K;) < e. By Urysohn’s lemma there exists ¢, € K(T') such
that xr, < g < xr so that ug(1l — ¢,) < uy(T\K,) < e. As g is arbitrary in T,
this shows that 1 € £1(u) and hence T € M,,.

Let (A,,)$° be a disjoint sequence in M, with A = (J® A,,. Then >, _, x4, /
xa < xr € Li(u). Since Y77 xa, = xyr a4, € L1(u), by the complex version of
Theorem 4.7 of [T], x4 € £1(u) and hence A € M,,. Therefore, (i) holds.

(ii) Let U be an open set in T'. Then by Lemma 7.2.17 and by (7.5.4.2) there
exists a compact Cy in T such that C; C U and u3(U\Cy) < e. By Urysohn’s
lemma there exists ¢, € K(T') such that xc, < ¢, < xv and hence u§(xv —¢q) <

ug(U\Cy) < e. Therefore, U € M,. As M, is a o-algebra in T by (i), we conclude
that B(T) C M,,.

(iii) By 5.2.10, z*u = u*z* = 2* om,, for z* € X*. Given an open set U
in T" and an € > 0, as in the beginning of the proof choose a compact K, C U
for which (7.5.4.2) holds with K, in place of C;;. Then by Urysohn’s lemma there
exists ¢, € K(T') such that xx, < ¢, < xv so that by (7.5.4.2) and by Lemma
7.2.17 we have

ug(Xu — ¢q) < ug(U\K,) <e. (7.5.4.3)
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Then

@)~ [ iy = sup [ ()~ [ gy,

< sup [z ul[(U\K,)

0
z*eUy

— us(U\K,) < e (7.5.4.4)

by Lemma 7.2.17 and (7.5.4.3). Consequently, by 5.2.10 we have

z* (mu(U)—/Tqudmu>

<e (7.5.4.5)
q

jm,, (U) — U(Spq)lq = Ssup
z*elU?

mu(U)—/gpqdmu
T

since ¢4 is m,-integrable in 7". On the other hand,

i 0) =ty = | xohu = ute|

/T Yod(@*u) - *ulp,)

= sup
x*GU};

< sup | [ |xu — @gldv(z"u)
z*eU? JT

<ul(U\K,) < ¢ (7.5.4.6)

by (7.5.4.4).
Therefore, by (7.5.4.5) and (7.5.4.6) we have

iy, (U) = p, (U)lg < 2e.

Since € is arbitrary,
im,, (U) = p, (U)lq = 0.
Now, as ¢ is arbitrary in I and as X is Hausdorff, m, (U) = p,,(U).
If Uy, Us are open sets in T with U; C Us, then

m, (U2\U1) = my(U2) — my(U1) = p, (U2) — p,(Ur) = p,,(U2\Un)
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and consequently, p,, (F) = m,(F) for E in the ring generated by U , the family
of open sets in T'.

Let M ={A € B(T) : p,(A) = m,(A)}. If (E,)7° is a monotone sequence
in M, by the g-additivity of u,, on B(T) by Theorem 7.5.2 and by (ii) above and
by the o-additivity of m, on B(T) by Theorem 2 of [P9] as u is weakly compact,
we have p,(lim, E,) = m,(lim, E,) and hence M is a monotone class. Then
by Theorem 6.B of [H], p,, = m, on B(T). Consequently, by Theorem 6 of [P9],
,|B() is Borel regular. Hence (iii) holds.

(iv) By (ii), ¢ € M,, and hence AN K € M,, for A € M, and K € C. Given
q € T, by the IcHs complex version of Lemma 1.24 of [T] we have

m ug (avk) = lim ug(A\(AN K)) = 0.

As g is arbitrary in T', this shows that xanx — x4 in the topology of £ (u) and

consequently,
du = li d
/XA U Klrenc/XAmK U,
.e. A)=1 ANK).
ie.; iy (A) = lim pr, ( )
This completes the proof of the theorem. O

Theorem 7.5.5. Let X be a quasicomplete lcHs and let u : Co(T) — X be a con-
tinuous linear mapping. As in 5.2.10, let m,, = u**|g(r), the representing measure

e

of u and let B(T') be the generalized Lebesque completion of B(T) with respect to
m,, in the sense of Definition 1.2.3. Let m, (AU N) = m,(A) where A € B(T)
and N C M € B(T) with ||my]||q(M) =0 for all ¢ € T. Then my,, is well defined

and o-additive on B(T'), B(T') is a o-algebra containing B(T) and my|p(r) = m,.

P?“OOf. If Ay UN; = Ay U N5, where Aj c B(T), Nj C Mj c B(T) with
[lmy||q(M;) =0 for ¢ € T and for j = 1,2, let M = M; U M,. Then obviously,
Al UM = AQ UM and rnu(Al) = mu(Al U M) — mu(M\Al) = mu(Al U M)
since |my,(M\A41)] < |my|[(M) = 0. Similarly, m,(43) = m,(42 U M) =
m,(A; UM) =m,(A;). Hence m, is well defined.

—

Let (E,)$° be a sequence in B(T). Let E = |J;° E,,. Then there exist F,,, N,
and M, such that E,, = F,UN,, F,, € B(T), N, C M,, € B(T) and ||m,||,(M,) =
0 for all ¢ € ' and for n € N. Let F = |J° F,, and M = J° M,,. Then F and
M belong to B(T), U" N, € U™ M,, and |jmy||o(M) = 0 for all ¢ € I'. Then

E=FUN, N C M and hence E € B(T). If (E,)$° are mutually disjoint, then
m,(E) = m, (U F,) = > myu(F,) =Y m,(E,) and hence m,, is o-additive

on B(T). Clearly, my |z(r) = my,,. O
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Theorem 7.5.6. Let X be a quasicomplete lcHs, let u : K(T) — X be a weakly com-
pact bounded Radon operator and let g € T'. By Convention 7.2.4, u : Co(T) — X
is continuous and let m, be the representing measure of u with my its general-
ized Lebesgue completion with respect to B(T). By Theorem 6 of [P9] m,, is Borel
regular on B(T). Then:

(i) For M € B(T), ug(M) = [jmy||4(M). (Recall uq = 1l o u from Lemma
7.2.17.)

—_—

(ii) For A € B(T), the generalized Lebesgue completion of B(T) with respect to
m,, let A=BUN, Be B(T) and N C M € B(T) with ||m,||q(M) =0 for
all g € T'. Then ug(N) = [|my|[;(N) =0 for all g € T.

(i) A set A in T is u-integrable if and only if it is m, -integrable in T and hence
B(T) = M,,. Consequently, for A € My, p,(A) = m,(A). (See Definition
7.5.5.)

(iv) A function f: T — K is u-measurable if and only if it is m,-measurable.

Proof. (i) Since B(T') € M, by Theorem 7.5.4(ii), the set M is u-measurable
and u-integrable. Then by the complex version of Theorem 1.11(b) of [T], M is
II, o u- integrable and hence x s € L1(uy) for g € I'. Let ¥y (24 ¢71(0)) = z*(z)
for x € X and z* € Ug. Then W,« is well defined, linear and continuous and
{W,- : 2* € UP} is a norm determining subset of the closed unit ball of (X,)* by
Proposition 1.2.15 of Chapter 1. Consequently, by the complex version of 1.13 of
[T], by 5.2.10, by Lemma 7.1.11 and by Proposition 1.2.15 we have

ug(M) = ug(xm) = sup |z"ul*(xm)
z* el
— sup [uz" " (ear)
w*EUg
= sup [u"z"|(xn)
z*eU?
= sup |(z" omy)|(M)
z*eU?

= [|my[[¢(M).

Hence (i) holds.

(ii) By (i), ug(M) = 0 implies [[my||4(M) = 0. As N C M, uy(N) < ug(M) =
0 and ||| [¢(N) < ||my]|q(M) = 0. Thus u;(N) = ||my||4(N) =0forallgeT.
(iii) Suppose A C T is u-integrable. Then it is u-measurable and hence by
the analogue of Theorem 6.2.9, given a compact K in T and g € T, there exists a
disjoint sequence (K,(Iq))‘lx’ of compact sets and a set N(@) contained in K such that
K\N@ = K, ug(N@) = 0 and KW ¢ KN Aor K ¢ K\A for each n.

Then N = K\(K\N@) = K\ U KW € B(T). Consequently, by (i) we have
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||my||,(N(@) = 0. Then by Theorem 6.2.9 and by the arbitrariness of ¢ € T' we
conclude that A is Lusin m,-measurable. Consequently, by Theorem 6.2.5, A is

m,-measurable and hence A € l?(\lf) (See Definition 1.2.6 of Chapter 1.) Thus
M, C B(T).

Conversely, let x4 be m,-integrable in 7. Then A is m,-measurable. There-
fore, by Theorem 6.2.9, given a compact K and g € I', there exist a disjoint se-
quence (K\7)$° of compact sets and a set N@ C K such that K\N@ = [J3° K7
with K” ¢ A or K ¢ (K\A) and with ||m,||;(N(®) = 0. Then N@ ¢ B(T)
and by (i), u;(N(‘J)) = 0. Since ¢ is arbitrary in I', by the analogue of Theorem
6.2.9, A is u-measurable. Since 1 € L1 (u) by Theorem 7.5.4(i), by the domination

principle x4 is u-integrable and hence A € M,. Thus B(T) C M,. Therefore,
M, = B(T).
For A e M,, = B(T), p,(A

u

) = J xadu and hence by 5.2.10 we have

2 (A) = /A d(z*u) = /A d(u*z*) = /A d(z* o my) = 2* 5 (A)

for z* € X*. As m,(A) and p,(A4) belong to X, by the Hahn-Banach theorem
. (A) =m,(A) for A € M,. Hence (iii) holds.

(iv) If f is u-measurable, given a compact K in T and ¢ € T', then by Theorem
7.1.14 there exist a disjoint sequence (Ki(q))<1>o C C and aset N@ with ug (N@) =0
such that K\N@ = [J** K'? and with fl e continuous for each i. Since N(@) €
B(T), by (i), |[my|lg(N@) = u;(N(q)) = 0 and hence by Theorem 6.2.4, f is
Lusin m,-measurable. Then by Theorem 6.2.5, f is m,-measurable. Conversely,
if f is m,-measurable, then by Theorem 6.2.5, f is Lusin m,-measurable and

hence reversing the above argument and using (i), one can easily show that f is
u-measurable.

This completes the proof of the theorem. O
The following theorem generalizes Theorem 3.3 of [P4] to weakly compact
bounded Radon operators on K(T') and improves the first part of Theorem 9.13 of

[P13] by replacing open sets by open Baire sets. Moreover, Theorem 9.13 of [P13]
was announced earlier in [P6].

Theorem 7.5.7. Let X be a quasicomplete lcHs and let v : K(T) — X be a bounded
Radon operator. Let M,, and m, be given as in Definitions 7.5.1 and 7.5.5, respec-
tively. Then the following statements are equivalent:

(i) u is a weakly compact bounded Radon operator.

B(T) C M,.
(T) C M,.

)
(ii) M, is a o-algebra in T and Co C M,,.
(iii)

) B

(iv
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Bo(T) C M,.

Every bounded u-measurable complex function f belongs to L£1(my,,).
Every bounded complex Borel function f belongs to L£1(m,,).

Every bounded complex o-Borel function f belongs to L£1(m,,).
Every bounded complex Baire function f belongs to L£1(my,,).

Every bounded u-measurable complex function f belongs to L1(u).
Every bounded complex Borel function f belongs to L1(u).

Every bounded complex o-Borel function f belongs to L1 (u).

Every bounded complex Baire function f belongs to L1(u).

For every open set U in T there exists a vector xy € X such that the weak
integral fU du = xy in the sense that

" (xy) :/Ud(x*u)

for each x* € X*, where x*u is treated as a complex Radon measure in T .
(xv) Similar to (xiv) except that the open set U is o-Borel.

(xvi) Similar to (xiv) except that the open set U is an open Baire set.

)
i)
i)

)

)

)

(xvil) Ewvery bounded u-measurable complex function f belongs to L1(p,,)-
(xviii) Every bounded complex Borel function f belongs to L1(p,,).
(xix) Ewvery bounded complex o-Borel function f belongs to L1(m,,).

(xx) FEwvery bounded complex Baire function f belongs to L1(p,,).

Proof. By Theorem 7.5.4, (i)=-(ii) and (i)=-(iii)=(iv)=(v). Obviously, (ii)=(v).

(v)=(i) Since By(T') C M,, every open Baire set U is u-integrable and hence
there exists a vector zyy € X such that fXUdu = zy. Consequently, the weak
integral [, du belongs to X and therefore, by (vi)=-(vii) of Theorem 7.2.10, (i)
holds.

Thus (i)<(ii) < (iii) < (iv) < (v).

(i)=(vi) By the hypothesis (i) and by Theorem 7.5.6, A € M, if and only if
A is my-integrable in T. If f is a bounded u-measurable complex function, then
by Theorem 7.5.4(i), xr is u-integrable and hence by the complex lcHs version of
Theorem 1.22 of [T], f € £1(u). Thus (i)=(x). Moreover, by (x) and by Theorem
7.6.13 (see Section 7.6) f € £4(m,) and

/fdu:/fdmu. (7.5.7.1)

Hence (vi) holds. Thus (i)=-(x)=-(vi).
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Obviously, by the complex version of Corollary 2.18 of [T], (x)=-(xi)=(xii)=
(xiii). Clearly, (xi)=(xiv) (resp. (xii)=-(xv), (xiii)=-(xvi)) and consequently, (xiv
(resp. (xv), (xvi)) implies by Theorem 7.2.18 that u is a weakly compact bounded
Radon operator. Clearly, by Theorem 7.5.6.(iv), (vi)=-(vii) and obviously, (vii)=
(viii)=(ix). (ix) implies that [, dm, = 2y € X for each open Baire set U in T.
Then by (7.5.7.1), [,; du = [,; dm, = x, for each open Baire set U in T and hence
by Theorem (7.2.18), (ix)=-(i).

Thus (i)&(vi)e(vil) e (viil) < (ix).

By (7.5.7.1), [, du = [;; dm, = 2y € X for each open Baire set U in T and
hence by Theorem 7.2.18, (xiii)=-(i).

Hence (i)&(x) e (xi) < (xii) < (xiii).

(iil)=-(xiv)=-(xv) (obvious) =(xvi) (obvious) and (xvi)=-(i) by Theorem
7.2.18.

Hence (i)< (iii) < (xiv) < (xv) < (xvi).

Since m,, = p,, on M, by Theorem 7.5.6 and since for each B(T)-simple
function § there exists a B(T)-simple function s such that s = § m-a.e. in T,
(xvil)&(vi); (xviil)e(vil); (xix)<(viil) and (xx)<(ix).

Hence all the statements are equivalent.

This completes the proof of the theorem. O

The following theorem has been given without proof in Theorem 9.14 of [P13].
It was also announced earlier in [P6].

Theorem 7.5.8. Let X be a quasicomplete lcHs and let u : K(T) — X be a Radon
operator. Then the following statements are equivalent:
(i) u is prolongable.
(ii) 0(C) C M,,.
0(Co) C M,,.
M, is a 0-Ting containing all relatively compact open sets in T.

)
)

(v) M, is a é-ring containing C.
) M, is a 6-ring containing Co.
)

Every bounded complex Borel function with compact support belongs to
El(u)

(viil) For every compact K in T, there exists xxx € X such that pg,(K) =
x*(xg) for a* € X*, where g, is the compler Radon measure induced
by x*u in the sense of Definition 4.3 of [P3].

(ix) Similar to (viil) for each relatively compact open set U instead of K.
(x) Similar to (viii) with K compact Gs.

Proof. (i)=(ii) Suppose u is prolongable. Let V' € V. Then by (i), v : K(V) — X is
a weakly compact bounded Radon operator and hence by Theorem 7.5.4, B(V) C
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M., where uy is uljc(yvy. Since V' is arbitrary in V and since §(C) = Uy ¢y, B(V),
by Lemma 7.3.3(iii), (ii)holds.

(ii)=-(iii) Obvious.

(i)=(iv) Let (A,) be a decreasing sequence in M, with A, \, A. Since
x4, — Xa and xa < xa, for all n, by the complex IcHs analogue of Theorem
4.7 of [T] xa € L£1(u) and hence A € M,,. Since M, is a ring of sets by Theorem
7.5.2, M, is a d-ring of sets. Since (i)=-(ii), V C M, by the complex analogue of
Theorem 1.22 of [T] and hence (i)=(iv).

(iv)=(v) If C' € C, then by Theorem 50.D of [H] there exists V' € V such
that C' C V. Then C = V\(V\C) € M,, by (iv). Hence (iv)=(v).

(v)=-(vi) Obvious.
(vi)=-(iii) Obvious.

(i)=(vii) Let f be a bounded complex Borel function with supp f = K € C.
Let U € V with K C U. By (i), u|gw) is a weakly compact bounded Radon
operator and hence by Theorem 7.5.7(xi), f is u|()-integrable. Therefore, given
e > 0and ¢ € T, there exists ¢ € IC(U) such that (uli@w))§(|f —¢|) < e. Now

» = and f = f in Lemma 7.3.3 and hence by the said lemma we have

us(1f =) = ug(1f = @) = (ulew);(1f = ¢l) <

Hence f is u-integrable and thus (vii) holds.

(vii)=(viii) Let K € C. Then by (vii), XK 6 L1(u) and hence [} du =
k(say) € X. Then z*(zk) = 2* ([} du) = [} d( = pzu (K).

(vii)=(ix) Let U € V. Then by (vii), xu € El(u) and hence [, du =
xy(say) € X. Then 2*(zy) = 2*( [, du) = [, d(z*u) = pig+u(U).

(vii)=(x) The proof is similar to that of (vii)=-(viii).

(viii)=(i) as (iv)«<(i) of Theorem 5.3.13 and as (z* om,,) = z*u.
(ix)=-(i) as (ii)<(i) of Theorem 5.3.13 and as z* om,, = z*u.
(x)=(i) as (ix)<(i) of Theorem 5.3.13 and as z* om,, = z*u.

(iii) =(i) By (iii), every K € Cy belongs to M, and hence is u-integrable.
Hence [, du = zk (say) € X. Then z*(zx) = [ d( = pzy(K). But by
(5.3.4.3), g+, = x* om,, and hence iz« (K) = x omu(K) x*(xk) for a* € X*
and hence by Theorem 5.3.13(v), (i) holds.

Hence the statements (i)—(x) are equivalent and this completes the proof of
the theorem. g

Theorem 7.5.9. Let X be a quasicomplete IcHs and suppose u : K(T) — X is a
weakly compact bounded Radon operator. Then:
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(i) w,, is My-reqular. That is, given A € M, and a neighborhood W of 0 in X,
there exist a compact C C A and an open set U D A such that p,(F) € W
for all F € M,, with F C U\C.

(ii) For A € M,,

A= i K)= li U)= 1 JK) = L (U
Ky (A) Kelg(lA)uu( ) Uegr(lA)uu( ) Kelg(lA)m( ) Uegl(lA)m( )

where C(A) = {K € C : K C A} is directed by the relation K1 < K if
K1 C Ky andU(A) ={U e U : A C U} is directed by the relation Uy < Uy
if Uy C Uy.

Proof. Let W be a neighborhood of 0 in X and let Wy be a balanced neighborhood
of 0 in X such that Wy C W. Then there exist an € > 0 and a finite family (¢;)}
in I" such that

n

ﬂ{x qi(z) < e} C Wy (7.5.9.1)

i=1

Let A € M,. Then by Theorem 7.5.6(iii) A is of the foom A = BUN
with N € M € B(T) and uy(M) = 0. Since m,, is Borel regular by Theorem
6 of [P9], there exist an open set U; in T and a compact K; in T such that
K: C BC BUM C U; with ||my||g, (F) < ¢ for all F € B(T) with F C U;\K; for
i=1,2,...,n. Consequently, for all ' C U;\ K; with F' € M,, we have |m,(F)l|q, <

¢ for i = 1,2,...,n since M, = B(T) by Theorem 7.5.6(iii). Hence m,(F) € W
for such F' € M,,. Then by Theorem 7.5.6(iii) we conclude that p,, is M,-regular.
Hence (i) holds.

(ii) Given a neighborhood W of 0 in X, by (i) there exist Ky € C and Uy € U
such that Ko C A C Uy and p, (F) € W for all F € M,, with F C Up\Kjp. Let
K e C with K C K C Aand U € U with A C U C Uy. Such K and U exist by
the regularity of p,, in M,,. Then

() — 1, () = p, (A\K) € W (75.9.2)
as A\K C A\Ky C Up\ Ky and
po(U) = py(A) = p (UNA) € W (7.5.9.3)

as U\A - U()\A - U()\Ko.
Since w, = m, by Theorem 7.5.6(iii), (ii) holds by (7.5.9.2) and (7.5.9.3).
O

For studying the regularity properties of a prolongable Radon operator we
need the following lemma.
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Lemma 7.5.10. Let X be a quasicomplete lcHs and let u : K(T) — X be a
prolongable Radon operator. Let U be a relatively compact open set in T. Let
v = ulgwy. Then for each compact set K C U and E € M,, ENK € M,.
Moreover, given q € I' and € > 0, there exist open sets O and V in T such that
ENKcOcCVcVcU {FCO\(ENK):FeM,)={FCcO\(ENK) :
F e M}, p,(F) = p,(F) for such F' and ug(F) = vy (F) < v3(O\(ENK)) =
ug(O\(ENK)) <e.

Proof. Since K € C and K C U, by Theorem 50.D of [H] there exists an open set
V such that K C V C V C U. Since E € M, and since §(C) C M, by Theorem
7.5.8(ii), EN K € M,.

Claim. For each ¢ € K(T'), oxx € L1(v). (7.5.10.1)

In fact, as v is weakly compact on Cy(U), given ¢ € T and € > 0, by Theorem
6 of [P9] there exists an open set G in T such that K C G C V with

sup |z* o v|(G\K) < ——.
2+ U9 llellr

Then by Lemma 7.2.17 we have v3(G\K) < Moz By Urysohn’s lemma there
exists g € K(U) such that xx < g < xg. Then pg € K(U) and

va(loxx —egl) < llellrvi(Ixx — gl) < llellrvg (G\K) <e.

This shows that oxx € £1(v).

As E € My, there exists ¥ € K(T') such that ug(|xz — ¥[) < e. By the above
claim Uxx € £1(v) and vg([xenx — Yxk|) = v](xx(IxE — ¥])) = uf(xK|xE —
U)) <uy(lxe — ¥|) < e by Lemma 7.3.3 since xx|xz — V| has compact support
contained in U. Thus EN K € M,.

Given ¢ € T and € > 0, by Theorem 7.5.9 there exists an open set O in T
with O € M, such that EN K C O C U with v3(O\(E N K)) < e. Replacing
ONV by Owehave ENK C O CcV cV cU and v3(O\(ENK)) < ¢
and O € M, since B(U) C M, by Theorem 7.5.7. Then each F € M, with
F C O\(E N K) has compact support contained in U and hence by Lemma 7.3.3
Fe My, p,(F) = p,(F) and ug(F) = vy (F) <v3(O\(ENK)) <e.

Conversely, let us suppose F' C O\(ENK) and F' € M,,. Then given ¢ € T" and
€> 0, let ¢ € K(T) such that ug(l¢ — xr|) <e. Clearly,as FCOcCV cV cU,
we have

lexy = xrl = lexv — xvxrl < le = xrl;

©xy € L£1(v) by the above claim with K replaced by V and by Lemma 7.3.3 we
have

valIxr —exvl) <ugllxr —¢l) <e
Thus xr € £1(v) and hence F € M,,. O
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Theorem 7.5.11. Let X be a quasicomplete lcHs and let v : K(T) — X be a
prolongable Radon operator. Then:

(i) p, is restrictedly M, -outer regular in the sense that given E € M,,, K € C
and a neighborhood W of 0 in X, there exists a relatively compact open set
O in T such that ENK C O with p,(F) € W for all F C O\(E N K) with
FeM,.

(i) p,, is 0(C)-regular.
(iii) (a) For E € 6(C),

E)y= 1 K)=1 li 0);
#(E) KCg,IIl(GCHIU( ) KHGHCEHKCO,HOneuﬂé(C)H,u( )i

and

(b) for E € M,,

E)=1 li 0]
Ho(E) KHGHCEHKCO,HOHGZAHJ(C)Mu( )

where C is directed by the relation K1 < Ko if K1 C K2 and U N §(C)
is directed by the relation O1 < O3 if O3 C O1.

Proof. Let Wy be a balanced neighborhood of 0 in X such that Wy, C W. Let
(¢;)7 C T and € > 0 such that () {z : ¢;(z) < e} C Wh.

(i) Let E € M, and K € C. Let U be a relative compact open set in T such
that K C U. Then by Lemma 7.5.10 there exist open sets O and V in T such that
ENKcOcCVcVcU{FCO\(ENK):FeM,}={FCO\(ENK):F¢c
My}, p, (F) = p,(F) for such F and uj (O\(E N K)) = v}, (O\(E N K)) < ¢ for

i=1,2,...,n where v = u|x ). This shows that
1, (F)lg < ug,(O\(ENK)) <€

fori=1,2,...,nand for F € M, with F C O\(ENK). Hence u,(F) e Wy C W
for such F and hence (i) holds.

(ii) Let E € §(C). Then there exists a relatively compact open set Uy in T
such that E2 C Up. By hypothesis, v = u[x(v,) is a weakly compact bounded Radon
operator and hence by Theorem 7.5.9(i) there exist a compact set C' and an open
set Uy in T such that C C E C Uy C Up and such that for all F C U;\C with
F € M, we have u,(F) € W. Clearly, Yr = xr for such F where X is given as
in Notation 7.3.2 and consequently, by Lemma 7.3.3.(iii) we have F' € M,, and

o, (F) :/Xpdv = /)/(}du: /Xpdu:uu(F). (7.5.11.1)

Then for F' C U;\C with F € §(C) we have F € M,\M,, and p,,(F) = p,(F) e W
by (7.5.11.1). Hence p,,|5(c) is 0(C)-regular.
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(iii) Let E € 6(C) (resp. E € M,,). Then F is u-integrable as §(C) is contained
in M,, by Theorem 7.5.8 (resp. by Definition 7.5.1 ) and hence by the complex
lcHs version of Lemma 1.24 of [T] there exists Ky € C such that

u;(E\(EﬁK)) <e€
for K Cc K € Cand fori=1,2,...,n. Then
1, (E) = p, (BN K)lg, = [, (BE\(EN K)lg < ug (E\ENK) <€
fori=1,2,...,n and hence

o, (E) = lim pu, (E N K). (7.5.11.2)

By (i), p(F) € W for all F C O\(E N K) with F € M, and hence by (i)

p(ENK) = (0). (7.5.11.3)

lim I
ENKCO,0eunsc)

Then by (7.5.11.2) and (7.5.11.3) we have

F)=1 EFNK)=1 li 0]
Ho(E) KHGDCHU( ) KHG%KHEngLmJ(C)MU( )

and hence (iii) (b) holds for E' € M,. As p,|s5(c) is §(C)-inner regular by (ii),

o (E) = o, (K)

lim
KeC,KCE
for E € §(C) and hence (iii)(a) also holds.

This completes the proof of the theorem. O

Definition 7.5.12. Let X be a quasicomplete IcHs and let u : K(T) — X be a
weakly compact bounded Radon operator with g, as in Definition 7.5.1. For each
open set U in T, by Theorem 7.5.9(ii),

= i K .b5.12.1
n(U) = lim o, (K) (75.12.1)

since U € M,, by Theorem 7.5.4. Let A C T and let

pu(A) = lim g, (U)

whenever the limit exists, where U is directed by the relation Uy < Us if Uy C U;.

Theorem 7.5.13. Let X,u and w!, be as in Definition 7.5.12. Then p}(A) exists
in X for each ACT.
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Proof. p,, is o-additive on M, by Theorem 7.5.2 and M, is a o-algebra in T" by
Theorem 7.5.4(i). Therefore, the range of p,, is relatively weakly compact in X by
the Theorem on Extension of [K3] (or by Corollary 2 of [P7] ) and hence is bounded
in the 1cHs topology 7 of X. Since B(T') C M, by Theorem 7.5.4(ii) and since u,,
is o-additive on M, for each increasing sequence (K,)$° C C, lim, u, (K,) € X.
Moreover, by Theorem 7.5.9(i), w,, is M,-regular and hence, given K € C and a
neighborhood W of 0 in X, there exists U € U such that K C U and for each
compact C with K ¢ C C U, p,,(C)—p,,(K) € W. Thus conditions 6.1 of Sion [Si]
are satisfied by 7T',C,U and p,,, excepting that X is a quasicomplete IcHs so that
every bounded closed set in X is complete. Since p,, is o-additive on M,, and since
U C M, for every monotone sequence (U, )$° of open sets in T, lim,, p1,,(Up,) € X.
Consequently, by Lemma 2.5 of Sion [Si], {u,,(U)}acveu is a Cauchy net in X.
Since X is quasicomplete and since the range of u,, is bounded, limscyey p,, (U)
exists in X and hence puf(A) € X for each A C T. O

Theorem 7.5.14. Let X be a quasicomplete lcHs and let u : K(T) — X be a weakly
compact bounded Radon operator. Then a subset A of T is u-integrable if and only
if, for each ¢ € T and € > 0, there exist a compact C and an open set U in T such
that C C A CU and uy(U\C) <e.

Proof. Suppose A is u-integrable.
Claim 1. z*p,,(E) = pp=yu(E) for E € M, and for z* € X*. (7.5.14.1)
In fact, as E € My, E € My« If f € Li(u), then f € £1(z*u) and hence
paru(f) = [ fd(z*u) = z*([ fdu) and hence pg«y(E) = z*p,(E). Therefore,
Claim 1 holds.
By Theorem 7.5.9(i), given ¢ € I and € > 0, there exist C € C and U € U
such that C' C A C U and such that q(p, (F)) < § for all F € M, with FF C U\C.

Then by Lemma 7.2.17, by Lemma 1.2.15(i), by Proposition 1.1.6 and by Claim 1
we have

u;(U\C): sup |z*ou|(U\C) <4 sup |t (F)]
z*eU? z*€UQ,FeB(T),FCU\C

=4 sup |2 p, (F)| = 4 sup q(p,(F))
z*€UQ,FCU\C,FeB(T) FCU\C,FeB(T)

€
<4- =
1 €

since B(T') C M, by Theorem 7.5.4(ii).

Conversely, let us suppose that the conditions are satisfied for each ¢ € T’
and for each € > 0. For g e Tand e > 0,let C C A CU,C eC,U€clU
with u$(U\C) < e. Then by Urysohn’s lemma, there exists ¢ € K(T) such that
xc < ¢ < xu. Then |xa — ¢| < xv — xc and hence we have

ug(xa — ) <ug(xv\c) = ug(U\C) < e
Therefore, x4 € £1(u) and hence A € M,,. O
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Definition 7.5.15. Let X, u and p; be as in Definition 7.5.12. Let My = {E C
T:pi(A) = pi(ANE) + py(A\E) for all A C T'}. Members of My, are called
Carathéodory-Sion p)-measurable sets.

Theorem 7.5.16. Let X, u and py, be as in Definition 7.5.12. Then My C M,
and p;,(A) = p,(A) for A€ My . Consequently, each A € My is u-measurable
and u-integrable.

Proof. Since the range of pu,, is bounded and since X is quasicomplete, Theorem
6.3 of Sion [Si] holds here and hence B(T') C My:. Let A € My:, ¢ € I' and
€ > 0. Then by (3) of Theorem 6.3 of Sion [Si] there exist K € C and U € U
such that K C A C U and q(u(F)) < § for all F' € My with F C U\K. As
B(T) C M, by Theorem 7.5.4(ii), by Deﬁmtlon 7.5.12 and by Theorem 7.5.9(ii) we
have py(A) = limacveu p, (U) = p,,(A) for A € B(T) and hence q(p,(F)) < §
for all F' € B(T) with F C U\K. Since U\K is open, by Lemma 7.2.17 and by
Claim 1 in the proof of Theorem 7.5.14 and by Propositions 1.1.6 and 1.2.15(i) we
have

ug(U\K) = sup [z" ou|(U\K) <4 sup [Haeu (F)]
z*elU? z*€UQ,FCU\K,FeB(T)

=4 sup (@ )(F) =4 sup  q(p,(F))
z* €U, FCU\K,FeB(T) FCU\K,FeB(T)

< 42 =€
as B(T) C M, by Theorem 7.5.4(ii).
Consequently, by Theorem 7.5.14, A € M,, and hence My~ C M,. Then by
Theorem 7.5.9(ii) it follows that uy(A) = p,(A) for A € My . The last part is
evident from Definition 7.5.1.

This completes the proof of the theorem. O
To prove that My- = M,, we proceed as below and prove the following
lemmas.
Let 6 be a positive linear functional on K(T). For E C T, let
pi(E)= inf__sup{0(®): W < g, W e CF(T)}.

xe<geL+t

Then by Rudin [Rul], x4} is an outer measure on P(T), the family of all subsets
of T. Let My, = {E C T : E is yj -measurable — that is, u3(A) = pz(AN E) +
wy(A\E) for allA C T}. Then M, is a o-algebra in T and contains B(T'). (See
Theorem 2.2 of [P3]).

Lemma 7.5.17. Let 0 € K(T)*. For A C T with jijp (A) < o0, let

1o (A) = {(gr — mg=) +ilpgs — py-)}(A)
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where § = Re® +ilmb, Re = 0] — 07, and Im0 =05 —0;. Let E € My = {Ac
Mu;+ N Mu;, N Mu;+ N M, with pjg|(A) < oco}. Then

i ; S
po(A) = ps (AN E) + up(A\E). (7.5.17.1)
Proof. Let E € My. Then for A C T, we have
“;j (A) = “;j (ANE)+ ”Zj (A\F) (7.5.17.2)
and
u;; (A) = u;; (ANE)+ ,u;i, (A\E) (7.5.17.3)
for i = 1,2. If pfy (A) < oo, then u;j(A) < oo and ,uz;(A) < oo fori=1,2

and hence by (7.5.17.2) and (7.5.17.3) and by the definition of uj(A), (7.5.17.1)
holds. g

Lemma 7.5.18. If 0 € K(T)* and is bounded, (i.e., @ € K(T); of [P4]), then for
ACT,
s(A) = i 5
1 (A) Aclgleuﬂe(U)
where for Uy, Us e U, Uy > Us if Uy C Us.
Proof. By Theorem 2.2 of [P3],
py+(A) = inf{pg+ (U): ACU e U}

= i *
acveu ot )

for i = 1,2 and for A C T. A similar expression holds for uZ_,(A) for i = 1,2.
Then by the definition of uj(A) as given in Lemma 7.5.17, the lemma holds. O

Lemma 7.5.19. Let 0, My, 6, and 02 be as in Lemma 7.5.17 and let puy = [g+s H2 =
Ho= 13 = [igt and 14 = Ho; - For ACT and E € My,

(AN E) = arad g1 () = AnE ey )
= Aculljfeu,uj(U NE)= Aé%neu w;(UNE) (7.5.19.1)
and
Y(A\F) = inf ()= 1 WU
H3 (A\E) A\Enceru'uJ( ) A\EICHIIJGL{MJ( )
= Aculljfeu w; (U\E) = Aél[r]neu w; (U\E) (7.5.19.2)

for 5 =1,2,3,4. Consequently,

us(ANE) + uy(A\E) = Aéill;neu ps(UNE) 4+ Aéi(rjneu g (U\E). (7.5.19.3)
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Proof.

Wi (ANE) = w;(U) > inf ,u(UﬂE)Eu;(AﬂE)

inf
ANECUeU AcCUeUu
and since {pj(U): ANECU eU} C{p;(U): ACU eU}, inf{u;(U): ANE C
UeU}>inf{pj(U): ACUeU} >inf{uj(UNE): ACU €U}. Hence

Hy(ANE) = AmEHcleru 1 (U) = Am%’cUeu 1 (U)
= Aclnf w;(UNE)= AéllIJnequ(UﬂE)
for j = 1,2,3,4 and hence (7.5.19.1) holds. Similarly, (7.5.19.2) holds. Then
(7.5.19.3) holds by (7.5.19.1) and (7.5.19.2). O

Theorem 7.5.20. Let X be a quasicomplete lcHs and let u : K(T) — X be a weakly
compact bounded Radon operator. Then My- = M, and p;,(A) = my,(A) = p,,(A)
for A e M,.

Proof. In the light of Theorem 7.5.16, to prove the first part it suffices to show
that M, C My . Let E € M,. Then x*u € K(T')* and is bounded. Moreover,

E € M,«, for eachz® € X* (7.5.20.1)

since E is w-integrable and hence is x*u-integrable for each z* € X*. Then by
Definition 7.5.12 we have

pr(A) = AéllIJnGZ/{ p,(U) for ACT. (7.5.20.2)

Then by (7.5.20.2) and by (7.5.14.1) we have

e (A = lim o, (U)

ACUeU

= 1 T*u
o)

= i FE li x FE .5.20.
Acllrjne (U N E) + cl(IJneuux «(U\E) (7.5.20.3)

by (7.5.20.1) since E belongs to M,«,. Then by (7.5.20.3) and by (7.5.19.3) we
have
i (A) = e (AN E) + pir., (A\E). (7.5.20.4)

On the other hand, by (7.5.19.1) and (7.5.14.1) we have
(AN E)= 1l z*u FE)= 1 * E .5.20.
HoANE) = D peuUNE)= lm o'p,(UNE)  (75205)
since U € B(T) € M, by Theorem 7.5.4 and since E € M,, by hypothesis.
Similarly,
“(A\E) = lim  figey(U\E) = lim 2 E 5.20.
po(A\E) = lm oo (UNE) = lim o™, (U\E) (7.5.20.6)
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and hence by (7.5.20.3), (7.5.20.4), (7.5.20.5), (7.5.20.6), by Definition 7.5.12 and
by Lemma 7.5.19 we have
ui(A) = i — E li u(U\E
o' (A) = Hm pe-o(UNE)+ Hm o poo(U\E)

= 1 wu(U li —
ancveu’ ( )+A\Elérllfeu'u )

=z* li U I U
* AmElgzlJeuu“( )+ A\ElérllJGZ/{HU( )

— WA E) + 2" (A\E)
for z* € X*. Therefore, by the Hahn-Banach theorem we have

pu(A) = p (AN E) + p, (A\E)

for AC T and hence £ € My . Then by Theorem 7.5.16, M, = My . Moreover,
w, () =my(F) = pi(E) for 'E € M, by Theorems 7.5.6 and 7.5. 16

This completes the proof of the theorem. O

Theorem 7.5.21. Let X be a quasicomplete lcHs. Let u : K(T) — X be a weakly
compact bounded Radon operator and let ¢ € T'. Given A € M, there exist a o-
compact set ' and a G5 set G such that F' C A C G and ug(G\F) = 0. Conversely,
giwven A C T, suppose for each q € T' there exist a o-compact F and a Gs G such
that F C A C G and uy(G\F) = 0. Then A € M,.

Proof. Let A € M,. Let ¢ € T be given. For e = %, by Theorem 7.5.14 there exist a
compact K, and an open set U, in T such that K, C A C U, with u;(Un\Kn) <
L Then F = |J{” K,, is o-compact, G = ()" U, is G5 and FF C A C G. Clearly,
ug(G\F) = 0, since uy(G\F) < u$(U,\K,) < + for all n € IN.

Conversely, let A C T be such that for each g € T" there exist a o-compact F'
and a G5 G such that FF C A C G with ug(G\F') = 0. Without loss of generality
we shall assume that F = |JC,, (C,)$° C C,C, /F,G=N7Up, (U CU
and U, \, G. Since U,\C,, \, G\F', (Un\Cp)7® C M, and ug(-) = |[my]|4(-) on
B(T') by Theorem 7.5.6(i) and since ||m,||, is continuous as m,, is o-additive, we
have

0= ug(G\F) = [[my||q(G\F) = lim [[my, [ (Un\Cy)-

Thus, given € > 0, there exists ng such that ||jmy||,(U,\Cp) < € for n > ny.
Let U = Uy, and C = Cp,. Then u3(U\C) = [[m,||,(U\C) < € and hence by
Theorem 7.5.14, A € M,,.

This completes the proof of the theorem. O

Definition 7.5.22. Let X be a quasicomplete IcHs. Let D be a J-ring containing C
and let p: D — X be og-additive. If p is the restriction of an X-valued weakly
compact Radon vector measure p,, (see Definition 7.5.1), then the Lebesgue-Radon
completion D of D with respect to p,, is defined as the family {F C T : givengq €
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I there exist ac-compact F'and a G5 Gsuch that F C E C G withug(G\F) =
0} and the Lebesgue-Radon completion i, of w,, with respect to D is said to exist
on D if

o (E) = n(K)

lim
KeC,KCE
exists in X for each E € D.

The following theorem generalizes the bounded case of Theorem 4.4 of [P4].

Theorem 7.5.23. Let X be a quasicomplete lcHs. Let p: 6(C) — X be o-additive.
Then p is the restriction of an X -valued weakly compact Radon vector measure
W, if and only if p is 6(C)-regular and its range is relatively weakly compact. In
that case, u is unique and is called the weakly compact bounded Radon operator

determined by p. Moreover, M, = 6(C), the Lebesgue-Radon completion of §(C)
with respect to w,,. The Lebsesgue-Radon completion ., of w,, with respect to §(C)

exists on §(C) and coincides with p,, .

Proof. Suppose u : K(T') — X is a weakly compact bounded Radon operator and
suppose p = pt,|s(c)- Then p,, is M,-regular by Theorem 7.5.9(i) and 6(C) C M,
by Theorem 7.5.4(ii) since 6(C) C B(T). Let E € 6(C). As u,, is M,,-regular, given
a neighborhood W of 0 in X, there exist a compact K C F and an open set U in T’
such that U D E and such that p,(F) € W for all F' € M,, with FF C U\K. Since
u is also prolongable, p,|s5(c) is d(C)-regular by Theorem 7.5.11(iii). Therefore, p
is §(C)-regular. Since M, is a o-algebra in T by Theorem 7.5.4(i) and since u,,
is o-additive on M, by Theorem 7.5.2, the range of u, and hence that of p is
relatively weakly compact by the Theorem on Extension of [K3] or by Corollary 2
of [P7].

If p is also equal to p,|s5c) for another weakly compact bounded Radon
operator v on T, then by the uniqueness part of Theorem 4.4(i) of [P4] and by
Claim 1 in the proof of Theorem 7.5.14, piz+y = fiz+, on §(C) and hence z*u = 2*v
on K(T') for each z* € X*. Then by the Hahn-Banach theorem, u = v. Therefore,
v is unique.

Conversely, let p be o-additive and 6(C)-regular on 6(C) with its range rela-
tively weakly compact. Then by the Theorem on Extension of [K3] or by Corollary
2 of [P7], p has a unique o-additive extension u, on B.(T) with values in X. If
Ko = M|By(), then by Theorem 1 of [DP1] , p, has a unique X-valued Borel
(resp. o-Borel) regular o-additive extension f (resp. ti,) on B(T) (resp. on B.(T))
and ft|g,(ry = ph,. Since fi, and p, are o-additive and extend p to B.(T), by
the uniqueness part of Proposition 1 of [DP1] a*p, = z*g, for 2* € X* and
consequently, by the Hahn-Banach theorem pi, = p, on B.(T). Therefore, p,
is B.(T)-regular. Thus p has a unique B.(T')-regular o-additive extension p,. on
BC(T) and e = /“ic = ﬂ'BC(T)~

Let

uf:/dep,c, feCo(T). (7.5.23.1)
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Clearly, u : Co(T) — X is linear and continuous. Then by Theorem 1 of [P7], u is
weakly compact and let m,, be the representing measure of v in the sense of 5.2.10
of Chapter 5. Then m,, has range in X by Theorem 2 of [P9] and by Theorem 1
of [P9] and by (7.5.23.1) we have

sruf = [ fderm,) = [ i,

for f € Co(T) and for z* € X*. Moreover, m,|g(r) is Borel regular. Then by
Theorem 6.1.12, my |, (1) is B.(T)-regular. Consequently, by the uniqueness part
of the Riesz representation theorem (o-Borel version) we conclude that z*p, =
x*m, on B.(T) for each 2* € X* and hence by the Hahn-Banach theorem, p, =
m, |, (7). Since p.|5c) = p, p is the restriction of m,, to 6(C). Then by Theorem
7.5.6(iii), p is the restriction of p,, to 6(C).

M, = §(C), the Lebesgue-Radon completion of §(C) with respect to u,, by
Definition 7.5.22 and by Theorem 7.5.21. Then the Lebesgue-Radon completion

W, of w, exists on §(C) by Theorem 7.5.9(ii). Moreover, by the same theorem,
Py = Py
This completes the proof of the theorem. O

The following theorem generalizes the bounded case of Theorem 4.6 of [P4].

Theorem 7.5.24. Let X be a quasicomplete lcHs. Let p : 6(Co) — X be o-additive
with range relatively weakly compact. Then py admits a unique X -valued 6(C)-
reqular o-additive extension p : 6(C) — X. Moreover, the following assertions

hold:

(1) g is the restriction of a weakly compact Radon vector measure p,, and such
u is unique. We say that p, determines the weakly compact bounded Radon
operator u.

(ii) If p is as above, then py and p determine the same weakly compact bounded
Radon operator u (see Theorem 7.5.23).

(iii) If u is as in (i) and (ii), then

M, = the Lebesgue-Radon completiond(C)with respect to

and
w,(E) = p,(E) for eachE € M,

where ,, is the Lebesque-Radon completion of w,, with respect to 6(C).

Proof. By Theorem on Extension of [K3] or by Corollary 2 of [P7], by Proposition
1 of [DP1] and by the Hahn-Banach theorem, s, has a unique o-additive X -valued
Baire extension v : By(T) — X. Let

uf = /del/, feCo(T).
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Clearly, u : Co(T) — X is linear and continuous. Then by Theorem 1 of [P7], u is
weakly compact and hence the Borel restriction of its representing measure (see
5.2.10 of Chapter 5) m,, is the restriction of w, to B(T) by Theorem 7.5.6(iii).
Moreover, by 5.2.10 of Chapter 5,

ruf = /de(x*u) = /de(x*mu) for f € Cy(T) and for z* € X™.

Then by the uniqueness part of the Riesz representation theorem (Baire version)
we have z*v = (z*my)|g, (1) for each 2* € X*. Consequently, by the Hahn-Banach
theorem we have v = m,, |, (7). Since m,, = p, |37y by Theorem 7.5.6(iii), we have
v = p,|B,(1)- Let p = p,]s5(c)- Then by Theorem 7.5.11(ii), u = p, |50y = mMuls(c)
is o-additive and 6(C)-regular and extends . If p, : 6(C) — X is o-additive, 6(C)-
regular and extends g, then by the uniqueness part of Theorem 4.1(i) of [P4],
x*p,; = x*p for each x* € X* and hence by the Hahn-Banach theorem, pu; = pu.
Hence p, admits a unique 0(C)-regular o-additive extension p : §(C) — X.

(i) If there exists another weakly compact bounded Radon operator v :
K(T) — X such that p,|5c,) = to, then by the uniqueness part of Theorem 1
of [DP1] and by the uniqueness of o-additive extension of u, to Bo(T), ., = Hy,
and hence this implies that 2*p,, = 2*p,, for ©* € X*. Consequently, by (7.5.14.1)
and by Theorem 7.5.4 we have iz« = pig+, on B(T) for each z* € X*. Thus
z*u(p) = x*v(p) for ¢ € K(T) and for z* € X*. Consequently, by the Hahn-
Banach theorem, u = v. Hence u is unique.

(ii) Let w be the X-valued o-additive extension of g to B.(T"). This exists
by hypothesis and by Corollary 2 of [P7]. Then w also extends p, to B.(T'). Then
uf = [, fdv = [, fdw for f € Co(T). Then p and gy determine the same weakly
compact bounded Radon operator u. Hence (ii) holds.

(iii) By Theorem 7.5.23, M,, = 0(C), the Lebesgue-Radon completion of 6(C)
with respect to w,,. Hence (iii) holds.

By Theorem 7.5.9(ii) and by Theorem 7.5.6(iii), for E € M, we have

pa(B) =10, (B) = lim 1, (K) = i, (B).

This completes the proof of the theorem. O

Theorem 7.5.25. Let uy and ug be prolongable Radon operators on K(T). If
B, l5(Co) = My l(co), then ui = ug so that My, = M,,.

Proof. Let U be a relatively compact open Baire set in 7. Then by Theorem
758(111), Bo(U) C 5(60) C M,,, i = 1,2. Then H’u1|l§o(U) = H’u2|Bo(U) = my
(say). Then my : Bo(U) — X is o-additive and the linear transformation wy :
Co(U) — X given by

wUf:/demUa feCo(U)
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is continuous and linear and hence weakly compact by Theorem 1 of [P7]. Then
for f € Co(U),

wyf = /demU = /deuu,.|80(u) = /deuuilso(U) =u;ffori=1,2.

Thus
urf =uaf, fe CC(U)'

Since each f € K(T') belongs to C.(U) for some relatively compact open Baire set
U in T by Theorem 50.D of [H], we conclude that u; = ug on K(T).

This completes the proof of the theorem. O

Remark 7.5.26. One can also use Theorem 4.6(i) of [P4] and (7.5.4.1) to prove the
above result since figxy, = fz*yu, o0 6(Co) for each z* € X*.

The following theorem generalizes Theorem 4.4 of [P4].

Theorem 7.5.27. Let X be a quasicomplete lcHs. Let p: 6(C) — X be o-additive.
Then p is the restriction of an X -valued prolongable Radon vector measure p,,
if and only if p is 6(C)-regular. In that case, u is unique and u is called the
prolongable Radon operator determined by p. Moreover, the Radon vector measure
u,, on M, s given by

E)=1 li 0 7.5.27.1

#(E) Kee EOKCO}IOHGZ/{OS(C) «(0) ( )

for E € M,, where C is directed by the relation K1 < Ko if K1 C Ks and
UNC) is directed by the relation O1 < O if Oy C O1. The localized Lebesgue-
Radon completion £(6(C)) of 6(C) with respect to p is defined by £(6(C)) ={F C
T:ENK € M,for each K € Cand givenq € T',limgecuy(E\(E N K)) = 0}.
The localized Lebesque-Radon completion fi of p with respect to §(C) is said to

exist on £(6(C)) if p(E) = limgec impnxco,0euns(c) . (O) exists in X for each

E € £(6(C)). Then £(6(C)) = M, and i(E) exists in X for each E € £(6(C)) and
p(E) = p,(E) for E € M,.

Proof. If u is a prolongable Radon operator on K(T'), then by Theorems 7.5.2,7.5.8
and 7.5.11(ii), 6(C) C M, and pls(cy is o-additive and 6(C)-regular. Conversely,
let @ : §(C) — X be o-additive and §(C)-regular. Let U be a relatively compact
open set in T" and let my = p|py. Let Vi : Co(U) — X be given by

VUfZ/demU, feCo(U).

Then by Theorem 1 of [P7], Vi is weakly compact. On the other hand, if uf =
fT fdp for f € K(T), then ulxwy = Vu|k@w) is continuous and hence the unique
continuous extension of u|x ) to Co(U) coincides with Vi which is weakly com-
pact. Hence u is prolongable.
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Let p: §(C) — X be o-additive and 6(C)-regular and let U € V with my =
1|y . Since my is B(U)-regular by the hypothesis, by Lemma 5.2.19 my is the
representing measure of the weakly compact operator V; given above and since
u|cywy = Vu, it follows by Theorem 7.5.4 that w,|z@w) = my = p|pw). Since U
is an arbitrary relatively compact open set in T', it follows that p,|sc) = p. In
fact, given E € 6(C), let U be a relatively compact open set such that E C U.
Then E € B(U) and hence u,(E) = p(E).

The uniqueness of u follows from Theorem 7.5.25 and thus u is uniquely
determined by p. Moreover, by Theorem 7.5.11(iii)(b),

py(E) = lim

li O
Kec EﬁKCO}gleumé(C) #.(0)

for E € M,,. Hence p,, is given by (7.5.27.1).
Let

R={FECT:foreachK eC,ENK € M,
and for ¢ € F}(irencu;(E\(EﬂK) = 0}.

Let £ € M,. Let K € C and ¢ € I". Then by Theorem 7.5.8, E N K € M,. Since
XE € L1(u), by the complex lcHs version of Lemma 1.24 of [T],

}(HEHCU;(XE\K) = }(HEHCU;(E\(E NK))=0

for each ¢ € T'. Hence M,, C R.

To prove the reverse inclusion, let £ € R. Then ENK € M, for each K € C.
Moreover, given ¢ € I', by hypothesis limgec ug(E\(E N K)) = 0. Since £1(u) is
closed in F%(u) by Definition 7.1.20, it follows that E € M, and hence M, = R.
Thus M, = ¢(5(C)), the localized Lebesgue-Radon completion of §(C). Finally,
B = p,, is immediate by the definition of i and from (7.5.27.1).

This completes the proof of the theorem. O

The following theorem generalizes Theorem 4.6 of [P4].

Theorem 7.5.28. Let X be a quasicomplete lcHs. Let g : §(Co) — X be o-additive.
Then p is the restriction of a unique X -valued prolongable Radon vector measure
@, and u is called the prolongable Radon operator determined by py. Then pg
admits a unique §(C)-regular o-additive extension p : 6(C) — X and p and p,
determine the same prolongable Radon operator u.

Proof. By Theorem of Dinculeanu and Kluvének [DK], p, has a unique o-additive
d(C)-regular extension p : §(C) — X.
Since each f € KC(T) is p-integrable in T,

uf = /T fdug, € K(T)
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is well defined, linear and has values in X. Moreover, for a relatively compact open
set U in T, by Theorem 50.D of [H] there exists a relatively compact open Baire
set Uy such that U C Up. Then for f € C.(U) and for ¢ € T,

a(uf) = g /T Fdpo) < 11110 lttollo(Uo)

and hence u is a Radon operator. Moreover, the operator
v CO(U) — X

given by
uf :/ fdwg, € Co(U)
U

is continuous and is the restriction of
uy : Co(Up) — X

given by
wp f = /U Fpy = /U fdu,  f € Co(U)

which is weakly compact by Lemma 5.2.19. Therefore, u is prolongable. Since u
is uniquely determined by p, and since p determines u, py and p determine u
uniquely.

This completes the proof of the theorem. O

7.6 Relation between £,(u) and £,(m,),
u a weakly compact bounded Radon operator
or a prolongable Radon operator

Let X be a Banach space (resp. a quasicomplete IcHs) and let u : K(T) — X be a
weakly compact bounded Radon operator. Then by Convention 7.2.4, u : Co(T) —
X is continuous and weakly compact. Let m, : B(T)) — X be the representing
measure of u in the sense of 5.2.10 of Chapter 5. Then m,, is o-additive on B(T),
Borel regular and

u(p) :/demu, ¢ € Co(T)

where the integral is a (BDS)-integral. See Definition 3 and Theorems 2 and 6 of
[P9]. Hereafter, m, will denote the representing measure of u. In the first part of
this section, we show that f € £;(u) if and only if f € £1(m,) and in that case,
J fdu= [, fdm,. For such u, we also show that £, (u) is the same as £,(m,,) for
1 < p < o0. (See Theorems 7.6.7, 7.6.9, 7.6.13 and 7.6.15.)
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In the second part we consider a prolongable Radon operator v on K(T') with
values in a quasicomplete IcHs X. If w is a relatively compact open set in 7" and
1 <p < oo, then we show that L,(v|x(w)) = Lp(My|gw)). (See Theorem 7.6.19.)
Thus questions (Q5) and (Q6) mentioned in the Preface are also answered in the
affirmative.

Let X be a Banach space and u : K(T) — X be a weakly compact bounded
Radon operator. Let g : T' — K be m,-measurable. Then by Theorem 3.1.3 of
Chapter 3 we have

(mu);(g, = sup (/ lg|Pdv(x mu)) (%)
|x*|<1
for 1 <p < oo.

Definition 7.6.1. Let X be a Banach space and u : K(T') — X be a weakly compact
bounded Radon operator. Let g : T'— K be u-measurable. For 1 < p < oo, let

up(g) = sup (/ lg|Pd|x* u|> (7.6.1.1)
|lz*|<1

where |z*ul is given by (12) on p. 55 of [B].

The following theorem gives the relation between (my)p(g,7) and up(g) for
1<p<oo.

Theorem 7.6.2. Let X be a Banach space and u : K(T) — X be a weakly compact
bounded Radon operator. Let m,, be the representing measure of w as in 5.2.10
of Chapter 5. Then a function g : T — K is u-measurable if and only if g is
m,, -measurable. Moreover, for a u-measurable scalar function g,

up(g) = (my); (g, T) (7.6.2.1)
for 1 <p < oo. Also we have
up(f 4 9) < us(f) +up(g), (7.6.2.2)
up(af) = |ajuy(f), o € K, (7.6.2.3)
and
uy(fg) < up (f) - up,(9) (7.6.2.4)
for u-measurable scalar functions f and g on T whenever 1 < p1,p2 < oo with
1 1
-+ - =1.
p1 p2

Proof. By Theorem 7.5.6(iv), g is m,,-measurable if and only if it is u-measurable.
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By (7.6.1.1) and by 5.2.10 of Chapter 5 we have

o) = sup ([ loealer u|)
|z |<1
5
= s ([ laPaea))
jol<1 \J7
1
P
= sup ([[loPdis” om,))
jel<1 \J7
1
P
= sup ([ ladute om,) )
<1 \JT

by Notation 4.4, Theorem 4.7(vi) and Theorem 4.11 of [P3] and by Theorem 3.3
of [P4] where v(z* om,) = v(z* o m,, B(T)) on B(T). Hence by (*) we have

up(9) = (mu)3(g, T).
Now by (7.6.2.1) and by Theorem 3.1.13 we have

(f+9,T)
(f,T) + (my)5(g,T)
up(f) +up(9)

up(f +9) = (mu);
< (my),

and

up(af) = lalug(1£1)
for 1 < p < oo and for a € K whenever f,g: T — K are u-measurable. Moreover,
if 1 < p1,p2 < 0o with pil + piz =1, then by Theorem 3.1.13(iii) and by (7.6.2.1)
we have

This completes the proof of the theorem. O

Definition 7.6.3. Let X be a Banach space and let 1 < p < oo. Let u: K(T) — X
be a weakly compact bounded Radon operator. Let fg(u) ={f: T — K, fu-
measurable and, u®(|f|P) < oo}. Let I,(u) = {f : T — K, fu-measurable and
|fIP € L1(u)}. Let

I(u) ={f: T — K, fu-measurable and u-integrable}.

Theorem 7.6.4. Under the hypothesis of Definition 7.6.3, I (u) = I(u).
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Proof. If f € I(u), then f € £1(u). Thus, given € > 0, there exists ¢ € K(T) such
that u®(|f — ¢|) < e. Since u*(|f] — |o]) <u*(|f —¢]) <e¢, |f| € L1(u) and hence
f € Ii(u). Conversely, if f € I (u), then f is u-measurable and |f| is u-integrable.
Then by the complex analogue of Theorem 1.22 of [T], f is u-integrable. Hence
I (u) = I(u). O

Definition 7.6.5. Let X be a Banach space, u : £(T) — X be a weakly compact
bounded Radon operator and 1 < p < co. Let L,(u) = {f € Iy(u) : u*(|f|P) < oo}.

Theorem 7.6.6. Let X, u and p be as in Definition 7.6.5. Then Ly(u) = Ip(u) C
FOou).
2

Proof. If f € I,(u), then f is u-measurable and |f|? € £1(u). Then by the complex
analogues of Definition 1.6 and Lemma 1.5 of [T], u®(|f|7) < oo. O

Theorem 7.6.7. Let X be a Banach space and u : K(T) — X be a weakly compact
bounded Radon operator. Then a function f: T — K is u-integrable if and only if
f is my-integrable in T and in that case

/fdu:/demu.

Moreover, for f € L1(u), u3(f) = (my,)}(f,T).

Proof. Let ¢ € Cy(T). Then by the proof of Lemma 5.2.19, ¢ is m,-integrable in
T. Then by 5.2.10 of Chapter 5 we have

srule) = [ wdtn) = [ eaws) = [ pitom,) =a([ pim,)

T

for z* € X*. Hence by the Hahn-Banach theorem

u(p) = / pdu = /T pdm, (7.6.7.1)

for p € Co(T).
Let f be w-integrable. Then there exists (¢,)7° C C.(T) such that
u*(|f — pnl) — 0 as n — oo and hence by the complex analogue of 1.10 of

[T] we have
-| fr - e

/fdu =limu(p,) = lim/gandu. (7.6.7.2)

’/fdu—U(sDn) <ut(lf —pul) =0

as n — oo and hence
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Then by Proposition 7.1.10, by Lemma 7.1.11 and by 5.2.10 we have

*(If = enl)

w(|f = nl) = sup fug-

lz*<1

= sup |ug|(|f — ¢n])(by 7.1.11)
|z*|<1

= sup [z u|(]f — ¢nl)
|z*|<1

= sup [u"z"[(|f — ¢nl)
lz*<1

= Ssup /|f_50n|d|w*omu|
lz*<1

= swp [1f = galdv(a” 0 m,) (e4)
|z*|<1

by Notation 4.4 and by Theorems 4.7(vi) and 4.11 of [P3] and by Theorem 3.3 of
[P4] where v(z* om,) = v(z* o m,, B(T)).
Therefore, by (x*) we have

u*(If —onl) = Supl/T |f — @uldv(z* omy) = ()} (f — ¢n, T).  (7.6.7.3)

= |<
As u®(|f — on]|) — 0, by (7.6.7.3) we have (m,)}(f — ¢n,T) — 0. Con-

sequently, by Theorem 6.1.10, f € L£;(m,). Moreover, by (7.6.7.1), (7.6.7.3),
(3.1.3.1) and (7.6.7.2) we have

/fdmu :lim/ Ypdm,, :lim/gpndu: /fdu
T nJr "

Thus f is m,-integrable in 7" if f is u-integrable and

/ Fdu = /T fdm,. (7.6.7.4)

Conversely, let f be m,-integrable in T'. Then by Theorem 6.1.10 there exists
(pn)5° C Co(T) such that (my,)(f — ¢n,T) — 0 so that by (3.1.3.1) we have

/fdmu :lim/ ppdmy,,.
T nJr
T

/ fdm, = lim / ondu. (7.6.7.5)

But by (7.6.7.1) we have

and hence
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As (my)S(f —on, T) = u*(|f —pn|) by (7.6.2.1), u*(|f — ¥n|) — 0 and hence
f € L1(u) by the complex version of Definition 1.6 of [T]. Then by the complex
analogue of 1.10 of [T] we have

‘/fdu/%du

as n — oo and hence by (7.6.7.1) and (7.6.7.5) we have

/fduzlim/gpndu:lim/ @ndmu:/fdmu.

Thus £4(u) = £1(m,,) and for f € £;(u),

/ fdu= /T fdm,

whenever u is a weakly compact bounded Radon operator on K(7T') with values in
a Banach space X. Moreover, for f € £1(u), u$(f) = (m,)(f,T) by (7.6.2.1).

This completes the proof of the theorem. O

<u®(|f —en)) =0

Theorem 7.6.8. Let X, u and p be as in Definition 7.6.5. Then Ly(u) is a semi-
normed space.

Proof. Let f, g € Ly(u) and o be a scalar. Then |f|?, |g|? € L£1(u). Since |f +
glP < 2P max(|f|?, |g|?) < 2P(|f|? + |g|P), since |f + g|P is u-measurable and since
|fIP+1g]P € L1(u), by the complex version of Theorem 1.22 of [T}, |f+g|P € L1 (u)
and hence f + g € £,(u). Clearly, |af|? € £1(u) for @ € K and hence £,(u) is a
vector space over IK. Moreover, by (7.6.2.2) and (7.6.2.3) and by Theorem 7.6.6,
L,(u) is a seminormed space. O

Theorem 7.6.9. Let X, u and p be as in Definition 7.6.5. Then L,(u) = L,(m,,)
and hence is complete for 1 < p < oco.

Proof. By Definition 7.6.5 and Theorem 7.6.6, £,(u) = Ip(u) for 1 < p < oo.
Moreover, by Theorem 7.6.2, for f € £,(u),

us(f) = (m,)3(f, 7). (7.6.9.1)

Then by Theorems 7.6.6 and 7.6.7, f € £,(u) if and only if f € £,(m,,). Conse-
quently, by (7.6.9.1) and by Theorem 3.2.8 of Chapter 3, £,(u) is complete.

This completes the proof of the theorem. O
Definition 7.6.10. Let X be a quasicomplete IcHs and u : K(T') — X be a weakly

compact bounded Radon operator. A u-measurable function f : 7T — K is said
to be u-integrable in T if it is uq = II; o u-integrable in 7" with values in X,
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(considering uq : K(T') — X, C )?;) for each ¢ € T' (see Definition 7.1.18). In that
case, using Notation 1.2.17 of Chapter 1, we define

/fdu:lgn/fduq.

Definition 7.6.11. Let X be a quasicomplete IcHs and u : (T') — X be a weakly
compact bounded Radon operator. Let 1 < p < oo. ForgeT'and g: T — K
u-measurable, let

(uq)p(g) = sup /|g|pdvx u %
z*eU?

where U) = {z* € X* : |2*(z)| < 1forz € U,}.
Theorem 7.6.12. Under the hypothesis of Definition 7.6.11,

(uq);(g) = ((mu)q);(gaT)
where my,, is the representing measure of u in the sense of 5.2.10 of Chapter 5.

Proof. By Proposition 1.2.15(ii)(b) and by the definition of ¥, as given in Propo-
sition 1.2.15(ii)(a) of Chapter 1, {¥U,. : 2* € U} is a norm determlnlng subset of
the closed unit ball of (X,)* and for z* € UQ, a*(Ig o u) = Wyeug = 2*uy = z*u
by (ii)(a) of the said proposition. Then by 5 2.10 of Chapter 5 and by Lemma
3.1.2(ii) of Chapter 3 and by (7.6.2.1) we have

(W, ug) </ lg1Pdu( Mq) </ gl duv(z* u)
= ([ 1apavtar omu>)

for * € U(? and hence

(u)2(9) = sup (porg)S(e) = sup ( [ laravtar omu>)” — ((m)0)3(6:T)

z*elU? z*eU?
by Theorem 4.3.2 of Chapter 4. O

Theorem 7.6.13. Let X be a quasicomplete lcHs and u : K(T) — X be a weakly
compact bounded Radon operator. Then a function f : T — K is u-integrable if
and only if it is m,-integrable in T and in that case,

/fdu:/demueX.
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Proof. By Theorem 7.6.12, (ug)}(g) = ((my)q)}(g,T) for ¢ € T'. Let f be u-
integrable. Then f is ug-integrable for each ¢ € I' and hence by Theorem 7.6.7, f
is (m,)g-integrable in T and therefore, f is m,-integrable in 7. Similarly, if f is
m,-integrable in T, then f is u-integrable. If f is u-integrable, then given ¢ > 0
and ¢ € T, there exists ¢ € C.(T') such that u$(|¢ — f|) < e. Then by Theorem
7.6.12, (my)g)(f — ¢, T) < € and hence f is (m,),-integrable in 7. Thus there

exists x4 € Xg such that [ fdu, = [, fd(m,), = x4 for each ¢ € I'. Thus

/fduzl{iin/fduq:{Enxq:{iin/fd(mu)q:/fdmueX

by Definition 4.2.1 and Theorem 4.2.3 of Chapter 4. Similarly, it can be shown
that if f is m,-integrable in T', then f is u-integrable and [ fdm, = [ fdu € X .
Hence the theorem holds. O

Definition 7.6.14. Let X be a quasicomplete IcHs and u : (T') — X be a weakly

compact bounded Radon operator. Let 1 < p < oo. Let fS(“) ={f: T —
K, fu-measurable and (u,)5(f) < oofor eachq € T'}. Then we define £,(u) =

{f € 7)™ and | f|Pu-integrable (with values in X)}.

Theorem 7.6.15. Under the hypothesis of Definition 7.6.14, L,(u) = L,(m,,) for
1 <p<ooand for f e Ly(my), [|fIPdu= [,|f[Pdm, and conversely.

Proof. Let 1 < p < oo and let f € L£,(u). Then (ug)s(f) < oo and |f[P is ug-
integrable for each ¢ € T'. Then by Theorem 7.6.9, | f |p € Li(m,,) and conse-
quently, by Theorem 7.6.7, | f|P € £1(uq) and

[1rdu, = [ \sram.),

for ¢ € T'. Therefore, |f|? is m,-integrable in T and

[ 1frdu=tim [ |frdu, =t [ |77dan,,) = [ |fram.

Thus f € £,(m,) and [|f|Pdu = [ |f|Pdm,,. By reversing the argument, one can
prove the converse. O

Using Theorem 7.6.12 and adapting the proof of Theorem 4.5.3(i) of Chapter
4 one can prove the following theorem. The details are left to the reader.

Theorem 7.6.16. Let X be a quasicomplete lcHs, u : K(T) — X be a weakly com-
pact bounded Radon operator and 1 < p < oo. Let f(q) n € IN, be ug-measurable
scalar functions on T for q € T'. Let K9 be a finite constant such that |f,(Lq)| < K@

ug-a.e. in T for each n. If fy(,q) — [ ug-a.e. in T where f is a scalar function on
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T, then f, 9 n € N belong to L,(ug) and limn(uq);(ﬂ(ﬂ) —f)=0forqeTl.
Consequently, f € L,(u). When p =1, f is u-integrable and

g ( / fdu> - ‘ [ s,

Remark 7.6.17. By using the complex version of Lemma 2.21 of [T] and Theorem
7.1.24, one can give an alternative proof of the above theorem.

=0.

lim
n
q

Now we consider the generalization of the above results when w is a pro-
longable Radon operator on IC(T').

Lemma 7.6.18. Let X be a Banach space and v : K(T) — X be a prolongable
Radon operator. Let f € Lq(v) with suppf = K € C. If w is a relatively compact
open set in T with K C w, then the following hold:

(1) oxw € Ce(w) for each ¢ € C.(T).

(ii) There exists (pn)7° C Ce(w) such that v*(|f — ¢n|) — 0 as n — 0.

(iii) f fdv = lim, v(onXw) = lim, fcpnxwdmv = lim,, fw Prndm,,.

(iv) hmn(mv|6(w)).(f — PnXw,w) = 0.

(v) f is my-integrable in T and [ fdv = [, fdm,,.
Proof. (i) Let t € w and let (ta)acr C w be a net converging to ¢t. Then ¢(ty) —
©(t) and hence (px,)(ta) = ©(ta) — ©(t) = (@Xw)(t). Hence (i) holds.

(ii) Since f € L1(v), by Definition 7.1.6 there exists a sequence (¢,) C

K(T) such that v*(|f — ¢n]) — 0 as n — oo. Then by (i), Ynxw € Ce(w) and
v*(|f — onlxw) < v*(|f — ¢n|) — 0 as n — co. Hence (ii) holds.

(iii) By the complex analogue of 1.10 of [T] and by (ii) we have

’/fdv —v(pn)| = ’/(f — ¢n)dv

as n — oo and hence we have

/fdv =limov(p,) = lim/gandv. (7.6.18.1)

<o*(If —¢@nl) = 0

Moreover, f = fx. and hence
[f = enxel = X0 = enxol = If = @nlxe <|f = @nl.
Therefore,
v (If = enxwl) = v*([f X0 = enxwl) = 0*(If = @nlxw) < 0°(If — @nl)
for n € IN. Therefore,

0 (If = onxewl) S0 (If —¢ul) = 0 (7.6.18.2)
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as n — 00. Then by the complex analogue of 1.10 of [T] and by (7.6.18.2) we have

'/ﬂw—m%mu < o (1f — paxal) = 0

=| [ = e

as n — 0o. Hence

/fdv = 1i71;n V(PnXw)- (7.6.18.3)

As ppxw € K(w) by (i), by (7.6.18.3) we have

/fdv*hrn/ganxwdv (7.6.18.4)

As vk (. is a weakly compact bounded Radon operator by Definition 5.3.8,
by Theorem 7.6.7 and by (7.6.18.4) we conclude that

/fdv = hm/gpnxw v —hm/ Prdm,. (7.6.18.5)

Hence (iii) holds.

(iv) By Proposition 7.1.10, by Lemma 7.1.11 and by 5.2.10 of Chapter 5 we
have

Vv (If — onXwl|) = sup |ve (If = enxwl)

o> |<1

= Sup |v*x*|(|f7§0an|)

.(|f - @anD = |SI|181 |v96*
x| <

o<1
= ‘51‘15 /|f - Qanw|d’U(x* o mv'B(w))
x*|<1
= (mv|B(w))I(f - Canwaw)~ (76186)

Hence by (7.6.18.2) and (7.6.18.6), (iv) holds.

(v) By (iv) and by Theorem 6.1.10 applied to w in place of T we conclude
that f € L1(my|gw)). As (PnXw)?® C K(w) and as v|x(,) is a weakly compact
bounded Radon operator by the hypothesis on v, by Theorem 7.6.7 we conclude
that

v(cpnxw):/gpnd(mv|5(w)):/@ndmv (7.6.18.7)

for n € IN, since ¢, (t) = 0 for ¢ € T\w. Then by (3.1.3.1), (7.6.18.5), (7.6.18.6)
and (7.6.18.7) we have

/ fdm, = hm/‘Pandmv = hmv((ancu) = lim/@andv = /fdv

and hence [ fdv = [ fdm,. Thus (v) holds. O
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Theorem 7.6.19. Let X be a quasicomplete lcHs and v : K(T) — X be a prolongable
Radon operator. If w is a relatively compact open set in T and 1 < p < oo, then
Ly(v]kw)) = Lp(my|p) so that for f € L,(m,) with suppf = K € C and with

K Cuw,
/|f|pdmv :/|wa|pdv'

Forp=1, and for f € £L1(m,), fw fdm, = ffxwdv.

Proof. Let 1 <p < oo and let f € £,(m,). Then for each ¢ € I, f € £L,(m,,) and
hence |f|P € £1(m,,). Consequently, |f|Px. € L£1(m,, ). Therefore, by Theorem
7.6.16, | f|Pxw is vg-integrable and consequently, by Lemma 7.6.18 we have

[ 1xdo = [ 1gpam,) = [ iraem,),

for each ¢ € T. Therefore, |f|Px. is v-integrable and

[ 11xdo = tim [ 17xade, =i [ (1dm,), = [ 15rdm,

The proof of the second result is similar and is left to the reader. O

The following theorem is analogous to Theorem 7.6.16 for prolongable Radon
operators.

Theorem 7.6.20. Let X be a quasicomplete lcHs, v : K(T) — X be a prolongable
(9)

Radon operator and1 < p < oo. Let fn"',n € IN, be vqy-measurable scalar functions
onT for g € T. Let g'9 € L,(v,) such that |f,(1q)| < g9 wy-a.e. in T for each n.
If f,(Lq) — f vg-a.e. in T where f is a scalar function on T, then f, ,sq),n e NN,

belong to L,(vy) and limn(vq)'(f,(lq) — f) =0 for g € T. Consequently, f € L,(v).
When p =1, f is v-integrable and

()| ron,

Remark 7.6.21. In Examples 1.36, 1.37 and 1.38 of [T] with the scalar field C
instead of R, [ fdp is described for a p-integrable function f. Example 2.8 of [T]
gives a characterization for p to be a weakly compact bounded Radon operator.
Example 2.9 of [T] says that any Radon operator with values in I}(1) is always
weakly compact. Example 3.9 of [T] deals with prolongable or weakly compact
Radon operators on [,(I) for 1 < p < oo. Example 3.12 of [T] deals with the
discrete Radon operators. Example 3.16 of [T] deals with the characterization of
p-integrability of f where p = (1;)icr is a measure with values in I,(I), 1 < p <
oo. Example 3.17 of [T] deals with Radon operators in a real Hilbert space and
Example 3.18 of [T] deals with Radon operators in C(S), S a compact Hausdorff
space.

=0.

lim
n
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